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Several experimental consequences of non-Abelian asymptotically free gauge theories are

derived, in particular, second-order corrections to the moments of the nonsinglet pieces of the
structure functions of deep-inelastic lepton-hadron scattering are calculated. These results
are then used to obtain corrections to the parton-model sum rules, as well as to derive some
direct functional relationships among the structure functions. It is found that, if asymptotic
behavior is assumed, the second-order correction terms involve calculable and uncalculable
contributions; however, by considering suitable combinations of structure functions, the
latter can be eliminated, thus obtaining some definite predictions. It is also found that some
of these correction terms increase as one calculates higher moments of the structure func-
tions. This remarkable fact, which is likely to persist in higher orders, suggests that all
the functional relationships that are derived here and elsewhere have questionable validity
near threshold; however, away from this region, where higher-order terms become negligi-
ble, they provide an important test of these theories. It is also shown that no similar pre-
dictions can be made for the singlet pieces of the structure functions since they always in-
volve uncalculable constants. The question whether or not the present range of energies (25
GeV in electroproduction and 150 GeV in neutrino production) is sufficiently high to test these
theoretical asymptotic predictions is discussed. By making some reasonable assumptions,
it is found that the effective coupling constant in these ranges of energies is —1 so that ac-
cording to these models, the asymptotic region has not yet been achieved. However, by re-
garding the expansion in terms of the effective coupling constant as an experimentally rnea-
surable parameter, it is possible (but not certain) that one obtains measurable theoretical
predictions within the range of present energies.

I. INTRODUCTION

In the last years there has been considerable
interest in the so-called asymptotically free
theories of the strong interactions. These theo-
ries have the remarkable and unique feature of
providing a possible explanation of the observed
scaling properties of the structure functions of
deep-inelastic scattering, within the framework
of renormalizable field theories.

The typical feature of an asymptotically free
gauge theory is manifested when studying the
asymptotic behavior of renormalized Green's
functions by means of the renormalization-group
equation or their generalized version, the Callan-
Symanzik equations. It is found there that for
these theories, the renormalization-group equa-
tions have an ultraviolet-stable fixed point at zero
coupling constant.

When the property of asymptotic freedom is
combined with the assumptions of the operator-
product expansion so as to study the short-dis-
tance behavior of products of local current opera-
tors, it is found that they provide a simple theo-
retical explanation of the scaling behavior of the
moments of the structure functions. This property,
which is not shared by any other renormalizable
field theory, singles out the gauge theories as
the only possible candidates for describing the
strong interactions in the context of field theory.

Whether these theories do in fact agree with the
experiments is still an open question which will
have to be settled by the outcome of forthcoming
experiments.

In the remainder of this section we will briefly
describe the basic features of non-Abelian gauge
theories and the various techniques which are
applied to study the asymptotic behavior of the
structure functions within the framework of re-
normalization theory. Since there exist in the
literature several excellent articles on the subject,
in this discussion we will quote the most important
results. ' 4

A. Non-Abelian gauge theories

The non-Abelian gauge theory we will consider is
a field theory of the Yang-Mills type in which the
underlying gauge group 4 is noncommutative.
(We will restrict ourselves to semisimple compact
groups. ) The Lagrangian density corresponding
to these models is of the form

L = ——,'TrFu„Fu
= ——,Tr(s „B„—8„B„g[B„,B,-j)',

where

B„=B„(x)=B'„(x)i.
is a matrix of vector fields (summation over re-
peated indices is understood) and the matrices &,
are the generators of the Lie group G, satisfying
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the commutation relations

and being normalized according to

(1 3)

the columns of this matrix, whereas the genera-
tors of G [SU(3)J transform its rows.

B. The renormalization group and the Wilson coefficients'

Tr&,~~ = ~ 5,~ . (1 4)

The incorporation of fermions into this Lagran-
gian can be carried out easily by adding to the free
gauge field Lagrangian the free fermion Lagran-
gian with its derivatives replaced by gauge-co-
variant derivatives,

L = 4 (i fi —ga'g, —M)4, (1.5)

6'3 3 ~3

The generators of chiral SU(3)x SU(3) transform

where the o' are the matrices of the representa-
tion A of the group G, according to which the
fermion field 4 transforms.

For our future purposes we will consider a
particular Lagrangian. We choose SU(3) as the
gauge symmetry group and assume that the fer-
mions transform according to the triplet represen-
tation; furthermore, let us also require our
model to have the approximate chiral SU(3) x SU(3)
symmetry, which is broken by mass terms and
which we assume commutes with the gauge group
G. The fermion field will then belong to a repre-
sentation of SU(3) x SU(3) x SU(3). If we take the
fermions to be the ordinary quark triplet then the
spinor field will be represented by the following
3x 3 matrix:

In deep-inelastic scattering processes one is
always interested in the Fourier transform of the
commutator of weak or electromagnetic currents
sandwiched between hadron states,

W'„.'(p, q) = d'xe" '"
(pl [~'„(x),~.'(0)]

I p}„...,...i. ,

(1.7)

where q is the momentum carried by the currents,
p is the hadron momentum (usually taken to be
a nucleon), and a, b are the SU(3}xSU(3) labels
of the currents. This expression can also be
written as

W'„„'(p,q) = "," I' (v, q') -g„„f';'(v, q')

+
"' p~q'E (v, q')+ ~ ~ ~, (1.8)

where the deleted terms are proportional to q„or
qp.

If one considers this expression in the limit

q'- —~, v-~, and -q'/2v=x fixed,

one can show that it is precisely the light-cone
singularity of the current commutator which de-
termines the functions E (x, q') (i =1, 2, 3) in this
limit. According to the operator-product-expan-
sion ideas, we can write

[J'„(x),J$0)]=-,'g„,V', . g P C,",(a, b; x' —ie)x„~x„„O~,
"' ""(0)

X' —2En 0

g g C,",(a, b;x'-ie)x„" x„O", ' ""
(0)

8=0

8 1

BXP X' -2E n 0
(1.9)

where the deleted terms are proportional to
a/ax" or a/ax" The ope. rator 0'„,...„hasspin n

and dimensions n+ 2, and the index i labels the
various operators of the same character [i.e. ,

spin, SU(3), and parity] which may appear in the
expansion. In our model these operators are

"O~ ~. .'. = ,'i" 'S(@ —V ~ . V (1 a y )4')5

—trace terms,

—trace terms,

(1.10b}

(1.10c)

—trace terms, (1.10a) with (1.10a) and (1.10b) being SU(3) singlets while
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(1.10c) is an SU(3) nonsinglet. Furthermore, v&

is the covariant derivative, which is 8&+i@'8'„
acting on fermions and 8„+i~'B'„actingon bosons.
The letter S denotes symmetrization of tensor
lndlces.

Substituting experession (1.9) into Eq. (1 &) one
can easily derive the relations

1

d x"F (x, q')= p C,". ", (iI, b; q')M,"

1
dxx"F (x, q') = gC", (a, b; q')M,".",

1

dx x"E (x, q') = g C,". (a, b; q')M,". ",
where the constants M",. are defined by

&PIOI) )) (0)IP )apin average=
I" P)) '''P ))a™a+'''

(1.12)

The solutions of Eq. (1,16}are

Ci.&(q'/{I', g ) = y "(g(g, t'))dt'

&& C,". ,(1,g),

where g is the t-ordering operation.
For an asymptotically free theory g (g, I) tends

to zero ln the llmlt tg ~ —Oo. For small g the
functions P(g), y"(g), and y'"l(g) are given by the
expressions

&(g}= —2bo g'+ 'b, g'-+ o(g'),
y"(g) = y."g'+ y", g'+ 0(g'),

y "(g) = y ."g'+ y", g'+ &(g'),

with

, [~II C,(G) —-', T(Z)],
1

and the coefficients C", „aregiven by

e,",,(,e; a*) = l))a)"*'(-
a ~ )

(4)1)' n(n+ 1) ~a j (1.19)

ae a C i a(II) b 'a 3'

(1.13)

where y vv ls glve11 by P. (8/8 P) gPF va aIld so f0 rtll .
The entries of the above matrix are (for n = even,

n~ 2}'

In a free-field theory these coefficients are con-
stants independent of q', but for interacting theo-
ries they become nontrivial functions of q' whose
form can be determined by the renormalization-
group equations. In fact it can be easily shown
that they satisfy'

)I —+ &(g) —+ y "(g) C"(q'/}I', g) = o (1.14)

for the nonsinglet case, where y„,is the anoma-
lous dimension of the operator (1.10c). The gen-
eral solution of Eq. (1.14) can be expressed in
terms of the effective coupling constant g(g, I) as
follows:

i-""(q'/V', g) = C"(1,g)exp — d&' y" (g(g, &')) .

