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An experiment on the decay K ~m+m e+v was performed at the CERN proton synchrotron with spark-
chamber and counter techniques. The &~ branching ratio has been measured relative to the v decay. The 7rm

phase-shift difference 50 —8,'and the form factors of the hadronic current have been determined as functions
of the mn" energy. The nm scattering length a 0 has been evaluated from the phase shifts with a phenomenological
model. The results are compared with the theoretical predictions of current algebra and other models.

I. INTRODUCTION

Among the various processes which have been
proposed to study the mm interaction at low energy,
the K„decay (K'-m'm 8'v) has many interesting
features. First of all the interaction occurs be-
tween two real pions which are the only hadrons
in the final state and the only quantum states of
the dipion which contribute to the decay are (I = 0,
I=0) and (I=1, I=1). Furthermore, the invari-
ant-mass distribution of the dipion has a maxi-
mum relatively close to the m7l threshold. And,
finally, the phenomenology of the weak interaction
in terms of V-A currents is sufficiently mell
understood to provide a reliable description of
the decay. As a consequence, the phase-shift
difference 5, —5,'can be extracted from the intensi-
ty distribution as a function of the dipion mass.

As mas first demonstrated by Weinberg, ' the
form factors of the K-mm axial-vector current
can be related by current algebra to the K» form
factors and to the pion decay amplitude. Wein-
berg gave also a prediction for the mm scattering
length a,.' Therefore, the K„decay provides a
good testing ground for current algebra and for
the various techniques used in the extrapolation
to the m mass shell.

Another point of interest, concerning the weak
interaction, is the test of the AS= AQ rule which
forbids the decay K'-m'm'e v. This test gives the
following result, as me reported in a previous
paper~:

r(K;,(e ))/1 (K;,(e')) & 3.4 x 10 (95'k C.L.) .

This supports the d S = hQ ru1e very strongly.
The access to large K„samples, however, is

difficult because of the very low branching ratio
of this decay (-4 & 10 '). In the past, heavy-liquid
bubble chambers produced a fem hundred events. '
More recently two counter experiments yielded

larger statistics, "but the mm scattering lengths
obtained mere barely compatible.

In this paper we present the results of a nem ex-
periment performed at CERN and subjected to two
independent analyses. "

II. EXPERIMENT AND DATA REDUCTION

A top view of the experimental layout is shomn
in Fig. 1. The 2.8 GeV/c separated K' beam' was
derived from an internal target of the CERN pro-
ton synchrotron. For a momentum bite of s2/g,
intensities of 60 to 80 ' 10' K"s over a 450-msec
spill mere obtained. The K':m". p ratios were ty-
pically 1:2:0.4. Incident kaons (and protons) were
tagged by the coincidence S,S,C,A. , mhere S, and

S, refer to scintillation counters, C, to a Cheren-
kov counter set to count pions, and A to a veto
counter for the beam halo with a hole matching
the beam profile. A high-pressure Cherenkov
counter set to detect kaons mas placed either in
the decay zone for beam-tuning purposes or be-
hind the apparatus as a relative monitor to check
the stability of the separators.

The spectrometer"*" mas designed to record
kaons decaying into three charged pa, rticles (plus
neutrals, if any) and to provide efficient electron
identification. The 4-m-long decay zone mas
limited upstream by the proportiona1. chamber
PC» which measured the transverse coordinates
of the incoming K', and downstream by the cham-
ber PC„where a signal multiplicity correspond-
ing to three particles mas required by fast logics.
An. intermediate chamber PC, improved the mea-
surernent of the vertex. These three chambers had
both horizontal and vertical sense wires mith 2 mm

spacing.
The momentum analysis of the decay particles
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FIG. . p. 1. A lan view of the experime yntal la out.

de b a large-aperture-window-framewasma e ya
two setsmagne t (150X60 cm', 400 kG cm) and by

er-of sixwire spar c amk h bers with horizontal and ve-
tical magnetostrictive readout.

