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We calculate the ground-state energy of a relativistic electron gas up to and including effects of order
a’loga and a?. Cutting rules are developed which relate a vacuum-graph expansion for the thermodynamic
potential to phase-space integrals over Feynman amplitudes. Overlapping infrared divergences, which cancel
when all contributions of order a? are summed, are treated by performing a dimensional continuation to 4 + €
dimensions. Ultraviolet divergences associated with electron wave-function and charge renormalizations are
rendered finite by use of a Lantdau gauge appropriate to 4 + € dimensions.

INTRODUCTION

As an application of the formal techniques de-
veloped in our first paper, we will calculate here
the ground-state energy of a relativistic electron
gas up to and including effects of order a®. A rel-
ativistic electron gas is of interest primarily since
the techniques developed for and the results de-
rived from this system are directly applicable to
the physically interesting system of a quark gas.
An electron gas is described by an Abelian gauge
theory, and is not complicated by the non-Abelian
structure of the theory which describes quark in-
teractions. However, we will show in a later paper
that the non-Abelian structure of quantum chromo-
dynamics presents no new technical difficulties,
and that many of the results derived from a con-
sideration of a relativistic electron gas may be
used for the description of a quark gas.

The ground-state energy of an electron gas may
be found from the thermodynamic potential,

Q(B, 1), in the zero-temperature limit (1/8—0).
Since electrons in a relativistic gas are highly en-
ergetic, high-order Feynman graphs are important
contributions to . These graphs grow as powers
of logarithms of the energy in the high-energy lim-
it. Although our calculations are explicit to only
order «?, it is possible to include the dominant ef-
fects of these high-order graphs by using the re-
normalization group.?® The use of the renormal-
ization group allows the extension of our results
far beyond order a?, and is essentially nonpertur-
bative. In a later paper, this extension will be
performed.

The plasmon effect must also be handled nonper-
turbatively.”® This effect arises in the spontane-
ous generation of a photon mass due to interac-
tions. Since the photon becomes massive, the
long-distance interaction of electrons becomes
modified to a Yukawa interaction. The infrared
structure of interactions is thus greatly modified.
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The generation of a photon mass introduces in-
frared divergences in a direct, perturbative evalu-
ation of the thermodynamic potential. These di-
vergences stem from the fact that the plasmon
mass is of order a, and an expansion in powers of
the plasmon mass is singular. Nevertheless, the
plasmon contribution may be found by summing an
infinite class of Feynman graphs. These graphs
occur naturally in an expression derived for the
thermodynamic potential in Ref. 1, and yield an ef-
fect of order a®loga.

The organization of the body of this paper is as
follows:

In the first section, the thermodynamic potential
is discussed in the zero-temperature limit. We
make essential use of a functional expression, de-
rived in Ref. 1, which determines the thermody-
namic potential as a functional of fully renormal-
ized propagators and vertices. This functional ex-
pression is used to break the thermodynamic po-
tential into several pieces which may be directly
evaluated. One piece, the exchange energy, is of
order a. The remaining pieces are the photon cor-
relation energy, which contains the contributions
of the plasmon effect and vacuum polarization, and
contributions of order a® which are nonsingular in
the zero-electron-mass limit. The nonsingular
contributions include rescattering and vertex in-
sertion corrections to the exchange energy, as
well as three-body effects.

The second section consists of an evaluation of
the exchange energy. The exchange energy pro-
vides a simple example of graphical techniques
which are useful in determining higher-order con-
tributions.

The photon correlation energy is considered in
the third section. Here the effects of the plasma
oscillation and vacuum polarization are determined
in the small-electron-mass limit. A contour-inte-
gral representation for the photon polarization ten-
sor discussed in Appendixes A and B is used to
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perform the calculation of the plasmon effect.

In the fourth section, the nonsingular contribu-
tions of order a® are obtained as phase-space in-
tegrals over Feynman amplitudes. The sum of
these phase-space integrals is free of ultraviolet
and infrared divergences. The sum is also gauge
invariant and nonsingular in the massless-electron
limit. However, the individual terms in the sum
are not gauge invariant, are singular in the mass-
less-electron limit, and contain infrared diver-
gences.

In the fifth section, the results of the fourth sec-
tion are determined in the small-electron-mass
limit. To handle graphs with infrared divergences
and singularities in the massless limit, we work in
4 +€ dimensions.®"'* In 4 +¢€ dimensions, the singu-

larities arising from infrared divergences and the
zero-electron-mass limit are transformed into
singularities of the € —0 limit. All such singulari-
ties cancel when the graphs are summed, giving a
finite result. Ultraviolet divergences associated
with the electron wave-function renormalization
and the charge renormalization are made finite by
a Landau gauge generalized to 4 + € dimensions."

In the sixth section, all contributions to the ther-
modynamic potential are grouped together. The
implications for non-Abelian gauge theories of the
results derived in the preceding sections are brief-
ly discussed. In a later paper, the results of this
last section will be extended to higher orders in
perturbation theory by an application of the renor-
malization group.

I. THE THERMODYNAMIC POTENTIAL TO ORDER o2

It was shown in Ref. 1 that the piece of the thermodynamic potential arising from interactions, &2,, could
be written as a functional of the full propagators, S and D, the full vertex, I', and the contributions to the
skeleton-graph expansion of the Bethe-Salpeter kernel, K,,, involving 2n vertices. This functional is

BVQ,(B, u)=Tr InS;™*S—2Tr InD,"' D - e?TSTSD + 3 Ze”’*z <1+

and is shown diagrammatically in Fig. 1. In this
expression, all Feynman integrals are in coordi-
nate space, and the traces are over coordinates
and spin indices.

The functional expression of Eq. (1.1) is simpli-
fied by performing a Fourier transformation to
momentum space. In momentum space, the terms
in Eq. (1.1) involving logarithms of propagators
are diagonal in momenta and off-diagonal only in
spin indices. The trace over coordinates can be
performed immediately, leaving a trace over spin
indices and yielding an overall factor of BV. The
remaining terms in Eq. (1.1) also acquire an over-
all factor of BV upon Fourier-transforming to mo-

BVQ (Bu) =Trin {1+ GO}
-vaTrom {1+ e}

FIG. 1. The thermodynamic potential for quantum
electrodynamics as a sum of vacuum graphs.

1
1>srsz<2nsrsp , (1.1)

n=1

I
mentum space. Extracting this factor, Eq. (1.1)
becomes in the zero-temperature limit

()= f {24;’5; tr InS,"(p | WS(p | )

(2 Gy ¥ 10D (@) Dla W)

-e*TSTSD

+3 Z e ( 1) STSK,,STSD. (1.2)
n=

We will now turn to a perturbative evaluation of
Eq. (1.2). In such an evaluation, the term involving
the trace of the logarithm of the photon propagator
must be handled carefully. If we were naively to
use the Schwinger-Dyson equation,'*

Dq|w) =D, Hq) +glq |, (1.3)

and expand the logarithm in powers of AIl 4(gq | ),
we would encounter infrared divergences. These
divergences are a consequence of the nonzero value
of All (¢ | ) at g°=0. This circumstance is due to
the plasmon effect, by which the photon acquires a
mass from interactions.

The diagrams which yield infrared divergences
are associated with a singular expansion in powers
of [I. These diagrams are shown in Fig. 2. An
nth-order iteration diverges in the infrared as (1/
g*)" and is nonsingular when integrated over d*q
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FIG. 2. Infrared-divergent diagrams arising from a
singular expansion in powers of the plasmon mass.

for n<2. Only diagrams involving two or more
iterations of the plasmon mass, therefore, are in-
frared divergent.

