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Fermions and gauge vector mesons at Snite temperature and density.
II. The ground-state energy of a relativistic electron gas~

Barry A. Freedman and Larry D. McLerran

(Received 12 November 1976)

%'e calculate the ground-state energy of a relativistic electron gas up to and including efFects of order
a'loge and a,', Cutting rules are developed which relate a vacuum-graph expansion for the thermodynamic

potential to phase-space integrals over Feynman amplitudes. Overlapping infrared divergences, which cancel
when all contributions of order u' are summed, are treated by performing a dimensional continuation to 4+ e
dimensions. Ultraviolet divergences associated with electron wave-function and charge renormalixstions are
rendered finite by use of a Landau gauge appropriate to 4+ a dimensions.

INTRODUCTION

As an application of the fox"mal techniques de-
veloped in our first paper, we will calculate here
the ground-state energy of a relativistic electron
gas up to and including effects of order e'. A rel-
ativistic electxon gas is of intex'est primarily since
the techniques developed for and the results de-
rived from this system are directly applicable to
the physically interesting system of R quark gas.
An electron gas is described by an Abelian gauge
theory, and is not complicated by the non-Abelian
structure of the theory which describes quark in-
teractions. However, we will show in a later paper
that the non-Abelian structure of quantum chromo-
dynamics presents no new technical difficulties,
and that many of the results derived from a con-
sideration of a relativistic electron gas may be
used for the description of a quark gas.

The ground-state energy of an electron gas may
be found from the thermodynamic potential,
Q(p, p, ), in the zero temper-ature limit (1/p-0).
Since electrons in a relativistic gas are highly en-
ergetic, high-order Feynman graphs are important
contributions to A. These graphs grow as powers
of logarithms of the energy in the high-energy lim-
it. Although our calculations are explicit to only
order e', it is possible to include the dominant ef-
fects of these high-order graphs by using the re-
normalization group. ' ' The use of the renormal-
ization group allows the extension of our results
far beyond order n', and is essentially nonpertur-
bative. In a later paper, this extension will be
performed.

The plasmon effect must also be handled nonpex'-
turbatively. "' This effect axises in the spontane-
ous generation of a photon mass due to interac-
tions. Since the photon becomes massive, the
long-distance interaction of electrons becomes
modified to a Yukawa interaction. The infrared
structure of interactions is thus gx'eatly modified.

The generation of a photon mass introduces in-
frared divergences in a direct, perturbative evalu-
ation of the thermodynamic potential. These di-
vergences stem from the fact that the plasmon
mRss is of order Qq Rnd Rn expRllslon in powers of
the plasmon mass is singular. Nevertheless, the
plasmon contribution may be found by summing an
infinite class of Feynman graphs. These graphs
occur naturally in an expression derived for the
thermodynamic potential in Ref. 1, and yield an ef-
fect of order o."loge.

The organization of the body of this paper is as
follows:

In the first section, the thermodynamic potential
is discussed in the zero-temperature limit. . We
make essential use of a functional expression, de-
rived in Ref. 1, which determines the thermody-
namic potential as a functional of fully renormal-
ized propagators and vertices. This functional ex-
pression is used to break the thermodynamic po-
tential into several pieces which may be directly
evaluated. One piece, the exchange energy, is of
order e. The remaining pieces are the photon cor-
relation energy, which contains the contributions
of the plasmon effect and vacuum polarization, and
contributions of order n' which are nonsingular in
the zero-electron-mass limit. 'The nonsingular
contributions include rescattering and vertex in-
sertion corrections to the exchange energy, as
well as three-body effects.

The second section consists of an evaluation of
the exchange energy. The exchange energy pro-
vides a simple example of graphical techniques
which are useful in determining higher-order con-
tributions.

The photon correlation energy is considered in
the third section. Here the effects of the plasma
oscillation and vacuum polarization are determined
in the small-electron-mass limit. A contour-inte-
gral representation for the photon polarization ten-
sor discussed in Appendixes A and 8 is used to
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perform the calculation of the plasmon effect.
In the fourth section, the nonsingular contribu-

tions of order n' are obtained as phase-space in-
tegrals over Feynman amplitudes. The sum of
these phase-space integrals is free of ultraviolet
Rnd lnfl'Rl'ed dlvex'gences. The sum ls Rlso gRuge
lDvRI"lant Rnd nonslngUlRx' ln the mRssless-electron
llmlt. However the lndlviduR1 terms ln the Sum

Rre not gauge invariant, are singular in the mass-
less-electron limit, and contain infrared diver-
gences.

In the fifth section, the results of the fourth sec-
tion are determined in the small-electron-mass
limit. To handle graphs with infrared divergences
and singularities in the massless limit, me work in

4+» dlmenslons. ' " In 4+» dlmenslons, the slngu-

larities ax"ising from infrared divergences and the
zero-electron-mass limit are transformed into
singularities of the» -0 limit. All such singulari-
ties cancel when the graphs Rx'e summed, giving a
finite result. Ultraviolet divergences associated
with the electron wave-function renormalization
and the charge renormalization are made finite by
R. I.andau gauge generalized to 4+» dlmenslons. "

ID the sixth section RH. con'tx'lbutlons to the ther-
modynamic potentlRl Rl e gx'ouped together. 7he
lmpllcatlons fol non-AbellRn gauge theories of the
results derived in the preceding sections are brief-
ly discussed. In R latel pRpel, the 1'esults of this
last section mill be extended to higher orders in
perturbation theory by RD application of the renor-
mallzatlon gl oup.

L THE THERAIODYNAMK POTENTIAL TO ORDER 0.'

It mas shown in Ref. 1 that. the piece of the thermodynamic potential axising from interactions, A~, could
be mritten as a functional of the full propagators„9 Rnd D, the full vertex, I', and the contributions to the

skeleton-gI'Rph expRnslon of the Bethe-3alpeter kernel& K2&& lnvolvlng 2' vel tlces. This fUnctlonRl 18

llvA(P, g)=Y in%, '5 ——,'Tr 1 D, '8 —e'I'slsB+-,' Q '""(1+ ()slsK„BI'sD,
If=i

Rnd is shomn diagrammatically in Fig. 1. In this
expression, all Feynman integrals are in coordi-
nate space, and the traces are over coordinates
Rnd spin lndlces.

The functional expression of Eq. (1.1) is simpli-
fied by performing R Fourier transformation to
momentum space. In momentum space, the terms
in Eq. (1.1) involving logarithms of propagators
are diagonal in momenta and off-diagonal only in
spin indices. 'The t;race over coordinates can be
pex'fox'Ined lmmedlatelyp leRvlng R tx'Rce over spin
lndlces and yleldlng Rn ovex'Rll fRcto1 of pV.
remaining terms in Eq. (1.1) also acquire an over-
all factox' of PV upon Fourier-transforming to mo-

-'A Tr In I+

+-', Z e'""{i.—„'„)

FIG. 1. The thermod~aDlic poteQtkal for quRQtuIQ
electrodynamics as a sum of vacuum. graphs.

mentum space. Extracting this factor Eg. (1~ I)
becomes in the zero-temperature limit

0,( p, )=,tr InS,"'(P
i p)S(P i p)

—e F/''D
00 1

+ ~ Pe'"" 1+ SI"SK»S1"SD. (1.2)
n=1 + + ~

e mill nom turn to a perturbative evaluation of
Eq. (1.2). In such an evaluation, the term involving
the trace of the logarithm of the photon propagator
must be handled carefully. If me mere naively to
use the Schminger-Dyson equation, ""

D '(q
i p. ) =D, '(q) + 11„(qi p), (1.3)

and expand the logarithm in powers of AII„(q
~
p),

me mould encounter infrared divergences. These
divergences are a consequence of the nonzero value
of &Ils(q

~
p) at q'=0. This circumstance is due to

the plRsmon effect, by mhlch the photon Rcqulx'es R

mass from interact. ions.
The dlaglams mhlch yield lnfx'Rx'ed dlvex'gences

are associated with a singular expansion in pomers
of II+. These diagrams are shomn in Fig. 2. An
nth-order iteration diverges in the infrared as (I/
g ) Rnd 18 nonslngulR1' when lnteglRted ovel d
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+ 0 ~ 4

FIG. 2. Infrared-divergent diagrams arising from a
singulax' expansion in powers of the plasmon mass.

for n &2. Only diagrams involving hvo or more
iterations of the plasmon mass, therefore, are in-
frared divergent.