(1.15)

In the case of the singlet operators, which are
not multiplicatively renormalizable, the corre-
sponding renormalization-group equations are

"y = 9, ]C,(R) 1 —
( 1)+4+ —. ], (1.20)

-g' 4(n'+n+ 2)
BII' n(n+ l)(n+ 2)

T(a,

-g' 2(n'+n+2)
( )FF 8)1' n(n' —1)

C 8

where C,(G) is the quadratic Casimir operator of
G evaluated in the adjoint representation, C,(R) is
the evaluation of the quadratic Casimir operator of
G in the irreducible representation A to which the
fermions belong, and T(A} is the trace of the
square of a matrix in the Lie algebra of the repre-
sentation A. In our case C,(R) =-,'-, C, (G) =3, and
T=2-

One can derive that for large I = —,'In(Q'/p. ')
(0' = —q')

g'(t, g)-b, 't '+0 —,t' (1.21)

Therefore in this limit we can expand Eqs. (1.15)
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and (1.16) in powers of g2, and calculate each term
as in ordinary perturbat;ion theory, thereby ob-
ta n1ng a asymptot1c express1on for t e moments
of the structure functions. For the lomest-order
terms it was found' " that

8+ l
1 q" -yo / 0o

dx x"E; (x, Q') - const. x

(1-22)

theory; then make use of Eq. (1.11) to obtain the
desired coefficient to the same order.

Let us start by considering the amplitude'

I'„-.(f, q) = () e" ' {PIT(~'„(x)~:(0))IJ2) (2 4}

where spin average is understood, o sta1ids t'o&'

the SU(3) label of the current, and Z'„'=-(J;}t. The
tensor T&, can be written as

Hence, according to these theories, scaling is
violated by powers of in@'. In the next sections
we will discuss the effect of considering the higher-
order terms of this "perturbation" expansion.

T;:(P, q)

8)II Tl 9'
~ V

~. [ p„—(v/q")q„][p„—(v/q')(I. I
I' "(q ', v)-

We have seen that the moments of the structure
functions are proportional to the Fourier trans-
form of the Wilson coefficients Eq. (1.11), and

that these coefficients satisfy the renormaliza-
tion-group equations, Eq. (1.14). Let us first
consider the nonsinglet piece of these moments.
The general solution of Eq. (1.14) is of the form

&,"(q'/p', g) = C,"(I,g(&, g&))

& exp — dx p (g (x,g& )

(2.1)

—2"", f 'q" &,"(v q')+

where the deleted terms are proportional to q&.
In the case of the electromagnetic currents only
the first two terms are present. The functions
T, (q'-', v) and T,(q', v) sati. sfy unsubtracted disper-
sion relations 1n v =p ' g for Q fixed, while

T,(q , v) r,eq-uires one subtraction; therefore one
can write

&'l'(q', v)=T (q', ")+

where g(t, g~) -0 in the limit q'- -~. The leading
asymptotic form of this solution is

q To 02 - jg
C,"(('/g', 2)= co st. & {(

A/2 + ( g&'aa(x( I'-')
I' (q-', x) = dx' —-'

V X —X

(2.6a.)

(2.6b)

&& [C",(I, 0) + O(g') j, (2 2)

as can be seen by expanding Eq. (2.1} in powers
of g and keeping only the leading term.

In this section our main purpose will be to deter-
mine the next-leading corrections to Eq. (2.1) and

therefore to Eq. (1.23). The motivation for this
is that, presumably, careful measurements of
the structure functions will yield and experimental
test for these corrections, provided of course
scaling is violated by powers of logarithms as
predicted by Eq. (2.2). Correction terms to Eq.
(1.11}may arise from different sources; however,
for the moment we will restrict ourselves to the
evaluation of those corrections which arise from
expanding the Wilson coefficients to second order
in the effect'Eve coupling constant g, that is

T (q'-', x) =
V

d, , &l'(x', q-')

X —X
(2.6c)

where

1' (x', q'-') = —Im T,"(x'. q"-),

F;;2(x', q') =,, —Iml".,"2(x', q-')

(2.7)

are the structure functions of interest and x
= -q-'/2 v = q'-/2v.

Let us consider two projections of the tensor
nalTTely

Vg ca
7aa jl ' gyaa ~, , (2

2X

Cl((I 0)
C ( 1 ) .2

Bg
(2.3)

V VT
p p j —,I + ~ e ~

2X 2XM-' (2.9)

In order to evaluate Eq. (2.3) one proceeds as
follows: First calculate the moments of the struc-
ture functions to second order in perturbation

where the deleted terms are down by a factor of
1/ q', which is assumed to be very small. If one
substitutes Eqs. (2.6a) and (2.6b) into the above



FIG. 1. Diagrams contributing to the vector-vector current amplitude T&
'j' .

Oa lf V gg PT~pp p —T

] +1
Cx'x'" 'F"(x' q')

+=j. 1

(2.11)

In order to derive the corresponding relation
for the moments of F,(x, Q'), it is convenient to
introduce two independent four-vectors y and y*
such that

&yP y Pyy (2.12)

Then, contracting them with the amplitude T&'„,
we project out 7 (x, q') as follows:

v g„Tao 'emory -y*"p q~ Tao( q2) (2 13)

We now use Eg. (2.6c) to write (2.13) as

—ie(y, y*, p, q) M"-

eo ] +1
x g —„F(x', Q')x'" 'dx',

(2.14)

expressions and lets x lie outside the physical
region, i.e., x&1, one can easily derive that

6x
T ag P T

aa pgpU 6Taa(q2 ~)
+1

dx'F,"(x', q')x'" '
n=2

(2.10)

&(yi y*~ p~ q}= ~~owl' y*"p q

We shall proceed to calculate these amplitudes
to second order in perturbation theory. Our mo-
del Lagrangian was described in the preceding
section. ' To this ordex in the coupling constant g,
the diagrams of Fig. 1 and the crossed graphs
will contribute to T"„".All radiative corrections
involve gauge bosons (gluons) and are therefore
of second order.

Incidentally, one may well proceed to ealeulate
the absorptive part of this amplitude by cutting
the above diagrams. This would automatically
give us the structure functions from which all
their moments could be computed. However
simple it looks, this procedure becomes trouble-
some because of the infrared singulax' behavior of
the structure functions at x=1. By introducing an
infrared energy cutoff the singularity can be
avoided, and one ean show that this cutoff is
absent in the expression for the moments; how-
ever, the exact evaluation of some of the integrals
turns out to be involved. Fortunately there exists
an altexnative method for obtaining these mo-
ments, which consists of evaluating the amplitudes
for x& 1 then expanding it in powers of 1/x and
finally using Egs. (2.6), (2.11), and (2.14}to read
off the desired moments. Here we shall follow
this last method. ' (See Appendix A for details. }

For the electromagnetic currents the final ex-
pression one finds is

n&0

(2.15)

[with C, (R) =Q, ~f,~f~,~ 5,~], whereas for the vector part of the isospin-raising currents the corresponding
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expression

g( gg g'{R),
)

(2.16)

%'e notice that the infrared terms are not present
and also illa't the ln(Q /M ) 'ter111 appea1's 11lllltl-

plied by the anomalous dimension of the nonsinglet
operator, namely

"y~» = g, C, (Z) 1 —, , + 4 P -. . (2.17)
Pl +

The later was an expected result. We mentioned
before that the functions C (Q'/M', g) are pro-
portional to the coefficient of I/x" in the expan-
sions (2.15) and (2.16). Moreover, they must
also be solutions of the renormalization-group
equations Eq. (1.14) to any finite order in pertur-
bation theory. It is then an easy exercise to sho%'

that the coefficient function C "(Q'/M', g) must con-
tain a term proportional to "y~zzln(Q'/M ) if it
satisfies Eq. (1.14) to the second order.