Te as sih f t signal on the decay particles was given
b three hodoscopes of scintillators,by ree

a wheel of 16 triangularH . The hodoscope H, was a whe
elements with a 3-cm centra

3

l hole on which the
beam focused. , an 3H d H were symmetric arrays
of 24 and 32 rectangular elements, resp '

y.res ectively.
The electron identification wa ps rovided by two

and C . Thethreshold Cherenkov counters, C, and C,.
' t 12 and 24 cells, re-two counters were divided into an

spectively, an id filled with isobutane at atmospheric
theThe first counter was fitted into epressure. T e ir

o count-ma net gap. The optical systems of the two coun-
ers were similar (see Fig, e
light was reflected by a cylindrical mirror on an
array o sof semiparabolic light catchers with rec-

een then ular a ertures. The relation between
t tory of an incoming partic e anra]ec

hotomultipliers (PMs) was studie yi dbpo gp oo
nte Carlo and checked experimenta y. inMone ar o

rather close to-mosto e imf th time the particleswere rath
mainlgether in „eeC th lectron identif ication was m y

given by C,.
-ra detec-Finally, the system included three y-ray e

d G made of lead-scintillatortors G„G„an „m
n b thesandwic es.'

h The amount of material seen y e

particles from the end of the decay zone to the
f C amounted to 0.04 radiationentrance window o, am

length.
e between anhe K trigger was a coincidence e ee4

ll threeincoming K' three charged particles in a
H and H and in the chamberhodoscopes H„H„an 3,

PC„and at least one electron in each of the C e-

tions were me y et b th following main decay modes:
If'- m'm e'v (6% of the triggers), K' decays where
a m' subsequently decayed into a Dalitz pair, i.e. ,

C)

MAGNET

. 2. A vertical section ot' f the Cherenkov counters,FIG
parallel to the beam axis. The si es o
are parabolic cylinders.
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K'-v'vo (32% of the triggers), K'-v'vow' (10/o),
K'- v p'v (7%), K'- vr e'v (4%). The contribution
of 7 decays with 5 rays was strongly reduced by
the coincidence between C, and C, and by the mag-
netic barrier. It amounted to 1%. The rema. ining
triggers were due either to kaon decays with one
of the secondaries interacting on the magnet pole
pieces (13% of the triggers) or to kaon decays pa.r
tially stopped by the magnetic barrier and com-
bined with parasitic tracks (12/0), or finally to
interactions occuring before the decay zone or
in the surrounding material (15/o). It should be
stressed that the decays with two or three elec-
trons mere not saturating the trigger and did not
have to be rejected. This allowed the investigation
of very rare K' decays, such as K'- m'e'e, "
K'- m've'e, etc. ,

"with high sensitivity.
The data were transfered to a CII-9010 on-line

computer by a CAMAC system and written on tape.
Provision was made for a maximum rate of six
events per burst. The computer stored the histo-
grams needed for routine checks on the apparatus.
It also provided a graphical display of the recorded
events and an optical display of various scalers.

A total, of 1.3 x 10' K„ triggers were recorded
in about 15 weeks of effective running time. The
polarity of the analyzing magnet was reversed
about every 10' triggers. For calibration, nor-
malization, and alignment purposes different trig-
gers were also recorded, mainly v decays, with
the magnet on (a few thousand every 10' K,~ trig-
gers) and with the magnet off (every time the
field was reversed).

Event reconstruction

The reconstruction program proceeded along the
following steps. The signals of the spark cham-
bers were associated with the signals of the pro-
pol t1onal chamber PC, and of the hodoscopes H,
and H, . The horizontal and vertical projections
were correlated by means of H„H„and H„and
of two spark chambers with inclined wires. A

consistent set of three trajectories was requested
and a rough estimation of the momenta was made.
The positions of the sparks mere then corrected
for the displacement due to the fringing field of
the magnet (staggering). The signals of PC, and

PC, were associated with the reconstructed event
and the incident K'direction was determined. Then a
constrained fit of the four trajectories to a single
vertex was performed. Finally, the momenta of
the secondary particles were determined from the
field map and a code was assigned to each tra-
jectory, depending on the signature of the Cheren-
kov counters. Kinematically constrained fits to
various decay hypotheses could be requested:

K,~(1C), v'(4C), K„-Dalitz(2C).
Reconstructed events were used for internal

calibrations and for efficiency checks on the vari-
ous detectors. Special attention was paid to the
determination of the effective magnetic field by a
fine adjustment of the effective K mass in v de-
cays. " The efficiency of the Cherenkov counter
C, (which was in the magnet) was measured with
K 3 Dal itz decay s identified by three electron s ig
nals in C,. The e' of the weak decay was used as
a. probe. The mean efficiency of C, was found to
be (93.8+0.2)%. The efficiency of C, was deter-
mined with K„-Dalitz decays identified by kine-
matics and was (99.7 +0.1)% on the average. The
efficiency of C, and C, on pions was measured with
7 decays. The probability for a pion to simulate
an electron in both counters was (2.0+0.2) x 10 '.