To treat the infrared difficulties associated with

the plasmon effect properly, we must obsex've that
although the expansion of the logarithm in Eq. (1.2)
is singular, the integral over the logarithm is fi-
nite. This observation suggests that all terms
which yield a slngulRr expRnslon must be grouped
together and handled nonperturbatively. " The ex-
pression

~tr ln 1+8 DO/II& q p,

—e'D. (e)lie '(e
~ i&)) (1.4)

I

+

(d)

('1)
7r =2

X

(&)

t,

&~1

FIG. 3. The pax'ts of the kex'nels 1&z, ~z, and AR

needed for an ordex"-e4 evaluation of the thermodynamic
potential. The bx'ackets, [ ], indicate the x'enox'malization
of the enclosed ultxaviolet-divergent subintegx'ation by
the procedure discussed in Ref. 1. The order-e~ charge
renormalization constant is denoted by Z &. (a) The
ordex'-e~ photon polarization tensor. g) The piece of
the ox'der-e4 photon polax'ization tensox due to vertex
insertions. (c) The piece of the e4 photon polax'ization
tensor due to a fermion self-mass insertion. (d) The
ordex'-e2 fermion self-mass kexnel. (e) The piece of
the e4 fermion self-mass kernel due to a fermion self-
mass insextion. (f) The piece of the order-e4 self-mass
kexnel due to a photon polax ization tensor insertion. |g)
The piece of the ordex-e4 self-mass kernel due to a
vertex insertion. (h) The order-e2 vertex insertion.

FIG. 4. The exchange contribution to the thermodynam-
ic potential.

groups together all such singular terms up to and

including effects of ordex e'. In this expression,
the renormalized photon polarization tensox' to or-
der e' is denoted by II+"'.

The remaining terms, which are infrared finite,
may be vrritten in terms of kernels of the Schming-
er-Dyson equations. The inverse propagator, 8"',
and the vertex, I', are given by these kernels as

s '(p I }))=s, '(I
I })) + ~,(p I t&) (1.5)

T'(t, P+q, e I }))=~+A, (P, I +e, q li&). (1 6)

The inverse photon propagator, B ', is given by
Eq. (1.3).

The kernels Ilz, Zz, and Az possess finite per-
turbation expansions in powers of e'. To calculate
the thermodynamic potential to order e', me need

Z„and II„ to ordex" 8', and A~ to order e'. These
kernels may thus be written as

ll =8'll&')+8'(ll")+rr&")
R + E + A

e2E&2) ez(g&4) g&&) E&4))
R + n + c +

A~=e A(2).

These equations are represented in Figs. 3(a)-3(h)
Using the definitions of Eqs. (1.7) (1.9) and the

Schwinger-Dyson equations, Eqs. (1.3), (1.5), and

(1.6), the thermodynamic potential may be written
RS

g g(e) g(c) gG gc gAI + I + I+ I+
The exchange contribution, Ar"', contains all ef-
fects of order e', and is xepxesented by

n&')=e'(-,'a ll&2)-S, x&2)-)S,yS, D, ). (1.11)

This equation is shovt)n diagrammatically in Fig. 4.
The plasmon effect and a piece of vacuum polax-

ization corrections to the exchange energy ax'e con-
ta1ned ln the correlation contrlbutjonq QI . This
co)i'tl'll)u'tion 18 given by Eq. (1.4) a&id 18 represented
in Fig. 5. As discussed above, +I includes

~(c) e4 e8

FIG. 5. The photon correlation contribution to the
the& modynamic potential,
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FIG. 6. The contribution to the thermodynamic poten-
tial, 0, .

and

+ 2 D, II (, ) + 2 y S, Z (,) y S,D,) (1.13)

+ g Soy SDDO Soy S,DO) . (1.14)

These equations are represented graphically in
Figs. 7 and 8. In Sec. IV, 0» and O»~ will be rela-
ted to phase-space integrals over Feynman ampli-
tudes. In Sec. V, these phase-space integrals will
be evaluated in a massless-electron limit. It is
important to consider A» and 0» together since, as
we shall see, only their sum is gauge invariant.

II. THE EXCHANGE ENERGY

The exchange energy, shown in Fig. 4, provides
a simple example of graphical techniques which
will later be used to calculate order-a' corrections
to the thermodynamic potential. Since these tech-

contributions from all orders in perturbation theo-
ry. In Sec. III, ~»" will be evaluated in combina-
tion with Q». The contributions of the vacuum po-
larization corrections to the exchange energy not
included in ~»"' are included in 0». These con-
tributions possess the integral representation

(1.12)

which is shown in Fig. 6. Although 0» is topologi-
cally similar to Q»"', A» has no infrared diver-
gences since the minus sign in Eq. (1.12) cancels
these potential difficulties.

The terms A» and 0» are associated with fermion
self-mass kernel insertions and vertex insertions.
These contributions to the thermodynamic potential
possess the integral representations

QI = e'(~Sp Z (2) Sp Z (2) So Z (4)

FIG. 7. The contributions to the thermodynamic poten-
tial, ~».

niques are important in. the later analysis, we shall
consider the exchange energy in detail here.

The general procedure we shall use involves the
analyticity properties in the energy of Feynman
graphs. We will assume that in the vacuum Feyn-
man-graph representation for the thermodynamic
potential, it is always possible to evaluate energy
integrals before integrals over three-momenta.
Using contour-integral techniques, we will analyti-
cally continue energy integrals so as to obtain fi-
nite contributions and divergent terms associated
with the energy density of the vacuum. Since the
energy density of the vacuum is to be subtracted
from the renormalized thermodynamic potential,
the remaining finite contributions give the entire
result. '

In Fig. 9(a), the exchange energy is represented
with the dependences on the energies of the propa-
gators made explicit. The only difference between
this diagram and the exchange energy of the vac-
uum is that at finite density, the energy, P', in
fermion propagators is replaced by p'+i p. , where
p. is the chemical potential.

The finite-density expression may be converted
to finite terms and a vacuum term by analytically
deforming the fermion energy integral down by i p.
in the complex p' plane. The remaining contour in-
tegral at P' —i p, vanishes upon subtraction of the
energy density of the vacuum. However, in per-
forming this contour deformation, poles of the fer-
mion propagators are encountered. In the complex
energy plane, these poles are at

Q, =e'( —" '

2 e 2

FIG. 8. The contributions to the thermodynamic potential, 0» .
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Q e2(

0
CJ

0-q +1/

p + j.ti0

0 . 0
p +lit q

0 0
p q

Q,
"' =,e ==- F 'Ep 'Ep-q'0e

0

FIG. 9. (a) The exchange energy with dependence on the energy of the fermion propagators made explicit. (b) The
result of deforming the energy integration over P and subtracting off the vacuum energy density. (c) The nonvanishing
contribution to the exchange energy.