To treat the infrared difficulties associated with
the plasmon effect properly, we must observe that
although the expansion of the logarithm in Eq. (1.2)
is singular, the integral over the logarithm is fi-
nite. This observation suggests that all terms
which yield a singular expansion must be grouped
together and handled nonperturbatively.”? The ex-
pression

SZ}"’:%fé—antr{1n[l+e2D0(q)H,‘f)(q|u)]
—-e2Dy(@N P (q| )} (1.4)

(a) (b)
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FIG. 3. The parts of the kernels Iy, Zg, and Ag
needed for an order-e* evaluation of the thermodynamic
potential. The brackets, [ ], indicate the renormalization
of the enclosed ultraviolet-divergent subintegration by
the procedure discussed in Ref. 1. The order-e? charge
renormalization constant is denoted by Z,. (a) The
order-e? photon polarization tensor. (b) The piece of
the order-e* photon polarization tensor due to vertex
insertions. (¢) The piece of the e* photon polarization
tensor due to a fermion self-mass insertion. (d) The
order-¢? fermion self-mass kernel. (e) The piece of
the e fermion self-mass kernel due to a fermion self-
mass insertion. (f) The piece of the order-e? self-mass
kernel due to a photon polarization tensor insertion. (g)
The piece of the order-e* self-mass kernel due to a
vertex insertion. (h) The order-e? vertex insertion.

ana(s S 6 - S

FIG. 4. The exchange contribution to the thermodynam-
ic potential.

groups together all such singular terms up to and
including effects of order . In this expression,
the renormalized photon polarization tensor to or-
der e? is denoted by II{?’.

The remaining terms, which are infrared finite,
may be written in terms of kernels of the Schwing-
er-Dyson equations. The inverse propagator, S™),
and the vertex, I', are given by these kernels as

S p W =Sy (P w) +ZR(p | 1) (1.5)

and

T(p,p+4q,q|w) =y +Ag(p,p+a,q| ). (1.6)

The inverse photon propagator, D!, is given by
Eq. (1.3).

The kernels I, Z,, and A possess finite per-
turbation expansions in powers of e¢%. To calculate
the thermodynamic potential to order e*, we need
Ty and I, to order e*, and Ay to order e®. These
kernels may thus be written as

Hn=ezn(2)+e"(ﬂg)+nf)), (1_7)
ER=82 2(2)+e4(21{14)+21(:4)+25\4))’ (1.8)
Ag=e®A, . (1.9

These equations are represented in Figs. 3(a)-3(h)
Using the definitions of Eqs. (1.7)-(1.9) and the
Schwinger-Dyson equations, Egs. (1.3), (1.5), and
(1.6), the thermodynamic potential may be written

as

Q,=0+Q Q1 Q4. (1.10)

The exchange contribution, /¢, contains all ef-
fects of order €2, and is represented by

Q& =e2(3DJ1? =S, 2@ —yS,¥S,D,). (1.11)

This equation is shown diagrammatically in Fig. 4.
The plasmon effect and a piece of vacuum polar-
ization corrections to the exchange energy are con-

tained in the correlation contribution, Q. This
contribution is given by Eq. (1.4) and is represented
in Fig. 5. As discussed above, £{° includes

© _ ea 6
Ql_e + € +

FIG. 5. The photon correlation contribution to the
thermodynamic potential.
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FIG. 6. The contribution to the thermodynamic poten-
tial, QF.

contributions from all orders in perturbation theo-
ry. In Sec. IlI, 2° will be evaluated in combina-
tion with Q]. The contributions of the vacuum po-
larization corrections to the exchange energy not
included in { are included in QF. These con-
tributions possess the integral representation

Q7 =e*'(¥S,¥ Sy Do 11 5y Dy = S, Z51) (1.12)

which is shown in Fig. 6. Although Q7 is topologi-
cally similar to 2!, @7 has no infrared diver-
gences since the minus sign in Eq. (1.12) cancels
these potential difficulties.

The terms £7 and 22 are associated with fermion
self-mass kernel insertions and vertex insertions.
These contributions to the thermodynamic potential
possess the integral representations

QE:e“(%SOZI(Z)SOE(Z) - Soz(ca)

+3D 1T, +27 S, Z )7 S,D,) (1.13)
and
Qp=e'ED, M -5, 2 - 2A®’S yS, D,
+3S,7S,D,S,¥S,D,) - (1.14)

These equations are represented graphically in
Figs. Tand 8. In Sec. IV, QF and 2} will be rela-
ted to phase-space integrals over Feynman ampli-
tudes. In Sec. V, these phase-space integrals will
be evaluated in a massless-electron limit. It is
important to consider Qf and Qf together since, as
we shall see, only their sum is gauge invariant.

II. THE EXCHANGE ENERGY

The exchange energy, shown in Fig. 4, provides
a simple example of graphical techniques which
will later be used to calculate order-a? corrections
to the thermodynamic potential. Since these tech-

P+

P
n

@
>
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FIG. 7. The contributions to the thermodynamic poten-
tial, oF.

niques are important in the later analysis, we shall
consider the exchange energy in detail here.

The general procedure we shall use involves the
analyticity properties in the energy of Feynman
graphs. We will assume that in the vacuum Feyn-
man-graph representation for the thermodynamic
potential, it is always possible to evaluate energy
integrals before integrals over three-momenta.
Using contour-integral techniques, we will analyti-
cally continue energy integrals so as to obtain fi-
nite contributions and divergent terms associated
with the energy density of the vacuum. Since the
energy density of the vacuum is to be subtracted
from the renormalized thermodynamic potential,
the remaining finite contributions give the entire
result.!

In Fig. 9(a), the exchange energy is represented
with the dependences on the energies of the propa-
gators made explicit. The only difference between
this diagram and the exchange energy of the vac-
uum is that at finite density, the energy, p°, in
fermion propagators is replaced by p°+iu, where
i is the chemical potential.

The finite-density expression may be converted
to finite terms and a vacuum term by analytically
deforming the fermion energy integral down by ip
in the complex p° plane. The remaining contour in-
tegral at p°—ip vanishes upon subtraction of the
energy density of the vacuum. However, in per-
forming this contour deformation, poles of the fer-
mion propagators are encountered. In the complex
energy plane, these poles are at

Z)-1
cu

alo

FIG. 8. The contributions to the thermodynamic potential, .
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FIG. 9. (a) The exchange energy with dependence on the energy of the fermion propagators made explicit. (b) The
result of deforming the energy integration over »° and subtracting off the vacuum energy density. (c) The nonvanishing

contribution to the exchange energy.

pO=+E,=+i(>+m?)/? (2.1)
and

P°=q°+iE, =q°+i[(F - @ +m*]'/2, 2.2)
and will be encountered if u>E,>0 or u>E,  >0.

The remaining finite contributions are, therefore,
given by the residues of these poles. Since the
downward deformation in the complex energy plane
encircles the poles of the fermion propagators in a
clockwise direction, these residues appear with an
overall minus sign.

The result of the contour deformation is shown in
Fig. 9(b). In arriving at this result, we have used
the fact that in order a a discontinuity of the fer-
mion self-mass kernel, or of the photon polariza-
tion tensor, does not require renormalization.
This fact is a consequence of the circumstance that
the renormalization of I ,, and Z ,, introduces no
new singularities in the complex energy plane, and
only shifts the position of the pole in the fermion
propagator from the value of the bare mass to the
value of the physical electron mass. This shift is
taken into account in Eqs. (2.1) and (2.2). The

-

change of variables, d—p-q, has also been per-

qo plane

iE_ + 1iE
. p-q

ilg|

FIG. 10. The ¢° contour-integral representation for
Zg(p) is shown with a dashed line. The contour integral
for Fig. 9(b) is along the real Eucilidean axis.

formed in graphs where the pole at p°=¢°+iE,_, is
encircled.