Monte Carlo simulation

A detailed simulation of the apparatus provided
Monte Carlo events in the same format as the true
physical events. The various decays were gene-
rated in the c.m. system of the K', and trans-
formed to the laboratory frame of reference. The
incident trajectory and the vertex coordinates
were chosen according to the beam profile. The
decay products mere traced through the magnet
and affected by multiple Coulomb scattering,
bremsstrahlung losses for the electrons, and
decay in flight for the pions. Hits were generated
in the chambers, the hodoscopes, and the Cheren-
kov counters, taking into account the resolution
function of each detector as well as local ineffi-
ciencies, and then the trigger conditions were
requested. Then the simulated events were pro-
cessed through the same programs as the real
events. Two independent Monte Carlo programs
were written. Each one simulated about 3 x 10'
Kq~ decays.

Selection of the E,4 events and background

Before any kinematic requirement, the following
sets of criteria and cuts were applied to the re-
constructed K,~ triggers: (a) One and only one
electron in the Cherenkov counters, and no hits
in the y counters G, and G, . (G, was not used for
the K„analysis. ) (b) For each trajectory, a min
imum number of sparks in each projection, good
matching across the magnet and full agreement
with the hodoscopes. (c) For the whole event,
good X' value of the vertex fit, no parasitic sig-
nal, neither in the hodoscopes nor in the Cheren
kov counters, fiducial cuts on the decay volume,
the magnet aperture, and the angles after the
magnet.

From the 1.3x 10' K,4 triggers, 540' 10' could
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TABLE I. Background computation. The asterisk (*) means that a factor of 2 is included for identical decay parti-
cles.

Decay mode
Branching

ratio
Detection
efficiency

Acceptance
of cuts

(a), (b), and (c)
Normalized

product
Acceptance
of kin. cuts

Final
sample

K~4
&(6 rays, PM noise)
~(7t -ev)
w(7). pv, p, evv)
K )-Dalitz
7' -Dalitz
K 3 Dalitz

Total

4.0 x 10
5.6 x10
6.9 x10
5.6 x10 2

2.5 x10 '
2.0 x10
3.7 x10 4

0.104
8.0 x10
4.9x10 3

1.1 x 10
4.7 x10 5

4.5 x10
6.0 x10

0.75
0.80
0.17
0.19
0.75
0.73
0.73

32 869
758*
116*
232+
927
137*
169

35 208

0.914
0.12
0.55
0.33
0.01
0 ~ 13
0 ~ 14

30 036
91
64
76

9
18
24

30 318

be fully reconstructed (as expected from the trig
ger composition and the spectrometer efficiency),
86 x 10' met condition (a), and 32. 5 x 10' met con-
ditions (a), (b), and (c).

At this level, the contamination was evaluated
from the Monte Carlo simulation and the experi-
mental efficiencies. A K„event could be faked by
the following decays: (i) r with 5 rays or acci-
dentals in C, and C„and v with subsequent m- ev,
or v- p, v-evvv decays. (ii) K'decays with a v'
giving a. Dalitz pair (mostly K„, K„„and r'),
where the e was not detected by C„and where
the y ray escaped G, and G,.

In the sample of 35.2 x 10' events mentioned
above, the total contribution of T decays was 3.1%,
and that of the Dalitz decays 3.5% (see Table I).

In order to reject the v decays, we eliminated
the events which satisfied the three following con-
ditions: per&40 MeV/c, ~pc —pres&100 MeV/c,

and ~M, «(3v) ™~~&20MeV, where pc is the
total momentum of the charged particles, p~ the
incident momentum, a,nd pc r = ~pc x p» ~/ pr ~

the
transverse-momentum balance. And in order to
reject the Dalitz pairs, we requested M,,& 180
Mev and M, '& -10' MeV, where M,, denotes the
missing mass to the m' and M, ' the effective neu-
trino mass squared in the K,4 hypothesis.

