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We have calculated the sea-level differential muon momentum spectrum and their charge ratio from 1 GeV/c
to 5000 GeV/c, using all of the available accelerator data. %'e find an excellent agreement between our
calculation and the existing experimental data. We see no need, at present, to invoke any change either in the
cosmic-ray chemical composition or in the nature of the hadron-nucleus interaction at hadron energies above
1500 GeV.

I. INTRODUCTION

The cosmic-ray sea-level muon momentum
spectrum and charge ratio, p'/p, can be calcu-
lated from a detailed knowledge of the chara, c-
teristics of hadron-nucleus collisions and the
composition of the primary cosmic-ray nuclei at
the top of the atmosphere. A comparison of the
ealeulated and observed muon spectrum an.d
charge ratio ean then be used as a tool to explore
the nature of the hadronic interaction or the cos-
mic-ray composition as a function of momentum.
A number of calculations' " have been done, some
very recently, to calculate the charge ratio, with
divergent results. However, only now do we have
extensive and reliable data on the basic hadron-
hadron interactions, so that the production spectra,
of pions and kaons can be calculated accurately.
It is in the description of nuclear effects, that is,
in hadron-nucleus collisions, that one is forced
to use models, and we believe this to be the main
source of inaccuracy in previous calculations.
Moreover, calculations of the absol0te sea-level
differential muon spectrum have not been done in
the past. It is thus felt that a self-consistency
check between the absolute spectrum and charge
ratio of muons has not been made in any of the
earlier calculations.

In this paper we have calculated the differential
muon momentum spectrum and the muon cha. rge
ratio from about I to 5000 GeV/c, from first
principles, using a.ll of the available accelerator
data. We have developed, by making use of the
experimental data, a representation of m', K' in-
variant cross sections for proton-proton collisions
for incident proton energies from 6.6 to about
1500 GeV. This representation has been extended
to hadron-nucleus interaction by introducing a new
parameter, which we have determined from the
existing data on beryllium, aluminum, and lead
targets. We have thus avoided using any model to
account for nuclear effects. Making use of these
representations and the observed cosmic-ray

chemical composition, and taking into account the
variation of scale height with atmospheric depth
(in contrast to an isothermal atmosphere in pre-
vious calculations), we have calculated the abso
lute muon intensity and the muon charge ratio as
a function of the muon momentum.

II. REPRESENTATION OF THE m'-, E-'INVARIANT

CRCSS SECTION

The quantity of direct interest in our calculation
is the differential cross section, (dv/dE)(E, E,),
for the production of pion or kaon of energy E
from a proton of energy Eo. This is related to the
invariant cross section, (EcPa/d'p), by the rela-
tion do/dE = (g/p„) fE(d'v/&Pp)dp, ', where p is the
parallel component of the laboratory momentum.

In Fig. 1(a), we have plotted the experimental
data, ' " on the v' invariant cross section, Ed3cr/

d'P, at fixed value of P, as a function of the vari-
able

for incident proton energies of 6.6, 12, 24, 200,
1100, and 1500 GeV. Here x,*, is the ratio of the
parallel component of the center-of-mass (c.m. )
momentum to the maximum transferable momen-
tum and v s is the total energy in the c.m. system.
Figure 1(b) similarly shows the v invariant cross
section at p roton energ ies of 12, 24, 300, 1100,
and 1500 GeV, respectively. The solid circles
are for p, = 0.2 GeV/c, the solid triangles are for
p, = 0.4 GeV/c, and the solid squares are for p,
=0.8 GeV/c. It is clear that for a fixed p„ the in-
variant cross section is a power law in (I —x). In-
spired by the Regge-Mueller behavior of the in-
variant cross section and the success of Carey et
al. " in fitting part of the 7r" cross section, we have
fitted the 7i' data to the expression

(Ed'v/d'p) =A/(I+ 4r»&"/s)"'
x(I —x)'exp[ —Bp /(1+4»i~'/s)], (1)

820



ANALYTIC REPRESENTATION OF THE PROTON-PROTON AND. . .

10

1O'

E
—10'
EL

pp~ w++

I

I.
s

Ii

I

l

12GeV
6.6 GeV

24G V

I, i Ila ~ sl l. i iliiiii I i i Ii«il I

0.2 0.5 1.Q 0.2 0.5 1.0 0.2 0.5 1.0 0.2
(1-x)

I

I

l

200GeVl
I

I 1500 GeV

p, (G V/c)

0.2
Q 4
Q 8

I ilail g I I i I iiiil
0.5 1.0 0.2 0.5 1,Q

e I
'I

I I I
I

& &t\I g I I I
e &t Ig I

r v & & &lti 4 I
t &

I
I llri 102

lol

E

o10

1O'

I I I IIIIII~ I I I IIIIII ~ I

p (GeV/c)
24GeV j 02

I
300 GeV

'12 GeV

I I I I IIIII
$

I I

0.2 0.5 1.0 0.2

---Q4
Q 8

I I I IIII $ I I I I IIIII
0 5 1.0 0.2 0.5 1.0 0.2 0.5 1.0

Jhp

(l«x)

