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General nonet mass relations are derived for bosons in broken SU(3) plus SU(2) symmetry. The formulas
predict the mass of the ninth pseudoscalar meson to be very close to E(1420).

In agreement with the ¢4 description, bosons
seem to appear always as nonets in SU(3), i.e.,
0~*@,K,n,n'), 177(p, K*, ¢,w), etc. We denote
them as o, (n,, K, ,n,,n.) where » stands for J FC.
The 177, 2**, etc., are known to follow approxi-
mately the ideal''? nonet pattern, whereas the 0~*
deviates significantly from the ideal structure.

It has been noted® that one can study the hadron
mass spectra and interactions in a purely algebra-
ic way, using neither the notion of exact SU(3) nor
SU(6). The theoretical frameworks are (i) asymp-
totic SU(3), (ii) chiral SU(3)® SU(3) algebra of the
charges V, and A (a =7, K, 8), (iii) the simple
mechanism of symmetry breaking expressed al-
gebraically by the presence of the exolic com-
mutation relations (C.R.’s) involving the time de-
rivative of the SU(3) charge, i.e., [V4, Vg =0 and
[Va,A g]=0, where (a,p) stands for the exotic com-
bination of SU(3) indices such as (K, K°), (K 77),
etc., and (iv) the hypothesis®?® of level realization
of asymptotic SU(3) in the C. R., [Aq,As] =i/ up, V
We then find*?3 the following: (a) The quadratic
Gell-Mann-Okubo (GMO) mass formula involving
the n, — 7! mixing is an exact constraint. (b) The
quadratic mass spacing K,? -, ? is universal. (c)
An intimate (intermultiplet as well as intramulti-
plet) interplay among the masses, mixing angles,
and axial-vector matrix elements is inherent.
This interplay permits the existence of particular
nonets called ideal nonets which satisfy the ideal
nonet constraints? or Okubo’s nonet ansatz.'! (d)
Every nonet, ideal or not, satisfies the general
nonet mass relation

(3m% +m,% —4K,%(3n,% +m,% - 4K,%) = -8(K,* -m,%)* .
(1)

Equation (1) is found to coincide with the nonet
formulas first introduced by Schwinger® and often
rediscovered in various different approaches. The
possible general nature of Eq. (1) is demonstrated
by the fact that the approximately ideal 17~ and
2** nonets satisfy Eq. (1) better than the ideal
nonet mass constraints, n,2=7/% and 1,° - K,?
=K,>~7,%. However, for the 0”* nonet Eq. (1)

predicts the ninth meson mass to be around 1600
MeV in contrast with the possible candidates
X (958) and E (1420).

In this paper we consider the effect of SU(2)
breaking and derive general sum rules valid in
broken SU(3) plus SU(2) symmetry. Contrary to
the usual expectation, the effect is significant:
First, for an ideal nonet » a selection rule for the
axial-vector matrix elements involving 7n, arises,
i.e., (M |Aq-|77(K) =0 for K~ and u is arbitrary
provided C,C, =1. In the ideal configuration, the
7, becomes a pure sS state. Thus, in dealing with
an approximately ideal nonet r, the neglect of the
G-forbidden axial-vector matrix element
(1% A ;-|7} (K)) introduces an appreciable error,
since the G-allowed matrix element (n,|A ,~|m})
(which vanishes in the ideal limit) is of the same
order of magnitude. Second, for a nonideal nonet
such as the 07*, the 70 -1, and n -n! mixings
arising through the SU(2) breakings cannot be neg-
lected, since the 7,-n! mixing arising from SU(3)
breaking is small.

We find, in particular for the 0~* nonet, that the
inclusion of SU(2) breaking in our theoretical
framework?®:? brings the mass of 7’ very close to
E (1420). Therefore, the assignment 1’ =E (1420)
is strongly favored. Our other results obtained
for the 0°*, 1°7, and 2** also agree with present
experiment reasonably well.