P'=+iE =+i(P'+m')'~' (2.1)

P'=q' +fE~, =q'+i[(p —q)'+m']'~', (2.2)

+ iE
p p q

Ja iz — iE

FIG. 1Q. The qo contour-integral representation for
Z&{p) is shown with a dashed line. The contour integral
for Fig. 9(b) is along the real Eucilidean axis.

and will be encountered if p, &E&&0 or p&E&, &0.
The remaining finite contributions are, therefore,
given by the residues of these poles. Since the
downward deformation in the complex energy plane
encircles the poles of the fermion propagators in a
clockwise direction, these residues appear with an
overall minus sign.

The result of the contour deformation is shown in
Fig. 9(b). In arriving at this result, we have used
the fact that in order e a discontinuity of the fer-
mion self-mass kernel, or of the photon polariza-
tion tensor, does not require renormalization.
This fact is a consequence of the circumstance that
the renormallzatlon of II(2) and ~(2) lntx'oduces no
new singularities in the complex energy plane, and
only shifts the position of the pole in the fermion
propagator from the value of the bare mass to the
value of the physical electron mass. This shift is
taken into account in Eqs. (2.1) and (2.2). The
change of variables, q-P-q, has also been per-

formed in graphs where the pole at P'=q'+iE~„, is
encircled.

In Fig. 9(b), only one term remains which is as-
sociated with a fermion pole at P'=iE~ for p, &E~
&0. Now, since P' is atiE» P2=-m2. Since the
fermion self-mass kernel vanishes at p2=-m2, we
might conclude —wrongly —that this term mould
vanish under these conditions. However, in the
analytic continuation of the integral representation
for the self-mass kernel, Z&»(po, p), from real,
Euclidean energy, P', to complex energy, the con-
tour integral over the photon energy, q, must be
deformed continuously so as always to split the
positive- and negative-frequency poles of the inte-
grand in the complex q' plane. This analytic con-
tinuation vanishes at p'=iE& In Fig. 9. (b), the q
integration is along the real Euclidean axis, and
does not split the positive- and negative-frequency
poles of the integrand. The poles of the integrand
are at

(2.3)

and a negative-frequency pole at q'=f(E~ E~,) is-
in the upper half q' plane for E~ &E~,. This situa-
tion is shown in Fig. 10.

To obtain a finite term and a term which vanishes
at P'=iE» the q' integration contour may be de-
formed from real qo to a contour which splits posi-
tive- and negative-frequency poles. This rernain-
ing contour integral vanishes for p~=~E~. The fi-
nite contribution is the residue of the pole at q
=f(E~ —E~,), which gives a contribution for E~
&E~ . This contribution is shown in Fig. 9(c). To
obtain this result, we have again used the fact that
a discontinuity of Z,» is not in need of renormali-
zation.

The graph of Fig. 9(c) can now be written as a
phase-space integral over a Feynman amplitude.
The result of some straightforward algebra is
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n( ) =e', , 8( I -Z,)e(Z, - Z,') tr(m -p) y'(m -)((') y, (2 4)

P()=i'
The trace over (y) matrices in Eq. (2.4) is easily performed. Moreover, the transformation iZ~, iZ~-Z~,
E~ only converts the Euclidean metric, 5"', to the Minkowski metric, g"". Thus, in the Minkowski metric,
Eq. (2.4) is

d4 4n(" = 32((c(, ,e( Ii —p, )(9(p, —p,')8(p,')2((5(p2+ m')2v5(p" + m') —,
' —, (2.5}

This equation has the diagrammatic interpretation shown in Fig. 11..
The integrations over p and p' in Eq. (2.5) can be performed directly. The result is'

3a 2 ~2) 1./2
(),"'=, ———')p(p' — .')'~' —m')n"+'~ ' —2(p' —m')'I,

3m' 2m 4 m

which for p, » m becomes

(2.6)

(e)limA, =,——&p, .
fft~P 37t 2 Tf

(2.7)

III. PLASMONS AND VACUUM POLARIZATION

In this section, the plasmon contribution to the thermodynamic potential, and the vacuum polarization
modifications of the order-e' exchange energy, will be evaluated. These contributions are AI"' and AI, and

possess the integral representations of Eqs. (1.4) and (1.12}.
The part of AI"' which is potentially infrared divergent may be isolated by writing

II ( )(k i Ii) = EII (,)(k i P, ) + II (,)(k) . (3.1)

Here II(,)(k) is II(,)(k
~
Ii) in the liinit of zero chemical potential. The difference of these terms, &II(,)(k

~
I(},

is finite attd not in need of renormalization. Using Eq. (3.1) in Eq. (1.4) for Qz, we find

II(' =2
2 st»»+e'l, ~,k H k &,(k)~11(,)(k

~
P) +tr ln [I+e'D, (k)II(,)(k)] —e'D, (k)II(,)(k~)()

2w

(3.2)

The second term in this equation is a contribution to the energy density of the vacuum and may be ignored.
To order e, all potentially infrared-divergent contributions to Eq. (3.2) are given by expanding in powers

of (511(»(k ~I() with no II(,)(k) insertions. To this order, ignoring contributions to the energy density of the
vacuum y

A ~ ls

d4kA"'= —~, t ln 1+ 'D k AII&» k p, —e'D k AII&» k p, —e'D k IIi» k D k II„,k p, (3.3)

The first two terms in Eq. (3.3) give the plasmon contribution to the thermodynamic potential

d4W'= —'
},(tr ln[1+e'a (k)all(, )(k ~ I()] e'fl (k)d—lI„,(k ~)()] (3.4)

The remaining term in Eq. (3.3) combines with Ql to yield vacuum polarization modifications of the ex-
change energy

A~ -@ 4 y$pySp k P, BpkII&»k P Dpk —~apklI&»k DpkII&»k P, -Spk PZ«&k P) .
(3.5)

The vacuum polarization modification, AI", may
be related to a phase-apace integral over a Feyn-
man amplitude by the diagrammatic techniques of
See. II. The analysis begins by using the diagram-
matic representation of Eq. (3.5) shown in Fig.
12(a). As in See. II, the energy integrations must FIG. 11. The exchange energy.
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(a)
0

P~ p +ip
2

q

p +l.p
0

p +ip0

(b)
P +in0

2
p +y1j0

P2

0
1

0 ~

p~+ip

P2

P +~1jO

n

P2

O
P2

p&E &0
p

o
p = iE

2 p

a
P2

0
p~+ ip

(c) (4)

0
P

p =iE0 p

1J & E & 0
P

P

P E
P P

FIG. 12. (a) A diagrammatic interpretation of Eq. (3.5). (b) The result of deforming the Pz integration by -ip, in the
complex P2 plane. (c) The result of deforming the P2 contour. (d) The nonvanishing contribution to Ol~'.
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be analytically continued to obtain finite pieces and

pieces associated with the vacuum energy density;
the latter group may be ignored.