In Fig. 9(b), only one term remains which is as-
sociated with a fermion pole at p°=4E, for p>E,
>0. Now, since p° is at iE,, p®=-m?. Since the
fermion self-mass kernel vanishes at p?=—-m?, we
might conclude—wrongly—that this term would
vanish under these conditions. However, in the
analytic continuation of the integral representation
for the self-mass kernel, Z,,(p°% ), from real,
Euclidean energy, p° to complex energy, the con-
tour integral over the photon energy, ¢°, must be
deformed continuously so as always to split the
positive- and negative-frequency poles of the inte-
grand in the complex ¢° plane. This analytic con-
tinuation vanishes at p°=4E,. In Fig. 9(b), the ¢°
integration is along the real Euclidean axis, and
does not split the positive- and negative-frequency
poles of the integrand. The poles of the integrand
are at

qo=ii|q’a

q°=iE,+iE,_,,

(2.3)

and a negative-frequency pole at ¢°=i(E,-E,_) is
in the upper half ¢° plane for E,>E,_,. This situa-
tion is shown in Fig. 10.

To obtain a finite term and a term which vanishes
at p°=iE,,, the ¢° integration contour may be de-
formed from real ¢° to a contour which splits posi-
tive- and negative-frequency poles. This remain-
ing contour integral vanishes for p°=iE,. The fi-
nite contribution is the residue of the pole at ¢°
=i(E,-E,.,), which gives a contribution for E,
>E, .. This contribution is shown in Fig. 9(c). To
obtain this result, we have again used the fact that
a discontinuity of Z,, is not in need of renormali-
zation.

The graph of Fig. 9(c) can now be written as a
phase-space integral over a Feynman amplitude.
The result of some straightforward algebra is
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dsp d3p’ , " , 1
@2, @n2E, ¢ B0 (Ep= B rtn =Py om =8y, (e

Q{9 =e? . (2.4)
po=iEp
$oiBy
The trace over (y) matrices in Eq. (2.4) is easily performed. Moreover, the transformation {E,,iE;~E,,
Ej only converts the Euclidean metric, 6%, to the Minkowski metric, g"”. Thus, in the Minkowski metric,
Eq. (2.4) is
d‘lp d4pl [l m?2 ]
Q(e)= f - — ! 21 6(p2 2 2 2y 41 _ . 2.
I 32ra (2,”)4 (Z—WFG(U Po)e(Po PO)G(PO) u (p +m )2176(1) +m ) 2 (p_p,)z ( 5)
This equation has the diagrammatic interpretation shown in Fig. 11.
The integrations over p and p’ in Eq. (2.5) can be performed directly. The result is®

1/3a 1‘ ( 2_mz)1/z:lz }
@__~ (22)\2 2_gp2)/2 _ 2 |nBbtLH _ 2 _ 1)2)2 .
e 31r2<2 71’)4 13[’1(“ m’) me m 2w =m0, (2.6)
which for p>>m becomes
1 3a
i (e)__~ Y %1 4
Mm@ =g tH (2.7)

III. PLASMONS AND VACUUM POLARIZATION

In this section, the plasmon contribution to the thermodynamic potential, and the vacuum polarization
modifications of the order-e? exchange energy, will be evaluated. These contributions are Q}" and 27, and
possess the integral representations of Egs. (1.4) and (1.12).

The part of { which is potentially infrared divergent may be isolated by writing

I, (k l p) = ATl ,)(k | 1)+ 5y (%) . (3.1)

Here T1,(k) is I ,,(k | 1) in the limit of zero chemical potential. The difference of these terms, AIl, (% | w),

is finite and not in need of renormalization. Using Eq. (3.1) in Eq. (1.4) for /%, we find

d4k 2 1 2 2
(277)4{ tr In [1 +e WDW?)AH @k | u)1+ tr In [1+e2D(R)M ,,(%)] - e2Do(R)II (R | u)} .

(3.2)

The second term in this equation is a contribution to the energy density of the vacuum and may be ignored.

To order e?, all potentially infrared-divergent contributions to Eq. (3.2) are given by expanding in powers
of AIl ,,(% | ©) with no IT,,(%) insertions. To this order, ignoring contributions to the energy density of the
vacuum, Q{° is

(c)_ L
Q=3

d*k
Q=3 f B {tr In[1+e?D (k) ATl ,,(k | w)]- €2Do(R) AL (k| 1) ~ €Dy (R)I ) (k) Do (R () ( | )} . (3.3)
The first two terms in Eq. (3.3) give the plasmon contribution to the thermodynamic potential
d*k
o =§f (e Lt In[1+ @Dg(R)A (k| )] = €D () ATI o | )} (3.4)

The remaining term in Eq. (3.3) combines with &7 to yield vacuum polarization modifications of the ex-
change energy

Qpt = ot f __,é;’; [ So¥So)(k | 1) Do) )k | w) Do (k) = & D)1 5 () Do) 15 (R | 1) = Syl | )2y, (e | )] -
(3.5)

The vacuum polarization modification, 23°!, may p p’
be related to a phase-space integral over a Feyn-
man amplitude by the diagrammatic techniques of Q,(Ie )= e2
Sec. II. The analysis begins by using the diagram- ,
matic representation of Eq. (3.5) shown in Fig. P i P

12(a). As in Sec. II, the energy integrations must FIG. 11. The exchange energy.
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(a)

Q?OI = e4

(c) (d)

' > E_ > E
P P H b p'

FIG. 12. (a) A diagrammatic interpretation of Eq. (3.5). (b) The result of deforming the pg integration by —iu in the
complex pg plane. (c) The result of deforming the pg contour. (d) The nonvanishing contribution to Q;"’L
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be analytically continued to obtain finite pieces and
pieces associated with the vacuum energy density;
the latter group may be ignored.

The explicit p dependence in the p$ integrals of
Fig. 12(a) may be removed by deforming downward
by iu in the complex pJ plane. The result of this
deformation is shown in Fig. 12(b). To obtain this
result, contributions to the vacuum energy have
been discarded. We have also made use of the fact
that discontinuities associated with fermion propa-
gators of Z7,, and I1,, are not in need of renor-
malization.

In all remaining diagrams with p dependence, we
deform the p9 integrations by —iu. The result of
this deformation is shown in Fig. 12(c). A large
number of cancellations can be performed until on-
ly one diagram remains. This remaining term is
similar in structure to Fig. 9(b), the graph which
gave the exchange energy.

o3 = _1287%° [ 4L 2P

X 2w8(p2+m?)2wd(p’% + mz)[

where II ,, is given in terms of II{;) by

'\ (q) = (@8 *Y — 4" q")L (,,(d?) -

Z—TT—)_G(“ Po)e(po pé)o(P(I))

Z(PP

At this point it is convenient to perform a Wick
rotation on the integration from real Euclidean en-
ergy to imaginary energy. There are no singulari-
ties in the path of the contour integral for real,
Euclidean ¢°.

The contribution represented in Fig. 12(c) would
vanish if the ¢° integral were to split the positive-
and negative-frequency poles of the integrand. The
graph is nonvanishing, however, because of the
presence of a negative-frequency pole at

9°=i(E,~E,..), E,>E,.,. (3.6)

Upon deforming the ¢° contour, we obtain the resi-
due of this pole and a vanishing contribution.

The result of this deformation is shown in Fig.
12(d). This result is clearly a vacuum polarization
correction to the exchange energy. It is finite and
renormalized, and possesses the integral repre-
sentation

)2 ]n(‘) ((p-0%), (3.7

(3.8)

Here we have converted back from the Euclidean to the Minkowski metric.
The vacuum polarization modification of the exchange energy may be evaluated for the w/m>1. In this

limit, I ,, may be approximated as'?

1 2
<z>(q)—-7< lnq 3‘)

(3.9)

We then insert this expression into Eq. (3.7) and evaluate the phase-space integrals in the massless-elec-

tron limit, finding

L1 @\t /y . u? 11
QDI l=§1-?§7;‘p.4<ﬂ—> <‘;’ lnmj+ln2—-g~>.