The remaining events were fitted to the K,4 kine-
matics and a cut was applied to the corresponding

The final K~ sample contained 30318 events.
The contaminations by v decays and Dalitz pairs
were estimated to be 0.8% and 0.2%, respectively
(see Table I). This background estimation was
checked in different ways. First of all, the dis-
tribution of the transverse-momentum balance

per (Fig. 3) showed that the contamination due to
the r's was well below 2% and, in the same way,
the effective mass distribution M„,- (Fig. 3) gave

6-
~ xl 0'
z 5-
LLI

4—

x10' x10

3
EJJ

z

-5000 0 ~ 5000 100 200
I

300 0 50 100
I

150

(MeV') M (MeV) pc T (MeV/c)

FIG. 3. Distribution of the effective mass squared of the neutrino in the K,4 hypothesis, of the e e effective mass in
the Dalitz-pair hypothesis, and of the transverse-momentum balance of the charged particles. The histograms repre-
sent the K,4 events and the smooth curves the Monte Carlo simulation. The hatched areas on the M«and pcz. distribu-
tions correspond to an additional contamination of 2% by K~2-Dalitz and z decays, respectively.
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an upper bound of 3/g for the Dalitz pairs.
ond check was made by Monte Carlo: a realistic
mixture of K„, v, and m'-Dalitz events was pro-
cessed through the kinematical cuts. The cor-
responding decrease of the Monte Carlo sample
was exactly the same as for the experimental sam-
ple. A third check was provided by the number of
K„(e ) candidates, 154, found with the same se-
lection criteria, except for the sign of the elec-
tron. As was demonstrated in the study of the
dS=EQ rule (Ref. 3), those events were entirely
due to background, mostly to r decays where the
m faked an e . Since the 7' decay gave 2m' for
1v, the background in the K„(e') sample wa.s ex-
pected to be of the order of 300 events, i.e. 1Vo,

in close agreement with the calculation above.
For a part of the analysis, a special sample of

25 893 K„events was also used. It was obtained
by more stringent requirements on the topology
of the Cherenkov counters, on the X' of the K„
kinematic fit (X'& 100), and of the K„fit (X' & 5).
The total contamination of this special sample
was 0.3%.

Branching ratio

The K„branching ratio (ft) was measured with
respect to the branching ratio of the r decay (R,).
As it was explained before, ~ decays were re-
corded at regular intervals between K,~ runs.
The monitor was the number of coincidences M
= S,S,CQ,H,H, (with three signals in each hodo
scope), i.e. , the number of K' decays into three
charged particles. I.et N be the number of re-
constructed K~ decays, selected by the above cri-
teria and corrected for background, N, the number
of v selected by criteria (b) and (c), M and M,
the corresponding monitor counts. Then the K~
branching ratio ls given by

NM
'M N~

where r, /& is the ratio of the detection efficiencies
of the two modes. The proportional chambers and
the hodoscopes had the same efficiency for K„and
v decays. But it was found that the spark cham-
bers were about 3/o less efficient for v decays (6
triggers/burst) than for K„decays (-0.5 trigger/
burst) and this effect was taken into account.

For the study of the branching ratio, relatively
short periods were selected, where the beam sep-
arators as well as the overall detection efficiency
of the apparatus had optimum stability. This cor-
responds to about 10~/~ of the data.

~ith ft, =(5.59+0.03) x 10 ',"the K„branching
ratio was found to be

ft = (4.03 + 0.1S) x 10 ' .

A systematic error of 3k was included in the er-
ror. This result is in good agreement with Hefs.
5 and 14.

The K„/K„-Dalitz ratio was also studied. This
method should have some advantages over the
previous one because the K„and the K,4 were re-
corded at the same time with the same trigger.
But, due to the fact that the two electrons of the
Dalitz pair were emitted with a very small open-
ing angle, the detection efficiency was very sensi-
tive to slight fluctuations in the resolution of the
spark chambers. As a consequence this method
turned out to be less reliable than the normaliza-
tion to v decays but, nevertheless, it gave com-
patible results.

III. METHODS OF ANALYSIS

Configuration variables and transition probability

The K„decay is usually described by a set of
five configuration variables introduced by Cabibbo
and Maksymowicz": s, =M„' and s, = M„' the in-
variant squared masses, and the three angles 8„
O„and P as defined in Fig. 4.

The transition amplitude given by the V -A theo-
ry can be written as":

(G /v 3) sin8c(v'v ~A'+ V" ~K')u„y,(1 -y, )u, ,

where

(m'm ~A' ~K') = [F(p;+p, -) + G(p,.—p, -)
K

are the matrix elements for the axial-vector and
vector hadronic currents, respectively. In these
expressions p denotes the momentum four-vector
of each particle,

The form factors E, G, II, and R are dimen-
sionless complex functions of s„s„and cos8,.

FIG. 4. Configuration variables of the K,4 decay. The
angle 8, is defined in the c.m. of the dipion, 8& in the
c.m. of the dilepton, and g in the c.m. of the R'.
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The form factor R cannot be determined from the
K„decay because its contribution to the decay
probability is multiplied by m, '/s, and therefore
is negligible.