The explicit p, dependence in the P2 integrals of

Fig. 12(a) may be removed by deforming downward

by ip. in the complex Po2 plane. The result of this
deformation is shown in Fig. 12(b). To obtain this

result, contributions to the vacuum enexgy have

been discarded. %e have also made use of the fact
that discontinuities associa, ted with fex mion propa-
gRtox'8 of Z(@) Rnd II(2) Rx'e Qot in need of 1'enor-

malization.
In all x'emaining diagxams with p. dependence, we

defox'm the po, integrations by -ip, . The result of
this deformatton is shown in Fig. 12(c). A large
number of eancellations ean be performed until on-

ly one dlRglam I'eIQRlns. This remaining term 18

similar in structure to Fig. 9(b), the graph which

gave the exchange enex"gy.

At this point. it is convenient to pexform a ick
xotation on the integration from real Fuclidean en-
ergy to imaginary energy. There are no singulari-
ties in the path of the contour integral fox' real. ,
FuelldeRD g

The contribution represented in Fig. 12{c)would

vanish if the q integral were to split the positive-
and negative-fx'equency poles of the lntegrand. The
gx'Rph 18 Donvanlshlngy ho%'every because of tIle
presence of a, Dega, tive-frequency pole at,

qo=i(Ep —Ep. ), Eq&Eq„, . (3.6)

Upon deforming the qo contour, we obtain the resi-
due of this pole a,nd a va.nishing contribution.

The result of this defoxma, tion is shown in Fig.
12(d). This result is clearly a vacuum polarization
cox'xeetion to the exchange energy, It is finite and
renormalized, and possesses the integral xepre-
sentation

28Tf Q
2 2

8 p, —p po —p( 8 P~

x 2v5(p'+m')2v6(p" +m') ——,, ll(, , ((P-P')'),
P P

where G&2& 18 given 1D terms of II&~& by

ii"„"&(q)=(q'z"" —q"q")11&,&(a') .

(3.7)

(3.8)

Hex'e we have convexted back from the Fuclidean to the Minkowski metric.
The vacuum polarization modification of the exchange energy may be evaiuated for the p/m» l. In this

limit, II&» may be approximated as'2

q2
H (2~(q ) 2 3 In~4m' m

(3.9)

We then insert this expression into Eq. (3.I) and evaluate the phase-space integrate tn the massless-elec-
tron limit, finding

Q~ =

aqua,

— g ln~+ln2-— (3.10)

IQ this 6xpx'esslon, R logarithxxl appears. This logarithm R11ses from tile short. -distance increase in the effec-
tive charge due to vacuum fluctuations. In a later paper, logarithms of p, /m will be summed nonperturbatively

fox high-order graphs by the renormalization group.
We turn now to an evaluation of &, . In Eq. (3.4}, there is a trace to be performed over spin indices. If

rotational invax'ianee and eurxent eonsexvahon ax'e used to write

LII „"„'(qi p) = (q'6„„-q„q„)—,AII,","(q
i p) + 6„,(q '&„,—q, q, )5,„,&Il,",'(q

i p) —,&II,",'(q
I p)

q

the evaluation of the trace is straightforward. The I'esult of this eva, luation is

d q it' 2AIIO~(q[ p) I 21 XII»(ql p) AII~(q( p) i 2&11 (q( p)
fl~z = —,

(
—

)4~~ ln I+e' '~, +2 In~l+e' — "', — ~, —e'

To evaluate Eq. (3.12}, it is useful to introduce the Euclidean spherical variables (q, Q, 9, y). Here the
va, x'1Rbles 8 a,nd fp ax'e ordinary three-dimensional Rngles. The variables g Rnd ft) Rre deflDed by

q =(a")"', 8 = tan '()el/q'). {3.1



FKRMIONS AND GAUGE VECTOR MESONS AT. . . . 11.

Rotational invariance requires that

AH~ = AIIOO(q, P ) p),
AH„=AH„„(q, Q i p).

In Appendix A, me analyze the polarization tensor, M„„. %'e shower that AII~ and AII„„are invariant under
Using this observation, and the definitions

(q', P) =-e'(I/stn2&)AH00(q2 P I &} 1

A, (q', g) =--,'e'( AII„„(q', @ ~
p) —(I/stn'$)&HOO(q', P ~ p)),

Eq. (3.12) for fi", becomes

flu~
" .d 2

"
2~d~[I 1

Ai(q' &) 2 I A.(q', 0) A, (q", 4) 2A, (q', 0) [ (3.16)

Infrared divergences would arise tn Ecj. (3.16) if we were to expand the logartthms ln powers of A because
of the nonzero value of A;(q ~ Q) at q = 0. These potential infrared-divergent contributions to Eq. (3.16}q

may, however, be isolated by writing

n" =n" +n"I= 1. +

r/2
q'dq' sin'Qdg:, In 1+—,A, (0, y) +2ln I+~A, (0, y)

1f 0 0

+
2
—2, 4 2 [A,'(0, P) + 2A, '(0, P)] ——,[A, (0, Q) +2A, (0, P)]

11 1 1
(3.18)

» I+—,A, (q', 4) -ln 1+—,A, (0, $) +21n 1+—,A,{q', p)
27I 0

—2ln 1+—,A, (0, $) -2, , 4, [A,'(0, $)+2A, '(0, $)]
1 1

——,[A,(q', P) —A, (0, P) +2A, (q', P) —2A, (0, P)] (3.19)

The virtue of Eq. (3.18) is that the q integration can be performed immediately, removing all potential di-
vergences. In Eq. (3.19}, effects to order e' may be found by expanding the logarithms to order A'.

The result of the q' integration in Etl. (3.18) is

~/2 A, O, Q0 =, stn'P dP —,'A, '(0, &) ln ' ', +A, '(0, Q) ln '4 ', —aA, '(0, P)-A, '(0, 4) (3.20)

The remaining integration over p in this equahon can be performed in the zero-electron-mass limit. In
Appendix A, ere shoe& that, as m 0,

A, (0, &)= . , —(1 —&cot&)sin Q
(3.21)

P

A, (0, P) = 1 — . , (1 —P cot/)sin @

Using Egs. (3.21) and (3.22) in Eq. (3.20), we find

(3.22)

{3.23)
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12 '~' (1 y cot/)2 1 p cot@, 1
1

1 —Q cot/ 1 1 —Q cot/
0 sin Q

(3.25}

The integration over Q in Eq. (3.24} may be performed directly. We have performed a numerical evaluation
for Etl. (3.25). The results of these calculations are

5 = -1.5813.

To evaluate Q~', the logarithms in Eq. (3.19) are expanded to second order in A, , with the result

(3.26)

I/2
n,"=, q'dq' sin'P dP ~ —,[A,'(q', P) —A, '(0, P)+2A, '(q', P) —2A, '(0, P)]

, [A,'(0, P)+2A, '(0, P)]
q +40

(3.27)

This integral is evaluated in Appendix 8 in the ze-
ro-electron-mass limit by using a contour-integral
representation for the A&. The result of the evalu-
ation»s

+p. — —+4 ln2-—y» 1 1 q Q I9
3% 7j 2 4 (3.28}

Finally, we obtain AP' by combining Q~»' and 0',»,

with the result

(3.29)

The remaining contributions to the thermodynam-
ic potential in order e' are given by AI and OI.
These quantities are shown graphically in Figs. 7
and 8. To evaluate Al and QI, we first perform a
graphical analysis to relate these terms to phase-
space integrals over Feynman amplitudes. (ln Sec.
V, these phase-space integrals will be evaluated. )

The contribution of Qi is shown in Fig. 13(a) with
the energies of the loop integrals made explicit.
As in Secs. II and III, the contour integral over po
is deformed down by ip. in the complex po plane and
a contribution associated with the energy density of
the vacuum is discarded. The terms which remain
after this deformation are shown in Fig. 13(b).
These remaining contributions arise from a simple
and a double pole of the fermion propagator at Po
=i E~, p, &E~&0.

