
PH YSICA L RE VIE% 0 VOLUME 16, 5 UMBER 5 1 SEPTEMBER 1977

One-, two-, and three-particle distributions in pp coHisions at 205 GeV/c

T. Kafka, R. Engelmann, R. Godbole, J. Hanlon, M. Pratap, ~ and H. %ahl~
State University of ¹vtI York, Stony Brook, ¹eYork 11794&

R. Singer, Y. Cho, T. Fields, and I.. G. Hyman
Argonne Nationa/ Laboratory, Argonne, I/linois 60439 ~

L Voyvodic, R. %alker, and J. %hitmore~
Fermi Nationa/ Accelerator Laboratory, Batavia, I/linois 60510

(Received 2 December 1976)

Results of a Fermilab experiment using the 30-in. hydrogen bubble chamber are reported, with the main
emphasis on pion production in the central region. Single-particle inclusive and semi-inclusive distributions in

rapidity, Feynman x, and pr for both m and m+ are presented and compared with results of other
experiments. Two-particle distributions are investigated using the correlation-function formalism. The relation
between inclusive and semi-inclusive correlation functions is discussed, The semi-inclusive correlation
functions in rapidity are found to have short-range character compatible with the ideas of independent-cluster-
emission models. Evidence for effects due to Bose-Einstein statistics of like particles is found by comparing
the joint correlation function in rapidity and azimuthal angle, as well as the charged multiplicity associated
with transverse momentum in the like- and unlike-charge combinations. Data on the average associated
transverse momentum are also presented. The inclusive and semi-inclusive three-particle distributions are
presented for all charge combinations. The inclusive three-particle correlations are found to be small for
events with more than four particles in the final state. Two independent ways were found in which three-
particle densities can be expressed in terms of one- and two-particle densities.

I. INTRODUCTION

Production of multiparticle final states in high-
energy hadron collisions has been studied for
some time, with the early data coming from cos-
mic-ray experiments. In the recent past, the
CERN Intersecting Storage Rings (ISR) and the
Fermi National Accelerator Laboratory (Fermi-
lab) have provided opportunities to obtain more
quantitative data on hadron interactions in an ener-
gy region where the average number of particles
produced in an inelastic collision is ten or larger.

Because of the complexity of investigating a re-
action with a final state of N particles with its
(SN-4) independent kinematic variables, a theoreti-
cal, or at least phenomenological, framework is
desirable to indicate which combinations of experi-
mental observables are of most direct physical
interest. %e refer to appropriate review papers'
for a summary of current models of multiparticle
production. Many of these models can be usefully
tested using inclusive distributions, in which only
a few particles are considered at a time.

The data presented in this report were obtained
by analyzing a sample of 5000 inelastic 205-GeV/c
proton-proton interactions observed in the 30-in.
hydrogen bubble chamber at Fermilab. Results
from this exposure concerning many aspects of the
data have been published previously: charged mul-
tiplic ity distr ibution, 2'3 elastic scattering, ~ inc lu-
sive distributions of the identified slow protons and

the diffractive events, ' ' the PPm'm" final state '0'"
production of neutral secondary particles, '2 '4 in-
clusive n' distributions, ""various correla-
tions, ""charge-transfer and hemisphere multi-
plicities, 2' rapidity-gap distributions, 24 and reso-
nance production [6"(Ref. 25), p' (Ref. 26)]. In
the pxesent paper we restrict our attention to those
features of the data for which measurement of all
charged particles in each event is necessary. %'e

present the following results:

(i) single-particle inclusive distributions, from
the reaction

p +p -m + anything,

in Sec. III,
(ii) two-particle inclusive distributions, from

the reaction

p +p -m + m" + anything,

ln Sec. IV, and

(iii) three-particle inclusive distributions, from
the reaction

P+P -m +m~+m'+anything

in Sec. g.
Here a, g, and y denote the charge of the particle
included in the distribution: n=+ (-), if only posi-
tive (negative) particles are included, and a =c
(for "charged" ) if both positive and negative parti-
cles are included. Inclusive distributions for
events with a fixed multiplicity of charged secon-
daries ("semi-inclusive distributions" ) are also
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pr esented.
The bubble-chamber technique is well suited for

inclusive studies, since its 4m solid-angle accep-
tance and its small biases for events with many
outgoing particles are difficult to achieve with
other kinds of experimental arxangements. Another
advantage over many counter experiments is the
fact that the sensitive volume of the bubble cham-
ber is placed in a magnetic field which serves the
dual purpose of momentum measurement and de-
termination of the sign of electric charge of all
observed particles.

II. DATA ACQUISlTION

A. Film exposure

The 30-in. bubble chamber filled with liquid hy-
drogen was exposed to a beam of 205-GeV/c pro-
tons at the Fermi National Accelerator Laboratory.
This was the first experiment for both the bubble
chamber and the external proton beam at the Fer-
milab. The run was made in two parts. In the
first part, an extracted 205-GeV/c proton beam
was strongly attenuated in intensity by a series of
defocusing quadrupoles, and then, after a total
transport length of about 1 km, traversed the
bubble chamber directly. For the second part, a
300-GeV/c proton beam struck an external target
from which a secondary beam (production angle
= 2 mrad) was transported to the bubble chamber.
Contamination of the beam by either pions or lep-
tons was very small under both experimental ar-
ra, ngements, and is neglected in our analysis.

32 000 (35000) pictures were taken during the
first (second) part of the exposure with an average
of 3.5 (5.5) beam tracks per picture. (Only 15000
pictures from the first part of the exposure were
usable for physics analysis. ) The magnetic field
in the bubble chamber was 27 kG (30 kG). During
both parts of the experiment, four views of the
bubble chamber were photographed on a single
strip of 70-mm film.

B. Scanning

The film was scanned twice using projectors with
images about the actual size of the illuminated
volume of the bubble chamber. An additional high-
magnification scan (images six times larger) was
performed by physicists to resolve events with
overlapping tracks, events with secondary interac-
tions or decays of neutral secondary particles close
to the primary vertex, etc.

The bubble-chamber volume in which events were
accepted ("fiducial volume" ) was limited to a region
of length 40 cm along the beam direction, located
in the upstream part of the chamber. The scanning
efficiency for events with four or more charged

prongs was (98.7+1.0)%.' For the two-prong
events, the scanning efficiency was (98+2)%,4
excluding events with a short (less than 2-mm) re-
coil-proton track.

C. Track measurement and reconstruction

The low- and the high-multiplicity events were
treated in different ways. All two- and four -prong
events were measured with the ANL semiautomatic
measuring system I'OLLA III." Events which
failed this first measurement were then remea-
sured manually using the high-magnification pro-
jection. All tracks were reconstructed in space
using the standard three-view geometry program
TVGP." All two-prong events were then processed
by the kinematic-fitting program SQUA" in order
to separate elastic from inelastic events. This
separation cannot be done exactly because of the
poor momentum resolution of the fast forward-
going particle. However, the loss of inelastic two-
prong events and the contamination of the inelastic
sample by elastic events have a negligible effect
on the results pr esented here, since two-prong
events contribute only 2.5% of the tracks to the in-
clusive sample.

For a successful reconstruction in space, each
track must be identified in at least two views. The
usual procedure at lower energies is to measure
tracks in each view independently and then match
the views with the help of an appropriate track-
matching algorithm. However, this procedure is
unfeasible in our experiment, because most events
are characterized by fast secondary particles con-
fined to a cone with a very narrow opening angle.
The images of the fast tracks are close to each
other, often one overlapping each other, and auto-
matic computer matching was found to be unsuc-
cessful. A method of matching tracks in different
views by eye was therefore developed. ' In this
pr oc edur e, the high-magnification proj ection was
used. In the first view, the scanner located a
suitable region where the tracks were separated
from one another. In this region, each bubble of
all tracks was traced on a sheet of paper, and each
track was labeled by a number. In the second
view, the tracks were recognized by their bubble
pattern, the event was sketched again, a,nd the
tracks were marked with numbers corresponding
to those in the first view. %hen measuring, the
operator processed the tracks in the sequence
given by the labels in the sketch for the appropri-
ate view.

In, order to check the computer matching used for
the two- and four-prong events, 250 four-prong
events were measured using the bubble-pattern
matching method (two-view reconstruction) and
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compared with the same events px'ocessed using
the computer matching (three-view reconstruction}.
Results of both measurement methods were con-
sistent with one another.

The fiducial volume for the measurement of
six-, eight-, and ten-prong events was the same
as the fiducial volume for scanning. For higher
multiplicities the fiducial volume was shortened to
Rbout 34 cm to Rllo% for separRtlon of tx'Rcks ln
the forward cone.

The events with six or more px'ongs were mea-
sured using image-plane digitisers (IPD's, average
setting error of 14 p, m on the film) and film-plane
digitizers (FPD s, average setting error of 9 pm).
The tracks mere then reconstructed using the stan-
dard reconstruction program TVGP. In a given
event, only those tracks that failed reconstruction
were x"emeasured. These wer e tracks which had
a root-mean-square deviation of the measured
points from the best fit of the particle's trajectory
on film larger than 25 p, m ($5 pm) when measured
on an FPD (IPD), or larger than 20 pm when
measux ed at large magnification. About two-thirds
of the total number of scanned events were ac-
cepted for measurement. The remaining events
%el e re)ected fox' such x'eRsons Rs missing vle%S,
events out of the fiducial volume, overlapping
tracks, secondary interactions too close to the
primary vertex, etc. Up to four measurement
passes mere performed when necessary, with
about 99% of the tracks (about 95% of the events)
finally passing the reconstruction criterion.

TaMe I lists the number of events of each multi. -
plicity included in the following analysis. Each
multipbcity was assigned a%eight to obtain the
correct multiplicity distribution with six-prong

events being given a weight of one. The weights
are listed in Table I along with the correct multi-
plicity distx'ibution from Ref. 3.

The nominal value of Pb„= (205.0+ l.0) GeV/c
was used for the beam momentum. The average
azimuthal and dip angles, Pb„=179.853'+0.035
and X~, =-0.288 +0.003, determined by measur-
ing R sample of throughgoing beam tracks, vere
assigned to the beam track in each event.

The average relative error in the magnitude of
the 1Rbox'Rtory momentums pq ls sho%n ln Flg. 1
as a function of p for those tracks for which the
momentum mRgnltude %Rs used ln the dRtR RnRly-
sis. (Tracks with 4p/p&0. 'l5 are not included, so
that the curve in Fig. I underestimates the overall
momentum error for P &40 GeV/c. )

To detex mine the accuracy with which certain
kinematic variables were measured, repeated mea-
surements were performed on a random sample of
tracks. In addition, errors of these variables were
determined using the ex'rors in momentum magni-
tude and in the azimuthal Rnd dip angles calculated
by the reconstx'uction program TVGP. The vari-
ables in question are defined as follows:

(i) Rapidity:

%hex e E and P, are the pax ticle's energy and longi-
tudinal momentum in the desired coordinate sys-
tern. To compare our data with results of other
experiments we also use the pseudorapidity, q
=- --,' ln(tan-,'8}, where 8 is the particle's production
angle. For zero-mass particles, q =y.