FIG. l. (a) A plot of the x invariant cross section, Ed 0/d p, as a function of 1 —x. The solid circles are for p~ = 0.2
GeV/c, the solid triangles are for p~ =0.8 GeV/c, and the solid squares are for p~ =0.8 GeV/c. The lines through the
data points are calculated using Eq. (1). (b) A plot of the 7t invariant cross section as a function of 1 —x at fixed values
of p„. The symbols are the same as in (a).

where q is a function of p, and s such that

q = (C, + C, p, + C, p, ')/(1+ 4m, '/s)' i '.
The constants A, 8, Cy C2p and C, and r are
given in Table I. It can be seen that this equation
has the right threshold behavior. From these
data, it is not possible to establish the p, depen-
dence above p, of 0.8 GeV/c. However, this should
have negiigible effect on our calculation of do/dE,
because the cross section is very small at p, &0.8
GeV/c. We note from Table 1 that the (1-x) de-
pendence of the cross section for m is steeper
than for m'. In Fig. 2, we present the data"'"
on the total production cross section for a' (filled
points) and x (open points). The solid curves
marked A and B are calculated using Eci. (1), and
this figure clearly shows the good agreement be-
tween the calculated cross section and the observed
data. Thus the representation of Eq. (1) not only
gives the differential invariant cross section, it
also gives the correct total cross section. %e
thus believe that we can reliably calculate dc/dE
for any E and E&.

%e have shown in Fig. 3 a plot of the data taken
from Yen" on kaon invariant cross sections for

various values of p, and at different incident pro-
ton energies ranging from 12.2 to 1500 GeV. The
solid curves shown in this figure are the calcu-
lated cross sections using the representation
Ed'&z/d'p=A(l-x)cexp(-Bp, ), where A, B, and
C are constants and are given in Table I for both
K' and K . One can notice that the above represen-
tation gives a good fit to the observed data.

In order to extend our representations to colli-
sions of protons with air nuclei, we have made
use of the existing data" "on collisions of protons
on beryllium, aluminum, a.nd lead targets for in-
cident proton energy between 12 and 300 GeV. In
Fig. 4, we have shown the ratio of invariant cross
sections B = (Ed'o/d'p), y /(Ed'o/d'p), as a func-
tion of the fractional pion energy E,/E~ (~x,*, ) for
18.8-, 23.1-, and 200-GeV incident proton energy;
the filled data points refer to the hydrogen target,
while the open symbols correspond to the beryl-
lium target. It is evident from this figure that the
ratio R for the beryllium target is systematically
smaller than that for the hydrogen target. In par-
ticular, this difference increases for large (E,/
E~) values indicating this effect is not resulting
from nuclear cascading within the nucleus, which

TABLE I. Parameters for the representation of invariant cross section,

A
Particle [mb/(GeV /c )] B

C
[(Gev/c)-']

C2 C3
[(Gev jc)-'] [(Gev/c)-']

7r

K+

K

$53
f27

8.85
9.3

5.55
5.3 3
4 05 ~ e

~ ~ ~

2.5
8.3

5.3667
7.0334

—3.5
—4.5

0.8334
i.667
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A» and X» are the interaction mean free paths for
pp and p-nucleus collisions. From the above re-
lation, one can evaluate the charge-mixing pa-
rameter

q = (R» Rp„—)/[(R» 1)(R—q„+ 1)f„],
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FIG. 2. A plot of m and 7| total production cross sec-
tion as a function of the incident proton energy. Curves
A and B are calculated using Eq. (1) for 7I' and n, re-
spectively. The data points triangles are taken from
Whitmore (Ref. 12), and squares and circles are from
Bracci et al. and Antinucci et al. , respectively, in Ref.
14.
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would lead to the production of low-energy pions.
The observed decrease can be understood if for a
certain fraction, q, of p-n collisions, inside the
nucleus, the incoming proton undergoes charge
exchange with the target neutron and behaves like
a neutron; the resulting ratio, R~„, in the forward
direction is the same as the ratio, R„„, for nn
collisions. We have envisioned this phenomenon
to take place "essentially" before pion production
occurs on the same target neutron. In the re-
maining fraction (1 q) of pn colli-sions the ratio
R in the forward direction is the same as that of

PP collisions. We define g as the cka~ge-mixing
parameter; this mixing of charge between the in-
coming and target nucleons does not alter the
characteristics of PP or nn collisions. A compli-
mentary situation exists for np collisions. We
wish to emphasize that rj is not a rescattering cor-
rection in the Glauber model, but a phenomeno-
logical parameter.