As was the case in. the analysis of the exchange
energy, the remaining contributions involve fermi-
on self-mass insertions which would vanish for po
=i E& if the photon energy integration contours split

the positive- and negative-frequency poles of their
integrands. Again, we deform the integrations
over qo and qo from the Euclidean region to a con-
tour which splits positive- and negative-frequency
poles. In the process of the deformation, nonvan-
ishing contributions are obtained as residues of
negative-frequency poles in the upper haU energy
plane.

In the first term in Eq. 13(b), the only negative-
frequency poles appearing in the upper half energy
plane are at

qo =' «o —E~-a)

qo=i(Ep —Eq ~), it &Ep&Eq, &0.
(4.1)

The result of encircling these poles is shown in
Figs. 13(c) and 13(d}.

The analysis of the second term in Fig. 13(b) is
slightly more complicated. In this term, the inte-
grand possesses singularities of the photon and
fermion propagators in the complex q, and q,'

planes at

q, =f(E,+E, ,),
qo+ qo = «E~ ~E~, ~) .

The qo and qo integrations are along the real, Eu-
clidean q, and q,' axis. If the q, and q,' contours of
integration split tQe positive and negative poles of
the integrand, then this contribution will vanish.

The finite contributions are given as the residues
of the negative-frequency poles in the upper half qo
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q'

X
I

Q, , ~ e' )

q (b) 0

q

o

K
IQ =-ee)I 2

0
q

(c)

p = iE0 P

E 0
p

)30

p = iE

E '. 0
p

"o P p + p pIO

p = 1E r p ll' e p = 1E c )I ' E ' E ~ t E a
P 0 i'' 0 P P ' P P

=e4|
Po

0P

pl iE I

0 p

p = iE») & E & E'
p p P

(e)

Po

P

Po

p = iE0 P

p p' = iE0 0 P
p" = iE", )) E:E''E", and )i.i

' E"'.E'
o p' p p p' 'p p p r

FIG. 13. (a) A graphical representation for Q&~. (b) The contribution to Oz after deforming the P contour. (c) The
nonvanishing contribution to the first term in (b). (d) Self-energy insertion corrections to the exchange energy arising
from the first and second terms of (b}. (e) The finite contributions to the second term in (b).

res 8"

+res 4

P

Po

P

p = iE0 P
p' = iE', )) & E & E'

0 P P P

P0

P

E '- E'
P P

p = IEP p. &EP&E'p
p' = iE'p p. &E'p& Ep

and q,' planes, at the positions given by the last two
terms in Eq. (4.2). These residues, and the condi-
tions where the poles may appear in the upper half
energy planes, are shown diagrammatically in
Figs. 13(c), 13(d), and 13(e), and divide naturally
into three separate contributions. The first of
these is a two-body amplitude which gives a re-
scattering correction of the exchange energy. This
contribution, 0',", is shown diagrammatically in
Fig. 14(a). After a Wick rotation to Euclidean
space, this term possesses the integral represen-
tation

= e4
-P

pl

P
f' ~1 I-
L

5 body =-e4
Po

Po

p =iE0 P

p p'~iE0 0 P
p"=iE"0 P

p & E & E'
p P

p & E' & E
P P

E ~ & E e
p P

E"
P

E ll

E
P

p P-&EP&E P e4 pl

P

P
)) & E & E' '. E"

p P P

FIG. 14. (a) A rescattering correction to the exchange
energy. (b) Self-energy insertion corrections to the
exchange energy.

P

E' & E & E
p P

E' & E"0 'P

FIG. 15. The three-body contribution to Ql~.
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d p d~p'
()l"=(4m~) if*) . ) ).()(v p.)()-((. tl)-e(g)& ()((' ~ ')2~()()"+ *)

4trm — y" m — + y" m — ' yam- + yo I„+w —1q„q q2

, (O' P+-8}.(P' P+-e), 1
(P'-P+8}' e'(P' P+-q}'[(P-8}' +m']' (4.2}

1
8(E& —Ez) - lim()--exp]P[(l/f)P' —E, ]j+1 ~o,w

'~ p I p

for all terms in which a double pole appears at po=i E, ~ith such replacement, contour integrals encir-
cling double poles become

(4 4)

This result is written here in the Minkowski metric. It is not gauge invariant. Gauge invariance is attained
only after a rescattering correction contained in Al is added to this contribution.

Another contribution to Al is a three-body graph, shown in Fig. 15. This term must be handled carefully
because of the double pole at p, =i E~. The double pole generates a singularity in the zero-temperature lim-
it. The singular limit may be taken into account by replacing the restrictions E, &E~ with

0 — 8 E Et 1 gp g E Es t E +Q E Ei) E (4.5)

Using the transformation of Eq. (4.5), it can easily be seen that

d p d p' d p
(2w}'2E~ (2w)'2E~ (2 )'w2E

2E 6(p —E )8(E —E')8(E' —E")

[8(I -E,}8(-z, z,')e(-z, E,")+-8(} E,)e(-z; E,)e(z, z,")-
+ e(q E,')8(z,'- z—,")e(z,"—E,)]2fz,

dp

1 1 1
& tr(m-P)y'(m-P))y (m-P)y (m -P )y„( o .

)2 (,)2 „),

(4 6)

In this expression, all gauge-dependent terms have disappeared, since the electrons are on the mass shell.
Here we have not converted from the Euclidean to the Minkowski metric.

The final contribution to Al is a self-mass insertion correction to the exchange energy. This contribution
is shown in Fig. 14(b) and possesses the integral representation

0',"= -(4w(w)', ,2w6(P'+ m')2w6(P" + m')

"(8(u -Po)8(Po-Po')8(Po')+(Po-Po'6 p, p)
1

xtr{m-P) "(m-P') " g +(v —1) (~'-f)' (4.7}

In this equation Z is the renormalized self-mass kernel. If dimensional continuation to 4+ & dimensions is
used to regulate this insertion, this insertion is nonvanishing. "

The remaining contributions in order e are given by AI, which is shown in Fig. 8. These contributions
can be rewritten in the form shown in Fig. 16(a) by using the identity

A„=A + (Z, —1)y . (4.6)

The first three terms in Fig. 16(a) give a renormalization counterterm contribution to the exchange energy,
as shown in Fig. 16{1). In the remaining terms, the fermion-loop energy integration may be deformed
downward byip inthe complex energy plane to give the result shown in Fig. 16(c).