(3.10)

In this expression, a logarithm appears. This logarithm arisesfrom the short-distance increase in the effec-
tive charge due to vacuum fluctuations. Inalater paper, logarithms of p/m will be summed nonperturbatively

for high-order graphs by the renormalization group.
there is a trace to be performed over spin indices. If

We turn now to an evaluation of Q3'. In Eq. (3.4),

rotational invariance and current conservation are used to write

1
AH.‘f.,’(qlu)=(¢126‘,,—quq.,)‘iz AT (g | p) +8,,,(d3%8,; - qkq;)ﬁ.u———LAH‘z’(qlu)———AH‘” qlu)}, (3.11)
the evaluation of the trace is straightforward. The result of this evaluation is
ATl ' 17An A
o1 ) S S|t

To evaluate Eq. (3.12), it is useful to introduce the Euclidean spherical variables (g, ¢, 8, ¢). Here the
variables 6 and ¢ are ordinary three-dimensional angles. The variables ¢ and ¢ are defined by

a=@"?, ¢=tan’(|q|/q°.

(3.13)
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Rotational invariance requires that
Ally, = Alle(q, ¢ | W),
All,, =41, (q,¢ W)

In Appendix A, we analyze the polarization tensor, AIl,,. We show that All,, and AIl,, are invariant under
¢ - ~¢. Using this observation, and the definitions

A (¢®, ¢)=e*(1/sin*p)All (¢, ¢ | 1),
A,(g? ¢)=3e?(AlL, (%, ¢ | 1) - (1/sin?p) ATl (g%, ¢ | 1)
Eq. (3.12) for Q%' becomes

991 (2—")3f q dq f sm2¢ dd){ln I:l et A5 . £4 1(q ¢)} 21n {1 +A2(LZ:2, ¢)]_ Ax(qqzzy d)) _ 2A2(‘;I:9 4)) s(‘ (3.16)

(3.14)

(3.15)

Infrared divergences would arise in Eq. (3.16) if we were to expand the logarithms in powers of A because
of the nonzero value of A;(q? ¢) at ¢2=0. These potential infrared-divergent contributions to Eq. (3.16),
may, however, be isolated by writing

Q?X=QT+Q§1, (317)

where

1 © /2 o, ( 1 1
‘;1=.(§1r_)§fo q2dq2j; sin®¢p d¢ . In [1 +——2—A1(0, ¢)] +21n {1 +?A2(O, ¢)jl

1 1
ELZ 4”2 [Alz(oy ¢)+2A22(0, ¢)]—'3§[A1(01 ¢)+2A2(0, ‘P)]} (3-18)

le=(211r)aj;mq2dq2 jo'/zsm%p do {ln [1 +%Al(q2, ¢)} ~In [1 +;11—2A1(0, ¢)] +21n {1 +%A2(q2, qb)]

1 1 1 R
—-21n 1:1 +?A2(0, ¢)] -3 W[Al (0, 9) +2A,%(0, ¢)]

—%[Al(qzs ¢) "Al(oa ¢) +2A2(q27 ¢) - 2A2(0y ¢)]$ . (3.19)

The virtue of Eq. (3.18) is that the ¢? integration can be performed immediately, removing all potential di-
vergences. In Eq. (3.19), effects to order e* may be found by expanding the logarithms to order AZ.
The result of the ¢2 integration in Eq. (3.18) is

Q‘;‘:(z—:r-)—gftlzsin2¢d¢[ 220, 9) st (° 9, 4,50, 6) 122 "”-;.A 2(0, 6) = A,2(0, ¢>)] (3.20)

The remaining integration over ¢ in this equation can be performed in the zero-electron-mass limit. In
Appendix A, we show that, as m -0,

A,(0,9)= ( >(1 ¢ cotg) (3.21)

and
2 1

2.0,00=22 1L gcots) . (3.22)

Using Egs. (3.21) and (3.22) in Eq. (3.20), we find
1 2

Q' =ost ,ﬁ(%) <a ln$+b), (3.23)

where
1272 (1-¢cotp)® 1 1-¢ cot<l>>2
a—'—ﬂ—./; Sln2¢d¢[ Sinqd) +§ (1— sin2¢ ] (3'24)
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and

b='1—2f
mJo

sin®¢p

2sinzqs dqb%

sing

(1-¢>cot<15)2<llrl 1-¢cotp

-8 [ - 2559) 4]

sin¢
(3.25)

The integration over ¢ in Eq. (3.24) may be performed directly. We have performed a numerical evaluation

for Eq. (3.25). The results of these calculations are

=3
a=3z, (326)
=-1.5813.
To evaluate 28!, the logarithms in Eq. (3.19) are expanded to second order in A;, with the result
m1=__l__f°°qqu2fmsin2¢d¢ (i[A 2(g%, &) = A 2(0, &)+ 2A,%(g%, ¢) — 2A,%(0, 6)]
2 2(2_”)3 . o }qé 1 s 1 \Yy 2 ’ 2 \Yy
+—————1~—~—[A 2(0, ¢) + 24,%(0 d>)]l. (3.27)
qz(q2+4“2) 1 \Yy 2 \Yy j

This integral is evaluated in Appendix B in the ze-
ro-electron-mass limit by using a contour-integral
representation for the A;. The result of the evalu-
ation is

2.”2

1 a
le=—3—;§%u4<;> <§—+4 In2 --179> .

Finally, we obtain Q°! by combining Q3! and QF!,
with the result

1 a\? a
o=t %“4<;) (g inZ+ 1.3761> .

(3.28)

(3.29)

IV. A GRAPHICAL ANALYSIS OF QF AND Q{

The remaining contributions to the thermodynam-
ic potential in order e? are given by Q7 and Q4.
These quantities are shown graphically in Figs. 7
and 8. To evaluate 27 and Q4 we first perform a
graphical analysis to relate these terms to phase-
space integrals over Feynman amplitudes. (In Sec.
V, these phase-space integrals will be evaluated.)

The contribution of 2} is shown in Fig. 13(a) with
the energies of the loop integrals made explicit.

As in Secs. II and III, the contour integral over p,
is deformed down by iu in the complex p, plane and
a contribution associated with the energy density of
the vacuum is discarded. The terms which remain
after this deformation are shown in Fig. 13(b).
These remaining contributions arise from a simple
and a double pole of the fermion propagator at p,
=itE,, u>E,>0.

As was the case in the analysis of the exchange
energy, the remaining contributions involve fermi-
on self-mass insertions which would vanish for p,
='i E, if the photon energy integration contours split

the positive- and negative-frequency poles of their
integrands. Again, we deform the integrations
over g, and gj from the Euclidean region to a con-
tour which splits positive- and negative-frequency
poles. In the process of the deformation, nonvan-
ishing contributions are obtained as residues of
negative-frequency poles in the upper half energy
plane.

In the first term in Eq. 13(b), the only negative-
frequency poles appearing in the upper half energy
plane are at

9,=i(E,~E,.,), W>E,>E, ,>0
(4.1)
q,=i(E,~E, ), W>E,>E, ,>0.

The result of encircling these poles is shown in
Figs. 13(c) and 13(d).

The analysis of the second term in Fig. 13(b) is
slightly more complicated. In this term, the inte-
grand possesses singularities of the photon and
fermion propagators in the complex g, and q;
planes at

4= ||,

qozii‘a", (4 2)

q,=i(E,tE,_),

Qo+q=UE £+ E, . ) .

The ¢, and ¢ integrations are along the real, Eu-
clidean ¢, and ¢ axis. If the ¢, and g{ contours of
integration split the positive and negative poles of
the integrand, then this contribution will vanish.
The finite contributions are given as the residues
of the negative-frequency poles in the upper half g,
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g -q'+i
1= € p ~q +iy Pomagiiu
o "o
qO
T
- - e
y =-et Po = ifp
“E_ 0
" P
d)
£
° /o lo
P + P 4
Bo= B Dy = iF 0 P = B w v Ept Eus B
(e) .
P,
P
p_ = iE
o
= et o v 5 = iat
p'y = iE] ° o Po |3
P Py = SES, WWECEIED, and ok CESCES
Po Py = iE. > E, > E} P

FIG. 13. (a) A graphical representation for Q}: (b) The contribution to ﬂ}: after deforming the p° contour. (c) The
nonvanishing contribution to the first term in (b). (d) Self-energy insertion corrections to the exchange energy arising
from the first and second terms of (b). (e) The finite contributions to the second term in (b).