Thus, for p-nucleus collisions, it follows that
the invariant cross section per target nucleon for
the production of w' and m can be effectively rep-
resented as

(Fd &Id p) += &» Ilp++ rjf (P, P, )]f&ger

where p, and p are the invariant cross sections,
respectively, of m' and 7I in pp collisions and f„
is the fraction of neutrons in the target nucleus
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FIG. 3. A plot of the invariant cross section, Ed e/
d P, for both K and K- versus x=E*/Em~. The data are
taken from Yen (Ref. 15) and the solid lines correspond
to our calculations using Eq. (2).
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where R» is the n+ and m ratio in p-nucleus col-
lisions. In Fig. 4, we have plotted the values of

q, evaluated for the beryllium target, as a func-
tion of E,/E~ for different incident energies. The
errors in the points vary from about 20% to more
than 100% and are not indicated in the figure. 'The

weighted mean value of g is found to be 0.195
+ 0.015 and is shown by the solid line; the points

FIG. 4. The lower part of this figure shows the ratios
of invariant cross sections for the production of x' and
7[" with hydrogen target (filled data points) and on beryl-
lium targets (open data points) as a function of the frac-
tional pion energy (=x„}by incident protons of energies
18.8, 23.1, and 200 GeV. The upper part of this figure
shows the calculated values of the charge-mixing param-
eter q as a function of the fractional pion energy for p-
Be interactions at various incident proton energies; the
solid line corresponds to the weighted mean value of q.
The symbols are as follows: 18.8 GeV, 0.0 mrad; k
18.8 GeV, 100 mrad; Q 23.1 GeV, 0.0 mrad; +200 GeV,
3.6 mrad; and g 300 GeV, 3.6 mrad.

which are far away from the mean value have
large errors. A similar determination of &I using
the data for the lead target" gives q = 0.18 +0.05
at 23.1 GeV, which can be compared to 0.19+0.03
for the beryllium target at the same proton
energy. "

As noted earlier, the data used in determining
q are for proton energies greater than 18.8 QeV
and show q to be independent of energy above this
energy. There are some new data of Edge etal. 22

at energies of 1.94, 2.94, and 3.94 GeV on Be, C,
and Pb targets. A comparison of the m'/m ratio
from these data at 3.94 GeV with that from Melis-
sinos etal."for PP collisions at 2.84 GeV gave a
value for p about 0.45, considerably higher than
the value above 18.8 GeV. From a similar com-
parison at 1.94 QeV with the ratio of total cross
sections of m' to m productions for pp collisions,
we obtained a value of 0.4 for q. Thus, there is
an indication that q increases at low energies,
Within the uncertainties of the derived values, we
have assumed that q has an energy dependence of
the type q (s) = q, (l+ 8.5/s), where q, is the value
derived above 18.8 GeV.

Thus by using a single parameter, g, which has
been determined from experimental data, , our PP-
collision representation can be extended to p-nu-
cleus collisions. " It might be noted that such a
model violates the hypothesis of limiting fragmen-
tation in which the ratio of v'/w is determined by
the incident particle alone. However, it has been
already shown that the hypothesis of limiting frag-
mentation is not valid in detail either in describing
the invariant cross section or the charge transfer
(exchange) probability. ' In our calculations, we
assumed that the K'/K ratio is also affected in a
similar manner. Further, all these representa-
tions are considered to hold good at energies
higher than the CERN I3p energy of -1500 GeV,
the validity of which would only affect the muon
calculations above a muon energy of -150 GeV.
We do not make any explicit assumptions regard-
ing scaling or limiting-f ragmentation hypotheses;
however, the assumed validity of the above repre-
sentation at proton energies above 1500 QeV im-
plies scaling in terms of the set of variable (E*/
E~,p, ) and not in the conventional Feynman-
Yang scaling variaMes (p*/p*, p~).

We have used the experimentally verified fact
that w+ nucleon- m+ anything is similar to p+nu-
cleon- m+ anything in evaluating the effects of
pion-induced reactions. In particular, we note
that at 205 GeV/c the average charge particle
multiplicity in mp is 8.00+0.17 compared to 7.65
+0.17 for pp collisions. '" These representations
have been used in the calculation of the production
spectrum of pions and kaons.
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III. PRODUCTION SPECTRUM OF PION AND KAONS

The production spectrum of pions or kaons per
g cm ' as a function of atmospheric depth, X, is
given by

P) (E,X) = Q—' ~(E, Eo)J((Eo, X)dEO, (3)
i E

where do, /dE is the differential production cross
section of the j-type particle (pion or kaon) de-
scribed in Sec. II above, f,. is the fraction of inter-
acting nucleons, and J', (E„X) is the differential
flux at X of the cosmic nuclei of ith type with an
interaction mean free path, A, , in air. From a
summary of the existing data on the differential
energy spectrum of the proton"", we have found

J~ (E,) = 8.6 x 10'E, '", 1.2 ~ E, ~ 68 GeV

= 2.0 &&10'E '" E, —68 GeV,
(4)

where E, is the total proton energy and J(E,) is
in protons/(m' sr sec GeV), and provides a best
fit to the data. For helium nuclei, all of the avail-
able data can be described as a power law in rigid-
ity of the form 8 (R) =CR '", where C is deter-
mined by the requirement that at 50 GeV/nucleon
J (E)/Jz(E) = 4.3/o. " It should be noted that there
could be a systematic error of about 20% in the
flux (above 68 GeV) given by Eq. (4), though the
relative abundance of protons to helium is not in
error. The chemical composition of Juliusson
for Z~ 3 was used. The deuteron flux is not very
well known. However, based on the fragmentation
of 'He we expect to have a 'H/H = 1.5~/p at the same
kinetic energy per nucleon"; this value has been
assumed in our calculations. Thus we find that the
fraction of neutrons in cosmic radiation above 68
QeV is 0.105.