(ii) The Feynman scaling variable, x:

TABLE I. Number of events in the data sample for each multiplicity.

Multlpli el+

Number of events
scRQ5ed

(from Ref. 3)

Number of events
measured and used

in the analysis

2
Onelastic)

6
8

10
12
14
16
18
20
22

0.84
1.00
1.02
1.23
1.43
1.54
2.04
1.67
1.80
2.89

Total
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Here P„ is the particle's longitudinal momentum
in the center-of-mass system (c.m. s.) and Ij s is
the total center-of-mass (c.m. ) energy of the col-
liding particles. For 205-GeV/c proton-proton
collisions, Ij s =19.7 GeV.

(iii} The angle between transverse momentum
vectors (pT) of the two particles:

, IO.O

~II III. 5.0

~ I I I ~ ~ III ~ ~ ~ I S I Ial I ~ ~ ~ I ~ I ~ I

G5 I.O 50 5QO IOQD

p (GeV/c)

1 PT1 PT2

lp~, L Ip~ l

Table II gives typical errors in the rapidity, the
magnitude of the transverse momentum, and the
x variable. The relative errors in the angle P are
AItI/p = 20% for small values of ItI, =5% for Q
around 90', and &20% for P close to 180'.

D. Mass and charge assignment

The calculation of the energy of a particle, and
as a consequence its rapidity and x values, re-
quires mass identification. However, the capabili-
ty of a bubble chamber as an instrument for deter-
mination of a particle's mass is confined to a
limited region of phase space. In the remaining
part of phase space one has to make a judicious
choice. It is known from other experiments" that
over 80% of the secondary particles in high-energy
hadron collisions are pions, and therefore it is
customary to assign a particle the pion mass when
its identity is unknown.

The following mass assignments were made in
this experiment. All negative particles were as-
sumed to be 7I' . Positive particles with momenta
less than 1.4 GeV/c were identified by their ioniza-
tion as either protons or m'. Positive particles
with momenta between 1.4 and 120 GeV/c were as-
signed the pion mass. (We estimate that in this
region =14% of the positive particles are protons. )
All positive particles with p„, &120 GeV/c (x &0.6)
were assigned the proton mass for the following
reason. From our ionization results we find that
the fraction of positive pions with x(-0.6 (Ref. 32}
is 1.3%. The symmetry of the PP system ensures

FIG. 1. The momentum-resolution curve for particles
with bp/P & 0.75.

that the fraction of positive pions with x)0.6 is
also 1.3%, and thus we introduce only a small
error by assigning the proton mass to all positive
particles in that region. The very fast positive
particles for which the momentum could not be
determined (5% of the total number of positive
tracks) were assigned a momentum of 150 GeV/c
and a proton mass. (Only 0.9% of the negative
tracks were too straight for momentum determina-
tion. They were assigned an arbitrary value of
p„„=100 GeV/c. )

The sign of the electric charge of the secondary
particles is given by the sense of curvature of the
trajectory in the magnetic field. For very fast
tracks, for which it was not possible to determine
the curvature, the charge was inferred from charge
conservation.

No attempt was made to identify K mesons or
antiprotons, which constitute (10% of the number
of negative particles. " However, the single- par-
ticle distributions are corrected for the mass mis-
assignment in a statistical way using a Monte
Carlo method. Using published kaon and antiproton
distributions, "~' a Monte Carlo program generates
tracks according to their experimentally observed
p ~ and y distributions. The par tic le's momentum
is first calculated using the "true" mass, and then
the rapidity (or any other desired variable) is re-
calculated assuming the pion mass. This procedure
simulates the particle misidentification in the
real data. We have used ISR results" indicating

TABLE II. Resolution in measurement of various kinematic quantities.

Variable Negative particles Positive particles
Name Range yy~& 1.5 1.5& yam& 4.5 ylang) 4-5 ylab& 1.5 1.5&yg~& 4.5 yg~&4. 5

0.006

Pz (GeV/c) 0.0-0.2 0.003
0.2-0.6 0.006
)0.6 0.014

0.004

0.02

0.006
0.019
0.070

0.002

0.14

0.036
0.096
0.26

0.049

0.006

0.004
0.007
0.016

0.006

0.02

0.006
0.018
0.077

0.002

0.21

0.064
0.13
0.33

0.080
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that the number of positive kaons is 10% of the
number of positive pions and that the number of
negative kaons (antiprotons) is 8% (2%) of the num-
ber of negative pions. '

To correct for misidentified protons, we assume
that the proton distribution do/dx is constant for
Ix I&0.8.""AMonteCarloprogramgenerates the

proton distribution, normalized to the number of
observed protons for x between -0.8 and -0.6.
Then, as in the kaon case, the laboratory momen-
tum is calculated using the proton mass, and any
kinematic quantities of interest are recalculated
assuming a pion mass.

In addition, a certain fraction of the Dalitz pairs
(v'- ye'e decays) have unrecognizable electrons or
positrons. To correct for this, the Dalitz-pair
distribution has been simulated by a Monte Carlo
procedure. We have used the Kroll-Wada formula"
and assumed that the m' distributions in y and p~
have the same shape as the corresponding 7t dis-
tributions. We also assume that only e' and e
with momenta less than 150 MeV/c will be identi-
fied in the data. The generated higher-momentum
tracks are then assigned a pion mass and their
rapidity and p ~ are recalculated. For this correc-
tion we have used the average number of m"s ob-
served for each charged multiplicity. '

Once all corrections have been calculated as a
function of y and p~, each track is assigned a
weight representing the probability that it is a
pion [see Fig. 2]. The corrections were found
to be insensitive to reasonable variations of the
shape of the K', K, P, and P distributions. In all

results presented here an error of +25% has been
assigned to the uncertainty in the above correc-
tions.

All single-particle distributions presented in the
following section are corrected, unless noted
otherwise. The distributions of the negative par-
ticles are corrected multiplicity by multiplicity.
For the positive particles we present inclusive
distributions only, because the semi-inclusive
proton distributions are not known.

In this paper we also present uncorrected distri-
butions so that it is important to understand how
various quantities are affected by mass misidenti-
fication. The particle's rapidity is changed by an
appreciable amount only if the transverse momen-
tum is less than its mass. For protons and kaons
this occurs frequently, as their average transverse
momentum is =0.4 GeV/c. The rapidity will
change typically by 0.5 to 1.0 units when the heavi-
er particles are called pions; the direction of the
change depends on the frame of reference. In the
laboratory frame where the target is stationary,
mass misidentification results in an increase in
the value of Iy» I

such that the bulk of the distri-
bution do/dy„, will be shifted toward larger y„b.
However, if the rapidity is directly calculated in
the center-of-mass system, as in a colliding-beam
experiment, tracks with y, (0 are shifted to
smaller y, , while those with y, &0 have their
values increased. The net effect is to widen the
distribution do/dy, , even to cause a dip near
y, =0. In determining the value of x, the effect
of mass misidentification is to increase x for those
tracks with x &0 (as much as 0.2 units depending on
the magnitude of the transverse momentum}, and
to leave essentially unchanged those with x)0.
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III. SINGLE-PARTICLE DISTRIBUTIONS

Among general features to consider when investi-
gating single-particle distributions, one is the con-
cept of scaling, ' according to which, at sufficiently
high energies, the invariant cross section f(p)

Ed 'o/dp' bec—omes independent of the total c.m.
energy of the collision, i.e.,

lim f(x,pr, s}-g(x,pr).
In short-range-order models, such "Feynman
scaling" follows automatically from the basic as-
sumptions. In the kinematic region of small mo-
menta in the rest frame of the beam (target} par-
ticle ("fragmentation region"), the function is pre-
dicted to be independent of the nature of the target
(beam). Away from the fragmentation regions,
i.e., in the "central region" of the center-of-
mass system, most models of multiparticle pro-
duction predict an appearance of a "flat top" in the



rapidity distribution at asymptotic energies, i.e.,
a cross section in the central region which is in-
dependent of both rapidity and the total c.m. en-
ergy.

Another interesting question is whether the func-
tional dependence of the invariant cross section
on one of the variables (e.g. x and Pr) is indepen-
dent of the other:

I
i

I
t

I

A simple test of this factorization is to study the
average value of p~ for different x intervals. If
the average value of p~ should depend on x, then
the cross section does not factorize.

In this section, we examine these points, ana-
lyzing single-pRI'tlcle dlstrlbuttons ill 205-GCV/c

pp collisions and comparing them with data at
other energies.

A. Rapidity distributions

I I I
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In Fig. 3{a)we show the w' and w inclusive rapid-
ity distributions in the laboratory coordinate sys-
tem. ' Figure 3(b) gives the ratio of the two cross
sections as a function of rapidity:

If{w'/w )=d ..do' do'

o

t I I
~ Ogl

5 7

It is observed that both the n' and m distributions
change very little over a central region =1.5 units
in rapidity wide. [The insert in Fig. 3(a) shows the

central region in finer bins. j Both distributions
can be fitted over the range 1.0&y„~&5.0 by Gaus-
sians of widths 2.0+0.2 and 1.5+0.1, respectively
(with X' probabilities of 5% and 15%, respectively).

The ratio of the m* and 7t cross sections in-
creases from a value of =1.15 near 90'c.m. (Ref.
53) to values greater than 2 in the fragmentation
regions. The ISH results indicate that within ex-
perimental errors, R{w'/w ) in the central region
is independent of 8 over the entire ISR energy
range (~s between 23 and 62 GeV)." We therefore
compare in Fig. 3(b) our results one(w'/w ) with
an average of the ISR data"" (pr-0. 4 GeV/c;
solid line). It is seen that our data have a central
w'/w ratio higher than that observed at ISR. Even
if we select only those particles with transverse
momenta between 0.3 and 0.5 GeV/c, the ratio re-
mains near 1.15. Our results are consistent with
those of other bubble-chamber experiments~ 5'

which llldlcRte R decl'8Rse of the w /w 1'Rtlo wltll
increasing energy [from 1.43 at 24 GeV/c (Ref. 56)
to 1.15 at 205 GSV/c]. If we assume that the 90'
c.m. asymptotic value of the ratio is one, then we
conclude that this limit is being approached from
above. At 205 GeV/c, effects due to the nature of
the beam particle are still noticeable in the central

FIG. 3. (a) The single-particle inclusive distributions
in laboratory rapidity for m'+ (open circles) and Tt' (All
circles) using a bin size of 0.4 units in rapidity. (Inset:
the n distribution using a 'bin size of 0.2 units in rap-
idity. ) (b) The ratio of the m and the x distributions
(full circles). The solid curve represents the ISH data
at P&=0.4 GeV/c (see text).

region.
%hen we compare the symmetrized inclusive

rapidity distributions' to the results of other ex-
perimentss~"59 in Fig. 4, we observe approximate
scaling for y» &1.0,6' es and a rise of the cross sec-
tion with increasing c.m. energy for y in the cen-
tral region. Thus, if there is scaling in the central
region, the asymptotic limit is being approached
from below. '

The m+ and n rapidity distributions for different
p~ intervals are shown in Fig. 5 together with re-
sults at 24 GeV/c, "as well as at higher ener-
gies. s' 4' In the target-fragmentation region, the
values of the cross section at different energies
are seen to be close to each other, with differences
not exceeding 20% on the average. (For the largest
P~ region there are systematic deviations in the
w' case. )

At 90' c.m. , the ISH data are consistently above
our results only for the lowest p~ region. For
pr &0.3 GeV/c, the 205-GeV/c (Ms=19.7-GeV)
data are larger than the Ms=23-GeV ISR data l
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(not shown) for both II and II'. The increase of the
ISR cross sections with increasing energy then
brings the v s = 53-GeV datae' close to the 205-
GeV/o results (the o' data for pr= 0.8 GeV/o are
an exception). The apparent scaling in the central

(0)'

9 pp = 7f' +X

js {GeV) Ref.
l9.7 This Empt.

o I5.9 58 t P6.8 567—

6— f

region having been reached for larger p~ at lower
energies is best explained as a difference in nor-
malization between the ISR and Fermilab experi-
ments.