In the case of neutrino scattering most of the
analysis proceeds in complete analogy with the
previous electroproduction case except for the
sbght modifications due to the presence of axial-
vector cux"rents. For the amplitude T*'„",we
must also add the additional contributions from
the diagrams in Fig. 2 and the crossed graphs
(the slashed lines denote pure axial-vector cur-
rents). For large Q', the contribution of these
graphs is equal to that of the vector currents;
therefore the expression for the weak amplitude
ls

gg C (R))*.
4~'

(sl)" & gg ( 1 2 " 1 Q' 1 5 n'+2n —1+4 —, ln —
~ + ———+x"

~
)(' '

( 4 n(n+1) j M' 2 2n 2 '(nn1+)'

In a similar fashion one computes the moments of the structure function E, by means of Eq. (2.14). The
relevant diagrams are those given in Fig. 3 plus the crossed graphs. The contribution of these graphs to
the amplitude 7' is

-{g(g,g', g, g) M' ( gg'g, (R)
)

+ Q „—4+ —,C, (ft) — 1—(-1)"
+———1 Q" 13 3

tt= 2 n(n+1), , j
3n2-1 1

2n'(n+1), , j'
7 1 " 1— 4'2. (.,1),Z;

It is clear that, fox the amplitude T and to this order in g, the crossed diagxams do not contribute,

FlG. 2. Diagrams contributing to the axial-vector-
axial-vector current amplitude T+

FIG. 3. Diagrams contributing to the vector-axial-
vector current amplitude pppp+T



whereas for the amplitude T ' the situation is just the opposite. (Note also that if 6', the charged quark,
is replaced by X, the neutral quark, then the direct diagram gives T + and the crossed one T' ).

Thel efox e,

(2.20)

Next me consider the amplitude

p "f "&„'".(P, q); (2.21}

from the remaining singlet operators

the evaluation of it is much simpler than in the
pl evlous tmo cRses. Here only one grRph ls in-
volved, namely that in Fig. 4. This is a result of
the fact that all the others yield nonleading con-
tributions, which are smaller by a factor of M'/

In the electromagnetic case the corresponding
expression is

Similarly, for the case of weak currents

(2.25)

En order to calculate the Wilson coefficients as-
sociated mith these operators, me consider the
amplitude for the scattering process

gluon+ current - gluon+ current,

which is given by

It„„(k,q}=i d'xe" '"(G(u) ~T(Z„(xP;(O))(C(I}},
(2.26)

where ~G(k)) denotes a gluon state of momentum
0 and where a sum over gluon polarizations is
understood. As a consequence of requiring gauge
invariance this amplitude must be of the form

(with an analogous expression for the neutral
quark). We observe that the lowest-order diagram
does not contribute, so that the leading logarithmic
devlRtlon from scaling for this pRrtlcular combin-
ation of structure functions arises precisely from
the term

"-;C, (R) ln

for the mth moment.
Finally, we compute the expression for the

coefficients of the singlet operators. Restricting
ourselves to the parity-conserving case, it is
obvious that for the singlet operators of the form

O'Q k ~ q
&p "v-

If one assumes thatA„(q', 0 p) and& (q' p p)
satisfy, respectively, once-subtracted and unsub-
tracted dispersion relations in k, q mith q' fixed, '

—trace tel ms) (2.24)

the analysis follows the same pattern as in the
previous case; consequently, the corresponding
numerical results are the same except for the
trivial isospin factor. All the novelties mill come

FIG. 4. Diagram contributing to the vector-vector
current, aapl ltude p~P ~p p .



HIGHER-ORDER EFFECTS OF ASYMPTOTICALLY. . .

d(d (A) Q&(4&& q ) = Csv &(q )Bgy

J
1

d& ~»- ( q2) C(n+2&(q2)ffn+2

where
1

a, (q', ~) = —lmA, (q', &u},

(2.23}

one can then derive in analogy with the previous
case the relations

where &u = —q'/2k ~ q and B~~ are the unknown con-
stants which appear in the matrix element of the
operators "O~ between gluon states.

However, this time, in order to evaluate the
above moments, we mill directly calculate the
"structure functions" a&(q', k q) and a,(q', k q).
It is clear that no infrared delicacy mill arise in
this case since there are no massless intermediate
states. Taking the projections R', and k„k„R"",one
finds, respectively

1
a, (q', (o) = —1m', (q', (u), (2.29)

(2 3o)

(2.31)

for n even, and zero for n odd. Again, taking suit-
able combinations of these expressions, one ob-
tains the moments of the functions a, and a, them-
selves.

An immediate consequence of these results is the
fact that in the large-n limit the contribution from
this last singlet Wilson coefficient is smaller by at
least a factor 1/n compared to the previous one.

Thus, me have obtained the Wilson coefficients
in the limit Q'»M2, to second order in perturba-
tion theory. Homever, these quantities have no
direct interest to us, since, according to Eq. (2.3),
the general solutions of the renormalization-group
equations involve these coefficients as obtained
from perturbation theory but for' Q' = p', where p,

is some arbitrary mass parameter at which one

performs the subtractions. We mill now relate
these two quantities (see also Appendix B). First
me choose p. =M and consider a Taylor expansion
of the general solution of the renormalization-

group equation (focusing on the nonsinglet case
first):

2 tC", , g = C"(l,g )exp y" (g (g, t'})dt' .

(2.32)

Let us then expand both sides of Eq. (2.32) in
powers of g and retain g2 terms only. We obtain
for the left-hand side

(2.33)

where

This is precisely the quantity we obtained pre-
viously from perturbation theory. For the right-
hand side me get

t
&"(&,o&+, . &"(&,Z&~ -J I'"(l7(

Bg 0 g=O
(2.34)

Explicit evaluation of this derivative at g= 0 gives

c"(&,0&+ -, (—, ) —c"t&,o&J d&', . [&;(&&,&'&](~ )

=C"(1,0)+g' ',' —g'-,' y", ln, C"(1,0},

(2.35)
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where we have used the following conditions:

Bg 0 Bg g 0 Bg g~ Bg
(2.36)

Then, comparing both sides of Eq. (2.32), one can read off the desired quantities. For the mixed combina-
tion, corresponding to E,/2x —3F, =E~ —2Fr, we find [we denote

(1/2x) F,(x, Q') —E,(x, Q') = Ei(x, Q') -(z„„,„„~„„,
F,(x, q') =F,(x, q') -o„„.„,]

6'C"„(I,g ) C,(R) 1 5 n'+ 2n —1 " 1 I 1 1 " 1 1
—.+ — —. (n even}. (2.37)sg' -, v' 2 2n 2n'(n+ 1)',j' 4 2n(n+ 1),j s, , j

For the longitudinal combination, corresponding to E,/2x —F, =Ez, ,

O'C~(1, g ) 1 C,(R)
(

Bg -
0 2P FE

Finally for the parity-mixing coefficient C3,

(2.36)

s'C,"(I,g) 1 13 3 3n' —1 1 7 1 " 1 " 1 1=~C (R) ———+, + ~ — —+ (n even).Sg', , v ' 4 4n 2n'(n+I), , j 4»(tt+1) =, j & s;=g j
(2.39)

For the lowest-order terms we find

C~(1, 0) =4, C~(1, 0) =0, C",(1,0) = —4. (2.40)

I et us now consider the singlet case; the general solution to the renormalization-group equation is in
this case

C", —,, g = g T exp —
I y"{g(g,t'))dt' C", (1,g),

j=vt E 0 —
. itj

(2.41)

where the indices i, j label the %'ilson coefficients corresponding to fermion or gluon field operators.
If again we expand both sides of Eq. (2.41) and retain second-order terms we find for the left-hand side

C,".(1,0}+,C",. (1,g) g',
Bg

whereas for the right-hand side we get

82 ( t
C";(1,o)+, . ~ P ~exp — y"(g(g, t'))«'

0
&](& z))

(2.42)

(2.43)

Explicit evaluation of the second-derivative term yields

, ~ g 'Texp — y"(g(g, t'))dt' ~ C,"(1,g) g'=g'P 5„',' —-'y"„,C,"(1,0}lnsg'&, 1

where we have made use of the following facts:

0
s'g

0 sg I
s'y "(g) - (.)