The fraction of participating nucleons f in an
interaction of helium nuclei is available experi-
mentally" and, for convenience, all the heavy nu-
clei have been replaced by an equivalent number
of helium nuclei (see Appendix). In this respect
we also take account of the change of composition
as a function of atmospheric depth due to fragmen-
tation. Further, since the spectra of protons and

heavy nuclei are not simple power laws in kine-
tic energy per nucleon, the spectral shapes slowly
change with depth as a result of finite inelasticity.
This enhances the production of low-energy pions
and kaons at large depths.

The charge ratios of pions and kaons at produc-
tion were estimated as a function of atmospheric
depth by first determining the charge excess 6(X)
in the interacting nucleons, which is defined as
the fraction (P —n)/(P+n), by the relation" 6(X)
= 6(0) exp[2wX(1/A- I/A)], where 6(0) is the charge

excess in a given component of primary cosrnic-
ray nuclei and w is the charge-transfer probabil-
ity. Here we have taken into account the observed
increase of the inelastic p-p cross section with

energy as ~1.125ln E and the change in the values
of A resulting from the spectral change in the
cosmic-ray nucleons at low energies. However,
we have not considered in our calculations the
possible increase of the inelastic cross section
for pions and kaons since its form is not known

very well, and will only marginally affect the muon

flux at sea level. The charge-transfer probability
w depends on x,*, and the effective value of w, used
in the above expression, can be determined if one
knows the invariant cross section for the produc-
tion of proton and neutrons. ' However, not enough
data are available over a wide enough range of in-
cident energies to estimate accurately the effec-
tive value of w and its possible dependence on the
primary energy. From the study of high-energy
jets in emulsion, in the TeV region, Daniel etat."
found that the value of w is 0.26+0.07, which is
consistent with the value of 0.21 calculated by
Adair' from the invariant cross section at 200
GeV. From the rather poor 300-GeV data of Dao
etal. ,"we found that the value of w lies between
0.1 and 0.5. Since the error involved in such esti-
mates is large, we have assumed a value of 0.26
in our calculations. It is also important to note
that the effective value of w is expected to ap-
proach the total charge transfer probability of 0.5

near threshold energies. Therefore, we have
used an energy dependence of the type w(E) =

0.26(1.0+ 1.8/Ws) for w and discuss its effect later
(Sec. V).

'The interaction mean free path for protons X~ in
air" is taken to be 90 g cm ' and A~, the attenua-
tion mean free path" as 125 g cm ' at around 28
GeV. The values of interaction mean free paths
of + particles, pions, and kaons"" are taken to
be 45, 120, and 150 g cm ', respectively. Using
the production spectra of pions and kaons and their
charge ratios as a function of atmospheric depth,
their equilibrium spectra in the atmosphere are
determined as shown in the Appendix and the sea-
level muon spectrum is then calculated as de-
scribed in Sec. IV. In all of these calculations,
the U.S. standard atmosphere has been made use
of to take into account the variation of the atmos-
pheric scale height with depth.

IV. DERIVATION

The flux of pions, F,(E,X)dE at any depth, X,
is given by the solution of the transport equation":
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In this equation the first term on the right-hand
side is the production spectrum of pions at depth
X. The second term is the loss of pions due to
interaction, where X, is the interaction mean free
path for pions. The third term is the loss of pions
due to decay, where U, (X) = h, (X)m, /cT„h, (X) is
the scale height of the atmosphere and T, is the
lifetime of pions. The fourth term gives the num-
ber of pions of energy E/q, which as a result of
finite inelasticity during interactions, enters the
energy interval dE, where q =[0.5(E- m, )+ m, ]/E
is the elasticity. The last term is the production
spectrum of secondary pions as a result of the
interaction of pions themselves, where o, (E',E)
is the differential cross section for the production
of secondary pions of energy E due to the inter-
action of the primary pion of energy E' in one g
cm ' of the atmosphere.

If the slope of the pion spectrum can be approxi-
mated by a power law over a range of a factor of
2 in total energy in any given energy domain and
if this slope remains the same over a range of
depth in which (X'/X)U, /E is approximately a
constant, then the solution of the transport equa-
tion without the last term can be written as

F,(E,X) = exp
1—q~ ' U, (X')

X'E

x dx"P F X"
0

x" 1-q ' U )x exp dy +

(6)

Since p'(E, X), the spectral index of the equili-
brium pion, is not known explicitly, an iterative
procedure has been used. %e first determine the
pion spectrum by neglecting the fourth term in

Eq. (5) and obtain P'. This value of P' is used in
Eq. (6) to evaluate the new pion spectrum and the
new P'. The last term in Eq. (5) is separately
calculated and added to P, (E,X) to finally evaluate
the pion spectrum (see Appendix).