Pais and Treiman have shown" that the form
factors enter into the decay probability through
the following combinations:

E+ cyG cos

E2= pG,

F,= PyH/m, ',

with"

s, -4m, ' '~'
G = 2(m» —s —s))

P = [(s, —4m, ')s, ]'~',

I
y = [4(m»' —s, —s, )' —s,s, ]'~',

and that the probability distribution has a simple
expansion in the cos8, x P plane:

7r' G 'sin'8~ s, —4m, 'd'I' = , ~ , c ' ' I(s„s„cos8„cos8„P)ds, ds, dcos8,dcos8, dg,
(2» ' 16m»' s,

where

I = I, + I, cos28, + I, sin'8, cos2$ + I, sin28, cosp + I, sin8r cosp

+ I cos8r+ I7 sin8r s'n0+ I, sin28r si"0+ I si" r sin

F, =yf, exp(i5) + cos8, [zg+ yf~ exp(i~)],

F =Pg,

F,= Pyh/m»' exp(i&u, }.
(6)

As pointed out in previous measurements, "
the experimental determinations of f~ and g are
strongly correlated. This is due to the fact that

f~ contributes to the decay probability through F,
only, in combination with g. In order to avoid this
problem, we introduce a new form factor

g' exp(in, ) = g+ (y/o) f~ exp(i+),

which is not correlated to g. The magnitude of

f~ is then proportional to the difference between

g and g'.

The complete expressions for the coefficients I,
as functions of E„E„E„and8, are given in
Ref. 16.

%'e can write the 8, dependence of the form fac-
tors explicitly by making a partial-wave expansion
of the hadronic current with respect to the angular
momentum of the dipion system:

F =f, exp(i 5,) +f~ exp(i 5,) cos8,

+ d-wave term+ ~ ~ ~,

G =g exp(i5, ) + d-wave term+

H = h exp(i 5„)+ d-wave term+ ~ ~ ~

Because of the small values of s, in the K„de-
cay, these expansions may be restricted to s and

p waves. Note that the first term in the expansion
of G and H corresponds to a p wave. After a rota-
tion by the phase angle 5 and with the notation
5=5, —5, +=5~-6, x, =5„—5, the functions
E» F„and E3 become

With the expressions (6) and (7), we obtain for
the function I the following expansion:

15

2I = QA, (f„g,g', I4, 5, &u„~,)

&& B~(s„s„cos8„cos8»@) . (6)

and

+, =+2=0.

Acceptance, resolution, and binning

In order to compare the experimental and theo-
retical distributions in the configuration space,
we have to take into account the acceptance and
resolution functions of the apparatus. These func-
tions are evaluated by Monte Carlo techniques.
The integrated distributions of the acceptance
s(s„s, , cos8„,cos8, , @}, shown in Fig. 5, dem-
onstrate that the whole phase space is accessible
with good efficiency, except for cos8, close to
—1 or for M«above 430 MeV. The errors of
reconstruction on the configuration variables are
as follows: o(M„)=2.2 MeV, o(M, „)=5.5 MeV,
a(cos8„}=0.05, v(cos8, }=0.05, and c(Q}=0.14 rad.

The functions A.„and B, are given in Table II.
If T invariance holds, the Fermi-%'atson theorem

implies that the phases in the partial wave expan-
sion (5} are the phase shifts of the elastic ns scat-
tering. Furthermore, we shall assume that the
r I =-,' rule suppresses the (l =0, I = 2) partial
wave. As a consequence, we obtain
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TABIK II. Functions entering the expansion of the probability distribution [see Eq. (8)].

f 2

12

f,g' cos(6 —&)

f,gcos5

f~h cos g —&2)

g gcosco~

g h cos(&2 —&&)

gh cos~2

f gsin(5

f~h sing —u2)

g gsin(dI

g'h sin(co2 —el)

gh sinco2

sin 0)

G cos 0~ sin 0)

P sin 0,(1 —sin 0& cos Q)

(P y2/Mr4) sin28~(l —sin~8& sin2$)

2&y cos0, sin20&

Py sin8, sin20& cosset)