84" g=o 8& g=o B& g=o 8& r=o

(2.44)

(2.45)

with the matrix y, given by Eq. (1.32). Thus one finally obtains the results

8 „Q e'Cv(1 g} ~ ~ ~ z
g —,("y„)ln, C",(1,0)g

Bg M ~ 0 Bg
(2.46)

Q2 s'C" (l,g), ,
„ t Q'

z g g =
s .'

g —r(ytt) ln . C"t(1,0)g'.
Bg M ~ 0 Bg
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For the lowest-order terms we find

0 if j=V
C",. (1, 0) =

+4 if j=F.
(2.47)

The expressions for the fermion singlet pieces are identical to those for the fermion nonsinglets. For
the gluon singlet pieces we have

s'C"';„»(1,g)
Bg

4 n'+n+2 ~ 1 n —1 3
(2.48)

s'C",,;, (1,g) 4 C,(G) (2.49)

Now combining these results, we finally obtain the following relations for the longitudinal coefficients:

C"„,„„(l,g }=, ' g' (n even),
1 C2(R) —

2

27T' n

Css „„(l,g)=, ' g' (n even),C,(R) —,
27k' n

C,"„„„,(l,g)=, ' g' (n even)
4 C, (G)

27)' n n+1

(2.50a)

(2.50b)

(2.50c)

where NS, SF, and SV indicate nonsinglet fermion, singlet fermion, and singlet gluon, re"pectively.
Similarly, for the "mixed" coefficients we find

c"„„(l,g)= 4+ ~ c,(R) ———+, , + ~ —
4

—
2 &

—. + — —.
I

(n evan),j g 1 5 n+2n —1 1 7 1 1 1 1~
2 4n 2n'n+1', j 4 2nn+1, j,, s, j

(2.51a)

g' 1 5 n'+ 2n —1 1 7 1 1 " 1 1
Css „(l,g)= 4+ ~ C,(R} — —+, , +

2 4n 2n'(n+ 1)', j 4 2n(n+ 1),j,, s, j (n even),

(2.51b)

4g2 n2+n+ 2 1 n 1 2
Csv ) (l, g}= C (G)

( 1}( 2}
' + +

( +1}( +2) (n eve& (2.51c)

Finally, for the parity-mixing fermion singlet and nonsinglet coefficients, we find these relations:

g' l3 3 3n' —1 1 7 1 1 1 1C"„s,(l, g) = — 4 — v C,(R) ———+, , + ~ — —+
~ 4 4n 2n'(n+1)' j 4 2n(n+1) ., j, s ., j

(2.52a)

g' l3 3 3n' —1 1 7 1 1 1 1
Cs»(l, g}=— 4 —~ C, (R) ———+, , + ~ — —+

v ' 4 4n 2n'(n+ 1)', j 4 2n(n+ 1),j,. s j

These results are crucial for most of the forthcoming applications.

(2.52b)

III. EXPERIMENTAL PREDICTIONS

The first and most direct consequence of these
results is obtained by putting them into the equa-
tions for the moments, Eqs. (1.11), and thereby
determining corrections to their leading asymp-

totic form. However, unless the anomalous di-
mensions of the operators relevant to the moment
in question are zero, which is true only in some
exceptional eases, the correction terms arising
from the exponential factor of the nonsinglet %'il-
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son coefficient,

exp — y" g g, t' )dt'
0

(3.1)

are, in most cases, much larger than those which
arise from the expansion of C"(1,g). Although a
detailed analysis of these corrections was not our
main purpose, we include them here for complete-
ness. Later on we shall consider the expansion in
terms of the effective coupling constant, which can
be determined experimentally, rather than its as-
ymptotic form.

For small g, y"(g) has the expansion

r "(g) = r."g'+ r",g'+ 0(g'), (3.2)

where y", is a well-known quantity but y," has not so
far been calculated. Furthermore, one also ha, s
that the function p(g) can be written in the form

P(g) = 'bo —g'-+ 'bl g'-+ 'b, g'-+ o(g'),
where

b,=, [~u C, (G) ——,'T(R)]I

(3.3)

= 9/S, ' (3.4)

b, =,[- —", C,'(G)+4C, (R)T(R)
2

128rr '

+ ~ C, (G)T(R)]

(3.6)

(3.7)

From this result one learns that the second term
inside the square brackets gives the largest cor-

Using these results, "one can then easily show that
in the large-t limit g' behaves asymptotically as

ln bpt c 1
'(b, t)' ' t2 '

(3 6)

where the constant c is uncalculable since it in-
volves the unknown physical coupling constant g~.
[Incidentally one can automatically conclude that
it is of no use trying to calculate the coefficient
b, so as to determine the large-t behavior of g',
since it would only provide a smaller correction
to the already unknown term c/(b, t)'.]

Inserting all these terms into the exponential of
Eq. (3.1) we obtain in the large-t limit

t
exp — y g t', g )dt'

0

ynb, nbot yns(b, +Cbs')+ y", bn

rection to the leading term. It is in fact lnt times
larger than the next term, which is in turn of the
same magnitude as the correction terms that one
obtains by expanding C"(1,g) and retaining up to
terms proportional to g'- I/bst. Moreover, since
y", has not so far been calculated one would expect
that the corrections arising from the Wislon co-
efficients have little practical importance.

The total ignorance of c implies that corrections
proportional to 1/t cannot be fully calculated, at
least by present techniques. Nevertheless, as we
will see later, it is possible in some cases to get
rid of c and thus obtain perfectly calculable pre-
dictions. Another viewpoint is to regard this ex-
pansion as an expansion in g and not its asymptotic
form Eq. (3.6); then the moments of the structure
functions will have the form

M„=const' (g') 'o~'&& 1 —g' —' +
y" 2b y"

x [C„(1,0)+D„(1,0)g'] .

Qne can experimentally determine g' from one of
the moments and use it to test the others. This
procedure would require the knowledge of the
structure function for all values of x, the explicit
calculation of y,", and that g' «1, so that higher-
order terms can be neglected. We shall return to
this point at the end.

Before entering into a detailed analysis of all
these terms we shall first concentrate on the
largest correction term in Eq. (3.7). Substituting
Eq. (3.7) into Eqs. (1.11) we find, for the non-
singlet piece, the following equations for the mo-
ment integrals:

f 1
dxx"Fp (x, Q') =M„"2C~'„'s(l,0)(t "o "/bs)

ys"b, lnt
b't )

0

f 1
dxxnFNs (x Q2) Mn+2 Cn+2 (1 0)(t-2 +

/b )

(3.6)

1

dx x"F," (x, Q ) = M"„s'CS"„s(1, 0) (t "& /b, )

yp' b lnt

where the M» are unknown constants. There are
similar relations for the singlet pieces. We will
now proceed to derive a functional relationship
between the structure functions themselves
following a. technique discussed by Gross. " Let
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us consider the ratio between the nth moment of
F2~ (Q', x) for two distinct, but large values of Q'.

theorem of Mellin transforms to derive

fa*,'s;)*"~)
(g )- l'*'.

f,'dxx F;(„t )

y""b, lnb

b,'t

y,""b,lnb, t'

0

(3.9)

t bp bpt bpt

A

[1+A„H(t,t') ],
(3.10)

Assuming that yob, lnb, t'/b, 3t' «1, we obtain"

d~' . . . a t

(3.14)

This relation can be converted into a more useful
one by taking the ratio of F,()d, t) and F,(&u, t') with
ur =1 and assuming that F,(m, t) (1- &u)~ (experi-
mentally d= 3 for Q'-5 GeV'). One can thereby
derive for Eq. (3.14) that

=R(&u;t, t')
F,(~, t')

where

bp bpt bpt

= R,(~; t, t') —tH(t, t') —R,(~; t, t') .
et

(3.15)

Inserting the approximation

+2

A„= &0
—-G[4 in(N+ 2) —0.69],

0

t '" I'(d+ 1)
R,(~; t, t') = —, ,

)
(ln)d)~t' I'(d+ 1+P

(3.16)
where G is totally determined by the gauge-group
parameters and the representation of the quarks,
and in our case is G = ~ .