From the pion spectrum we obtain the muon
production spectrum

P, (E, X)dX=fF,(E', X) ', —,),
U, (X) dX dE'

+S

—[F,(E,X))dE =P, (E)X)dE — F—, (E,X)dE

F,-(E,X)dE (U, /EX)

dE 1+F,(E/q, X)——
q

+ F, (E'& X)dE' (r,—(E', E)dE . (5)
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FIG. 5. The differential momentum spectra of sea-
level muons are shown in units of (GeV/c)2/(m~ sr sec
GeV/c). Curves A and 8 in this figure are the muon
spectra resulting from the decay of pions and are from
the interactions of cosmic-ray singly charged and heavy
nuclei (Z ~2), respectively. Curve g is from the decay
of kaons and the total muon spectrum is represented by
curve D. The data, points shown in this figure are taken
from the following: 6 Allkofar et al. (Hef. 38), Ayre
et al. (Bef. 39), 0 Baxendale et gl. (Bef. 40), Nandi
and Sinha (Hef. 41.), and —Abdel-Monem et aZ. (Hef. 42).

F„(E,X)dE = P„(E',X')[(dE'/dX)/(dE/dx)]dE

x dy

[yE'(y)/U. (y)] j

Here the exponential term is the survival prob-
ability of a muon from its point of production with
energy E', to the point of observation, where its
energy is reduced to E by energy-loss processes.
In a similar manner, one can express the muon
spectrum resulting from kaon decay.

V. RESULTS

In Fig. 5, we show the calculated muon spec-
trum at sea level from 1 to 6000 GeV/c along with
most of the recent data. ""Curves A and B in

where g„(E) is taken to be a square distribution
function between the minimum and the maximum
energies the muon gets from the pion, on the
basis of two-body decay kinematics. The limits
of the integration are also determined in the same
manner. The flux of muons F (E, x)dE is given by
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this figure are the muon spectra due to the decay
of pions from the interactions of cosmic-ray pro-
tons and heavier nuclei, respectively, curve C is
that due to the decay of kaons, and the total muon
spectrum is shown by curve D. One notices the
excellent agreement between the calculated and
observed muon spectra over the three decades of
energy. The contribution of kaon decay to the
total muon flux at sea level increases from a few
percent around 1 GeV/c to an asymptotic value of
about 30%%ug above 10' GeV/c. In our calculation,
we have taken into account the contribution from
neutral kaons, which is ~2% of that from pion de-
cay. We have found that the effect of taking the
variation of atmospheric scale height is to sup-
press the flux of low-energy muons at sea level
by about 1.5% at 1 GeV/c relative to the high
energy flux, although its effect is much greater on
the pion and kaon fluxes.

One observes from Fig. 5 that the shape of the
muon spectrum varies slowly over the entire en-
ergy range. The differential spectral index of
muons from the decay of pions changes from about
0.65 to 1 GeV/c (curve A) to 3.58 at 1000 GeV/c,
reaching an asymptotic value of 3.75 only above
10' GeV/c. In the case of curve 8, the initial
spectral index is slightly steeper (0.75) because
the incident spectrum is different from that of
protons below 68 GeV. On the other hand, muons
from the decay of kaons (curve C) have a flatter
spectrum (because the probability of decay per
gram of the atmosphere for muons is larger than
that for pions}, with spectral index of about 0.5,

which slowly increases to a value of 3.25 at 1000
GeV/c and reaches the asymptotic value well above
10' GeV/c. For the combined spectrum, curve D,
the spectral index varies from about 0.6 at 1 GeV/
c to 3.54 at 1000 GeV/c, which can be compared
with the observed values of 0.5 and 3.54, respec-
tively. '"

The errors in the production cross section for
pions and kaons and the error in the effective in-
teraction mean free path for all cosmic-ray nuclei
propagate directly into the estimate of the muon
flux. However, the effect of the error in the at-
tenuation mean free path is small. ' The error in
our calculated muon spectrum, without taking into
account the uncertainty in the primary cosmic-
ray spectrum, is estimated to be &10/o. Ryan et
a/. "have indicated that their measurement of the
absolute intensity of cosmic-ray protons and
helium nuclei above 50 QeV per nucleon could
have a systematic error of about 20%. However,
this uncertainty will have no effect on the shape
of our calculated muon spectrum or on the charge
ratio. In view of the fact that the calculated spec-
trum is in excellent agreement with observations
over the entire energy region, it is plausible that
the systematic error in the cosmic-ray spectrum
could well be less than 20'Po, this is what we would
expect since the spectra of Ryan

equal.

join smooth-
ly with the low-energy data from measurements
made with different techniques.