Next we study the rapidity distributions for each
charged multiplicity separately. Figure 6 shows
the semi-inclusive w rapidity distributions (1/v)
do„/dy». As the multiplicity increases the widths
of the distributions decrease. Only the four-prong
events show a flat central rapidity distribution.
Table III gives the root-mean-square widths of
these distributions,

&2
ff ~ ~ ~3 g 3 lab l 90c7C,ffi.~
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where N is the number of entries. Only particles
with y„, between 0.4 and 5.6 were included in the
calculation of ae„. The multiplicity dependence of
the width sv„ is approximately linear, nr„=a+ bn,
with a = 1.15+0.01 and 5 = -0.029+ 0.002. In addi-
tion, the heights of the distributions, fe„= (1/o„)do„/
dyhe~~„m, are also given in Table IIL The height

h„ increases as the multiplicity increases. A linear
fit of the form h„=a+ bn yields a = -0.09 +0.02
and b =2.64 +0.01. Similar trends are observed
at other energies. """

As has been noted in Ref. 16, Feynman scaling
is not observed in the semi-inclusive rapidity dis-
tributions. However, for any given multiplicity,
the 205-GeV/c data were found to have values
close to those results at other energies which cor-
respond to the same value of the ratio n/Q).

It has been observed~'~' that there is a close
connection between the inclusive rapidity distribu-
tion at any given y and the values of the widths of
the distributions in charge transfer across y,

D(y) = &u'(y)) —&~(y))'.

[The charge transfer is defined for each event as

u(y) =- e x (sum of charges of all particles with y'&y)

—e x (sum of charges of all particles with y'&y),

for beam and target particles of equal charge. ] We
show in Fig. 7 (see Ref. 66) that a similar relation
between D„(y) (full circles) and p„(y) =—(1/o„)do„/dy
(solid line) is observed for multiplicities Ie &4,

I

"Las

FIG. 4. (a) The single-particle inclusive m+ rapidity
distribution at 24 GeV/c (Ref. 56) (dashed line), 102
GeV/c (Ref. 58) (open squares), and 205 GeV/c (full
circles). The arrows indicate 90' in the c.m.s. for
each c.m. energy. (b) The single-particle inclus-
ive m rapidity distribution at 12 GeV/c (Ref. 56) {solid
line), 28.5 GeV/c (Ref. 54) (dashed line), 69 GeV/c
(Ref. 57) {open circles), 102 GeV/c {Ref.58) (open
squares), and 205 GeV/c (full circles).

D„(y)= n. p„(y) .
It can be noted that the charge-transfer fluctuations
are larger at higher multiplicities [D„(y) is in-
creasing with n], but the proportionality constant
n„ is decreasing with n. This can Qe understood
in a cluster picture, if only particles from the
"active zone" (y- a, y+ &) contribute to the charge
transfer, and if the length of this interval does not
change with multiplicity. (In a cluster picture, A

is solely determined by the properties of the clus-



ters. ) Since the single-particle distributions are
narrower for higher multip)icities, a relatively
smaller fraction of particles takes part in the
charge transfer.

B. Transverse-momentum distributions

The P and 'll inclusive distributions ln trans-
verse momentuDl squaredy P g, ax'e Sho%n ln Fig.
8. It ls obvious that a single exponential ln p~
mill not fit the data since a change in slope occurs
near pr'=0. 2 (GeV/c)'. A sum of two Gaussian
functions of the form do'/dPr' A exp(-BP r')
+G exp(-DPr') yields a good fit over the whole pr
interval, while single Gaussian functions fit the
data in the regions below and above p r' = 0.2 (GeV/
c)' separately. Tables IV(a) and IV(b) summarize
the results.

The change in slope also occurs for the semi-
inclusive distributions dc„/dpr, so that the slope
change in the inclusive distribution is not a xesult

of combining different multiplicities. Fox' p~ &0.2
(GeV/c)', the data for the lower multiplicities tend
to have a smaller slope, while for Pr'&0.2 (GeV/
c)', the slope is consistent with being independent
of multiplicity. (See Tables V and VI for parame-
trizatlons of /fc„/dP r .}

Resu1ts at other energies shovrn in Fig. 8 by the
solid line [28.5 GeV/c (Ref. 54)j and by the dashed
line [102 GeV/c (Ref. 58)j exhibit a similar Pr
dependence as the 205-GeV/c data. The increase
in Ck/dPr' with energy is mainly a reflection of
the increase in the average multiplicity.

The invariant p~ distributions for various x
intervals are shown in Fig. 9. For Ix ~&0.01,
Ed'o/dP' in the low-jr' region decreases sharply
with increasing p~', and a break near p~2=0.2
(GeV/c)' is observed. For 0.04& ~x~&0.1, the
slope for p r'& 0.2 (GeV/c)' is less than the corre-
sponding slope fol the smaller x region. Fox'
0.1& ~x~&0.2, the cross section is consistent with
being constant for P r'& 0.08 (GeV/c)'. (This effect
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TABLE III. The widths and heights of the m' and 7t

inclusive and semi-inclusive rapidity distributions for
0.4 ~ yg~ ~ 5.6.

Multiplicity Particle
1 ~de

n d3' 80' c.m.

4
6
8

10
12
14
16

Inclusive
Inclusive

1.135+0.025
1.070 + 0.040
1.054 +0.012
1.035 +0.011
1.008 +0.011
0.973 + 0.014
0.945 +0.018
1.048 +0.004
1.025 +0.005

0.182 0.02
0.42 + 0.03
0.66+ 0.05
1.01+ 0.07
1.28 + 0.10
1.46 + 0.14
1.97 + 0.26
0.78 2 0.03
0.68 + 0.03

is not caused by poor resolution due to inadequate
momentum measurement of fast particles, since
the same P ~ dependence is observed when only
particles with &&0 are included in the distribu-
tions. } As pr' increases, the difference between
the slopes of the distributions in individual x in-
tervals decreases.

As in the case of the p~' distribution integrated
over all x, a single exponential in p~ or p~' does
not fit the 90' c.m. data, but the sum of two ex-
ponentials in p~' does represent it fairly well.

0.0 I

-2 -I

FIG. 7. The dispersion of the semi-inclusive charge
transfer distributions, D„(y), as a function of c.m. rap-
idity for 6-, 8-, 10-, and 12-prong events (full circles).
The solid curves represent the semi-inclusive single-
particle densities (multiplied by a constant, as indi-
cated) .

Table VII gives parameters for fits to the data for
~x

~

—0.02. In addition, the form A exp( Bpr+Cpr -)
also fits the data. However, the particular values
of the parameters obtained by the Saclay-Stras-
bourg collaboration (SS) at ISR (Ref. 33) for the
latter fit give poor results when applied to our
data, as the ISR results suggest much larger val-
ues of the cross section at small p~. Results sim-
ilar to those of the SS collaboration have been
found by the British-Scandinavian collaboration
(BS} (Refs. 40 and 41) in an ISR experiment extend-
ing the pr region down to =0.03 GeV/c. However,
other bubble-chamber experiments which cover
the beam momentum range between 12 and 100
GeV/c (Refs. 54-59) find results similar to ours.

We have attempted to fit the 90' c.m. p~' distri-
butions to other forms (see Table VII): A exp(-Bp, )
(Ref. 67) (where p, = (pr'+m')'~', the longitudinal
mass), Hagedorn's thermodynamic formula"



AE[exp(Bts+C)] ' (where E is the particle's c.m.
energyand C= -1, 0, or+1), and Landau's hydrody-
namical model, "A exp(-Byrs), where yr
—= s»[(E+Pr)/(E -Pr)]. The thermodynamic model
fits the data well when C=-1,(this is the proper
choice of C for identical bosons). Over the whole

P~ range, the hydrodynamic model does not fit
very well. However, for pr &0.2 (GeV/c), i.e., in
the region where the model is expected to apply
better, me obtain a reasonable fit. The exponential
in the longitudinal mass is also an acceptable pa-
rametrization.

The dependence of the transverse-momentum
distribution on the charged multiplicity and on the
longitudinal variables, x and y, as mell as on the
radial-scaling variable, xz-——2E, /v s, is illus-
trated in Figs. 10 through 14, where the average
value of the transverse momentum is displayed as
a function of the respective variable. " [The over-
all averages are (pr) = (0.336+0.003) GeV/c,
(Pr ) = (0.373 ~ 0.002) GeV/c, ((Pr )') = (0.161+0.003)
(Gev/c)', ((p,")')= (0.199+0.003) (Gev/c)'. ]

A decrease in (pr)„as the multiplicity increases
is observed for both tt' and t/ (Fig. 10). In fact,
the data can be fitted by straight lines, (pr~)„= tss

+b, n and (pr )„=/ss+bsn„with as=0. 375+0.00/,
b j = -0.0098+ 0.0006, a2 = 0.395 + 0.008, and b2
= -0.006 ~0.001. Figure 11 shows the x dependence
of (pr), [Fig. 11(a)] and (pr+)„[Fig. 11(b)]. We ob-
serve that (pr), i~creases as Ix I

is increased,
the mell-knomn sea-gull effect." A similar sharp
increase of the average transverse momentum is
observed in its x„dependence (Fig. 12) for Ix„ I

&0.1; for larger x„I, the change of (pr), with
increasing Ixz I

is smaller than in the case of
(pr), . Figure 13 exhibits (pr )„and (pr )„versus

l000 =

K)

I I I I I I

ds t GeV) Ref.
o t9.7 This Expt. )pp v +X-

cu 100

lo

l9.7 This Expt.
58 pp ~+ X

O. l
I I I I I I 1

0 2 OA 0.6 0.8 I.O !.2 l.4
p [(G»V/st ]

y„». A decrease in (pr), is observed for y away
from the central region. (A decrease toward the
edge of phase space is expected from energy and
momentum conservation. ) In addition, (pr)„ is
consistent mith being constant for 1&y» & 5.