27
Let us now construct a function R(t, t';x) such

that its Mellin transform gives the function"

(
A (s)

[1+A (s)H(t, t') ], (3.11)

by noting that

where A(s) is the analytic continuation of A„to
Res & —i. This function can be constructed easily
in terms of the already known function T(t/t', x)
whose Mellin transform is"

in Eq. (3.15), we finally obtain

R(u&; t, t') =R,(~;t, t')

—H(t, t') [0.69G+ in in~ —)t)(P+ d+ 1)]

x R, (m; t, t'), (3.17)

where )))(P) = 1"(P)/1 (P) is the digamma function.
One can now make a numerical estimate of the
size of this correction. Choosing Q'=50 GeV',
Q' =5 GeV, and p,

' 1 GeV', for m=1. 1, we have

R (u; t, t')
]„,, —R, (u = 1.1) x (1 —,')

=R,(a=1.l) x0.8, (3.18)

so the correction term is 5 times smaller than the
leading term. For (d = 2.0,

1+A s 8 t, t' R (&u; t, t ) ] 2
~ Ro(v = 2.0) (1,—); (3.19)

+H t, t' t'

(3.12)
0 69G ln~ P 1

(3.13)

with

P =4Glnt/t' and x=1/&u.

Thus the Mellin transform of F~(x, Q') is equal to
the product of the Mellin transforms of F,(x, Q' )
and R(x;t, t'). One can then use the convolution

the correction term is 25 times smaller than the
leading term.

One can easily show that this term slowly in-
crease as (d approaches 1, attaining its maximum
value for cu = 1.02, where it gives a 28k modifi-
cation to the leading term. The most important
conclusion one draws from Eq. (3.17) is that
the (inn)~ dependence of R that was predicted by
Gross is unchanged by this term. "

Let us now turn to the analysis of the correct-
ions which arise from the Wilson coefficients. The
first and most direct application of our results will
be a calculation of the leading correction terms for
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some of the known sum rules (for them the ano-
malous dimension is zero, consequently the expo-
nential term is identically unity). Consider first
the Bjorken backward sum rule by combining
Eq. (1.11) and Eqs. (2.51) we derive

dx[F,"~(x, Q') P,"'(x, Q')] =- 2-, C,(R).
4m

(3.20)

In a similar way, we obtain for the quark baryon-
number sum rule'

For v near threshold, and assuming that F,- (v —1) in this region, we calculate that

F,(~, Q') —8 C R
(~-1)

F (&o, Q2) ~~i 2v' ' d+1

(3.23)

Similarly, for large + and assuming I', -c~ ' as
&u-~ (o. =-,' for nonsinglet), one finds that

Then, using the convolution theorem, one obtains

pl

dx[F,"'(x,Q')+F","(x,Q')]= 2+, C,(R).
F,(~, Q') g'C. (R)
F,(~, Q') „4x' 1+a (3.25)

(3.21)

Another interesting application of our results is
the functional relationship that can be derived be-
tween F~(x, Q') = F,(x, Q') —2xF, (x, Q') and F,(x, Q')
(for nonsinglet pieces). Taking the ratio between
the moments of these bvo functions for equal values
of Q, one has that

J, dxx" [F,(x, Q') 2xF, (x, Q')]

f 0 x""F,(x, Q')dx

g'C, (R)
2w'(n+ 3)

1

C, (R) x""dx.
Tl p

(3.22)

Our next application will be the analysis of the
corrections to the ratio of the moments of any
of the strucutre functions and the functional re-
lation that we can extract from it. I.et us take,
for example, the ratio of the structure function

F, (nonsinglet) for different values of Q':

f,' F,(x, Q')x" dx

Jo F2(x, Q")x"dx

C,""(l,g)exp[- io y""(g(7,g)) dr ]

(l, g')exp[- f, y"'%(~g))«]

*(r(a'IM' ]',
(3.26)

with (Q'& Q" » iL'). Expanding both factors in

powers of g, one finds, after some manipula-
tions, that Eq. (3.26) can be rewritten as

(
f' "n b lnb f lnb f' P 1 D2 2(1, 0) A„b,+eyo' —y",'2 1 1 1
f " b b f b t' bo C,"' (1,0) bo' f f' (3.27)

The effect of the first two terms inside the above curly brackets was already analyzed. The contribution
from the term

Abi 1 1
(3.28)

is very similar to the previous one and gives rise to a correction of the order of magnitude lnbpt times
that of the term

lnb t lnb t'

For Q'/p 50 and Q "/p, ' 5 one can easily see that these two terms are of comparable magnitude.
For the term

y,""+e 1 1
(3.29)

nothing can be said since y",
"has not yet been calculated and c is unknown. However, there are some in-



15 HIGHER-ORDER EFFECTS OF ASYMPTOTICALLY. . .

dications that its effect is small. "
Finally, the contribution of the term

1 D,""(1,0) 1 1
Cn+ 2(1 0)

can be easily analyzed since all the relevant numbers are known. Before drawing any conclusion con-
cerning the effect of this term on the functional relation between F2(x, Q') and E,(x, Q'n), 1st us consider
a particular situation for which only this last term contributes. %e focus on the following combinations:

fo F,(x, q')x" dx f,
' F,(x, q')n""dx t' ". 1 -D,""(1,0) D,"'2 (I 0) 1

f ~F ( qn)xnd f~F (x qn) n+fd+ t bo C2 (l~ 0) Cn" (1, 0) t t' t2

Using Eqs. (2.37) and (2.51a) we find that for large n we can approximate:

D","(1,0) D,""(1,0) C, (ft)
C""(1,0) C,""(1 0) 4v'

Let S(t, t'; x) ~be the inverse Mellin transform

(3.31}

(3.32)

As before, this expression is defined for Be r&- 1. The function S(t, t, x) can be easily constructed from
the function 7'(t/t', x) of Eq. (3.13); the result is

—o,(n)( ( ( )(t')'" 8 1(ln )
2-

b t b t' t st) ( (dl'(P)

Finally, invoking the convolution theorem of Mellin transforms, we obtain

E, —lt F, (u, t') Fn —,t-' F,(u, t) —= — —S t, t', —F —,t F,(v, t).CO 4Q dD d v I (d g

1
(3.35}

This result can be tested easily since it only re-
quires the knowledge of F,((d', t), F,((d', t'),
F,((d', t), and F,((d', t') for a&' between 1 and(d.
Clearly, similar relationships can be established
between the functions I', and I", or I", and I",.