In Fig. 6, we show the calculated charge ratio
of sea-level muons as a function of energy along
with the recent experimental results. '"'""

I I I I I Ill I I I I I I I ll I I I I I I I Il
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100 10
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102

NLUON NLONLKNTUNL Pp (GeV/c)

103

FEG. 6. The charge ratio of sea-level muons is shown as a function of muon momentum. The curves 4 and B in this
figure show the calculated charge ratios from cosmic-ray proton-atmospheric collisions by (i) neglecting and (ii) by in-
corporating the charge-mixing parameter in nucleon-nucleus interactions respectively, and curve C after taking also
into account the composition of primary cosmic rays. The data points in this figure are taken from the following; ~
Ayre et al. (Bef. 4), V Baxendale et al. (Bef. 40), i Abdel-Monem et al. (Ref. 42), + Allkofar et al. (Ref. 43), (" Burnett
et al. (Bef. 44), g Ashley et al. (Ref. 45), and Appleton et al. (Bef. 46).
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Curve A in this figure is the ratio for the incident
cosmic-ray protons calculated by using u = 0.26
for the charge transfer (exchange) probability. The
shape of this curve ca.n be understood as follows:
The zz'/zz production in pp collisions decreases
from a value of 2.5 at 1 GeV/c to an asymptotic
value of 1.66 above 50 GeV/c. Similarly the K'/K
ratio at production decreases from 6.4 at 1 GeV/c
to 3.0 at 10 GeV/c and slowly reduces to an as-
ymptotic value of 2.7 above 100 GeV/c. Therefore
the slow decrease in the p. '/p, ratio (curve A)
from about 1.55 a.round 3 GeV/c to a minimum
value -40 GeV/c is a result of the decrease in the
zz'/zz ratio at production. The increase in the

p.'/g ratio above 40 GeV/c is mostly due to the
contribution of kaons and in part due to the in-
crease in the muon production height in the at-
mosphere. Below about 5 GeV/c the contribution
to sea-level muons also comes from pions pro-
duced at large atmospheric depths, where the
charge-to-natural ratio of interacting nucleons
decreases as a result of the charge transfer
probability. 'This effect of ui is responsible for
the decrease in the charge ratio of muons below
about 3 GeV/c in curve A. Curve B in Fig. 6

shows the effect of introducing the charge-mixing
parameter for the nucleon-nuclei interactions
(Sec. II). The effect of the energy dependence of
this parameter is small on the charge ratio of
muons above 1 GeV/c. The charge ratio of muons
from interactions of deuterons and heavier nuclei
is approximately unity, and is independent of en-
ergy. Curve C in Fig. 6 gives the charge ratio of
muons after the inclusion of the charge composi-
tion of cosmic rays. The calculated charge ratio
increases slowly from 1.28 at 1 GeV/c to 1.36 at
5000 GeV/c. One can notice that the calculated
cha, rge ratio (curve C) is in good agreement with
the observed values above 10 GeV/c. However,
below this momentum the observed data points are
consistently lower. This discrepancy at low en-
ergies can be reduced (curve D) by requiring an
energy-dependent charge-transfer probability as
described in Sec. II.

The parameters which influence the charge of
muons at sea level are (i) the charge ratios of
pions and kaons at production, (ii) the charge-
mixing parameter, g, in nucleon-nucleus colli-
sions, (iii) the composition of incident cosmic
rays, (iv) the cha. rge-transfer probability, zz, of
the interacting nucleon, and to a lesser extent the
interaction and attenuation mean free paths. The
uncertainties in the production cross sections in-
troduce an error of about 2% in the muon charge
ratio at 1 GeV/c, while at 1000 GeV/c it is =3.3%.
'The uncertainties in the relative abundance of
heavy nuclei including deuterons is about 10%.

This error along with those in the interaction
mean free paths lead to errors of 1% and 3.5 jp on
p, '/p. respectively at 1 and 1000 GeV/c. An error
of 10% in the value of se propagates to 2.2% and
1.2% errors at 1 and 1000 GeV/c, respectively.
One observes that the combined values of all these
errors are well within the spread in the data points
in Fig. 6. 'Therefore, we consider our calculated
charge ratio (curve D) to be a good fit to the ob-
served data.

VI. D ISCU SSION

As already discussed in detail, the sea level
muon momentum spectrum and charge ratio re-
flect the chemical composition of the primary
cosmic rays and the characteristics of hadronic
interactions. Thus, a comparison of our calcula-
tions with the observed experimental data will
shed light on these characteristics.

We have already pointed out that our calculations
of the sea level muon spectrum, without introduc-
ing any normalization, is in excellent agreement
with the observed spectrum (Fig. 5) throughout
the momentum range of 1—1000 GeV/c. Muons of
energy greater than 150 GeV come from cosmic-
ray nuclei of energy above -1500 GeV, which is
the limit for which direct experimental data on
hadronic interactions is available. We thus feel
that the observed cosmic-ray spectrum and charge
composition can be extended along with the present
representation of hadronic interaction character-
istics to at least 10 TeV without any serious dis-
tortions.