In broken SU(3) plus SU(2), the n?, 1,, and 7,
can mix. According to asymptotic SU(3), the crea-
tion and annihilation operators of physical parti-
cles transform linearly under SU(3) [including
SU(2)] but only in the limit of infinite momentum.
Thus the mixing parameters are defined among
the annihilation operators a,9(K), a, (*) and
an'(‘) and the hypothetical representatlon opera-
tors a4, g, and a, in the limit K=o by (sup-
pressing the helicity indices)

an}’(ﬁ) Ay O Ky asr(E)
a,,r(k) =l N, o) W as,(E) , k=w.
an; (E) A ,: a7 “':' Aoy (E)

)
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We can also parametrize’ A, , o,, etc., in terms
of the Euler angles (w, , 6,, ¢,). Now imposing the
C. R.s [Vq, V] =fag, Vy and [VarA g =ifup A, and
realizing them in the k- limit using asymptotic
SU(3) and SU(2), significant simplifications arise
for the vector and axial-vector matrix elements
evaluated at K=, Namely, F3={a, 1V, |6, (K) and
(a,|B=Ca, |4, [B:(K)) with K-, can be param-
etrized in broken SU(3) [and SU(2)] by the usual
prescription of exact SU(3) and SU(2) plus mixing.
Here a,B=7,K,n,n'. The f{’s involving the mix-
ing angles (w,,0,, ¢,) are given, for example, by®

fTo=fQlo=v22a,,
S =rGL, =v2 (3)
i at =f(,fln: =J2 ", etc.,

whereas the f’s which are independent of mixing
angles are, according to our sign convention,
fg{'gx+ fg;g" = f(’) =1, etc., for any . Depend-
ing on whether C C, =1 or -1, (aflﬁ) become the
so-called D type or F type couplmg and they can
be expressed in terms of a few reduced matrix
elements and mixing parameters. Then the impo-
sition of our theoretical constraints (iii), [Vq, 8l
=0 and [Va,A gl =0, and (iv) lead to several mass-
mixing angle sum rules, after we eliminate the
axial-vector couplings involved. Upon eliminating
further the mixing angles, we obtain fwo nonet
mass relations together with the simple intermul-
tiplet mass relations.

I. CONSTRAINTS FROM [V,.V,] =0

With SU(2) breaking (including the possible u,
terms), we need to consider the exotic C.R.’s with
(a,B)=(*7"), ,17), (K*,7%), (K° K°), etc.
The asymptotlc reahzatlon of these C.R.’s yields’
three independent exact mass-mixing angle con-
straints with the help of Eq. (3):

[f/w‘*: V1|’+] =0")\,»217702+K:271,-2+7\:'277,{2=1T:2 s (4)

[{/KO; VKO] =0
= o, vo 't ot
=372 +3(K; 2 +KRP) , (5)
[VKOJ V1r"] =0
= V30,702 +X1aln, +A " olnl?)
=K/?-K2% . (6)
Equations (5) and (6) are the generalization of the
GMO and the n-7° transition mass formulas, re-
spectively, in the presence of the 7/ and the SU(2)
breaking. Although usually overlooked, Eq. (4)

should be treated on an equal footing with Egs. (5)
and (6). We give a derivation of Eq. (6), since the

—
1

[

procedure used is convenient for deriving other
sum rules later. Equation (6) is obtained from

DKV golay Yo |V p=lms (@)

= <K3|Vn'|Kr

with K~ and o =7°,7°,1°

Do (KO-

o

This yields
0TRSO = (K =1 S B S,

=—(K =713 . (1)

With Egs. (3) and (4), Eq. (7) reduces to Eq. (6).
We can solve Egs. (4), (5), and (6) for w,, 6,, and
¢, in terms of the masses of n,}, #, n,, 7., K2,
and K;. In general, we obtain 16 formal solutions
of which only 2 will satisfy all of the constraints
we will impose later. Precisely which of the 16
possibilities are solutions is determined by the
mass spectrum of the s nonet under consideration.

Il. INTERMULTIPLET MASS RELATIONS
FROM [V,, 4,] =0

We assume that [I./a,A s] =0 together with [V, V]
=0. We now prove that in broken SU(3) plus SU(2)
symmetry the following simple intermultiplet mass
relations are valid:

K?-n}2=K{*—n{® (r and { are arbitrary) ,
(8)
(r and t are arbitrary) ,

9)

02 +2 _ 2 +2
KP2—ql2=K?%—m}

whichalso implies® K2 ? - K 2=K$? - K}% (K°?
-K*?2=K*°2_ K™2jgnot in contradiction with ex-
periment.) The simplest way toderive Eq. (8) is per-
haps as follows. From [Vgo,A,-] =0,