Py and ¢/ planes, at the positions given by the last two
r{es - et o = iE terms in Eq. (4.2). These residues, and the condi-
p‘,’ } iE‘," LsE e tions where the poles may appear in the upper half

° P PP energy planes, are shown diagrammatically in

P, Figs. 13(c), 13(d), and 13(e), and divide naturally
Py Py into three separate contributions. The first of
= et these is a two-body amplitude which gives a re-
‘ ! : Vo> By v Ep scattering correction of the exchange energy. This
Po Po

contribution, £1°°, is shown diagrammatically in
Fig. 14(a). After a Wick rotation to Euclidean

res pe = iEp p>Ep>Elp space, this term possesses the integral represen-
= e4 .
Ql € ple = iE'p n > EID> Ep tation
P e’ 3 body 4 Po=iEp W > By > Ep > By
= ef I =-e p, P, PL=iE, W > Ep > E, > Ej
p’ — P - pg=iEp > By > Eg > By
p f: . -
+ ® P > > E! - B!
o’ P J,u.>Ep>E’p = -e4 pr z N
uw>E!'>E > E"
FIG. 14. (a) A rescattering correction to the exchange p" P P .‘_’ rp
energy. (b) Self-energy insertion corrections to the w o> EL > EL o>,

exchange energy. FIG. 15. The three-body contribution to 2F.
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Q1= (10t [ b TR0 - )Py - PO(P2AE(p? + m2O(p7 + )
1 (21r)4'(_2'1;)—4 o 0 o 0

"f f‘;—:—,% tr(m =)y (m = +d)v'(m =) Yo (m =B +4)v* [ g, o + (w = 1)9,9,/4%]

)(P'—P+Q)V(P'-P+q)p]_1_ 1 1 (4 3)
(p'-p+9q)? (' =-p+a)? [(p-q)?+m* > '
This result is written here in the Minkowski metric. It is not gauge invariant. Gauge invariance is attained
only after a rescattering correction contained in Q;‘ is added to this contribution.

Another contribution to S'l}:' is a three-body graph, shown in Fig. 15. This term must be handled carefully
because of the double pole at p,=iE,. The double pole generates a singularity in the zero-temperature lim-
it. The singular limit may be taken into account by replacing the restrictions E; >E; with

1
lim :
s—=exp{B[(1/0)p° - E; ]} +1
for all terms in which a double pole appears at p,=7 E,. With such replacement, contour integrals encir-
cling double poles become

o_lj_)_o 1
21 (PO~ iE)

x[gvﬁ+(w-1

(4.4)

9(E,-E,) ~

i
p0=iE,

8(E-E"f((1/)p,)~6(E-E')f'(E)+5(E-E')f(E). (4.5)

Using the transformation of Eq. (4.5), it can easily be seen that

dsp d3[)' d3p1/
m°2E, 21)°2E, (21)°2E]

3 body _ 2
Q2 *o% = (470) f ®

x{ 2E,0(u — E,)0(E, - E)6( E} - EJ)

-[6(n-E)6(E,~E})8(E,-E})+0(n—E})6(E},-E,)(E,—E})
, d
+0(u - ED8(E} - ENO(EY - E,)|2i E,d—po}
1 1 1
PP +iEP (b =p"V (B=P"V|, iz mrim, iy
(4.6)

Xtr(m -g)y*(m —pg")y,(m =§)y"(m - p") %y

In this expression, all gauge-dependent terms have disappeared, since the electrons are on the mass shell.
Here we have not converted from the Euclidean to the Minkowski metric.

The final contribution to QF is a self-mass insertion correction to the exchange energy. This contribution
is shown in Fig. 14(b) and possesses the integral representation

4 ~ d4 ’
n;es=-(4na)2fé—ﬂ%j (—2—51%211'5([)24-7”2)2175(p'2+m2)

X401~ p)0 o~ PP + (b =PI} iy

X tr(m _ﬂ)di(;)_yu(m -ﬂ’)y”(g,,,+(w—1)(—2’—_(-§—2"—_(§—;;p—)">- (4.7)

In this equation Z is the renormalized self-mass kernel. If dimensional continuation to 4 + € dimensions is
used to regulate this insertion, this insertion is nonvanishing.®
The remaining contributions in order e* are given by Q?, which is shown in Fig. 8. These contributions

can be rewritten in the form shown in Fig. 16(a) by using the identity
Ap=A+(Z,-1)y. (4.8)

The first three terms in Fig. 16(a) give a renormalization counterterm contribution to the exchange energy,
as shown in Fig. 16(b). In the remaining terms, the fermion-loop energy integration may be deformed
downward byiu inthe complex energy plane to give the result shown in Fig. 16(c).

As was the case for QF, this contribution would vanish if the photon integration contours were to split the
positive- and negative-frequency poles of these integrands. This is not the case, however, as there are
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(a)

Qb wes {2] B Ve [%@' + @ - ]

s es 2 (Z-1)/e2 pIp‘
p' P

Q'A = p, = iEp

p>Ep

FIG. 16. (a) The contributions to @ ," (b) The first three terms of (a). (¢) The result of deforming the fermion-
body momenta down by iu in the complex energy plane for the last three terms in (a).

negative-frequency poles in the upper half ¢, and ¢/ planes. Using techniques entirely in analogy to the
techniques employed in the calculation of QF, we can verify that

Q? = Qges +Q:es +Q§ body . (49)
These contributions are shown diagrammatically in Figs. 17(a)-17(c).

The rescattering correction to the exchange energy associated with the uncrossed ladder graph, 95,
possesses the integral representation

. d4 4.7 4
Qe = i(4r0)? f (Z—Tf} ‘(’ngzm(pamz)zna(p'um2>e<u-po>e<po-p5)e(p5> (“;T;’

Xtr(m—p)y*(m - p+qd)v"(m =) y*(m -p' - 4)7* [guw(w - 1)1’:;17“}

ot 20450
The rescattering correction associated with a vertex insertion is
A= ra) [ b [ G hiand(pt em2no(p e m)
X [6(k = Po)0(po = p3)8(Dg) + (po = o)) tr(m — F)A* (p, p")(m - $) ¥*

The three-body contribution is



1160 BARRY A. FREEDMAN AND LARRY D. McLERRAN 16

d4pld p”

a2 'wdv__(4”0!)2]——”7r G T 2TObE + m A2 (o mE)2m 05 )

X[6(k =po)8(p, -

+(po pm o po’
1

)9(1’0 P )e(p )+(p(’)“/7 )+(P0"P )+(po"'p)+(po pmpo”po) o'.po)
0= bl trim =) v* (m - p)y*(m - p")

1 1

qu(m _#-ﬁll+ﬁl)y"(p+p"—p’)2+m2

In Eqs. (4.10)-(4.12), the metric is Minkowski.

V. THE EVALUATION OF Q} AND Q3
IN THE SMALL-ELECTRON-MASS LIMIT

In this section, the contributions to the thermo-
dynamic potential discussed in Sec. IV will be eval-
uated in the small-electron-mass limit. This lim-
it is appropriate to the description of a high-densi-
ty electron gas. As we will see, it is possible to
find analytic expressions for all but one contribu-
tion to QF and 2 in this limit.