A brief look at the multiplicity dependence of the
sea-gull effect in the case of the x dependence of

FIG. 8. The single-particle inclusive distributions in
the square of the transverse-momentum magnitude,
p&, for both positive pions (open circles) and negative
pions (full circles). Lower-energy n" data are shown

by the solid line [28.5 GeV/c (Ref. 54)] and by the dashed
line [102 GeV/c (Ref. 58)j.

TABLE IV. Results of various fits to the inclusive p& distributions for (a) 7(' and (b) 7( .

pg interval
[(Gev/c)'] Fitted parameters X'/DOF

A exp{-Bp&2)

+ C exp( —Dpz~)

A exp(-Bp~2)

A exp(-Bp& )

A exp(-Bp~')

A exp(-Bp& )

+ C exp(-Dp~')

A exp( Bp~')

A exp(-Bpg2)

A exp(—BPw )

0.0-0.7

0.0-0.7
0.0-0.2
0.2-0.7

0.0-0.7

0.0-0.7
0.0-0.2
0.2-0.7

(a) 7r'

A=(394+20) mb (Gev/c) 2

C= (98 +3}mb (GeV/c} 2

A=(450+5) mb (GeV/c)"

A= (144+1) mb (GeV/c)

(b) x

A = (304y23) mb (GeV/c)

C= (80+11) mb (GeV/c)

A= (360 y17} mb {Gev/c)

A=(106~15} b (G V/ )-'

B= (14.7 ~0.6} (GeV/c)-'

D=(3.2+0.1) (GeV/c) 2

B= (9.7 +0.4) (GeV/c)

B= (3.9+0.1) (GeV/c)-'

B= (14.6+0.3) (GeV/c) 2

D= (4.0~0.3) {GeV/c) '

B= (10.2+ 0.4) {GeV/c)"

B= (4.5+0.3) (GeV/c) 2

5.6/7

1.5/3

6.1/7

181/7

7.9/5
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TABLE V. Results of the fit Aexp(-B+ )+ Cexp{-DP& ) to the semi-inclusive ~ P&2 distri-
butions for p&2& 0.7 (GeV/e)2.

Multiplicity

A
mb

(GeV/c)' [(GeV/~) 'l

C
mb

(Gev/e)' [(GeV/. )-2& X'/DOF

10.4 +1.9
12.1+0.3
12.7 + 0.9
11.9+0.7
12.6+ 0.5
14.1+2.3
19.3 +1.0

4+1
10+1
10+1
13+6
7+3
4+1
4+1

3.4+0.6
3.5+ 0.1
3.0+0.6
3.9+ 0.8
3.3+0.8
2.6+ 0.3
4.3 + 0.1

6.3/7
4.8/V
17.3/7
2.2/7
11.5/V
18.1/V

8.8/7

the x average transverse momentum (Fig. 14)
suggests that the central dip in (pr )„is more pro-
nounced in events with higher multiplicity.

From the examination of the dependence of (p r),
on the longitudinal momentum variables (s =x, y)
and on the radial variable x„we conclude that the
single-particle inclusive distributions do not fac-
torize either inx in pz, iny and p~, or inx~ and

p~. The same conclusions also hold for the semi-
inclusive distributions.

Another fact stands out in all the above results.
Consistently, (Pr) is greater than (Pr), i.e., the
shape (as well as the magnitude) of the m' and x

p~ distributions are different. It can also be seen
in Tables IV (a) and lV (b) that the slopes of the
p~' distributions are always larger for m than for
m'. Figure 15, which gives the ratio

do da'

d(P,")' d(P;)'
as a function of p~', shows this effect more dra-
matically. There is a clear trend in the data (not
explainable by proton contamination) for the ratio
to rise with increasing p~ . This rise occurs in all
x intervals. In fact, independent of x we find

) ~Pre&0. 2&oev/ e)2
=1.4.

ft( / )I, „,„,i,p

C. The x distributions

In Flg. 16 we give the lnvarlant x distributions
for m' and m integrated over all p~. Curves repre-
senting 24-GeV/c PP results'6 are also shown. As
ln the rapldlty dlstrlbutlonsy we observe appl oxl-
mate scaling in the fragmentation region, Ixl&0.2.
The slope of the distribution for Ix I&0.2 is smaller
than for Ix I& 0.2, with a hint of a region of constant
invariant cross section near x=0. The distribu-
tions can be parametrized in the form
A exp(-Blxl). For Ixl&0.02, results of various
fits to the inclusive x distributions are given in
Table VIII. In fact, in the m case, a good fit is
obtained over the whole x range. A suitable pa-

IV. TWO-PARTICLE CORRELATIONS

A. The correlation functions

We next investigate two-particle distributions,
obtained from the full differential cross sections
by integrating over variables describing all parti-
cles but the two of interest. To determine how the

TABLE VI. Results of the fit A exp(-Bp&2) to the semi-
lncluszve n pz distributions for p& &0.2 (GeV/e) .

A B
mb

Multiplicity (Gev/e)', t(oeV/e)-'J X'/DOF

6
8

10
12
14
16

18+4
49~6
62~1
69+ 1
75+4
39+2
33+3

8.9+ 2.0
9.9+ 1.1

10.2+ 0.6
9.8+ 0.7

12.0+ 1.2
12.2+ 0.4
17.3 + 3.5

5.3/5
2.8/5
13.6/5
2.2/5
6.1/5
14.1/5
2.3/5

rametrization of both distributions over the whole
»ange has th«orm & exp(-ff

I
x I+ c

I
x I').

Semi-inclusive v x distributions (not shown) can
also be parametrized by the exponential function.
Table Ix gives the results of fits of the form
A exp (-BIx I) to the invariant distributions
(2Z/vms) do„/dx in the interval 0.02~ lx I

~0.4 as
a function of multiplicity. Note that as the multi-
plicity increases, the value of B increases.

The invariant x distribution for various inter-
vals of transverse momentum is plotted in Fig. 17
along with data from experiments performed at
other energies. We observe that for Ixl &0.1, the
data are equal within errors to the ISB results
except for the case of 0.6&pr &1.0 GeV/e. (This
discrepancy was noted previously in the rapidity
distributions, as well as in connection with the
transverse-momentum dependence of the v'/x
ratio. ) Note that as Pr increases, the length of the
flat part near x= 0 increases. The slopes are con-
sistent with being the same for Ixl&0.15.
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Fitted PRx RmeteI 8 X'/DOF

A exp(-Bp. )

AE I.exp(Bp) —1]-'

AE [exp(Bp)]

AE )exp(Bp)+ 1]"»

A exp(-By&2)

A. = (45+4) mb (Gev/e)-'

C=(11+1)mb (GeV/e) 2

A= (83+11)mb (Gev/e) 2

A= (143+2) mb (Gev/e) 2

A=-(693+90) mb GeV 'e'

A = {969+6O) mb Gev-'e'

A. = (1205+3O) mb GeV-'e'

A=(76+1) mb (68V/e) ~

D= (2.9+0.2) (Gev/c) ~

8= (3.6 +0.7) (Gev/c)

C= (-1.7+0.7) (Gev/e) 2

8= (5.5+0.1) GeV-'

8= (7.3~O.2) GeV-'

B=(7.9~0.1) GeV '

8= (8.2+0.1) GeV

8 = 0.71+0.02

1O.2/9

18.1/9

24.5/9

8= (13.3+ 0.1) (Gev/c) 2 11.4/7

A exp(-Bp)

AE Iexp(Bp) —1] 1

AE [exp(B)tL)] 1

AE I exp(Bp)+ 1] 1

A exp(-Byg ~)

A = (146+11)mb (GeV/e)-'

A= (751+41) mb Gev"lc2

A = (1081+50) mb GeV" e

A = (1370+69) mb GeV-'e'

A= (70+3) mb (Gev/c) 2

D= (3.6+0.4) (Gev/e) 2

8= (3.8+0.9) (GeV/e)-'

C= {-2.1+1.2) (Gev/e) 2

8= (6.0~ o.1) Gev-'

8= (7.9~0.2) CeV-'

B=(8.6~0.2) GeV '
8= (9.O~O.2) GeV-'

8= 0.75+ 0.03

12.5/9

11.9/9

15.1/9

22.5/9

31.O/9
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FIG. 10. The multiplicity dependence of the average
transverse momentum of (a) positive pions and (b) neg-
ative pions.

production of a pair of particles differs from the
ease when each particle is produced independently,
the two-particle distributions are compared with
a suitable combination of single-particle distribu-

tionss.

In ensembles of atoms and molecules, the inter-

I

06 —
(a)

FIG. 11. The x dependence of the average transverse
momentum of {8)positive pions and (b) negative pions.
(The bin size is M =0.04.)

dependence in position of the particles has been
described using correlation functions. By analogy,
correlation functions in momentum space were in-
troduced by Mueller~ and %wilson" as a tool for
investigating multiparticle production in high-en-
ergy hadron collisions. These functions can be
written, in general, as

da 1 do 1 de
0' dpgdp2 (7 C$~ 6 dp2

After integration over transverse momenta, one
can write the inclusive correlation function using
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FIG. 12. The xz dependence of the average transverse
momentum of (a) positive pions and (b) negative pions.

FIG. 13. The rapidity dependence of the average trans-
verse momentum of (a) positive pions and (b) negative
pions. (The bin size is Dy= 0.25.)



rapidity as the independent variable:

C (yi y2)=P (yf y2) —P (yi)P (3'2) (2)

where p'(y') —= (1/o)do/dy and p ~(y,', yf) = (1—/&r)d'o/

dy, dy, are the one- and two-particle inclusive
rapidity distributions, and o is the inelastic cross
section. (The superscripts o.'and P are used to
label the charge combination, as defined in Sec. 1.)
Often a "normalized" correlation function

)— C (yl t y3)
3 l&y2

p(y )p(y )

is introduced for experimental reasons, e.g., to
avoid difficulties with cross-section normaliza-
tion. 74

Results on the correlation functions are presented
in this section and in Sec. V using the center-of-
mass rapidity, y, as the independent variable.
All distributions in Secs. EVA through IV C and in
Sec. V are integrated over the transverse momen-
ta of the particles and all distributions are symme-
trized about y =0. The errors on the values of the
correlation functions are statistical only and take
into account the fact that the one- and two-particle
distributions are not statistically independent
quantities. Unless otherwise noted, all distribu-
tions displayed here were obtained using a bin
size of 0.5 units in rapidity.