Let us now return to study the effect of term
(3.30) in Eq. (3.27). We assume that this term pro-
vides the dominant correction so that the terms in

Eqs. (3.28) and (3.29) can be neglected. It is
possible to estimate expression (3.30) by using
Eqs. (2.37) and (2.38). We find that for large n

C,""(1,0) 4v&

1n'(n + 2)
3w2

whence

'
0}

-—- 0.3 In'(n+ 2)+ O(inn) . (3.37)

Choosing Q'/ p' = 50 and Q"/t(' = 5 we get

1 D,""(1,0) 1 1'„„(0)
——, —- —,

' in'(n+2) .

of n since it is roughly equal to the leading term;
indeed, for large n it is much larger than the lead-
ing term and the other corrections. " Hence, there
exists a region in Q' for which this term mill be
by far the most important correction, so it is per-
haps not a bad approximation to set

f,'F, (x, q2)x"d

f,'F, (», q")x"dx

t' "n IP, '2(l, 0} 1 1t, boC,""(1,0) t t'

A 1
1 —0.3[in'(n+ 2)]

(3.39)

Let us now find some function R(x;t, t') whose
nth moment gives the above expression. Using
our previous results, Eq. (3.12), we see that the
problem actually reduces to finding a function
ft, (x;t, t') whose nth moment gives

Clearly this term is not negligible for small values
ln n+2 (3.40)
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then clea, rly

1 1
R(&u;t, t') = T —~~ —0.3R, (~;t, t') ———,

gl

{3.41)

Aga. in, using the convolution theorem for Mellin
transforms, one obtains

(d
E,(,()=, F, —,, t'I R( ';t, t'). (8.42)

(O' CO' '

From E(l. (3.42) we observe that

0 69G s2 (In~)P i

f 9P (()I'(P)

so that R(s&;t, f') becomes

'"o I (In&a)~ ' 8' (into)~' 1 1 ]
I ~I'(P) BP' ~I'(P) f t' I'

Inserting this in E(I. (3.37) one finds that

1 ]. Qco QP

E,(~, &) = I+0.3{&'(P)—P(P)) ———, , E, , ,f' T*—

(3.44)

(3.45)

The lnlne terms in this equation provide important corrections when ~ is near threshold. These cor-
rections are particularly important in calculating the hadronic form factors from the structure func-
tions.

The final application we shall consider is the corrections to the I.,lewellyn Smith relations. " These
relations are

J, &»" [+,"(9,x) —E,'"(Q', ~)] 4+ (g /2)i') C,{R)In'(n+ 2)

y& d „...(~(, (q, ) ~„(q, )]
-4+ (g'/2v') C, (R) In'(n+ 2)

1+ C, (R) In'(n+ 2) (3.46)

valid for n»1, but such that (g /4n') ln'(n+2) «1.
However, here we cannot invoke the convolution
theorem to relate these two combinations of struc-
ture functions since the relation (3.42) holds only
for large n.

So far we have been analyzing the effects of
correction terms upon the assumption that we are
in the large-Q' region, so that they ax'e always
smaller than the next-order term by a factor of

g - 1/(1nQ'/)i'). However, for the accessible val-
ues of Q (50 GeV ln electroproductlon and about
250 GeV' in neutrino production) and the "natural"
choice of the mass scale parameter p,'-1 GeV',
one finds that g is a number close to unity.
Therefore in this range of values of Q~/ii', the
correction terms which we have considexed and
the higher-order terms which we have dropped
will probably produce substantial deviations from
the results given by the lowest-order calculations.

I.et us finally consider the nonsinglet pieces of
the structure functions. As was mentioned before,
their analysis is complicated by the mixing of
the operators, and as a consequence, only weak
predictions can be made. To illustrate this let
us considex' the nth moment of the single part of

n+2
+M~2Cy 2 ~,g

p.
(3.47)

where C~"2 and C~", are the Wilson coefficients
corresponding, respectively, to

—trace ter'ms,

and the M „M,are unknown constants coming
from the matrix element of the operators. Fur-
thermore, the coefficients C", ,'(Q'/ii', g) have the
form

Pl+2

C",",(Q'/)i', g), exp ' M ' Ci ', (1,g),
0 —4P

the structure function E,. According to E(I. (1.11)
we have that
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with i,j =F (fermion), V (vector meson).
Let (I'; 'J be the eigenvalues of the matrix

yo; then introducing a set of projection opera-
tors (P; '] such that

functions; however, the validity of these relations
depends critically upon the behavior of higher-or-
der terms. To elucidate this statement let us again
consider the ratio of the nth moment of I, for two
different values of Q':

@+2 g T J)n+2

P"=I P-'=P and P' P~= (5 .P

one can rewrite Eq. (3.56),

(3.49) f F, (x, Q')x"dx Cn+o(I g)

I, F, ( xtI)") xd x
t t

I

x exp y"( g( r, g))dr .

(4.1)
Q P + Py / AIM Cff+2 ] g

j 4 f

P t os))+2 C()+2(1 —
)

~l 2

(3.50)

with a, = I'" /bo Since.neither M"" nor M~" and
M~" are known, the Iatio of the moments of
E;(x,Q') and F', (x, Q") is not known. However,
we have seen that in the large-n limit

Ctl+2

C))+M
( 2)

(3.51)

[see. Eqs. (2.23) and (2.31)]. Therefore in this
limit C~ is negligible compared to C~; ~8 more-
over, it is also known that the eigenvalues of j",
approaches the same value; thus we conclude that
for large n

1 2 -A ff

F;(x, Q')x"dx —const && In~ C~",(I,g) .

Consequently, if the criterion given below holds
then we will. have that for large n

r~ s), (";(xo')*"d
(,t')" (( (r))

f'F'(x Q")x"dx
(3.53)

However, here we cannot apply the Mellin-
transform theorem since this relation holds only
for large n."

IV. FINAL REMARKS

Throughout the last section we have derived sev-
eral results which will be valid in the asymptotic
region, i.e., for sufficiently large values of Q',
such that the effective coupling constant g is a
small parameter and therefore the perturbation
expansion in powers of g is valid. Then the dif-
ferent moments of the structure functions, as well
as their ratios, will exhibit deviations from exact
scaling in the fashion we have described above.
This is an unquestionable prediction. %e have also
derived direct relations between the structure

1 "'" fo F2(»Q )x'dx
T((u; t, t') = . ds

a-( f E (x tII' )x'd

(4 2)

for values of u near 1. This in turn will affect the
convolution integral,

E, ((o, t)=,F, —,, t T ((u' ,'t, t'),A(d (d

(d (d
(4 3)

particularly if ~ is close to threshold. For values
(() away from threshold the relation (4.3) may or
may not be sensitive to how T(w, t, t') behaves
when ~ is close to unity depending, of course, on
the particular function T(o) ,'t, t') However. , if we
accept as a reasonable guess that the expansion of
(4.1) will give an expression of the form

FI

(1+g' In'n+ g' I n+n~ ~ ~ + g'" In"n),

then (4.2) will be as follows:

T(;t, t')" 7 (;—,)((~g'1
+ ~ ~ ~ + g"(ln In~)'],

If we imagine expanding the right-hand side of Eq.
(4.1) in powers of g' up to some arbitrary order
we will find that the coefficients of this series are
increasing functions of n, which will grow faster
with n for higher orders of g. This fact is moti-
vated in part by our g' calculation of C",(I,g) for
which we found a ln'n behavior, and also by the fact
that if one calculates the structure function F,(x, Q')
to some order in perturbation theory, so as to con-
struct from its moments the coefficients C"(1,g),
one will find that the higher the order in g one con-
siders the more severe the infrared singularity of
E, (x, Q') becomes as x- 1, thus producing the
n growing behavior that we anticipated above.
Therefore, for sufficiently large n the correction
terms will eventually become dominant and the ex-
pansion meaningless. The important point is that
the large-n behavior of (4.1) will determine the be-
havior of its inverse-Mellin-transformed function
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with T~(u, f/t') given by Eq. (3.13). Thus the cor-
rection terms will be important only for

In(~ —1) ~ g'

but will be negligible for away from threshold.
If this assumption on the behavior of (4.1) is cor-
rect, then all the results derived here are true for

away from 1 and will thus provide a test to these
theoric s.

The final and more serious problem is whether
or not we are really in the asymptotic region.
Pharased another way: Is g' a sufficiently small
parameter so that the lowest-order terms in the
expansions we have calculated yield the true
asymptotic behavior of the moments of the struc-
ture functions, for the present range of energies'

The present available energies yield a maximum
of Q',„-50GeV' in electroproduction and 250 GeV'
in neutrinopxoduction. On the other hand, the val-
ue of the mass scale parameter p, has to be deter-
mined by experiment, but it seems reasonable that
its value will be in the domain of the hadron mas-
ses, namely p, -l GeV. If this is so, we ean make
a numerical estimate of the limiting value of the
effective coupling constant g'.