As was the case for Q~, this contribution would vanish if the photon integration contours were to split the
positive- and negative-frequency poles of these integrands. This is not the case, however, as there are
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. (Z, -()/

exch (Z ty 2

p, =iEp

p. &Ep

FIG. 16. (a) The contributions to Qz". (b) The first three terms of (a). (e) The result of deforming the fermkon-
body momenta down by i@ in the complex energy plane for the last three terms in (a) .

negative-frequency poles in the upper half q, and q, planes. Using techniques entirely in analogy to the
techniques employed ln the cRlculRt, ion of Ag q

%'e cRn vex'lfy thRt

gA gxes Ax'es g3 body
3 + 4 + (4.9)

These contributions are shown diagrammatically in Figs. 17(a)-1V(c).
The xescattering correction to the exchange enexgy associated with the uncrossed ladder graph, A;",

possesses the integral representation

();"=((4wa)*j,f,mw()(('+ ')2wll()'*+ *)e(p-l,)()(),-),')8((,')f 2 ),
P

&«r(m-P)v'(m-P'+l)~"( mP') y™(m-P'*-4)~'g..+(~- 1) "."
I

1
(p' p+e).(p' i +e-4—

(A@8 (pi p+~}2

1

(p —e)'+m' (p'+e)'+m' 0' (p' p+e)'-
The 1escRtterlllg cox'x'ection RssoclRted %lith R vex'tex insertion ls

d4p d'p'&;"= (4sa)' 2, 2,2s5(P' m')+2w5(P" + m')

x [e(P -P,)e(P, -P.')e(P,')+(P, -P.')l tr(m P')~"(P, p')(m -P—') ~"

, (P'-P).(p'-P).
(P'-P)' "" (P'-P)'

The three-body contribution is

(4.11)
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dip d 4*x d4*e(4sa)', ", ",2v6{P'+ m')2v6{P" + m')2v6(P"'+ 1')
(2v)' (2s)' (2v)'

x [8(} -P.)8(P.-P.')8(P.'-P.")8(P.").(P.'-P ) (P.-P.") (P.-P.') (P.-p:,P;-P,P."-P.)
+ (Po-Pl' P.'-P. P."-Pl)] tr(n) P')-r" ())) P"')—r"(2n -P'")

1 1 1
) r)l (p pll pl)2 2 (p pl2) (pl pll)2

In E(ls. (4.IO)-(4. 12), the metric is Minkowski.

(4.12)

V. THE EVALUATION OF QP AND Q~A

IN THE SMALI ELECTRON-MASS LIMIT

In this section, the contributions to the thermo-
dynamic potential discussed in Sec. IV will be eval-
uated in the small-electron-mass limit. This lim-
it is appropriate to the description of a high-densi-
ty electron gas. As we will see, it is possible to
find analytic expressions for all but one contribu-
tion to Az and Z~z in this limit.

As we discussed ln Sec. IV, calculation of the in-
dividual contributions to ~i~ and ~i~ is complicated
by infrared divergences and a singular massless-
electxon limit. However, the sum of these contri-
butions is infrared finite and nonsingular in the
massless-electron limit. To calculate these con-
tributions avoiding the problems of superficial in-
frared divergences, it is convenient to work in 4+ e
dimensions. In 4+ & dimensions, the massless-
electron and infrared singularities are transformed
into singularities of the c -0 li~.iit. These singu-
larities are easily canceled in 4+& dimensions,

Then, as c-0, the renormalization constants Z,
=Z, are finite in the massless-electron limit and
are given by

1 b

3Q
(6.2)

In 4+& dimensions, the following identities are
nsefnl in the calculation of Q, and Qi (see Ref. 9):

r„dr = 2(l+ 2e)(){I

r„dfy =4a ~ I) —&yfP,

r.d&dr =~4IW+eWfd,

a, llowing for a smooth continuation to E =0.
To calculate the contributions to Q~~, we must

perform charge renormalization. This renormali-
zation is easily carried out by working in a I,andau
gauge generalized to 4+& dimensions, where the
photon propagator takes the form

(I+ 2e)' 8„8.. ..(8 — g..—
I

J

�do"6
1 ' dA"'

~ 2+6

(I )" I J ' ' (III)"'

P l P

E I

p p d8, sin"'8, d8, sin'"8,
(2wj

f88 PQ„= )e' P
l(

p)

1 1 1
21+1/2 (2~)2+I/2 p(2 le) I (6.4)

P

gs body p' E
P

E
P P

p)1 P
E I

P

E 11

P
E 11

P

E' ) E"
P P

) E II

P P
II

p
11

P P
E, '. E'

P P
E' & l;

P P

FIG. 17. (a) The uncrossed photon ladder contribution
to 0& . (b) The vertex correction to the exchange energy.
(c) The three-body scattering corrections, 023body.

I I'(2+2(e+(2)) I (& —2 —2(&+s))
2 II(f))(M 2)b-2 (I+3)i 2

%e begin our analysis by calculating Q~. As
shown in Sec. IV, there are three contributions to
Q~. One contribution is a rescattering corxection
to the exchange energy given in E(I. (4.3), and an-
other contribution is a thxee-body scattering
graph given by E(I. (4.6). In the massless-elec-
tron limit, the trace algebra may be perfoxmed
directly, obtaining for Q'"
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d 4+8 4+s
o *=(4wa)'

2 „, 2 ...e(})-p,)e(p, -p,')e(p,')2ws(p')2ws(p")I', -(P,P'},

IIss M res Igauge
1 1

d 4+6

M)-(p. p') =»i(i+he)'
(2 )'-(p"P'-kP P'//) 2; i

—
)2 ( )e

(5.7)

(5.8)

M--=is*"""
(1+—'e } (2w)'"

1 1 1 (I+-,'e)
p p 4 (PI P }2 2 (1 ) )(P qP e ap P 7 &4 (pg p )4

The three-body graph is given by

d 3+sp d 3+spl d 3+6p8'

1 ( + & } ( }
(2 )3+62 Z (2 }3+f2Zl (2 )3+62 Ztl

~ s(i)-z)e(p, -z')e(z' z")1/z+e(i/, -z)e(z-z')e(z'-z")

(5.9)

] $ pf ~pelf" ~'")»"'» )' &'))" )'" (5.10)

The integrations in Eqs. (5.8) and (5.9}are easily carried out by standard Feynman-parameter techniques
with the result

(, ),/, (2 ), ,/, w I'(I+-', e) (1+-,'e)'
e sin(w&/2) I'(1+«) (1+e) (5.11)

M"""=-2(2w)-'-"(-p' }"- ' ' ' ' ' ' (I--'e)
sin(we/2) I'(1+e) (1+-,)e)

In the derivation of these expressions, many terms which vanish as & -0 have been ignored. Now, using
the identity

d 4+sp d 4+6

,„...e(~-p.)e(p. -p.')e(p.')2 (5p) «2( p")(- p'p)'
j,I'(I+a&) ) "s./2 )-4-.2(3/2&.-)

=1(ii,") '" (1+-'e)'(1+-,'e)(1+ &)
'

%'e find 0; as

@res 2 ) 4+sl(2 )-4-(3/2)s2s+(s/2)e
e sin(we/2) I'(1+-2e)I'(1+e) (1+-,'e)'(1+ e}2(1+-,'e)

Similarly, the three-body scattering graph is found as

. 2«r/&(2w)--&/& + e 1+=-Q gP, (5.15)

The final contribution to ~~ is given by 0,". In the limit of zero electron mass in 4+& dimensions, this
contribution is simply proportional to 1-Z, times the exchange energy,

j. I epres &+4 (&& )8 (5.is)

The sum of 0' and 0' ~~" is finite in the z-0 limit. The sum of these terms yields
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This finite result is, of course, gauge dependent, and had a gauge other than the Landau gauge been used,
a different, infrared-divergent result would have been obtained.