Values of R(y„y, ) for the cc combination are
shown in Fig. 18, where curves of R"(y„y,)
= const are drawn in the (y„y,) plane. " The two-
fold symmetry of the plot with respect to the lines

const and y, +y, = const" has been exploited
in the presentation of our data: All one-dimension-
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FIG. 15. The ratio of the Pz distributions for the
positive and for the negative pions.
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al plots shown in this section represent a cut of
the two-dimensional distributions along one of these
two directions.

The elongation of the contour lines in the direc-
tion y, +y, =const shows that R(y„y, ) depends in
the central region on iy, -y,

~
only, a property

called "translational invariance" in rapidity.
Another view of this feature is shown in Fig. 19,

where both C(y„y,) and R(y„y, ) are plotted as
a function of —,'(y, +y, ) for a fixed value of —,'(y, -y, )
= 0. The C function decreases by 32 jg over 1 unit
of rapidity. On the other hand, the 8 function de-
creases by 9' over the same interval, thus show-
ing an approximate (y, +y, ) independence, a,s seen
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FIG. 14. The x dependence of the average & trans-
verse momentum for three semi-inclusive data samples:
(a) 6-prong events (b) 10-prong events, and (c) 14-
prong events.

FIG. 16. The single-particle inclusive x distributions
for the positive pions (open circles) and for the negative
pions (full circles). The 24-GeV/c data (Ref. 56) for the
production of positive (negative) pions are shown by the
dashed (solid) line.
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TABLK VIII. Results of various fits to the inclusive x distributions.

Form

A exp(-Bl «I)

Particle x interval

I«l & o.o2
all x
]«) &o.o2

A= (8.0~0.3}mb
A=(7.7~0.2} mb
A= (10.0~0.1}mb

B=7.4+ 0.1
B=7.2+0.4
B=5.0+0.1

Fitted parameters y'/DOF

6.6/10
12.3/12
17.7/10

A exp(-B/«i+ Cl«l') A= (7.3+0.2) mb
C= 3.9+0.5

B=5.8+0.1 4.8/11

A= (8.5+0.2) mb
C= 5.1+0.8

J3 = 2.9~ 0.1 8.3/11

already in Fig. 18. The reason for this difference
lies in the fact that the shape of the single-particle
rapidity distribution, p(y), is similar to the shape
of C(y„y,) (cf. Fig. 2). Since R(y„y2) reflects
the shape of C(y„y, ) only if p(y) = const, in the
following discussion we will use only the C func-
tions.

A correlation function can also be defined for a
data sample containing events with given charged
multiplicit)j n ("semi-inclusive correlation func-
tion"):

C (31,32)=P™8(31'32) P. (31)—P.'(32),

where p„(y ) =- (1/o„)do„/dy and p„"(y,', y 8)2
—=(1/o„)d'o„/dyidy28 are the one- and two-particle
semi-inclusive rapidity distributions, and a„ is the
topological cross section. Note that the distribu-
tions are normalized in such a way that J p™(y')dy
=n(o!), the number of particles of type n in an
event with charged multiplicity n, and

pn yx y y2 yj. dy2 =@ +P =@ + + + ~as y

the number of two-particle combinations in which
one particle is of type a and the other is of type
P, again in an event with charged multiplicity n.
Note that the condition C„8(yi,y28) = 0 does not de-
scribe a sample in which particles are emitted
statistically uncorrelated.

Following Ref. VV, we use the notion of the prob-
ability of the simultaneous occurrence of two inde-
pendent phenomena to obtain a more suitable def-

inition of the semi-inclusive correlation function.
If the probability of particle 1 created in a pp col-
lision at rapidity y, is independent of the proba-
bility of particle 2 having rapidity y„ then the
probability of particles 1 and 2 having rapidities
y, and y, in the same event is

(12p) P2 31 &y2 n((2) Pn 31 n((3) Pn 32(N( o 8) e( a) 8( 8)

Thus we use the semi-inclusive correlation func-
tion C„'8(y, ,y8) defined as

C (31™,32)= P."(31-,32) P. (31—)P!(32),

p„(y ) =- [1/n(a)cr„]do„/dy

p„"(y, , y.') = [1/n (~S)o„]d'o„/dy, dy,'
are the one- and two-particle semi-inclusive prob-
ability densities. Relation (6) is illustrated in
Fig. 20 using the (+ -) combination in ()-prong
events as an example. It is seen that the values of
p', (y,', y, ) do not differ dramatically from the val-
ues of p, (y', )p,(y,). The resulting values of the
correlation function are therefore relatively small,
e.g. C; (0, 0)/p', (0, 0) = 0.1. (We note that this
ratio has similar values for all multiplicities and
all charge combinations. ) Nevertheless, definite
trends are observed in the rapidity dependence of
the C„ functions, as described in Sec. IVC.

TABLE IX. Results of fits to the semi-inclusive ~
distributions of the form A exp(-B~«~) over the interval
o.o2& («( & o.o4.

Multiplicity

B. The inclusive and semi-inclusive correlations

To obtain a relation between the inclusive and
semi-inclusive correlation functions we start from
the additive property of the two-particle distribu-
tion

4
6
8

10
12
14
16

0.39+0.02
1.03 + 0.09
1.33a 0.23
1.64+ 0,13
1.83 +0.22
1.04+ 0.09
0.63 +0.13

2.5+ 0.6
5.1+0.5
6.0+ 1.7
7.6 + 0.9

10.5 + 1.0
10.9+ 1.0
13.2+4.0

do g tf0„
dy, dy, „dy,dy,

and obtain

C" ( y, , y,) = (n(aP)C„" (y"„y,))
+x'(y„y',),
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FIG. 18. Contours of 8 (y&, y2) =const in the (yf y2)
plot. The curves were handdrawn through the data sym-
metrized about the y& =-y2 line. Typical error on the
contours in the central region is + 0.03. (Bin sizes ~y&
=by&=0.5.) Positive particles with isi&0.6 were ex-
cluded from the data shown in this figure.

Thus, the inclusive correlation function can be
written as a sum of two terms: the average semi-
inclusive correlation function, (n(aP)C"„s(y", , ys2)),
and the term X s(y, , y,), which depends on single-
yarticle distributions only. Even if all the semi-
inclusive correlation functions C„s(y, , y,) were
zero, the inclusive correlation function would be
nonzero, provided X (y, , ya) is not zero. The
first term in Eq. (10}will be equal to zero only
when the single-particle distributions are the same
for all multiylicities. Figure 6 shows that this is
not the case. Also, for the like-yarticle combina-
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FIG. 20. Illustration of the definition of the semi-
inciusive correlation function d„„(yl,yl ) for the +-
combination in the 8-prong events. In addition, the
product of the single-particle distributions (dashed line)
and the two-particle distribution (so],id line) are shown
as a function of —,'(y+, -y, ) for &~(y+, + y 2 )= 0.

FIG. 19. The correlation functions C (y&,y2) (upper
part of the figure) and R~(y&, y2) (lower part) plotted
against ~(yq+y2), for a fixed value of ~(y~ -y2) =0.

tions, the first and second terms in Eq. (10) do not
cancel each other in the data.

We therefore identify X (y, , yg as that part of
the inclusive correlation function which results

from including in the data events of different multi-
plicities ("mixing" the multiplicities). Figure 21
shows this effect for individual charge combina-
tions. Vfe notice the following features:

(i) The values of the inclusive correlation func-
tion C (y, , y,) are positive for —,~y, —yes~ ~2, for
all charge combinations. The following inequalities
hold for the central values:
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FIG. 21. The inclusive correlation function C(y~&, y2~) (full circles), and the average semi-inclusive correlation func-
tion, t,'n(O. P)C„(yz, yz)} (crosses) plotted against 2(y~z+ y2~) =0, for all four charge combinations. (No cuts were
applied to the data in this figure. )
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C"(0,0}& C' (0, 0) & C+ +(0, 0) & C (0, 0) .
C (y, , y2) falls off relatively sharply from the peak
values as )y", -y82) increases.

(ii) If one interprets (n(nP)C„(y", , y, )}as the sum
of a broad negative "background" and a central
peak, one can notice that this peak is narrower
than the inclusive C(y„y,) and its height above the
background is smaller than the magnitude of
C(yq, ym} ~

{iii}There is a noticeable structure in

(n(aP)C„~(y, , y8)) in the like-charge combinations,-- and++, for small values of ]y", -y, ~. For the
++ combination, the nonzero values of this function
at large values of ~y', -y,' ~

are due to the presence
of leading protons (all particles were included in

the data displayed in Fig. 21).
(iv) The large positive value of the inclusive cor-

relation function in the central region is determined
primarily by the multiplicity mixing term
x"'(y", y').

Thus, in order to separate the influence of the
multiplicity distribution on the correlation function
from other dynamical effects, we turn to semi-in-
clusive distributions.

C. The semi-inclusive correlations in rapidity

We have seen from the example of multiplicity
mixing that the correlation functions can best serve
as a tool for investigating processes in which only
one production mechanism is involved, since a
combination of production mechanisms with differ-
ing single-particle distributions gives rise to ex-
traneous terms. This has been shown to be the
case when diffractive and nondiffractive events are
considered (see, e.g. , Ref. 80). Since our aim is
to study the production mechanism responsible for
the bulk of multiparticle production, we concen-
trate our attention on nondiffractive events. We
exclude charged multiplicities two and four which
have a substantial fraction of diffractive events, '
and focus our attention on the central region in the
c.m. rapidity y. We also exclude leading particles
by eliminating the identified slow protons (P„b & 1.4
GeV/c) and positive particles with x &0.6, 97% of
which are protons (see Sec. IID}. However, had we
proceeded in this way, we would have obtained
events with n, n —1, and n —2 charged particles
from a sample of events of charged multiplicity n.
In order to keep a proper normalization of the
semi-inclusive probability densities, we exclude
two particles out of peery event, namely the posi-
tive particles with the smallest and the largest
c.m. rapidity y (or the slow and fast proton, if
present). These cuts are applied to all data shown
in the remainder of this section (as well as in Sec.
V), and the reduced multiplicities are used to nor-

malize the probability densities. No attempt was
made to correct the distributions for misassigning
the pion mass to any unidentified heavier particles
(K,P) present in the data. However, a simulation
by a Monte Carlo method indicated that the mis-
identification of heavier particles does not alter
the main features of the correlation functions in
the central region.

The values of C„s(y„y,) are displayed in Fig. 22
as a function of —,'(y, -y, ) for 2 (y, +y,) =0 for
multiplicities 6 through 14 and for the four possible
charge combinations. It can be seen that:

the observed correlations are of short range, as
C„(y, , y, ) decreases sharply from its y, = y, value;

the values in the central bin are C„(0,0) = 0.01,
and are of comparable size for all charge combin-
ations and all multiplicites;

the correlation function deviates systematically
from zero for the+ —and cc combinations, having
the same characteristic shape for all multiplicit-
ies~ and

for 2(y, —y, ) x 0, the values of C„(y, , y, } devi-
ate from zero less than the corresponding values
for the other charge combination.