1 16m'

9 ln50

for electroproduction and

16m'

91 250

for neutrinoproduction.
In both cases we observe that g' & 1, therefore

the leading asymptotic form, at these energies, is
not a good approximation, the contribution of non-
leading terms wil. l probably produce substantial de-
viations from this value. Furthermore, since gj
will not be a small parameter the series may con-
verge to something quite different from the lowest-
order terms we have calculated. (In particular,
the logarithmic deviations from scaling will be un-
re1 iab le. )

Some improvement is obtained if one observes
that the natural expansion parameter is not g' but
rather g'/(2m)', the factor (2w)' arising from the
momentum-space integrations; if this number is
small, then we may consider the expansions in
powers of g'/(2w)' with the hope that the lowest-
order terms will provide an adequate description
of the behavior of the structure functions. (Note
that at present energies we have no way to estimate
g', it must be determined from experiment by as-
suming that the lowest-order terms of the series
give approximately the exact behavior of the struc-
ture functions. This assumption must of course be
experimentally checked by comparison of the data

at different values of Q'. Any deviation from ex-
periment can be either an indication that the range
of Q is not sufficiently high so as to justify the as-
sumption that higher-order terms in g' can be ne-
glected or that these theories are wrong. )

If one incorrectly uses the asymptotic expression
fpr g in the range pf experimental values pf Q sp
as to estimate g'/(2v)', one obtains the values 0.11
and 0.08 for Q'=50 GeV and Q"=250 GeV', re-
spectively. On the other hand, since nothing can
be said about the corresponding sizes of the coef-
ficients in the expansion, it is impossible to esti-
mate the error made by ignoring terms of order
higher than the second. ' Moreover, the increas-
ing singular infrared behavior of the structure
functions with the order of perturbation theory sug-
gests that these coefficients will also increase,
particularly for large values to n.
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APPENDIX A

This appendix contains the details of the evalu-
ation of the diagrams that appeared in the discus-
sions of Sec. II. We first list the relevant vari-
ables that will enter into the calculations.

We will be mainly concerned with the amplitude
for the "process"

quark + current - quark + current,

in which:
q = momentum of incoming current = momentum

of outgoing current,
p = momentum of incoming quark = momentum of

outgoing quark,
p' =p+q, M =quark mass, p. q = v, and g = —q'/

2 v = Q'/2 v = y + 1.
We shall consider the above amplitude in the lim-

it Q'»M' and g&1; therefore, unless otherwise
specified, throughout the calculations we will de-
liberately ignore terms of order M'/Q'.

The currents satisfy the standard SU(3) x SU(3)
algebra, "but for simplicity we will omit their
labeling. The proper SU(3) indices will be inserted
at the end. We shall adopt the conventions of Bjor-
ken and Drell" for Feynman rules, representation
of y matrices, etc. However, our states will be
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normalized as follows:

(Ps ( f)'s') = (27(}'2Z6'( p —p') 5, , (A I)

First, let us calculate the expression correspond-
ing to Fig. 5:

where

~.(P"' —&+M)r"
(2v)' ' [(p' —I)'-M'](I' —~') '

FIG. 5. Amplitude for the "process" quark+current
quark+ current. Second-order diagram contributing to

the vector-vector current amplitude &' p [' .

This last integral is divergent and therefore must
be regularized; the resulting finite expression is

Then, pex fox ming a subtraction on-shell, so that
the renormaiization constant Z, is given by"

1 g' A' M 9
Z, (4v)'

ln —-2 ln —+— (A5)

(A4)
the renormalized amplitude expanded in powers of
I/x becomes

31@~111@31~1, C, (R)r~; — In —+ —+ —In —+ V —
„

In —+- In —,+ ———W —.
2v' ' " x M 4 4 M' ~x" M 4 M' 4 4~ j (Ae)

where we have introduced the proper SU(3) factor of the currents

r;; =X'(P) (VI).')X(P), (A7)

in which X(P) is the standard SU(3) spinor wave function corresponding to the (+ } charged quark P.
Next we calculate the expression corresponding to the diagxam in Fig. 6. It can be easily shown that,

for Q'»M', both graphs contribute by equal amounts. Thus the resulting expression is

dk w. (P" —If)r.(P —ff)y"

(2s) (O'-)). )[(p' —)t.') -M ][(p —k)'- M ] '

in which mass terms have been ignored wherever they do not give rise to leading terms. Introducing

FIG. 6, Second-order diagrams contributing to the vector-vector current amplitude T'~y&.
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Feynman parameters, the above expression becomes

(A 10)

where

C(a) = n, ~'+ n, (M' —p")+P',

P = n,p+ a,p', and A(k) =y, (p' —)()y„(p—}t')y'.

This expression gives rise to a divergent quantity; the resulting regularized expression is then

(A 11)

C(A'), "(6-P)~.(P'-A
(A12)

=l

Finally integrating, collecting all the terms, expanding in powers of I/x, and inserting the SU(3) factor of
the currents, one obtains the following expression:

g' p (1
v -C (R)' — 2 ln —+ — ln —+3

2v' " '
I i M 2 M'

1 " 1 ' 1 1 " 1 Q'
+ Q —2 ln —+2 —Q —+ Q —,+ Q —g —. y —+g —. ln —,

Finally we calculate the expression corresponding to Fig. 7:

~- &„Tr[(f(+M)y&(j ff M)-y„(I-) - )+M)y"(f(- )+M)y,]
2 (21r)' ' .' [(p- k)' M']'[(p-' —k)'-M'] (k' —&')

A(k) = Tr [(f)+M)y~($ - )+M)y„(f}' —)+M) y (p' —k+ M)y~].

Then, by introducing Feynman parameters into the integral we obtain

Z g A(k)
2 2( )

C, (R)6
' da, dn, da, 6 1 —Qa, n, d'k[(k p), C( )]4,

(A 15)

(A 16)

P = n,p+ a,p' and C(&) = P' —n,p" + a,X'.

In evaluating the trace A(k) one must be careful when dropping mass terms, since some of them give rise
to leading contributions. The resulting expression is

A(k)=16(2P k(P' k}-k'(P.P'+P k) —32M'[v-k (P'-P)]). (A16)

Performing the integrations, expanding the result in powers of I/x, and inserting the SU(3) factor, one

FIG. 7. Second-order diagrams contributing to the
vector-vector current amplitude T ~&& .

FIG. 8. Diagrams contributing to the axial-vector-
axial-vector current amplitude T~'„&.
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finally obtains the following expression:

2v' ' "
I ~ 2 M ' M'- ~ x" M 2n(n+1) 2n(n+1) ~ 2 '( +1)'

(A19)

Clearly the evaluation of the axial-vector-3xia3. -vector current amplitude is identical to the previous case
except thai each current vertex will now contain an additional y, matrix. However, for the graphs (see Fig.
8; the slashed line stands for axial-vector current) in whichM can be neglected, the result is the same as
before; by anticommuting the y, through, one obviously obtains the same expression as for the previous
vector-vector current graphs. For the diagram in Fig. 9„for which some M2 terms must be kept, a little
algebra again shows that the resulting expression is equal to that of the corresponding vector-currents
graph.

Next we consider the vector-axial-vector current diagrams. These graphs will contribute to the pseudo-
scalar part of the weak current scattering amplitude.

Let us evaluate first the expression corresponding to Fig. 10:

)Z &V, &)P'*p,
M

[- f ~V ')] ~, M Pr, ~(P, s),

where we can write

EV') = P'1 V")
whose finite part is

(A20)

(A21)

i2 k"I'(p'') = 3+2 ln, + ln 2 +in(1-1/x) . (A22)

Expanding the renormalized amplitude in powers of 1/x and inserting the SU(3) factor, we obtain

-ie(y, y", P, q) -g'C, (R) ~
M' 1 1

(A24)

Next we evaluate the expression corresponding to Fig. 11. As in the previous case, Eq. (A8), both graphs
contribute by equal amounts. Hence, the total expression is

2('/2)~, (&)Z~(P s)P,*A"(I,P'), MA, V, ),
S

r.(P —f/) ~.(P' —Pb'
(2v)' (O' —X')[(p' —k)' -M'] [(p —k)' -M'] (A25)

FIG. 9. Diagram contributing to the axial-vector-axial
vector current amplitude T~ &I' for which some mass
terms must be kept.