As we discussed in Sec. IV, calculation of the in-
dividual contributions to QF and Q# is complicated
by infrared divergences and a singular massless-
electron limit. However, the sum of these contri-
butions is infrared finite and nonsingular in the
massless-electron limit. To calculate these con-
tributions avoiding the problems of superficial in-
frared divergences, it is convenient to work in 4 +¢€
dimensions. In 4 +¢ dimensions, the massless-
electron and infrared singularities are transformed
into singularities of the € = 0 liiait. These singu-
larities are easily canceled in 4 + € dimensions,

(a)
P p'
res . E i
\(2,3 = |e4 E > E
P P
p' p
(b)
':s = je4 p'EQV}_D' F v
+
p' P P P
Bp > Bp

3body . ® P! Ep > Ep v Ep
=-Q LI 0
2 o p EBp > Ep ot E]
p' p" P P i

P

FIG. 17. (a) The uncrossed photon ladder contribution
to ;. (b) The vertex correction to the exchange energy.
(c) The three-body scattering corrections, Q%body.

(p=-p™ (0" -p")*"

(4.12)

allowing for a smooth continuation to € =0.

To calculate the contributions to 4, we must
perform charge renormalization. This renormali-
zation is easily carried out by working in a Landau
gauge generalized to 4 + € dimensions, where the
photon propagator takes the form

(1+3€)? quqy}i
1+ie ¢® 1g*

Do-luu(q)z[guu‘ (5.1)
Then, as € ~0, the renormalization constants Z,
=Z, are finite in the massless-electron limit and
are given by
3a
Zl=Zz=1—§"r—. (5.2)
In 4 + € dimensions, the following identities are
useful in the calculation of Qf and Q% (see Ref. 9):

Y. dv* =2(1+3€)d,

Y, ¥y =4a-b—edl, (5.3)
Y. AU EV =20 Yd+edB
dQ4+€ ase d93+e
e 2nf d6, sin™9 f e
1 e Lot 9205
=(2”)2f df,sin***9, df, sin"**9 f(21r PTT;
1 1 1 (5.4)

=21¢e/2 @mn)Fe? T® +%€) ’
f dq q3+e+a(q2 +M2)-b
0

F2+3(€+a))T(b-2-3%(c+a))

r(b)(Mz)b‘Z-(Em)lz (55)

-1
P

We begin our analysis by calculating QF. As
shown in Sec. IV, there are three contributions to
Q‘,: One contribution is a rescattering correction
to the exchange energy given in Eq. (4.3), and an-
other contribution is a three-body scattering
graph given by Eq. (4.6). In the massless-elec-
tron limit, the trace algebra may be performed
directly, obtaining for Qres
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d‘i*ep d4*€pl

Q%= (4ma)® PR We(“ = bo)8(Do— pg)0(p)216(p*)2m5(p") M*(p,p") , (5.6)
where
Mx;es=ﬁxl'es+Mfauge’ (5.7)
_ . d e 1 1 1
M:ES(P,I)')=321(1 +%€)ZIZW4?E(P, .qp 'q__é-p 'p,qz)? (P’ _p+q)2 (p_q)4 (5'8)
and
uge .(1+%€)3 d«-ueq
M= =165y | @
rpl 1 1436 gty zi_l__]
X[P N e A (1+%€;(1> qp-q-zp M)q4 B —prail (5.9)
The three-body graph is given by
o d3¢e ds*s ’ d3¢e "
ﬂ? bo = -4(1 +%€)2(477a)2f (2”)3+52PE (21r)3+€§El (211)3'612’E"
X [6(;}. -E)o(L-E"(E'—=E")1/E +0(u—-E)9(E - E’)9(E’' - E")
1 1 1 P"P” >
—= - —p’ —-p” . 5.10
X<Ea+p,pu+p,p' pl.ppll.p+(p [))+(P P) ] ( )

The integrations in Eqs. (5.8) and (5.9) are easily carried out by standard Feynman-parameter techniques
with the result

n I'(1+3€) (1+3¢€)° (5.11)

T — r.p)E/2 -2=€/2
My =4’ P ) ey T 70 (%6

and
T T(l+z€) (1+3€)°
sin(re/2) T(1+€) (1+1€)
In the derivation of these expressions, many terms which vanish as € -0 have been ignored. Now, using
the identity

[ rye [ e840 ~ )Py = p2)E()) 27051208 p72)(p - )2

Mfauge=_2(2.n,)-2-e/2(_p:,p)elz (1_ %i). (5-12)

T(143€) 1 43 ~4-€9 (3/2)e- 1
= 3 u4*3¢(2 €9 3/2)e=1
Tege * " I3’ 613)
we find Q1* as
T T'2(1 +3¢€) (1+3€)3

Qxl-es= az%#4:,3:(2.",)-4-(3/2)e23+(3/2)e ) 1- %E _%Ez) i (5.14)
2

€ sin(me/2) T(1+3€)T(1+¢€) (1+2€)’(1+€)*(1+

Similarly, the three-body scattering graph is found as

31 +%€)i (1+3€)?
I(1+¢) €2 (1+3€)(L+€

Qi; body _ —0!2%u"'“z‘“(a/2)6(211’)'4'(3/ 2)e )2 (1 __g_€ + 4(2) . (5.15)

The final contribution to QF is given by Q5. In the limit of zero electron mass in 4 + € dimensions, this
contribution is simply proportional to 1 - Z, times the exchange energy,

1 1 o 2
Q;es=_ﬁ§;“4<2’r_ (g_)' (516)
The sum of 27 and Q2 *¥ is finite in the € = 0 limit. The sum of these terms yields

1 2
9;3:_3.?%“4(%) 3, (5.17)
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This finite result is, of course, gauge dependent, and had a gauge other than the Landau gauge been used,
a different, infrared-divergent result would have been obtained.

To calculate the remaining contributions, those given by 2*, we use the same techniques as in the case
of QF. In the massless-electron limit, these contributions are of the form

d4+ep d4+e ’

Q= | Gy e O (1 = 2)8(po = po)0(p)2m0(p*)2md(p ") M™(p, "), (5.18)
for the rescattering corrections to the exchange energy, and
d3+E dﬂbé d3-¥€ n
Q3 ¥ =8(4ra)® (1+ze)f PRy (2")3+f’2E, (2”)3“2 770 (n—E)O(E~E")0(E' - E")
SR e A e e
p.pll__pl.p_pl.pll p.pl pl.pll pl,p_pl.p”_p,pll pl.pll p.p”

T -i"—p-p'<p -lp""p-lp'”' (5.19)
The matrix elements M (**(p,p’) are given by
M, = T, — b1 savse (5.20)
where
M3=—32i(1+%<)fg%[pw’(p—q)-(p'+q)—%<(p'-qp-q—%p'-pqzl

1 1 1 1

X —5 , 5.21)
@ (p'-p+a)* ¢*-2p"-qq°-2p-q (
and M %'#® is given by Eq. (5.9). The matrix element M, can be written as
M,=M,+M¥", (5.22)
where
1 d4+e
M -321(1+2e)p 5 ) @
1 1 1 (1+2€)2
’. _ . r_ 1400, 2
X (= (b =) ke p p ) e e G T P
(5.23)

and M * is the finite renormalization of the electromagnetic vertex proportional to (1 -2)).
Evaluating the rescattering corrections to the exchange energy, we find

. I3(1+3¢€) T (1+3€)ei™e/2
Qres = g2 L 4+3e(9 )= (3/2)eg (3/2)esa 2 2
7=ttt T+ 2T (1 +¢) <sin(me/2) T332 (1736

(1+3€+136?),  (5.24)

T'?(1 +3¢€) T (1+3¢€)
res _ 21 4+3¢ -4-(3/2)eg (3/2)€+a 2 2 1 71 e2
Q1% = —at s ut(2m) 2 T(1+3e)T(1+¢€) esin(ne/2) (1 +%e)2(l+e)2(1+%e)(1+“€+16€ ) (5.25)

It should be noted that Q3*° acquires an imaginary part. This imaginary part cancels against an imaginary
part of the three-body contribution, 3 %,

The calculation of 3 **¥ is complicated. However, the real part of Q3 *™¥ is easily divided into one piece
which is singular in the € -~ 0 limit and is analytically calculable, and another piece which must be calcula-
ted numerically and is finite as € = 0. This division is achieved by writing