2K Tpolaar| A -7 @)

=(K2| A p=|K XK} |V goln} B)

. > .
with k=, i.e.,

Z:, (K= a2 f 0 {aplm})

KO

=K% - O (KPIKD
where @ =7°1,n’. The important point to note is
that if C,C, =-1, {a,|m}) and(K?|K}{) are F-type
couplings and

Caplmd) /f G+ =(KAK D /(3
Then compared with Eq. (7), the above equation

yields K2 -n}2=K{*-n}? [(C,Cy) = =1]. By using
this result in a hybrid way we arrive at Eq. (8).
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In exactly the same way we obtain Eq. (9) from
[VK+ ,A "+] =0.

III. NONET MASS RELATION FROM [V, Azl =0

Consider (K2| [on (and Vo), A,-]|r] (®) =0 with
K—~w. With @ =7° , M, N and e = C ,C; we obtain

(KUK + 9 0 (allnd) =0 , (10)

KO

(K2 =1 KKK D+ (KP - 0,) 0 (afln}) =

(11)
and similarly from (K, |[V+ (and X./'K+),A,,+]l1r,'(m)
:O,

(KFIKD +e2 S0 adlr) =0 (12)

(K22 —m (K, IK°)+€E(K+2—a AF0) Laglry) =0.

(13)

In Egs. (11) and (13) we have replaced (K, -m7?)
and (K32 —-n,"% by (K;%*-n;?) and (K2%-7,?), re-
spectively, thanks to Egs. (8) and (9)—a crucial
step. Equations (10) and (12) are nothing but the
asymptotic SU(3) plus SU(2) parametrization of
axial-vector matrix elements. However, Eq. (1)
(obtained from [Vxo,A -] =0) now demands an inti-
mate interplay among the masses, mixing angles,
and the axial-vector matrix elements. From Eqgs.
(10), (11), and (12) we can express the axial-vec-
tor matrix element (q,|8;) under consideration in
terms of (n,|n}), i.e

(mplmg) _ plm) _ o M, M,
dry Mo Gl 14
(K\KD) _
(m, |79 +
where M; (i=1,2,3,4) depends only on s (once €

=C,C, is ﬁxed) and is given by
M =-(f13 o)(f(ro) ,)'1[(Kr+2 -K}?) - (%=1

X[(KF2-K®) - -3
M,=-(F Q)R K= K% = (172 = n,?)]

(K=K = (@) =n9)) ™
My==[ef§2, ~F D) +ef P, -

X [(€f yo =S Qpe) + €O 0 =13, 0M ]

£ M,

and

M,=-[f3 M, +f<'> +f(’) (M M, +M,))
We stress the general nature of Eq. (14), i.e., 7
and t are arbitrary. In exact SU(2) the second
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equation of Eq. (14) recovers the SU(3) result®?
<nrl":>/<n:lﬂ:> = taﬂw(n:Z - "72)(7112 - 7{72)-1

for C,C, =1, where w is the SU(3) 7,-n! mixing
angle. For the ideal nonet » satisfying the mass
constraint /% =7,%, the remarkable selection rule

{n,|m$) =0 thus follows. Substituting Eq. (14) into
Eq. (13) we obtain a nonet mass relation,

SO oMK =120 /D, (K, P =)
3 (MM + M) (K7 ® = mp®) +e My (K =m7%) =0
(15)

which is a genuine broken-SU(2) nonet mass form-
ula when combined with Egs. (4), (5), and (6) [it
reduces to an identity in exact SU(2)], and is,
therefore, sensitive to the accuracy of input SU(2)
mass differences.