To calculate the remaining contributions, those given by A~, we use the same techniques as in the case
of Qz. In the massless-electron limit, these contributions are of the form

d( 4+6 4+6

Q","=
( }... ( )„,8(p, p, )8-(p, -p,')8 (p,')2w5(p')2w &(p")M",-(p, p'),

for the rescattering corrections to the exchange energy, and

(5.18)

Q", b'4"=8(4wa)'(1+ —'6)
( )... )„, ,

( )„, „8(i(—E)8(E—E')8(E' —E")

P P P P P I P P P P P P P P P P P P P P

(5.19)

The matrix elements M;"(p, p') are given by

M=M M3 3 1 (5.20)

M =-82i(1+-'e) [p p'(p —q) (p'+q)- &2(p qp'q'-2P pq ]

1 1 1 1
q'(P' P+q)'q' -2P' q q'--2P q'

an(i M"""is given by E(l. (5.9). The matrix element M, can be written as

M =M +M""
4 4

where

(5.21)

(5.22)

M, = 82i(1+-2'e) p.p' 2w '"
1 1 1 (1+—2'e)2, 1

[P (P q)p (p q) 4 P p q ] 2 2 2P q 2p, q 4 (1 (e)

(5.28)

and M,""is the finite renormalization of the electromagnetic vertex proportional to (1 —Z, ).
Evaluating the rescattering corrections to the exchange energy, we find

Z 2/1 (S 1 ) ~«/2
Qrrr 2 ( 4+24(2w)-4-(2/2&42(2i234~4 & + 2~ j

I'{1+-22@)I'(1+e) e sin(we/2) (1+42&)2{14. e)2{1+-22') (5.24)

p2t'] &1+-'&
Qres (22 ( 4+24 2w)-4-(2i2&42(2l2)4+4 { + 2—-ck 4i4 w 1'(1+—',e)I'(1+e) e sin(we/2) (1+—,4:)'(1+&)'(1+—'e) (5.25)

It should be noted that 0;"acquires an imaginary part. This imaginary part cancels against an imaginary
part of the three-body contribution, 032 ~~.

The calculation of A', ' " is complicated. However, the real part of 02' ' " is easily divided into one piece
which is singular in the e-0 limit and is analytically calculable, and another piece which must be calcula-
ted numerically and is finite as E-0. This division is achieved by writing

ReQ3 body QeQ3 bod& ReQ3 bod&
2 2 2

d 4+6 d4+6 1 d4+&»
HeQ2 """=8(4wa)'(1+-,'&) )„, „, „,2w6(p')2w5(p")2w6(p"')8(ti, —p,)8(p, -P,')8(P,'- p,")

1 1 1x e(p")0 p. p~ pI .p» p, p»
(5.27)
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(5.28)

Using Eqs. (5.26), (5.2V), and (5.28), we find that

(5.29)

where 5 is given by

2r4
p Q3 bo

at P,
(5.30)

%e have evaluated 6 numerically by Sheppey'7 and

find

5= 1.36+0.02.

F~naBy, we obtain Q~ as

gA gree pres g3 bodyI 3 + 4 + 2

(5.31)

-'I/, ' —6(6 —w'/8 ——")3g' 32

(-2.43+0.12) .sm" g, (5.32)

VI. CONCLUSIONS

In the preceding sections, the thermodynamic
potential for a relativistic electron gas was evalu-
ated in the small-electron-mass limit, The re-
sults of this evaluation are

n =n" +u&'+u&" +n'+n'I I 1 I I I

gauge invariant~ although their sum ls. This ob-
servation was exploited in 3ec. V where a gauge
was employed which made Q~ and AIA individually
infrared finite. In a later paper on the thermo-
dynamic potential of a zero-temperature relativis-
tic quark gas, the infrared finiteness of QI and
AIA will be used to demonstrate the infrared finite-
ness of the quark thermodynamic potential.

In Eq. (6.4), a logarithmic singularity would

appear if the zero-electron-mass limit were to
be taken. This singularity is artificial, and arises
from defining the photon wave-function renormal-
ization constant, Z3, at zero momentum. The
singularity may be removed by defining Z, at a
Euclidean subtraction point, p, „"'. Of course, the
change in the definition of Z, cannot lead to any
differences in the physical results of the theory.
This invariance of the theory wiQ be used in a
later paper to write the thermodynamic potential
in a form which makes the invariance manifest,
that is, the renormalization group will be applied
to Eqs. (6.1)-(6.6). Use of the renormalization
vacuum polarization tensor subtracted at q2= p.,'
by

Il„(q'; p,,') = lls(q2; 0) -Ils(q2= p,2; 0), (6.7)
-' v' — (-')

3m2 '
m

0' = —p.
4 — —ln-+1.3761Q 3 Q

3n' '
m

'
w

A~ = —' p.
4 — -' ln ——i.1402

(6.2)

(6.3)

(6.5)

In the evaluation of the thermodynamic potential,
Iis(q') appears in phase-space integrals only where
the momentum integrals peak the integrand at
large q'. For our purposes, Eg. (6.7) is needed,
therefore, only for q2» m2. If we choose q2& p.,'
»m', Eq (6.V) beco. mes

(6.8)

With this modification, Eg. (3.10) for AP'(p, p, ,)
becomes

Q/ =
2 gp ( 243%0 12)3m' '

m
(6.6)

In these equations, Al~ and AIA are not individually

G~ (p p, )= -p, — —ln ——(1 —ln2)X 4 & 1
I & 0 3~2& ~ & ~2

(6 8)
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p +1-u

for Z3 defined at an Euclidean subtraction point,
&& Q

p-w»'0 0

FIG. 18. (3) The polarization tensor Ax». (b) The
fEnEte contrEbQtions to AIIpp ~
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%e should note that a' is not the same a which
appears in E(l. (3.10), since changing the defini-
tion of Z, also changes the definition of 0,. This
fact will be exploited in a later papex' where the
renormallzatlon gx'oup ls eonsidex'ed in detail.

Using E(ls. (6.1)-(6.6) and E(l. (6.9), we find

0 (p. , )). =0) = —,p ——+ — — ln—1 E 4 3 Qt 3 Q Q

, 2 ~

Q
(2.94+ 0.12)

(6.10)

APPENDIX A: THE POLARIZATION TENSOR, All[„&'„&

In this appendix, we shall derive integral rep-
resentations for AII~&». %e recall that M~&» is
the difference between the photon polarization
tensor at finite chemical potential and at zero
chemical potential. This difference is finite and

not ln need of lenormalizatlon.
The polarization tensor, M~„'» is represented

graphically in Fig. 18(a). To evaluate nil~/, we
use the techniques of Sec. II. Deforming the P'
integration contour down by i p, in the complex po

plane, we obtain from the first graph of Fig. 18(a)
two finite pieces and a piece which cancels the-
second graph of Fig. 18(a). The two finite pieces
are the x'esidues of the poles at

fox' Z3 deflDed conventlonallyy and

1 3 0.' 3 e' a'
0 (p,

'
p. ') = -'p, ' ——+- —ln-3m'' 2m 2 m m

P =$Epq P. & Ep& 0
(A1)

+— —ln

ot I 2

(2.11+ 0.12)

(6.11)

These finite pieces are represented graphically in
Fig. 18(b). An overall minus sign is indicated for
Fig. 18(b), since the poles are encircled in a
clockwise direction as the contours are distorted.

The graph of Fig. 18(b) corresponds to the inte-
gral representation

~Il.'(el@)=-f ~ (2,)s e(V -&))
(p ).„„.tr()~-A)r„(~-8+Ah',

+, , tr(m -P-g)y„(m -P)y„(p+ q)'+ m'

The tx'Rce RlgebrR is easily perfox'Ined with the x'esult

dpa))'f„(q(p. )=-BRa j -, „)(p—E)

(A2)

~fu„(u-e). (p-e)„u.-6„.[n"p (p-e)j»(
j.