ReQ3 "9 = Ref2? 0% | Re§)3 body , (5.26)
2 2
where

. 4+€ d4+e 13 4+ep 1
Rl " = 8(4ra)*(1+ o) [ b T S ams(p2nd (5 2n0(p" )00 - b0 (b~ PYO(P} - P

1 1 1
” 5.27
x0(h3 (p-p'+1>'-p"+p-z>"> (5.27)
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and
d4p; d4p"
21r5Z @m? @en*

dg body - 8(47x)® Re

X 216(p?)2n6(p'216("2)8 (1 — bo)8( by - PL(D}— PL

, pep” 1 ) p'-p [ 1 1 )
XG 5 ! 7 n ” ”n ? n

(b3 [p-p”—p-p'-p'-p"\p'-p*p'-p" TP b-p b =D B\D" D DD

p"ep’ 1 1 > 1 1 1 ] -
BT b bbb \b P hb) Thr Th b hT ) (6.28)

Using Eqgs. (5.26), (5.27), and (5.28), we find that
I3(1+3¢€) 1 1+3

ReQ3 bo% = _ g2 1) 443695+ (3/ )¢ (gr)1- 6/ 2)e F§(1++2:))Z (1+(%€;(21€3€)2[1—€(Z—+ 8)], (5.29)
where 6 is given by gauge invariant, although their sum is. This ob-

522" e body (5.30)
a?p? 2

We have evaluated & numerically by Sheppey'” and
find

6=1.36+0.02. (5.31)
Finally, we obtain Q% as
Q}\=Qres+nres+93 body
- 1 1 2
=gmsin < )6(6 7?/8 - 12
1, a\?
=gorin (;) (~2.43+0.12) . (5.32)

VI. CONCLUSIONS

In the preceding sections, the thermodynamic
potential for a relativistic electron gas was evalu-
ated in the small-electron-mass limit. The re-
sults of this evaluation are

Q=97 + o +Qf* + OF + 7, (6.1)
where
1
o -t (2) @, (6.2
op = 4@)( 21, 3761) (6.3)
o =5 %#4(31) (g = -1 1402) (6.4)
nf=3nz ipt <$) (-1), 6.5)
and
1, ,(a\
o) Wi“4<;f_> (-2.4320.12). (6.6)

In these equations, QF and Q} are not individually

servation was exploited in Sec. V, where a gauge
was employed which made @F and @ individually
infrared finite. In a later paper on the thermo-
dynamic potential of a zero-temperature relativis-
tic quark gas, the infrared finiteness of 2} and
Q2 will be used to demonstrate the infrared finite-
ness of the quark thermodynamic potential.

In Eq. (6.4), a logarithmic singularity would
appear if the zero-electron-mass limit were to
be taken. This singularity is artificial, and arises
from defining the photon wave-function renormal-
ization constant, Z,, at zero momentum. The
singularity may be removed by defining Z, at a
Euclidean subtraction point, n,°. Of course, the
change in the definition of Z, cannot lead to any
differences in the physical results of the theory.
This invariance of the theory will be used in a
later paper to write the thermodynamic potential
in a form which makes the invariance manifest,
that is, the renormalization group will be applied
to Eqs. (6.1)-(6.6). Use of the renormalization
vacuum polarization tensor subtracted at g2= . *
by

ML (g% o) = Tg(g% 0) =Mg(g? = pny3; 0). (6.7)

In the evaluation of the thermodynamic potential,
I1,(q%) appears in phase-space integrals only where
the momentum integrals peak the integrand at
large ¢°. For our purposes, Eq. (6.7) is needed,
therefore, only for ¢>>m?. If we choose ¢*% pu,?
>m?, Eq. (6.7) becomes
1 1. ¢

NR(g% 1od) = “IZ 3 lna? . (6.8)
With this modification, Eq. (3.10) for QP (u, p,)
becomes

1 "\ 2 2
9}’°'(u;uo)=3—,,z—%u“("7> [%h!f:z' -Q1 —ln2)].
(6.9)
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FIG. 18. (a) The polarization tensor Aam,
finite contributions to All,,,.

y. (b) The

We should note that @’ is not the same @ which
appears in Eq. (3.10), since changing the defini-
tion of Z; also changes the definition of a. This
fact will be exploited in a later paper where the
renormalization group is considered in detail.
Using Eqgs. (6.1)-(6.6) and Eq. (6.9), we find

1 3 a 3 o
Q 2 2_ ——1 —_— —_— - |n_
l(“‘ s Mo —0)~3.”2 Yl [2 ". (,",) P

l a>2 “2
+3 (ﬁ In n?

- <‘;’>2 (2.9410.12)]

(6.10)
for Z, defined conventionally, and

i
3 (5)mis
(%‘—) (2.11+0. 12)]

(6.11)

—

(2) - — _4_33__ - ____1.___
Ar[pu(q |“‘)’ f ZEp(zn)a 9(“’ Ep) [(‘D - q)z ¥ mz

1
vt m?

The trace algebra is easily performed with the result

A al )= -8Re | B o - £,

X{Pu([’ -q),+(p- q)upu— 5uv['nz+p' (p'—q)]} (p

for Z, defined at an Euclidean subtraction point,
Po”>> m?.
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APPENDIX A: THE POLARIZATION TENSOR, AIL(2)

In this appendix, we shall derive integral rep-
resentations for AII(L,Z,),. We recall that AII(j,), is
the difference between the photon polarization
tensor at finite chemical potential and at zero
chemical potential. This difference is finite and
not in need of renormalization.

The polarization tensor, AII( is represented
graphically in Fig. 18(a). To evaluate AN, we
use the techniques of Sec. II. Deforming the p°
integration contour down by iy in the complex p°
plane, we obtain from the first graph of Fig. 18(a)
two finite pieces and a piece which cancels the-
second graph of Fig. 18(a). The two finite pieces
are the residues of the poles at

p°=iE,, u>E,>0
P°=q°+iE,_,, p>E,_ ,>0.

These finite pieces are represented graphically in
Fig. 18(b). An overall minus sign is indicated for
Fig. 18(b), since the poles are encircled in a
clockwise direction as the contours are distorted.

The graph of Fig. 18(b) corresponds to the inte-
gral representation

(A1)

tr(m - By, om — B+ 4)v,

tron - -4y, (m -ﬁ)yu} . (A2)

1

o : (43)

po=iEp

This integral representation may be used to show that Aﬂ(fz satisfies the constraint of current conservation
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¢"an® (g p)=0. (A4)

This constraint, together with rotational invariance, imply that
1 1 32
An(ﬁ(ﬂliﬁ (qzéyu —qp(Iu)-&_z Ang)zg (QIN)+5M(§25M —qkql)ézuga_z' ( HQ)(q[IJ- qq oo(qlp')> 3 (A5)

where from Eq. (A3)

2 - = f dap - 0(£0 _ 40 — 12 — e - _1_ -
Al (ql w 8Re 2Ep(2ﬂ)3 6(p Ep)[zp (P°-q")-m pe(p 4)] (p-q)2+m? 0o i3, (A6)
and
d*p 1
(2) = =y - 2 . - —
ANl (q|pn)=16Re f 25,27 8(p —E,) [2m?+p- (p - q)] (p-a+m?® |, g, (A7)
These equations make manifest the invariance of Ally, and All, under ¢° - —-¢°.
After some algebra, Egs. (A6) and (A7) may be rewritten as
el =16 [ LB otu B EAGF - (53] L 1
AllGY (qlp)=16 2E,(27T)3 6(u Ep)[Ep [q]?- (P )2 (p-qP+m? (prqiP+m b i, (A8)
and
) 1 1
AH(Z)—IS_[ 6(u = E,)[m>¢ - 2(p- q)? 9
2E(2 )3 (w »)[qu (p Q)](p_q)2+mz (pra)i+m® - (A9)

These equations are useful forms for taking the massless-electron limit. In this limit, Eqs. (A8) and (A9)
become