The region in & (y', —y,'), where the values of
C„"(y', , y,') are nonzero, is broader than in the--
case for most of the multiplicities. The difference
between the ++ and -- combinations, which is
represented mainly by the dip in C„" for 2 ~y', —y,'~
= 1, seems to be less pronounced in ten- and high-
er-prong events than in events with lower multi-
plicity.

The (y, +y,) dependence of the correlation func-
tions is illustrated in Fig. 23 for the ten-prong
events. " An approximate independence of
C„' (y', , y2) on (y', +y, ) can be noted for y,

' —y, = 0
and for —,

'
~y', +y, ~

~ 1. The depth of the dip at & ~y',

—y2 ~

= 1 is, on the other hand, varying rapidly for
increasing ~ ~y', + y, ~. No such regularities are ob-
served in the like-charge combinations. Similar
trends are found in all multiplicities.

The features of the data presented in this subsec-
tion" contradict results of several experiments
[100-GeV/c PP and v'P, "147-GeV/c v P (Ref. 84)],
where values of semi-inclusive correlation func-
tions consistent with zero throughout the central
region were reported for all charge combinations,
and the absence of any short-range correlations
was implied. On the other hand, our conclusions
are, in general, supported by the results of other
Fermilab experiments [100-GeV/c v P, 200-GeV/c
PP, and 300-GeV/c PP,"and 200-GeV/c v P {Ref.
86)], as well as by the results from ISR [Aachen-
CERN-Heidelberg-Munich (ACHM) collaboration, "
Pisa-Stony Brook (PS) collaboration" ]. In Fig. 24
we replot our data for the cc combination following
Ref. 87 (and Ref. 88), in order to compare our data
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FIG. 22. The ssmi-hlclusivs correlation function 0p (yp, y$) plotted against $(ycI -y$) for a fixed value of sI(y(II +ysI)
=0, for xllultiplicities 6 through 14 and for RQ four charge combinations.

directly vrith the ISR results of the ACHM and P3
collaborations for Ms=23 GeV. Here the c.m.
pseudorapidity q is used as the independent vax'i-
able, and all particles with ~q~ & 2.25 are excluded.
The redefined charged multiplicity n is limited to
the interval behveen 6 and 15. No other cuts are
applied to our data, i.e., the identified px otons are
included as such. It is seen that the centxal values
of the average semi-inclusive correlation function
for all thx ee experiments are compatible arith each
other. The disagreement for a i@I-qll + 2 can be
attributed to the opposite directions in vrhich rap-
idities of the misidentified heavy particles ax'e
shifted in the iwo experimental arrangements (see
Sec. IID).

The semi-inclusive correlation function can be
parametrized by the fox'm

c„"(y', , y,)=y.Iyt"y —yyy[-(y, -y,')'/tt„')

-it.'(y', )iy.'(yl)I

obtained by modifying the results of Ref. 89 (based
on the independent-cluster-emission model) for the
definition of the cox'x"elation function used in this
report. An example of this parametrization is
given in Fig. 25 showing the data on C",,( y'„y', ) to-
gether with a curve x'epresenting a fit of the form
of Eq. (11) to the data (solid line). The two terms
on the right-hand side of Eg. (11) are also shown

separately: the Gaussian term, after subtxacting
a«[P'«(0)]' (dashed line), and the "background
term" (dashed-dotted line). It is seen that the
solid line x epresents the data reasonably well.
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FIG. 24. The average semi-inclusive correlation func

tion in the center-of-mass pseudorapidity g, ((n —1)
xC„(q, g)), for the cc combination. Only particles
with)g( & 2 are included. The results of ISR experiments
at Ws =23 GeV (ACHM, Ref. 87—open circles, and PS,
Ref. 88—triangles) are averaged over g+ g, while data
of this experiment (Ws =19.? GeV, full circles) are for
—0.25~ 2(qI + q) ~ 0.25.

The (y, —y2) dependence of the correlation func-
tion was fitted to the expression (ll) for —,(y, + y, )
=0 using the measured values for the single-parti-
cle densities. The values of the parameters a„and
6„are shown in Fig. 26 as a function of charged
multiplicity, n~, for the cc and + —combinations.
The values of the width of the Gaussian term, 5„,
are consistent with being multiplicity independent.
The values of 6„ in the cc combination are some-
what lower than in the +- case, but the two are
compatible with having a common value between
0.5 and 0.6. The values of the parameter a„de-
crease with the multiplicity for all charge combin-
ations.

%e note that our results for 5'„' are compatible
with the values reported both by the PS collabora-
tion, 5'„'=0.62+0.05,"and by the ACHM collabora-
tion, 6'„' = 0.65+ 0.08 (Ref. BV) (obtained from the
correlation function averaged over multiplicity).

For a possible physical interpretation of Eq. (11)
we turn to the independent-cluster-emission mod-
el." In this model, only particles resulting from a
decay of the same cluster contribute to correla-
tions, as characterized by the first term on the
right-hand side of Eq. (11). The parameter 5„
characterizes the single-particle distribution of
the cluster decay products in the cluster rest
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FIG. 26. Parameters of the fit of the form of Eq. {11)
to the semi-inclusive correlation function Q„~(y~&, y2~)

for the cc and +-charge combinations as a function of
the charged multiplicity n,h.

FIG. 25. The semi-inclusive correlation function

C~p(yg, y2) for the cc combination in ten-prong events
plotted against 2(y& —y2) for a fixed value of 2(yf +y2) 0.
The lines represent a parametrization of the data accord-
ing to Eq. (11): The dashed line represents the first
term in Eq. (11) after subtracting e &pt Pfp(0) I the
dashed-dotted line represents the second term, and the
solid line is the sum. of the bvo terms. (The solid line
is drawn vrhenever the dashed line or the dashed-dotted
line and the solid line coincide. )

frame. The first two moments of the multiplicity
distribution of the cluster decay are contained in

O~:

n (k(ap))
n(ap) (k)

where (k)„ is the average cluster-decay charged
multiplicity in ann-hadron final state, and (k(ap))„
is the average number of two-particle combina-
tions in an n-hadron final state in vrhich one parti-
cle is of type n and the other is type P, both from
the decay of the same cluster. The n deyendence
of the quantity A„—= ((k(ap))/(k))„ is related to the
cluster-decay multiplicity distribution"'": A„
does not depend on n in the case vrhen all clusters
decay into a fixed number of particles, and it in-
creases with n if the cluster-decay multiplicity
distr ibution is broader.

The n independence of the vridth 6„lends support
to the idea that the clusters axe entities with multi-
plicity-indepenDent characteristics: The distribu-
tions of the cluster decay products do not depend
on the overall multiplicity. The values of A„, cal-
culated using the values of a„ from Fig. 26, are

D. Joint correlations in rapidity and the azimuthal angle

Further information on two-particle distribu. -
tions can be obtained by investigating the distri-
butions in the plane transverse to the beam direc-
tion. There are three independent variables de-

TABLE X. Parameters of the cluster-decay multi-
plicity distribution.

(k(cco
&&(c)&.„ 9 ~+-)&

(a(co

0.75 +0.17
0.83 + 0.21
1.21 +0.25
1.18+ 0.36

0.33 + 0.08
0.37 +0.09
0.56 +0.11
0.43+0.15

given in Table X. The data indicate an increase of
A„with increasing n, thus suggesting that the clus-
ters do not decay into a fixed number of particles.
It is not possible to obtain from the data more
specific information about the cluster-decay multi-
plicity distribution (e.g. its moments) without mak-
ing assumptions about its form. Let us add that
our results for A„ in the case of the ec combination
agree with the more precise ISR data of Ref. S8.

Equation (11) would describe the data in a larger
(y„y,) interval, if an exact translational invariance
were a property of C„(y„y,). Since this is not the
case in our data, as obsess'ved in Fig. 23, it is not
surprising to find that no satisfactory fit of the
form of Eq. (11) was obtained using all data for
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scribing the transverse momenta of a pair of
particles: P», Pr„and P, —P,. [Here P, (i=1,2)
is the angle between p~, and an arbitrary fixed
direction in the transverse plane. ]

Owing to the limited size of our data sample,

we cannot study two-particle cross sections as a
fllllctloll of aQ five variaMes ( yl, yz, p», p rz, f
=Q, —P,). We therefore integrate the semi-in-
clusive correlation function C„'s(p', , p~z) over the
magnitudes of the transvex'se momenta and obtain

1 do„ 1 do„ 1 dh„d ~d ski e
n(nP)o dy dying's n(c.')o dy dQ n(P)o dyssdQs

(12)

Since it is impractical to present the data for all
multiplicitiesI wepresent results on C„(y, ,y„p' )
for the ten-prong events as a typical semi-inclu-
sive sample. The function C,~ is plotted in Fig.
27 against z (y,

' -ysz) and Q's for a fixed value of

z( y, +ysz) = 0. All four charge combinations are
shown. %e note the following salient features:

(a) For the unlike-charge combination, + —,the
correlation function attains its largest value for
y', =y, = 0 and 135'& Q' &180'; the rate of decrease
of the correlation function fx'om its central value
is also largest in this Q' interval;

(b} For the like-charge combinations, ——and

++, the largest value and the steepest slope are
found for 0'& {I5 &45'

(c}C",o has relatively large peaks for both small
and large P.

These features agree qualitatively with previous-
ly reported ISH data (ec combination), "as well as
with results from Permilab. 20'8"6

A more detailed view of the data is offered by
Fig. 28 which shows C„s(y, , y'„Q s) plotted as a
function of z(y, -ysz) and Q for four intervals in
z ( y, + y,). The data for the + —combination [Fig.
28(a)] show that the tendency of the y,'=y, values
of the correlation function to be larger for P'
&90' than for Q' &90'pexsists for nonzero values
of z(y', +y,). The data for C»(y, ,y, , P ) [Fig.
28(b)] indicate that / & 90' is preferred in the like-
particle combinations. A significant peak is ob-
served at y, = y, and Q & 45' for y, + y, = 0.

%e have seen above that several features of the
rapidity correlation functions can be understood
in terms of the independent-cluster-emission mod-
el. Use of such a model raises the question of the
nature of the clusters. It has been suggested'0 that
the clusters are actually resonances familiar from
particle scattering in the few-GeV xegion. The
observed two-particle correlations would then be
naturally explained as reflections of the relation-

FIG. 27. The semi-inclusive correlation function Pto (yet, yet, p~) plotted against z'(y~&-yf) for a fixed value of
—,'(y~+ y$) =p, in four bins in the azimuthal angle Q~, for all charged combinations.
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ship between decay products of a resonance. In-
deed, the production of the p resonance has been
observed in our data" with most of the cross sec-
tion coming from the central region. Moreover,
it has been observed" that p' production is en-

hanced if the decay products, a ~' and a w, move
"back-to-back" in the transverse plane (Q& 90').
This would naturally explain the origin of the peak
in C'„(y'„y, , Q' ) for y, =y, inthe P &135 bin.
This view is also supported by the results of a

+
-L'75&

2 6-1.25 -1.25 « -0.75Yt + Ya

y+ 2 + -075& ' &-0.25

-025&~2 &+O25

001 001

0 ''
g.