(A3)
))&)= isp

This integral representation may be used to show that LN~„'~» satisfies the constx'aint of current conservation
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q"ail'„'„'(q
l u) = 0.

This constraint, together with rotational invariance, imply that

«I;,'(ql u)= (q'5],.—q,q.)=2 «~(ql u&+6„~(q'5„) —q~qg», . -, «]],'(qlu& —-, «..(ql u),q

where from Eq. (A3)

~r(elw)=-()Ra J 2E ) ). &(u-&)[&p'(u'-t(')-~'-p () -s)]

(A4)

(A5)

(A6)

~'~(()lw)=)())(~ J ~ z~)* &(u —@,)(2 ' ) tp —e)]

These e(Iuations make manifest the invariance of «„and «„,under q'--q'.
After some algebra, Eqs. (A6) and (AV) may be rewritten as

(elw = (f()2E () )
()(u & A It)l (i' t)) ](p ) (), )

~~~=16
2 3 gp, Ep PPl 2 p'Q (A9)

These equations are useful forms for taking the massless-electron limit. In this limit, E(ls. (AB) and (A9)
become

p. sin Q
+ j.

«~~2] {q', &gu) = —"» ]Idq dz(1 -z')/[1- (4u'/q') sin'p(z + i cot&)'q] (A10)

(A11)

{A12}

2u sin (1)
+ $

«'„'„'(q', flu) = — u, @de dz(z + i coty)'/ [1 —(4u'/q')(z+ i coty)'sin'4)q] .

Here (I]) is the angular variable tan())= lql/q . In the small-q limit, these equations simplify, becoming for
0& (])) & v/2

«(~](0; 0 lu) =(I/v')u'(I —loots)

«I,']', (0' 4 lu) = (I/v') u '.
Using the definitions of A, and A, in E(I. (2.13)„we find

(A15)

(A16)

For arbitra. ry q2, a SommerfeM-Watson integral representation for AII«and AII&& can be constructed.
From Eqs. (A10) and (A11), we find

gIIb) 2.
4z2 2z]( sjnzg ~ (z + ]l cotq)) 4u sill ((t){z + 4 cot(i)) 'I&

Here the contour C lies to the left of the origin in the complex ~ plane and is shown in Fig. 19.
The integrations over q and q' are performed for 0& P & v/2 with the result
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where

--; I' (~ P)(q'/4p')p. d~
2@i

(A19)

M 1r

FIG. 19. The contour, &, I the complex A, plane.

n j.I', (&, P)= . —
z &--&

& 4. a»s2X&- — nm»aye (y)o

I'2(&, Q}= . „& 1 & 1 2
(cos2Xg-sin&. /cot/).m I 1

Using Eq. (2.13) for A, and A„we obtain

(A21)

(A22)

A (A 0) ," =f 2„. [& (~, 0)-0/»»'0)& (~e)](e'/4~, ')'. (A23)

In this appendix, the contour-integral representations for A, and A, given in Eqs. (A22) and (A23) will
be used to evaluate Qf'. Using Eq. (3.27) for Q~', together with the contour-integral representations for
A, and A„@re fmd that

oo

Q,' = —
( ), q'dq'

I'(X, X', P)- ———-» Resi'(X, X', g)
1

q'+ 4p, ' X,X'= 0-

Here, C and C' are contours running to the left of the
is given in terms of I",(&, P) and I', (X, P) by

I'(A. , X', @)= . , I', (A, , y)I', (A,', y)
4~iL2

+- I'2(~ 4) —
~

— I",(~, 0) I' (A./, P) — . ~ I', (A./, g) (82)

(81}
origin in the X and V planes. The function I'(&, &', Q)

The notation ResI'(~, ~, Q) )) y~ 0 represents the result of the evaluation of the residue of the poles at ~p ~,
= 0 of I'(X, V, @).

The integration over q in Eq. (81) may be evaluated by introducing a parameter, q, and allowing the
integration over the range 0& q'& ~ to be replaced by an integration over 4p, 'ri & q'& ~. (In the end, the
limit q-0 will be taken. ) This replacement allows the interchange of the q integration with the & and &'

integrations. PerformiDg this interchange and evaluating the q integral, me find

&/2 » d~'
Q&z' ——

~ sigppdp lim, q
"+" I'(A., V, p) —In@ Reel" (X, iY, Q) ( & &i

0

The limit g -0 cannot be taken immediately in Eq. (83) as the contours C and C' require Re&+ X' & 0.
The contours can, however, be deformed. %e first deform the C' contour to the right in the ~' plane to
obtain a contour, C', encircling a singularity at &= -V, a contour, C,', encircling a singularity at V =0,
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and a third contour which vanishes since Re~+ ~' & 0. The nonvanishing contours give

pl0, =
( }, sin @d4)

x lim — . I"{X,-X, (t)) — . q"—Resl'(&, &', (1)) -in' Resl'(&, &', p)0 2' ' ' 2mi A. X'= 0

In the term with remaining q dependence, we deform the & contour to the right. A contribution is given
by a double pole at ~= 0. Writing

we find that the ln'() terms in E(l. (84}cancel, giving

%/2

sin'()) d4) Res- I'(X, V, 4))2 2v)'

The evaluation of the residue is straightforward and yields

I"(x, x, 4)) (86)

1
{& & }

4ap' ' (1- foots))' 1
1

1 —4)cot/
v sin'4) 2 sin'Q sin'4)

The integration over p is direct, with the result

Q~~ — — gp, ~ — 1

The remaining term is a contour integral over & and an integral over 4) Using . E(ls. (A20), (A21), (82),
and {86},we find

w' 1 1 3 1 1
A.x . ,„, , —,, cos2&()) ——sin2&4) cot

1 1 1t:os)a( -2 H)n)&( t.'0(()

x (cos2&(()) —2X sin28. 4)coty)

1 1
+— . , (sin'4) —sin'2&(t)) .

2 sin Q

The first term in E(l. (89}may be shown to cancel the second term upon using the identity

1
sin Q

and integrating by parts. The remaining term is easily integrated with the result

1
gp . . Cos~~2g' v 2mj sinvt(, A(A.' —l)(4X2 —1)

The contour integral over ~ may be closed to the left giving

~p) 1 e ~, ~ 25 ~ 1
2v' v '" s' ~)(l'-1)(4)'-1) '

The sum over k in Eq. (812}can be rewritten as

1 ~™ 1 1 1 1 1 2 1 2 1~ a()P —))(4)."-)) ~ ). 6 ).-) 8 0 ~ ) 3), —l 3 0 —,')'
Using the definition of the g function

(810)

(813)



BARRY A. FREEDMAN AND LARRY D. McLKRRAN

1 I
g(x) = -C —Q x+0 0+1

where C is Euler's constant, Eg. (813) becomes

1
2 +pg1 +gtI) 3

—p y(T) —-.'0(~)].
The identities

show that Eg. (815) is

«~2 k(k' -1)(4k' —1)

Thus, 02~' is given by

(818)

(819)

(820)

q(x+ 1)= q(x)+ —,1 (816) Combining together 0," and 02P', ere finally find
that

q(-,') = -C -2ln2, (817)
Q2P' =, «p,

« — —+4ln2- —", (821)
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