AR (g% ¢lp) = L:r—: _s_1_ql;2_43 fl 11dn_[+1 dz(1 -2z2)/[1 - (4p?/g%)sin?p(z + i cot¢)?q] (A10)
and
AH(Z) (¢? oln)= 2“ —ﬂ fl ndn ’/‘+ 1 dz(z +icotd)?/ [1 - (4n?/¢?)(z +icotg)?sin®¢n] . (A11)

Here ¢ is the angular variable tan¢=|¢|/¢°. In the small-g limit, these equations simplify, becoming for
0<¢p<m/2

AN (0; ¢ w)= (1/7)u?(1 - ¢ cotg) (A12)
and
AL (0; ¢ w) = (1/79)p2. (A13)
Using the definitions of A, and A, in Eq. (2.13), we find
Ca_4a ,1-¢cotp
Al(oy ¢) - T #2 sin2¢ ’ (A14)
A0 ¢)=-2§u2 (1-%%) . (A15)

For arbitrary ¢?, a Sommerfeld-Watson integral representation for All,, and All,, can be constructed.
From Egs. (A10) and (A11), we find

2 1 +1 1 —g? A
) ¥ [ oar 7 f _z2 [ g }
AllG (4% ¢l w) = 4r% 4 2w sinmA [ dn L, dz(1 -2%) (z +icotp)® | 4p3sin®p(z +i cote)?n (A16)

and

1 1 2 PN
@) (2. - -9 ]
Al (4% ¢ | 1) = Zm s1n1r)\ ! dn [1 dz [4pzsin2¢(z +icotp)m | - (A17)

Here the contour C lies to the left of the origin in the complex A plane and is shown in Fig. 19.
The integrations over n and 5’ are performed for 0< ¢ <7/2 with the result
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() _ _l'_"_z_ f __‘Z_)_L_ 2 2\ A
AHOO R A o rl(ky ¢)(q /4“ ) (A18)
and
_ ax x
anfg =~ [ o 0@/, (a19
where FIG. 19. The contour, <, in the complex A plane.
(A, ¢)= 1 1 CoS21¢ — i sin2X¢ cot¢ (A20)
smm 1-Xx 1-4x2 ¢
and
T, ¢)= 1 ! (cos2r¢ - sin2r¢ cot¢) (A21)
smm 1-21=2x '
Using Eq. (2.13) for A, and Az, we obtain
. 40‘“’ f 2 2\A
A 0)= - oo sy T 9)a?/4u?) (a22)
and
2““ in2 2 EIPN
2(q2’ 21” [rz(}‘s (P) - (1/Sln ¢)r1(A, ¢)] (q /4IJ- ) . (A23)

APPENDIX B: EVALUATION OF P!

In this appendix, the contour-integral representations for A, and A, given in Egs. (A22) and (A23) will
be used to evaluate Q8. Using Eq. (3.27) for QP together with the contour-integral representations for
A, and A,, we find that

| o [ 7 singdg
x,x'=o] ’

[ f a f ;1;;: (‘-}%2—2> AN (A2, ¢)—';-z <"%2‘ - -‘;2:1-;4?) ResT'(A, A, ¢)
(B1)

Here, C and C’ are contours running to the left of the origin in the X and A’ planes. The function I'(A, X', ¢)
is given in terms of I';(A, ¢) and I',(2, ¢) by

ro, v, ¢)- (222 ) 131;44, r,0, OI,V, 6)

+3 [rz(x, ) =iy T ¢)] [r W, ¢) === ¢ r,(, ¢)]} (B2)

The notation ResT'(A, X', ¢) |, ,n+-, represents the result of the evaluation of the residue of the poles at A, X/,
=0 of T(\, X, ).

The integration over ¢® in Eq. (B1) may be evaluated by introducing a parameter, 1, and allowing the
integration over the range 0< ¢g?<« to be replaced by an integration over 4p2?p<g¢®<w. (In the end, the
limit n -0 will be taken.) This replacement allows the interchange of the ¢® integration with the A and A’
integrations. Performing this interchange and evaluating the ¢* integral, we find

pt _ 1 e 2 ar 1 A+ N ’ '
o 2(2n)3f sin“¢d¢ jiny [f 2 o 2w xex ! DO, X', 6) = L ResT 0, X, )|y v |-

(B3)
The limit n -0 cannot be taken immediately in Eq. (B3) as the contours C and C’ require ReA+ ' <0,

The contours can,__however, be deformed. We first deform the C’ contour to the right in the A’ plane to
obtain a contour, C’, encircling a singularity at A= =)', a contour, C;, encircling a singularity at A’ =0,
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and a third contour which vanishes since ReA+A’>0. The nonvanishing contours give

pl _ 1 "z 5.2
QF —m sin®¢ d¢

. ar
% lﬁlano[ F()\ - 9) - om

21
217 N 3 ResI'(A, )/, ¢) ~InpResI’(A, X, ¢)
N

=0

)\,)\'=0:I

(B4)

In the term with remaining n dependence, we deform the A contour to the right. A contribution is given
by a double pole at A=0. Writing

n*=~1+Alny, (B5)
we find that the Inn terms in Eq. (B4) cancel, giving
1 f e [ 1 dax
pl - = 2 = N _ A
o =g | sweds [Resirov, 0| - [ Jhrooone)]. (B6)

The evaluation of the residue is straightforward and yields

Res%l‘(k, X 0) o <4au2>2 [(1—4?cot¢)2 +% <1 _Li?ﬁ?) +(1 - ¢ cote) <1 Mﬂ

m sin*¢ sin®¢ sin®¢
(B7)
The integration over ¢ is direct, with the result
= a\? 1 [n?
ar-(2) 1 5 (5 -)- (B8)

The remaining term is a contour integral over A and an integral over ¢. Using Egs. (A20), (A21), (B2),
and (B6), we find

@)’ 4f"’2 in? f@_
(n) W) sinede | on
L 1 1 [3 1
sinTh 1=2% 1-4)X2 [2 1-4)2 sm¢

~ 1
le:?

(cosZAqb ~ox sin2i¢ cotcp) ’

1 1 1
—— N - .
1 -42% sin®¢ <0082 ¢ sin2A¢ cot¢>
X (cos2)\¢ - 2X Sinz)\(l)cot(p)

1
sin®¢

+-;- (sin®¢ - sin22>\¢)] . (B9)

The first term in Eq. (B9) may be shown to cancel the second term upon using the identity

1 d
_ =t 10
sin®¢ deo cot (B10)
and integrating by parts. The remaining term is easily integrated with the result
~ 1 a2 d)\ T 1
P~ (&2 1.4 RN ..
§; 2n° <11 ) ik % 2m sinmA cos")'[h(xz -1)(4r22-1) ] ’ (B11)

The contour integral over A may be closed to the left giving

o =5 (2) 10 - L smnae ) (®12)

The sum over k in Eq. (B12) can be rewritten as

= 1 os~(11 1 11 21 2 )
;k(k2—1)(4k2—1)'22<k+6 k-1"6k+1 3k-% 3 k+i/" (B13)

k=

Using the definition of the y function
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- 1 1
wo=-c -3 (T -2h) (14

k=0

where C is Euler’s constant, Eq. (B13) becomes
> DD

The identities

(4k2 1) = —[‘I’(z) +5 P(1)+ + 9(3)
-$9(3) - 3u(3)]. (B15)

Wx+1)= zp(x)+% , (B16)

and
P(3)=-C -21n2, (B17)

Y(1)=~C (B18)
show that Eq. (B15) is
S S
;;2 k(kz_l)(‘;kz_l)—g—?lnz. (Blg)
Thus, QF is given by
- 1 2
af' -2 (2) tudnz- 4) (B20)

Combining together &f' and ©F!, we finally find
that

1 a 2 ‘n-z
nglzﬁ%“4<;> <—2—+41n2—%>. (B21)
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