-5' t0 tt

001 0.01

-0.01-

3 -to tr

O.OI O.ol 0.01 0.01

-3 t Tier 3 -3'

+

t Al

+

pO
N3

Yt+- Y2

2

0.01

'I' t 0 tt' 3

Yt+- Y2

2

001

,' -3
t alta&

0 -0.01

Y -Y
I 2
2

O.OI

-0.01-

0, -0.01-0'r

oo
itf

/
+

Yt Y2

2

Yt+Y2
-I,75s—s-l.252

Y)+ Y2
-I.25'—s -0.752

Yt'Yz-0.75s—s -0 252
Yt Y2-025&—s0,252

0,

I

t Al

I

' t2
t4

F&G. 28. The semi-inclusive correlation function Cqo (g~, g2, 4 ) Pl««d against z~&t —&2) for all val~~s of 2~&& +&2)
in four bins in the azimuthal angle P~: (a) for the +- and (b) ——charge combinations.



Monte Carlo calculation based on a model incor-
porating the production of p, &, and q." In this
model, the peak in the correlation C'„'(y'„y'„Q")
for p~'& &35' appears to be a consequence of p
production and its subsequent decay. ' The peak for
P"& 45'can, under certain conditions, be explained
in this model as a correlation between the de-
cay products of &u or q (decaying into a n', a w,
and a w') 9' This hypothesis is not contradicted
by our data, where a definite correlation in the
+ —combination is observed for Q' & 45 [Fig.
28(a)].

However, a substantial contribution to
C„''(y'„y2.$ ) for P"& 45' comes from the like-
charge combinations (Fig. 27). The character of
the latter, namely the fact that the enhancement
is confined to Q & 90' [see Fig. 28(b)], is strongly
suggestive of the fact that it is of quite a different
physical origin than the structure of correlations
in the case of the+ —combination. The conjecture
has been made that the observed peak in the cor-
relation functions for the like-charge combinations
is an effect of Bose-Einstein statistics of the
pions. " (Such effects were hypothesized a long
time ago for pp collisions. 9')

{p, (p'. )) =
do'

d~~d~ fop~
py p2

(l4)

The integration region extends over all values of

P» and over suitable regions in the rapidities y,
and y, and the azimuthal angle Q, as specified
below. (As before, n and P label the particles'
charge state. )

Figure 29 (Ref. 96) shows the average associated
multiplicity {n,(p~», Q 8)) for all charge combina-

(0) cc $&90

grated measures of correlations: the average
associated charged multiplicity"

J
d(x

@dp
pg p2

da'

dp',

and the average associated transverse momentum"

E. Tvt o-particle correlations in transverse momentum

%'e complete our discussion of two-particle dis-
tributions with R study of a variable heretofore
integrated over, namely the magnitude of the
transverse momentum. Recent measurements of

Pz distributions have yielded results rich in in-
teresting dynamical features in the region of large
P~.9' For a better understanding of the large-p~
phenomena it is helpful to know the behavior of the
low-Pz "background, " i.e. , a region in p~ which is
accessible in a bubble-chamber experiment.

We first look at the inclusive and semi-inclusive
two-particle distributions integrated over the lon-
gitudinal momenta, as well as over the azimuthal
angle, P(Pr„Pr, ) = (l/c)dkldPr, dPr-, and P„(Pr„Pr,)
= (1/o„)do„/dpr, dp». These can be compared
with a suitable combination of single-particle p~
distributions using the correlation-function for-
malism used previously for the rapidity distribu-
tions. Repeating the steps of Secs. IVB and IVC
%'e observe 1elRtlve 1Rrge VRbles of R smoothly
varying inclusive correlation function. Its main
component is the "multiplicity mixing term" con-
taining only single-particle distributions. No sys-
tematic trends reflecting dynamic features are
obsexved in our data on the semi-inclusive cor-
relation function,

4.0-
4 4

C~(Pri ~Pr~) =
PN(Pri ~Pr2) —P~(P ri)Pn—(P r~)

We therefore present our results for two inte-

A

ts

~ ~

~ CV

CL

CS—

V

l.4-

1.0-

l.4-

(c) ++

I.O-
««

2.4-

0.0 0.2 0.4 0,6 0.8 I.O l.2 l.4

p (6eV/c)

FIG. 29. The average associated multiplicity, (m, (p&2,.
)) in turbo Q intervals, for all charge combinations.

(The particle at p& is not counted in the associated mul-
't ipl i city. )
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tions, obtained from Eq. (13)by integrating over the
full range of y, and y„and over two Q intervals:
0'& P ~&90' ("same-side particles"; full circles),
and 90'& Q

~ & 180' ("opposite-side particles";
triangles). The general trend of the data for
(n, (P»)) (obtained by adding together both P 6 in-
tervals) is to decrease with increasing p~r, . This
is consistent with the previously observed multipli-
city dependence of semi-inclusive (Pr)„(Sec.IIIB):
Finding a particle at larger p~ means an increased
probability of having an event of lower multiplicity.
When comparing the trends of data in the two Q

intervals, it is the associated multiplicity of the
same-side particles which is decreasing with in-
creasing p», while the multiplicity of the opposite-
side particles tends to be independent of p».

A noticeable difference is observed between the
behavior of the like- and unlike-particle combina-
tions. In the ——and ++ charge combinations there
is little difference between the multiplicity of
same-side and opposite-side particles for p~»
& 0.5 GeV/e, with the same-side multiplicity being

the larger of the two for the lowest p» bins. On
the other hand, the opposite-side multiplicity is
significantly larger than the same-side multipli-
city for all Pr, & 0.1 GeV/e in the + —combination.
For P~r, & 0.6 GeV/c, the multiplicityforg ~&90'
is larger than that for P'~ & 90' for all charge combi-
nations. A similar trend is observed in semi-in-
clusive data (not shown), with the difference be-
tween the like- and unlike-particle combinations
at small P» being more pronounced at higher
multiplicities.

The difference between the like- and unlike-
charge combinations is illustrated in greater de-
tail in Fig. 30, where the dependence of the aver-
age associated multiplicity on the rapidity separa-
tion is displayed. (n, (p~r» &y'~, Q'~)) is obtained
from Eq. (13) by keeping &y =—~y, -y,

~
within a

given interval and integrating over all (y, + y~2).

The difference between the ——and + —combina-
tions observed before (Fig. 29) is most pronounced
for small &y ~. The multiplicity for Q ~&90' is
larger than the multiplicity for Q ~&90' for small

I.O

h

I
I

I
l

4
Al

I
CL

I—
Y

FIG. 30. The average associated multiplicity, (n ~&(P&82, 4y~, $~~0 in two ghee intervals and five bins in the rapidity
separation, 6y~~, for the ——and +—charge combinations.
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0.40-
(a) cc

~ I ~ ( ~ I ' I

~ $& 90
$&90

0.36-
~ ~ ~ ~ ~

p» in the ——case, while the opposite holds true
for the + —case. To a smaller degree this effect
is also observed in the interval 0.5& 4y ~& 1.5.
For larger &y, the opposite-side multiplicity is
the larger one for all p~, and all charge combina-
tions, with the difference between the same-side
and opposite-side multiplicities disappearing at
the largest rapidity separations.

The fact that the multiplicity of like particles
in the same transverse momentum direction is en-
hanced at small rapidity separations and small P~
suggests the interpretation of this effect as a con-
sequence of the Bose-Einstein statistics of like
particles. Similar trends were also observed in

PP data at 69 GeV/c. "
The other quantity considered in this section,

the average associated transverse momentum, is
displayed in Fig. 31 in two Q

~ bins, integrated
over all y, and y~2 values. The overall tendency
of (pr, (pBrB)) is to increase with increasing pBr, .
In view of the p» dependence of the associated
multiplicity described above, such a qualitative
behavior is required by momentum conservation.

The overall increase is due primarily to the op-
posite-side particles, as the average associated
transverse momentum of the same-side particles
does not depend on P». The opposite-side
(P'r, (Pr, ; Q'B)) is seen to be larger than the same-
side average transverse momentum for all p».
No pronounced differences are observed between
the different charge combinations with a possible
exception at small p» values.

The results presented in this section were ob-
tained after eliminating the leading particles as
described in Sec. IVC. These cuts are not ex-
pected to influence the validity of our observa-
tions, as they represent mainly low-p~ particles
at large rapidity separations.

We conclude with a word of caution. To obtain
a complete picture of the event structure in p~ it
is necessary to detect all the neutral particles.
Since this is not done in our experiment, conclu-
sions about the way transverse momentum is con-
served can be drawn from the results of this sec-
tion only to the extent to which centrally produced
charged particles conserve transverse momentum
among themselves. This extent is rather limited,
as characterized by the average magnitude of the
missing transverse momentum, which in our ex-
periment is -0.8 GeV/c per event.

V. THREE-PARTICLE DISTRIBUTIONS
0.32-

0.42- (b)

0.38-

0.34-
IB ~

0.30-
0 r

(c)++~ CV

~ 0.40-
ai:

0.36- + I
B &

, Ii k j

Although there exist extensive data on two-par-
ticle correlations in high-energy hadron colli-
sions (see Sec. IV), only one other experimental
result on three-particle correlations has been
reported. " In this section, we present our results
on three-particle rapidity distributions, where,
once again, we integrate over all transverse mo-
me nta.

The usual definition of the three-particle corre-
lation function" when applied to the semi-inclu-
sive distributions yields

+&BE(y& yB yz) —P~Br(ya yB y~) +~Br(y~ yB y&)

0.32-

"- (o)+-
0.42-

038-
4

4

0.34-

0.0 0.2 0.4 0.6 0.8 I.O I.2 I.4

p~& (Gev/c)

FIG. 3k. The average associated transverse momen-
tum, (p&&(pz2, (t) )) in two p intervals, for all charge
combinations. (The particle at pz, 2 is not counted in

where

+&BT(ye yB yT')

2P. (y, )P.'(yB-)P."(y",)+ P."(y, , yB)P."(yl)

+ pB"(y'„y".)p. (y, )+ p". (y"„y.)p.'(y', ),

and p„~" is the three-particle density,
3

&szI ~ 0 rx — 1 d +n
tl y$ )X29y3 g dy Qdy dyn g 2 3

The normalization is such that
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where n(&Py) is the number of different combina-
tions of the three particles of types &, P, and y
in an event of multiplicity n.