FIG. 10. Second-order diagram contributing to the
vector-axial-vector current amplitude y *y~ T ~ &".p 5'
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FIG. 11. Second-order diagram contributing to the vector-axial-vector current amplitude y&y~T++ I'" .

A similar procedure as for the vector-vector currents case yields

/=1 ~ I=I 2 2 S=l l=l
(A26)

Finally, we compute the expression correspondinp ~= Fig. 12:g', Tr(/+M)7 ~ (p If+M}f/~(p—' p'+M)g&, y-' u+M}&~-
(2 )' [(P-u}'-M']'[(P'-i)' M'](f2 ~2)

Introducing Feynman parameters in Eq. (A27) we obtain

g A(k)
}, C, (R)6 dn, dn, dn, n, 5 1-~a,. d'k [(„

where

(A28)

A(k) =Tr(p+M)y~(p —11+M)g*(ji' —ff+M)ffy, g ff+M)y~-.

Then evaluating the integrals, expanding the result in powers of 1/x, and inserting the SU(3) factor, one
finally obtains

-'
(y y*, P, q) g' +)+ M' 1 1 X 1 Q'
2M' -2w' ' " v -]x- 4 M 4 M'

A. in' /M 1 ~ 1 3n'-1
M 2n(n+1) 2'(m+1) ~), j 2m'(n+1)

Let us now compute the amplitude p„p,T""(p, q).
To second order in g, one can easily show that the
only diagram which contributes to the leading term
is that shown in Fig. 13, while all the others are
down by a factor of M'/g'. This is essentially due
to the fact that when the current vertex y„is con-
tracted with p" and acts on the spinor wave func-
tion, it automatically gives a factor M.

The expression corresponding to this leading

diagram ls
g'

C ~ ~~ Trjfr. FP'(J/' —k)k'v"
A30

(2 )4 2( ) [(P P)2] (PI2Q)2/2

g' v 'ly' y'
(2~)' '

y (2 2x, C,(ft) - ~ —[ln(1-1/x)]+ — ~ (A31)

By introducing Feynman parametrization and per-
forming the corresponding k and a integrations one
obtains
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P

FIG. 12. Second-order diagram contributing to the
vector-axial-vector current amplitude y «&y„T~»~" .

Then expanding in powers of 1/x and inserting the
proper SU(3) factor we get

v c (R)r— 1 1
CO ~f1 4ntt= 2

(A32)

Finally, let us consider the lowest-order dia-
grams. It is clear that for the amplitude
P)'P'T„,(v, q'), the lowest-order diagram does not
contribute to leading order, while those graphs
corresponding to the amplitudes

T„"andy "y*'T„,
yield nonvanishing contributions. For T„", the cor-
responding diagram is given in Fig. 14, and it
gives the following result:

FIG. 14. Lowest-order diagram contributing to the
vector-vector current amplitude T&&.

[see Eq. (1.10a)]. As mentioned in Sec. II, this
calculation involves the absorptive part of the am-
plitude for the following process:

curr ent + gluon- current+ gluon,

which can be diagrammatically represented by Fig.
16.

In order to obtain this absorptive part, we first
relate the above amplitude (call it M~;) to the cor-
responding S-matrix element:

Sfj 5fj i (2v) 5 (pq —p()», Mqg g (A35)

P
T —2Z 9 S pp~ Q~Q

S n=o

(A33)

f and i are the initial and final gluon-current
"states. " Then by invoking unitarity of S, we de-
rive

The lowest-order diagram contributing to
y y" T„„(p,q) is given in Fig. 15, and the resulting
expression is (A36)

ie(y, y*-, p, q) M' ~ ~ -2
(A34)

where 1/MN„ is the normalization factor corre-
sponding to the intermediate states n. To second

Next we proceed to calculate the Wilson coeffici-
ents associated with the singlet gluon operators

P-k

FIG. 13. Lowest-order diagram contributing to the
amplitude p„p„T"".

FIG. 15. Lowest-order diagram contributing to the
vector-axial-vector current amplitude y& y~ T~".
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order in g, the only possible intermediate state
which can contribute to (A36) is clearly a quark-
antiquark pair. Let us denote by P and p' their
respective momenta and work in the center-of-
mass frame. Then we have that

Q, 'ion

X.. +q

pl uon

, C, (R)
ImM); = —2(2rr)

(2 y

with

3 3 I

, o'(p+p' —k q)~M—„,]',
(A37)

.(-~g~')&, '& y„(p, ).

(A38)
I

M„;= r8 (p', s') yq] ~
(-&gy )

FIG. 16. Amplitude for the "process" gluon+current
gluon+ current.

Introducing spherical coordinates and orienting
the 2 axis along k, so that p k= [ p ( ~k[cos8, Eq.
(A37} becomes

d(cos8) iM„;i'. (A39)
16m F.

Thus, for the contracted currents amplitude we
obtain the following result:

g*„ry')r )/h , r-")//' "rh", &')r rh ,-~-.)r'-r~)~.
)4 p ~ k -p k p k —p" k

I+((p]/E)cos8 1-(]p]/ E) cos8, p p' 1 1
)—tlrl/&) 9 )+tlrl/&)L « —

' )r'&))r'))
gubstituting it into the integral (A39) and noting that

p p'=s/2, k, =k q/fs, E =Is /2,

where s =(k+q)'=2k q(1 —~) with ~=-q'/2k q=Q'/2k q

we derive

ImM;, = ' [2&v(1- &u) —1] ln +1
—2g'C, (R) 1—(d

(A41)

Let us now evaluate the moments

~2g C (R) d&g [2&v-2&@' —1] ln +ln(1-~) —(Inu&)+1 &u"
M

2g'C, (R) n'+3n+4 Q' n'+3n+4 I n 2

(n+ 1)(n+ 2)(n+3) M' (n+ l)(n+2)(n+3) &, j (n+ 1) (n+ 2)(n+ 3)

(A43)

Finally, adding the contribution from the crossed graph and inserting the SU(3) factors we obtain

4g'
}

n'+3n+4 Q' rP+3n+4 i n 2

rr
' (n+1)(n+2)(n+3) M (n+1)(n+2)(n+3) &,j (n+1) (n+2)(n+3) (A44)

for n even, and zero for n odd.
In a similar fashion we can compute the absorp-

tive part of the longitudinally projected amplitude

k„k„T""(k,q}.

The corresponding expression is

-4g2C, (R) kq
rr (n+1)(n+2)

for n even, and zero for n odd.
As a final remark we observe that in Eq. (A44)

the coefficient of ln(Q'/M') is precisely the mixing
term of the operator.

APPENDIX B

Throughout the calculations, we have been deal-
ing with two masses, namely, the quark mass and
the subtractions point; the latter is being deter-
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mined only by the onset of scaling. It is true that
in the large-Q' region one should be able to set the
quark mass equal to zero and only retain the sub-
traction mass p, . However, in our calculations
there have been good reasons for not doing so; in

fact, if one does all the calculations of Sec. II with

~q k 0 and performs all subtract ions off -shell,
then one will find that cn/y the graph in Fig. 17 is
infrared divergent. Therefore, the amplutude it-
self will also be divergent. Eventually, this in-
frared term will cancel against the similar term
that then appears in the matrix element of the op-
erators 0", thereby giving a finite expression for
the Wilson coefficients. But to see this happen,
one would have to renormalize the operators 0"
off shell, which is considerably more difficult. It
is therefore convenient to keep the quark mass
nonzero and subtract on shell; then, by performing
an intermediate renormalization at some point
p»M,„„,we can see that T„„is unaltered (at
least to this order in g), except that now it be-

FIG. 17. Infrared-divergent diagram.

comes a function of p, , the new subtraction point,
and of Mq„„k.However, the Wilson coefficients
that only depend on the subtraction point p, are
then multiplied by some finite renormalization
constants whose value is irrelevent for the appli-
cations of Sec. III. Thus we have

where z„')is the intermediate renormalization con-
stant of the operator O«~.
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