—(2/M~ )pp sin0~ sin0& cosset)

z&p sin28» sin20& cosp

—(1/M& )spy sin20~ sin0& cosp

—(2/M&2)P y sin28~ oos8&

2Py sin0, sin0& sin@

—(1/ME )py sin0, sin20& sing

0.'p sin28, sin0, sing

(1/2M+ )spy sin28 sin20& sing

-(1/Mz')p y sin28, sin'8, sin2$

Ng R2

Nh Rp

Ng' cosg —~,)

Ng cos6

Nh cos((5 —~2)

Ng '
gR4 cos~I

Ng 'hR
5 cos&g

NghR6 cos~4

Ng sinB

Nh sing —u2)

Ng' gR4 sin(d~

Ng 'hR5 sin(d3

NghR6 sinu4

200

IOO

0
280

M~~ (MeV)

480 0

COS Hg

When the physical parameters and the kinematic
variables can be separated as in Eg. (()), the most
economical way to evaluate the probability of
finding an event in a given region of phase space
is to use weights computed by Monte Carlo tech-
niques. " One defines a certain number of bins
and for each bin one computes the average val-
ues ( eB,). This method allows one to take into
account the resolution function, but it requires
a binning of the data which could reduce the amount
of physical information. The number and the
size of the five-dimensional. bins are optimized
according to the dependence of d'1" on each vari-
able. We define eight bins in Q (the highest term
is sin2$), fivebins in cosp, (highest term sin 6, ),
five bins in cosp, (highest term sin28, ), five bins
in M«, and three in M, „, i.e. , a total of 3000
bins. The populations of the 15 bins in the M„„
XM, „plane are about equal.

For a given set of parameters, the comparison
is usually made with a y' estimator. In our ca,se
however, this estimator cannot be used because
the mean number of events per bin is only 10.
Therefore, we replace it by other estimators
which take into account the Poisson fluctuations
of both experimental and Monte Carlo events. "

FIQ. 5. One- and two-dilnensional plots of the accep-
tance function e(s„s&, cos0&, ft)) integrated over the
other variables.

Extraction of form factors and phase shifts

At a time when only smal. l sampl. es of K„de-
cays were available, Pais and Tr eiman" pro-
posed an elegant method to extract the phase shift
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6 with minimal a priori assumptions about the
form factors. The idea was to integrate the
probability distribution d'I' over the variabl. es
s„s, , and cos6, and to fit it to the event dis-
tribution in the cos6, & Q plane, using the co-
efficients

(I,. )= I fl, d', d, d.osl,

2000

ISOO

K l000-
K

500—

I) -I & cos8~&-0.3

2) O. l & cos8~&0.'
5) 0,7ccos8~& I

FIG. 6. One-dimensional plots of the acceptance func-
tion e integrated over g„g&, cose&, and different inter-
vals in cose, . This demonstrates that q cannot be fac-
torized as e, (s, , s&, cose, ) XE'2(coso) Q) ~

as free parameters. The phase shift 6 was given

by

I (f.)
2 (f & (fs)'

This method, however, was devised for an
ideal detector with a uniform efficiency over the
whole phase space. In order to use it with a
realistic apparatus, one has to introduce the ac-
ceptance function & and, furthermore, to factor-
ize it in the following way":

e(s„, s, , cos8„cos8, , @)

= e, (s„s, , cos8, ) && e, (cos8, , Q).

But at the present level of statistical accuracy,
the acceptance of our apparatus cannot be factor-
ized without introducing a significant bias. In-
deed, it can be seen from Fig. 6 that the accept-
ance produces a correlation between Q and cos8

As a consequence, we shall use an extension
of the original Pais-Treiman method to the whole
conf iguration space, without proj ection on any
subspace. In this way, we take full advantage
of the large statistics available. We take the
probability distribution given by Eqs. (3) and (8)
and multiplied by the acceptance function
e(s„s, , cos8„cos8, , Q), and we fit it to the data
with the 15 coefficients A~ as independent pa-
rameters. The phases 6, (d» and ~, are given
by the relations

tan5 = A„/A„
tan(8 —",) = A„/A„
tanw, = A»/A„

tan(a, —~, ) = A «/A„

tan~, = A„/A, o.

As mentioned before, T invariance implies (d, =u,
=0 and can be checked from the relations

A„/A, =A»/A, and A»=A„=A» ——0.