The credibility of this conclusion can be further
enhanced if one looks at the muon charge ratio as
a function of momentum, because this ratio is a
more sensitive parameter for exploring features
of the chemical composition and of the hadronic
interactions than is the absolute muon spectrum. ' "

The data of Ayre et al.""between about 80 and
450 GeV/c in Fig. 6 show a significant decrease
and a subsequent rise. Thompson4' analyzed all
of the vertical data between 2 and 1000 GeV/c and
concluded that the charge ratio is constant in this
interval. Burnett etal. ,

'4 by analyzing the data
over a range of zenith angles, find the charge
ratio to be constant above 25 GeV/c; Kasha et al. ,

"
similarly find the charge ratio to be constant in
the interval of 50 GeV/c to 2 TeV/c. We have thus
chosen to disregard, in our discussion, the anoma-
ly in the charge ratio reported by Ayre equal. "
Combining all the data, including those of Ashley
ef al. ,

"between 1 and 8 TeV/c, we conclude that
the muon charge ratio rises very slowly from 1
GeV/c to 8 TeV/c. (See Ref. 48 also. )

A comparison of our calculations with the above
experimental data shows excellent agreement
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TABLE II. A comparison of the theoretical predictions of the muon charge ratio.

This
ca 1cul ation

E rlykin
eI; al.
Bef. 6

Liland
Ref. 7

Morrison
and Elbert Adair Hoffman

Ref. 5 Ref. 3 Ref. 8

Spectral index
of the proton

Energy spectrum
pl/(p + Q) ln pl lmary
7('/7( in pp collision
7T /7/ ln p-air
Energy dependence

Of Obli ln p-p
p,'/p at 200 GeV jc
Error.

2.55 E ~ 68 GeV

2.75 E ~ 68 GeV
0.105
1,66
1.38
yes

1.29
0.03—0.05

C")

0.136
1.54

54
no

1.37
0.07

2.75

1.46
1.27
no

0 ~ 095
1.54
1.46
yes

1.26
0.07—0.11

2.70

0.11
1.80

1.53
0.11

0.11
1.64
1.646"

1.44
0.16

Using y~"' as the variable. He obtains 1.69 with x,*, as the variable.
Us ing a ca,scade model the ratio is 1.51.

throughout the momentum interval of I GeV/c to
5 TeV/c. " Thus, we find that ii we make use of
the experimentally determined production cross
sections for pions and kaons in both the hadron-
hadron and hadron-nucleus collision, and the ob-
served cosmic-ray chemical composition, the
absolute muon momentum spectrum as well as
the muon charge ratio can be well understood in
the momentum range 1 to 5000 GeV/c. "

Table II presents a comparison of our ealeula-
tions with some of the previously ealeulated pa-
rameters relating to the muon charge ratio at
200 GeV/c. It may be mentioned that Frazer et
al. ,

' Garraffo ef, al. ,
'-and Yukutieli and Rotter"

did not take into account the kaons and thus ob-
tained values for the charge ratio which are -10%
lower than they should have been. Moreover,
these calculations did not include the energy de-
pendence of the inelastic pp cross section. Also,
nuclear effects have been neglected by Frazer et
al. ' and by Yekutiele and Rotter. 52 These calcul-
lations are, therefore, not included in Table II.

The divergence of both the input data and the
calculated charge ratio is apparent from this table.
The ratio nj(p+ n) used in these calculations is
nearly the same except for Erlykin etal. ,' who
made use of the low-energy relative abundances.
Our calculated value of v'/v in pp collisions is
in good agreement with that of Hoffman, ' but is
higher than the values used by I,iland, ' Erlykin
etal. ,' and Morrison and Elbert'; the later authors
did not use any Fermilab or ISR data. However,
Adair' obtains a higher value of 1.8 for this ratio.
The difference arises, we believe, because he has
used only the cross section at fixed value of p,
=0.4 GeV/c. It is thus somewhat difficult to un-
derstand why Hoffman's calculation differs from
ours except that he used the coherent model to

describe the nuclear target effects. Gibbs el al."
have shown that incoherent models such as that
used by Adair' predict too many particles at very
high energies, and yield a dependence of charge
multiplicity on target atomic mass that is too flat.
We believe that a similar situation may exist for
the coherent-production model used by Hoffman. '
It is clear that the value of v'/v in p-air collisions
obtained by Hoffman' in the framework of this mod-
e1. is too high when compared to the 200- and 300-
Geg p-beryllium data. " Moreover, had Hoffman'
used his cascade model, the calculated value
would have been -1.51 and he would have obtained
a correspondingly lower value for the muon charge
ratio.

We thus believe that the excellent agreement of
our calculations with the experimental data in both
the muon momentum spectrum and the charge
ratio shows that there is no need at present to in-
voke any change in the cosmic-ray chemical com-
position or the nature of the hadronic interactions.
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APPENDIX

The production spectra of pions and kaons have
been calculated as functions of atmospheric depth
using Eq. (3) by taking into account the fonowing
aspects.

(i) Since the energy spectra of primary cosmic-
ra.y nuclei are not simple power laws in kinetic
energy per nucleon, they get modified during the
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function of atmospheric depth the equilibrium pion
spectra in the atmosphere have been calculated.
A similar procedure was also adopted for kaons
except that the secondary production of kaons from
interactions of pions and kaons was not incorpo-
rated; the contributions of this secondary pro-
duction to the sea-level muon spectrum are neg-
ligible.