IV. MODIFIED SCHWINGER’S NONET MASS FORMULA

Another nonet mass relation is obtained by using
the hypothesis®? of level realization of asymptotic
SU(3) in the C. R., [A,,A,] = zfu,,o Insert this
C. R. between the states {a, (&, \)| a.nd |8, (X, 1)) be-
longing to the same nonet » with helicity A and Kk
-, Then the right-hand side of this equation pro-
duces a definite pure number ggg according to
asymptotic SU(3) and SU(2) and the ratios of ggg’s
(for different o, B, and o) are fixed. Write the
left-hand side as the sum over the single-particle
intermediate state x, inserted between the charges
A, and A go. We now assume that hadrons consti-
tute levels (such as the levels of 1 =0,1,... of the
quark model) R,R,, ... and among the interme-
diate states y, each level R; separately realizes
the ratios of ggg’s. Actually the states x; with
C,C; -1 automatically realize the ratios under con-
sideration so that our realization procedure yields
constraints only for the matrix elements
(a,lA,lxe), etc., with C,C,=1. This hypothesis
opens a way to replace (with the introduction of
the concept of levels) the usual brute-force impo-
sition of higher symmetry which is significantly
broken and is able to produce® the good results of
SU(6) without producing the bad ones. We now, for
example, choose a, =B, =7, and o, =p, =K, for
the C. R., [A +,A -] =2V 40. Then the x, will be
7%, M: M}, and K§. For our present purpose, con-
sideration of the realization by the ground state
R, (i.e., t=0"" and 17~ and A =0 or A =% 1) is suf-
ficient and the realization condition becomes,

Ky [m )2 + <o ) |2 + Ky I |* - 2Kk LK )] =0

where ¢t =07 for C, =1 and {=1"" for C, =-1. By
using Eq. (14) this equation provides another mass-
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mixing angle constraint valid for any nonet »
M2 +1+(M M, + M,)? -2M2=0 ; (16)

Eq. (16) is a modified Schwinger’s nonet mass
formula when combined with Egs. (4), (5), and (6)
in broken SU(3) plus SU(2) and reduces to Eq. (1),
if SU(2) is exact.

V. NUMERICAL RESULTS

We now have five mass-mixing angle constraints,
i.e., Egs. (4), (5), (6), (15), and (16). Expressing
the mixing angles (w,,6,, ¢,) in terms of the mass-
es from Egs. (4), (5), and (6), Egs. (15) and (16)
become the two genuine nonet mass formulas.
Therefore, out of the six masses
(), md, K}, K2, n,,n.) four will be predicted from
Egs. (8), (9), (15), and (16) once the other two are
input (for » =0~*, four masses must be input).
However, Eq. (15) especially requires an accurate
input SU(2) mass differences as mentioned before.
In fact, for the 0% Eq. (15) is sensitive even to the
errors of the masses of 77,7° K™, K° as listed by
the Particle Data Group. However, the experi-
mental value of 7 is certainly in the range of the
solution of Eq. (15) and the adoption of the experi-
mental value of n predicts the mass of 0’ at n’
=1413.49 MeV. We obtain two solutions which dif-
fer only by the signs of the mixing angles and both
predict the same mass for 7’. Therefore, E (1420)
is strongly favored as the ninth 0" meson. The
mixing angles are given by w =+ 6.2280°, 9
=-0.6249°, and ¢ =¥1.4285° and they may be re-
garded as the SU(3), SU(3)-SU(2) interference, and
SU(2) mixing angles, respectively.. The importance
of SU(2) mixing is indicated by the magnitude of ¢.
Our solution, in fact, automatically singles out the
favored s*olutions7 (which can explain the violation
of the |AI] =3 rule in the K,, decays) out of 16 pos-
sibilities obtainced when we consider only the con-
straints from [V, V4] =0, i.e., Egs. (4), (5), and
(6).

Since the widths of 17~ mesons are broad and
the center mass values are not well known, we
proceed as follows. We input only the relatively
better known masses of w and ¢ (we take w
=782.66 MeV and ¢ =1019.69 MeV) and predict the
others from Egs. (4), (5), (6), (8), (9), (15), and
(16). We again obtain only two solutions which dif-
fer essentially only in the signs of the mixing
angles. The predicted masses are the same for
both solutions. They are p* =751.79, p°=751.76,
K** =888.52, and K*°=890.74 MeV. The SU(3),
SU(3)-SU(2) interference, and SU(2) mixing angles
are given by w =+39.5148°, 6 =+0.4458°, and ¢
=+1.0687°, respectively. We also find {p°| p*)
=0.259(¢|p*) which implies that the consistent

neglect of the G-forbidden axial-vector matrix ele-
ment {p°| p*) as compared with (¢|p*) (which is
usually assumed to vanish by the quark-line rule)
may lead to erroneous results. For the suppres-
sion of {¢|p*) we predict (¢|p*) Aw|p*) ~0.074,
without invoking any assumption, which is con-
sistent with the observed rate of ¢ - 37 decay.?