The coefficients A» carry also the information
on the form factors. This information, however,
is quite redundant, since the same form factor
can be obtained from different combinations of
A» (see Table II). For technical reasons we de-
fine a new set of 15 parameters A,', given in the
last column of Table II: four physical parameters
(g= g/f, , g' = g'/f, , h =h/f, , and 8), one normal-
ization factor N proportional to f,', four phases
cu,. which should be equal to zero by T invariance,
and six quantities R, which must be equal to 1

for internal consistency. By fixing aLL the (d,
and R, to their expected values, we can perform
a fit with the usual four parameters of the K„
decay. By releasing some of the (d, and R, , we
obtain a fit with any number of free parameters
between 4 and 14. This provides us with an ef-
fic ient too l for detec ting dis cr epancies between
the experimental and theoretical distributions.

Search for systematic errors

Since the Monte Carlo simulation is a crucial.
part of our analysis, it is of prime importance
to check it in many different ways. We compare
the lab distributions of the particl. e momenta and
angles, the distributions of impact points on vari-
ous planes etc. The vertex position along the
beam axis and the momenta of the charged decay
products are presented on Fig. 7. Note that real-
istic values of the form factors and phase shifts
are included in the Monte Carlo. But the lab
distributions are not very sensitive to the actual
value of the parameters. Furthermore, we make
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the same comparison with 7 decays and the agree-
ment is also quite good. For K,4 decays, the
effective mass squared of the neutrino (see Fig.
3) provides a sensitive check of the resolution.

The internal consistency of the data is verified
by comparing different subsamples: one magnet
polarity against the other, differ ent production
periods, decays occurring upstream and down-
stream of Pc„etc. In every case, the differences
never exceed one statistical standard deviation
for g, g' and ~ and two deviations for h.

The effect of the contamination by & decays
deserves special attention. As explained before,
this contamination amounts to 0.8/g. If we take
a sample of simulated K,4 events with this ad-
mixture of' 7 decays, we observe the fol. lowing
effects. In a search with 14 parameters, R, and

R, inc r eas e by about 2 s tandard deviations above
their expected values, but g, g', h, 6, and +
remain practically unchanged. In a four parameter
search, however, g increases and 6 decreases
about 1 standard deviation each. The stability
of the physical parameters can be recovered by
releasing R, and R„ i.e., by performing a six-
parameter search. This behavior can be under-
stood from the fact that the 7's have a tendency
to cluster in a certain band of the M, „&~„plane
at M, „=m„. In order to avoid this bias, we use
two different procedures. In the first one, we
subtract the background by adding an appropriate
percentage of 7's to the theoretical E,4 sample,
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FIG. 7. Distribution of the vertex along the beam, and
of the ~', m, and e' momenta. (Histogram: Ee 4 events;
smooth curve: Monte Carlo simulation. )

and we perform a six-parameter search. In the
second one, we apply more restrictive cuts which
reduce the background to 0.3 /g (see above) and
we perform a four-parameter search with 25893
events. The two procedures give compatible
results.

Systematic er rors could also originate from
certain processes which are not included in the
decay probability (3).

For the evaluation of the radiative corrections,
we use calculations similar to those performed
by E. Ginsberg" for the E» decay modes. We
introduce those corrections in the probability
distribution (3), we generate Monte Carlo events
according to this new distribution and to the ac-
ceptance function, and we~rocess them as normal
events. We observe an effect mainly on the M,
distribution (classical Coulomb interaction be-
tween the two pions) and on the cos8, distribution
[as pointed out in Ref. 8]. These corrections
are inc luded in the f inal results, but their effect
is quite small: the form factor h is decreased
by 0.10 and the factor N slightly increased at low
values of M„.

We have no means of checking the ~I =
& rule.

Transitions with &I =
& introduce I = 2 terms in

f, which have the same dependence on the kine-
matical variables as the I =0 terms and there-
fore cannot be disentangled. The only possibility
would be to compare E - m m e+ v and K'-momoe+ v

decays. " According to what is known from other
semileptonic decays, the &I = 2 rule should be
valid at least to the 90% level. The effect of a
10' violation on the phase shift 6 is smaller than
one statistical standard deviation.

Pais and Treiman also proposed to test the
locality of the coupling between the lepton pair
and the hadronic current. We find that the theo-
retical distribution [Eq. (3) and (8)], where local-
ity is assumed, fitted the data very well. and we
conclude therefore that this hypothesis is val. id,
at least up to the level of the radiative corrections.

rV. RESULTS

The results of the two independent analyses are
perfectly compatible. Therefore we are presenting
here for each point the average of the two values
obtained, with the larger of the two error bars.

Relative form factors

The values of g, g ', and h are given in Table
III for the five bins in M „„.We do not observe any
energy dependence. The mean values over the
five bins are

( g) = 0.855 x 0.041,



TABLE III. Relative form factors and phase shifts for the five bins in M~.