Analogous to the case of two-particle correla-
tions (Sec. IV A), a correlation function C„ is de-
fined in terms of particle probability density p„,

t)aBr(ya y8 yr) g+ paSr(ya yB yr}

with

o n(o.Py}
g (n(o'Pr)) '

(16}

(19)

lne, y

(16)

where the average is taken over all multiplicities.
The relationship between the functions C„~"and

C„~" can be illustrated as follows. The condition

C„"(y, , Y„y",) = 0 (20)

where A„ is obtained from A„of Eq. (15) by re-
placing p„with 13„. Similar to the one- and two-
particle densities, t)„~ is normalized to one over
the entire phase space, i.e. ,

(17)

The inclusive three-particle probability density,
1)'+(3t, , 3t~„3tr), is then given by

is satisfied in a sample of events in which the
particles are emitted statistically uncorrelated.
From Eq. (20} it then follows for the three-par-
ticle probability density that

(21a)

Equation (17) then yields the corresponding values
of p„~r which, when inserted into Eq. (15), lead to
the "no-correlation" value of the function C„~":

gr a g n(+Pr) a a g r r n(+Pr) aa» r r
Cn (3tz t3tnt yn} I p (~& (p) ( )

—1 2Pn (yl )Pn(32)Pn(y3)+ n(otp) ( }
—1 Pn (yl t3 2)Pn(3 3)

n(&Pr) g„g. . . n(»r) „,. g,

(p ) (+) Pn (3 gt3 2)Pn (3 3 }
n( +) (p)

Pn (Xl t V2 }Pn(3 3

It is a simple exercise to show that the values of
C„~r ~, tend to zero for n- ~. Thus, it is for the
small numbers of particles typical of elementary-
particle collisions at currently available energies
that the introduction of the C„~" function is neces-
sary, while C„~" is adequate for larger numbers
of particles typical of ensembles of atoms and
molecules. (This argument holds, of course, also
for the relationship between the two-particle cor-
relation functions C„~r and C„~.)

We have studied semi-inclusive three-particle
correlations as defined in Eq. (16) for all multi-
plicities and for all charge combinations. We find
their values to be small; a typical value for n
=(n) is 0"'(0 0 0)/}3" (0 0, 0) = 0.006 (~ y ( ~

~ 0.25,
i = 1, 2, 3). Note that the corresponding values for
two-particle correlations, C (0,0)/p,"(0,0) = 0.14,
is about 20 times larger (see Sec. IV A). Also,
there is a clear regularity observed in the shape
of the semi-inclusive two-particle correlations in
rapidity (see Sec. IV) which is absent in the three-
particle case."

The small values of the three-particle correla-
tion function imply that the semi-inclusive three-
particle densities can be expressed in terms of the
one- and two-particle densities in the form given
by Eq. (21a). For the inclusive three-particle
density, we then have

(21b)

with n„given by Eq. (19).
In addition, we have tried to find other ways of

expressing the three-particle density in terms of
the one- and two-particle densities. Among the
many possibilities considered, another good ap-
proximation is

( 22a)

and

(22b)

with

pair( a 8 r) ptt (3 1 t3 2)pn (Xnty3)pn (X3t 3 1 }
n yl tyntyn

p ( a)y8a(ypByr(yr)

(see Ref. 99). This expression was formulated by
Born and Green'" as a consequence of the super-
position assumption of Kirkwood'" and has been
used in the theory of liquids as an ansatz to solve
systems of equations for radial distribution func-
tions of molecules in a liquid.

We have tested the validity of both approxima-
tions (21) and (22) with our data, and find that both
equations describe the data to within a few percent
over most of phase space for all multiplicities
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n& 4 and for all charge combinations. Only when
all three particles are together in the center of
the rapidity region do we find noticeable disagree-
ment. The difference is largest for three negative
particles.

We display our results in Figs. 32 through 34.
The bin size of the rapidity y, (i = 1, 2, 3) in all
three figures is 0.5 for ly, l

~ 2.25, and 0.9 other-
wise.

Figure 32 shows, for y, =y~2= 0, the inclusive
jP+( yt, ya, y",) (full circles) as a function of y," to-
gether with the approximations (21b) [dashed line
where different from (22b)], and (22b) (solid line)
for all charge combinations. As can be seen, the
agreement is very good, apart from the deviations
mentioned above.

In Fig. 33 we show the validity of the approxima-
tions for the inclusive density in the (ccc) case
(both positive and negative particles included) over
the entire phase space. Again, the agreement is
quite good. (The average li' for the distributions
shown in the figure is about 1.6 per degree of
freedom. )

We test approximations (21a) and (22a) with our
measured semi-inclusive particle densities for
the two charge combinations (++ -) and (- —-) in
Fig. 34.

We have found that the three-particle densities
at 205 GeV/c can be given in terms of the one-
and two-particle densities using either expression
(21) or (22). It is difficult to assess to what extent
this fact is a reflection of a collision dynamics and
to what extent it is influenced by phase-space
limitations which become more severe as the
number of particles being considered increases.
As remarked in the following section, we do not
believe a sufficiently realistic Monte Carlo simu-
lation of multiparticle production can be performed
at present to study these questions.

We note that the two expressions (21) and (22)
become identical when at least one of the three
particles is independent of the presence of the two
others.

If the validity of the approximation (22) is con-
firmed with higher statistical accuracy, this will
lead to strong conditions on the two-particle den-
sities in the form of an integral equation for
p s(y, , ysa) obtained by integrating Eq. (22) over

y3 ~

&ro 0.04-
+N
a" 0.02-

0.0
0.04-

0.02-

0.0
0.06-

0.04-

0.02-

0.0-4 4
Yp

FIG. 32. Inclusive three-particle density P(yf p2 p3)
as a function of yz, for ly&( 0.25 and [yt( —0.25, for all
charge combinations. Full circles represent P f Eq. (18)],
the solid line the approximation (22b), and the dashed
line the approximation (21b) [only shown when it differs
from (22b)).

VI. SUMMARY

We summarize here the features of multiparticle
production in proton-proton collisions observed
in our data:

(i) The pion single-particle inclusive distribu-
tions are somewhat flattened in the central region,
but no genuine plateau is observed. Approximate
scaling in the (target) fragmentation region is ob-
served at beam momenta between 24 and 205
GeV/c.

The form of the semi-inclusive pion rapidity
distributions is approximately Gaussian, with the
width decreasing and the height increasing with
increasing multiplicity.

The pion transverse-momentum distributions
change their slope near pr'=0. 2 (GeV/c)', and can
be fitted by a sum of two exponentials in p~'. This
change in the slope is observed in a11 multiplici-
ties. A decrease in the low-pr' slope of Ed'o/dp'
is observed with increasing lx l, while the slope
for Pra above 0.2 (GeV/c)a is essentially indePen-
dent of l~l ~
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FIG. 33. Enclusive three-particle density P(y&, y2, y3) for the (ccc) combination, for different values of y~, y2, y3. The
meaning of symbols is the same as in Fig. 32.

The average pion transverse momentum exhibits
the so-caOed sea-gull effect when plotted against
the x or x& variables, whereas little dependence
of (pr)„on y is observed in the central region.
As a function of charged multiplicity, (pr)„de-
creases slowly with increasing n.

The pion x distributions can be parametrized by
an exponential function over most of the x inter-

val.
The ~' inclusive cross section is larger than the

corresponding v cross section. The ratio R(v'/
v ) is 1.15 at its minimum in the central region
and increases toward larger ~y, ~. As a function
of pr', R(v'/v ) is observed to increase with in-
creasing p~'.

(ii) The two-particle distributions were investi-



0.02-

00

002-

GQ

G04-

ngsi

~8 pron

0 prongs i

-0.25&/) &0.25

-0.25 &p& &0.25

i ~ 002-

00

004-

002

i(2 prongsi

00

004-

0.02-

I I
I I t

4 prong

GQ 0
4

~IG. 34. Semi-inclusive three-particle densities P„(y&, y&, yz) as a unction of y& for the charge combinations
(++-) and (- ——) and for (yI(~0.25, )yt(~0.20. The solid and dashed lines represent the approximations (22a) and

(21a), respectively.

gated using the correlation function formalism.
The inclusive correlation function ean be written
as a sum of the average semi-inclusive correlation
function and a term containing single-particle dis-
tributions only. It is the latter term which deter-
mines the Inagnitude and shape of the inclusive
correlation function in the central region.

A shape characteristic of short-range correla-
tions is observed in the semi-inclusive correlation
functions C:„" (yt, yea) in the+ —and cc charge com-
binations. The dependence of C„' (y,', y, ) on s(y„'
-y, ) can be parametrized in a way motivated by
the independent-cluster-emission model.

A striking difference is observed between the
——and+ —charge combinations in the joint cor-
relation function in rapidity and the azimuthal
angle. The function C'„(y'„y„Q' ) has a maximum
at y, =y, = 0 foT Q' close to 180, while
C„(y,,y,",Q ) has a maximum for Q close to 0'.
%'e interpret this difference in P dependence of
short-range correlations to be, at least in part,
a consequence of two different dynamical mecha-
nisms: resonance production in the + —case (a
p' signal has been observed in our data), and Bose-
Einstein statistics in the ——case.

No definite dynamical effects are observed in the
semi-inclusive correlation functions in p~. The
average multiplicity associated with the magni-
tude of the transverse momentum of a particle has
been used as a convenient quantity characterizing
both the inclusive and the semi-inclusive P~ cor-
relations. The associated multiplicity of the
saIlle-side (I(I & 90 ) paltlcles d'oIIIIIlates 'the ——
combination at small ~y and small p~, while the
opposite-side (&f» 90') multiplicity is the larger
one for the + —combination in the same region.
Overall, it is observed that both the opposite-side
average associated multiplicity and the average
associated transverse momentum are larger than
their same-side values.

Definitive understanding of the dynamics of
multipartiele production cannot be reached with-
out adequate knowledge of the production of neutral
particles. It is likely that at least a part of the
observed semi-inclusive correlations is due to
the mixing of events with various total multipli-
cities characterized by different single-particle
distributions.

(iii) No definite three-particle correlations were
observed. In fact, two different ways of expres-
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sing the three-particle densities in terms of one-
and two-particle densities were found, Eti. (21a)
and Eq. (22a).

Last, we comment on a point of prime impor-
tance regarding the identification of dynamical
effects in the data on correlation functions. Be-
fore one can make valid conclusions about the
presence of any dynamical effects, one should
identify and subtract any effects of kinematic
origin. This has not yet been done in a convincing
way. The customary method is to compare data
with results of a Monte Carlo calculation based on
a model incorporating only those features of the
data which are not considered to be a direct con-
sequence of any dynamical correlations, notably
the momentum and energy conservation, and the
single-particle distributions (either in P r only,
or both in pr and p, ). The results differ as much
as do the individual Monte Carlo programming
techniques and the assumptions necessary to fill
in the gaps in the data used as an input for such
calculations. The latter present currently a seri-
ous problem, as neither the multiplicity distribu-
tion of neutral pions (for fixed number of charged
particles) nor the semi-inclusive single-particle

distributions of leading particles are known ex-
perimentally in sufficient detail. We shall there-
fore defer to the future any improvements from
our previously published report on this aspect of
the analysis. "
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