It is interesting to note that our predicted values
for the p* and p° (only a 30-keV mass difference)
are some 20 MeV lower than the Particle Data
Group values. We feel that this is in line with the
observation by Lichtenberg and others® that the
mass of a broad resonance and its width as de-
termined by the position of the pole are smaller
than the mass of the resonance and the width which
enter the phenomenological Breit-Wigner param-
etrization. A similar situation is, in fact, experi-
enced® ° for the A(1232).

The interplay between masses, mixing angles,
and axial-vector matrix elements given by Eq. (14)
enables us to compute many important branching
ratios using partial conservation of axial-vector
current for A,. For example, with s=1"" and ¢
=07, (w/m)Y/p°|m*y=M "+ M /M~ - 0.019.

We then predict T'(w—~n*1")/T'(p°~7*1") ~4.00
X 10™ [experimental value =~ (8.64+2.10) X 10™].
For s =07 and /=2"" we predict (K°|K***)/(n|A3)
=M (" ~—1.068 which yields I'( K *** - (Kn)*)/
T'(A;—-nn*)=~2.75 (experimental value =~ 3.62
+0.61). If n’=E, then the two-body decay I'(E
~K *K) is small, ~1 MeV, and E —KKr should take
place through virtual processes like E —~ 6(0**) + 7,
k(0™)+K, K** +K, etc.~KKn. If n’ =X, the ratio
R=T(A,~Xm)/T(A,—~nm) is appreciable® (even
from the naive quark-counting argument), whereas
present experiment indicates R <7%.

V1. OUTLOOK IN SU(4)

In the framework of SU(4), the implication of the
assignment ' =E has been discussed by many au-
thors. ! !2

As to the question of whether SU(4) preserves
our present result (especially the assignment 71’
=FE) obtained in SU(3) or not, we hold a rather op-
timistic expectation. First, in the similar theo-
retical framework extended to SU(4) [i.e., in the
framework of asymptotic SU(4) and the chiral SU(4)
X SU(4) charge algebra plus exotic C.R.’s, but
without imposing the hypothesis of level realization
of SU(4) in the C.R., [4,,A,]=if,,,V,], Takasugi
and Oneda have demonstrated!® that the Schwinger’s
nonet mass relation emerges, for nonet mesons
belonging to any 16-plet of SU(4), in the interesting
limit 7,,%~« and y,~0 but n.,?y,—0. 7, denotes
the mass of the heaviest member (predominantly
a cC state) of a 16-plet v and vy, essentially rep-
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resents the coupling between the 7., and the
octet members of the 16-plet ». Therefore, if
this limit is close to reality [which is suggested
by the heavy mass of 7, and the narrow widths
of the decays of 7, into old SU(3) particles]
Schwinger’s nonet formula again emerges as a no-
net mass relation even in the charm scheme of
SU(4), favoring the assignment ' =E. Second, if
we input 7’ =E~1.416 GeV and 7,=X(2.8)~2.8 GeV
in the pseudoscalar intramultiplet mass equation
obtained'! in this theoretical framework [which,
however, neglects the SU(2) breaking], a D mass of
1.91 GeV is predicted,'* while the choice of n’

= X (958) yields a D mass of 2.18 GeV. Therefore,
the recently established value’® of the D mass
~1.865 GeV also seems to favor the assignment of
1’ =E in SU(4). The effect of SU(2) breaking—ne-
glected in the results (masses and decay rates) of
Ref. 11—will be significant, especially for the 16-
plet whose structure is close to ideal. This is be-
cause of the presence of the selection rules as-
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sociated with the ideal structure. For example,
the value of the G-forbidden axial-vector matrix

&7/ v-on S&opns Since the rate of J/P—~pm is ex-
tremely small. This demonstrates that for the
sum rules involving the 17 16-plet the G-forbidden
axial-vector matrix elements cannot be neglec-
ted.™

If n' =E, the simplest possible assignment'® of
X(958) [if X(958) is really a 0™ meson] will be the
lightest member of the radially excited 07 16-plet
of SU(4).

Note Added. We have recently received anunpub-
lished report by G. J. Gounaris and S. B. Saranta-
kos. These authors also found that the SU(4) sym-
metry partner of 7 is forced to lie in the mass
region of E(1420) rather than of 1’(958).

We thank the University of Maryland Computer
Science Center which provided the computer time
needed for this research.
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