In Fig. 7, we show the spectra of pions (~'+v )
and kaons (K'+lC)for 'various atmospheric depths.
One can notice from this figure that the pion spec-
tra shown by the solid curves A, B, a.nd C, at
depths, 1, 10, and 100 g cm ', respectively, are

FIG. 7. The differential energy spectra of pions (solid
curves) and kaons (dotted curves) in the atmosphere are
shown, in energy flux units, at depths of'. 1 g cm 2 (curve

A), 10 g cm 2 (curve B), 100 g cm 2 (curve C), and 1000

g cm 2 (curve D.

propagation in the atmosphere as a result of finite
inelasticity. For this purpose we assumed an in-
elasticity of 0.5 and reduced the kinetic energy of
the nucleons by a factor of 2 after each collision.

(ii) The charge composition of primary nuclei
changes with atmospheric depth due to spallation.
It is found from a simple calculation that the con-
tribution of nuclei of charge 2 will be approxi-
mated to an equivalent number of helium nuclei
without affecting the final results. In our calcu-
lations, we have assumed that on the average
about 2.3 nucleons of the helium nuclei participate
in the interaction' and the remaining nucleons
leave without any change in their energy.

(iii) The m', v production spectra were taken to
be identical to [P,,(E, X)+P, (E,X))/2. 0 for nuclei
of charge ~ 2 and for deuterons. In the case of
cosmic —ray protons, it was evaluated by first de-
termining the fraction of interacting neutrons at
a given atmospheric depth, using 0.5 as the charge
transfer probability (Sec. III), and then by taking
into account the effect of nucleon-nuclei inter-
actions as described in Sec. II.

Using the production spectra thus derived as a

10
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1
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FIG. 8. The atmospheric growth curves for pions
(solid curves) and kaons (dotted curves) in arbitrary
flux units are shown in the lower part of this figure at
fixed energies of 1 GeV (curve A), 10 GeV (curve B),
100 GeV (curve C), and 1000 GeV (curve D); the pion
and kaon curves are normalized at 1 g cm in order to
bring out the differences. The upper part of this figure
shows the variation of the charge ratio of pions (solid
curves) and kaons (dotted curves) as a function of depth;
labels on these curves are the same as those on the
lower part of this figure.
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nearly similar in their spectral shape over the
entire enex'gy range considered. However, the
sea.-level pion spectrum (curve D) deviates from
the general spectral shape below about a hundred
GeV as a result of the change in the atmospheric
scale height which has been incorporated in our
calculations. Similax behavior is seen in the case
of kaons (dashed curves), except that the change
in the spectral shape occurs at a higher energy,
shifted by a factor of (m„1,/m, rr) from that of

pions. Here one may add that if the slow increase
of the intex'action mean free path of hadrons vrith

energy mere incorporated the flux of high-energy
pions and kaons at large depths would be depleted.

We show, in Fig. 8, the atmospheric-depth de-
pellde11ce of 'tile flllx of plolls (solid 1111es) and
kaons (dashed curves), in arbitrary units, at en-
ergies 1, 10, 100, and 1000 GeV respectively by
curves A, B, C, and D. By properly combining
Fig. 7 and 8, one can easily obtain the flux of any
one of the components at a given depth and energy.
It can be seen from this Fig. 8 that the maximum
flux value is reached between 100 g cm ' and 200
g cm"' of atmospheric depth. One can also notice
that the higher the enex'gy, the flatter the growth
curve after the maximum is x'cached because the
decay length becomes longer. It is evident that
the growth curves for kaons (dashed curves) de-
viate from those of pions at laxge depths. For
energies less than a fear hundred GeV, the kaon
growth curve is steeper because of the change in

the atmospheric scale height (curve D of Fig. 7)
and, to a lesser extent, of neglecting the produc-
tion of kaons from pion interactions. On the con-
trary, at very high energies, say at 1000 GeV
(curve D), the kaon growth curve is slightly flatter
than that of pions because a large fraction of kaons
even at sea level are those which mere created at
small atmospheric depths, and survived from in-
teractions rather than from decay. As a result,
the effect of neglecting the kaon production from
pion intex"action is more than compensated for by
the longer interaction mean free path for kaons.

The charge ratios v'/v and K'/K are also shown
as a function of depth in Fig. 8 by solid and dashed
curves, respectively. Curves A, B, C, and D
correspond respectively to energies 1, 10, 100,
and 1000 GeV. One can notice that the pion chaxge
ratio is neRrly constant over one interaction meRn
free path for protons and slovenly decreases as the
depth increases. At energies ~ 100 GeV, the
charge ratio reaches a value of =1.05 at sea level,
while at higher energies this ratio slowly in-
creases because at these energies a considerable
fraction of the pions and kaons come from small
atmospheric depths, &&here the chax'ge ratio at
production is high. This effect is very vrell seen
in the case of kaons of 1000 GeV (dashed curve D)
One can also notice the large value of K'/K at 1

GeV at small atmospheric depths as a result of
the lour cross section for the production of E in
p-p collisions at small energies.
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