M„(MeV)
Number of events

(M„& {MeV)

280-296
5673
289

296—310
6128
303

310-325
5941
317

325-347
6472
335

&347
6108
367

0.967 + 0.03
0.83 ~0.18
0.90 + 0.07

-0.77 + 0.40
Q.Q7 + 0.13

0.955+ 0.014
0.81 +0.11
0.89 + 0.05

-0.59 + 0.26
0.21 +0.07

0.981+0.015
0.93 + 0.09
0.89 + 0.04

-0.37 + 0.21
0.13 + 0.05

1.004+ 0.015
0.78 + 0.08
0.81 +0.04

-0.40 a 0.24
0.20 + 0.04

1.047 + 0.016
0.89 + 0,07
0.88 + 0.04

—0.54 + 0.32
0.27 + 0.04

(g') =0.868*0.020,

f.(q') =f. (0)(1+&q'),

where q = [(s, —4m, ')/4m, '] '~' is the pion mo-
mentum in the dipon c.m. system. Ne find

(10)

~ = 0.08 ~ 0.02.

This is the first evidence for a variation of a
form factor in the energy range of the K,~ decay.
According to Morgan and Pennington, " it is not
possible to relate this slope A. to the s-wave mm

scattering length ao by means of the Watson en-
hancement factor. 4

Considering now the other energy variable I„,
we do not observe any significant dependence of
the form factors.

( h) = —0.48 + 0.12.

The difference between (g) and ( g '), which is
proportional to f, , is compatible with zero. This
means that the form factor I' is contributing to
the s wave only. In Table IV, these results are
compared with the two previous experiments. The
agreement is quite good except perhaps for f, ,
which according to Beier ««. was 2 standard
devlatlons away fl om z ero.

The normalization factor N, also given in Tabl. e
III, exhibits a slight increase with M„. Since
N is proportional to f,'/(f, '), we can refer this
variation to an energy dependence of f, , which
we write in the following way:

the foLLowing K,4 decay rate:

1 =(3.26+0.15)&&10' sec '.
Normalizing the form factors to this rate, we
find

f, (0) sin&c =1.23+0.03,

g (0) sin&c = 1.05 x 0.06,

h(0}sin&c = —0.59+ 0.15,
where 6I~ is the Cabibbo angle.

The theoretical situation was reviewed by
Chounet, eI, a/. 22 The predictions of current al. -
gebra, assuming constant form factors, are

) f, sin&c[ = [ gsin&c( =0.80+ 0.02.

Different models" have been used to take into
account an energy dependence of the form factors.
They yield

0.55 & g/f, & 1.22.

Our results are in reasonable agreement with
those predictions and it might be worthwhile now

to include the observed energy dependence of f,
in the calculations.

Various estimations obtained from strong-in-
teraction diagrams with SU(3) coupling constants
give rather loose predictions for h (see Ref. 22):

0.3 & ( h sin&c[ ~ 1,

in agreement with the experiment.

Decay rate and absolute form factors

From the branching ratio measured in this ex-
periment and the tabulated E' lifetime" we obtain

Time-reversal invariance

As we have seen before, 1' invariance implies
that the p-wave form factors g, g', and h should

TABLE IV. Average values of the relative form factors and phase shifts found by Basile et al.
(Ref. 5), Beier et al. (Ref. 6}, and in this experiment. The X refer to overall fits.

Experiment
Number of events

Basile et al.
1609

Beier et al.
8141

This experiment
30 318

(5)
(6) (rad)

X2/DF

-0.049+ Q.072
0.86 + 0.14

-0.97 + 0.46
0.34 +0.13
47/35

0.077+ 0.037
0.86 + 0.05

-0.71 +0.23
0.19 ~0.05
67/54

0.009+ 0.032
0.855 + 0.041

-0.48 + 0.12
0.205+ 0.022
2957/2982
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have the same phase, i.e., ~, =(d, =0. A search
with ~, and ~, free gives the fol. lowing result,
averaged over the 5 bins in M„:

( ca), ) = 0.05 + 0.07,

( e, ) = 0.14 s 0.22,

in good agreement with time-r eversal invariance.

fKe4 THIS EXPERIMENT

f m. -p~m 7r n(26eV/c) &eI

f vr-p~7r+w- n (l76eV/c) ts}
60o - fw-p~a+m-n(56eV/c) (o)

f m p~a'u n(76eY/c) fe)

404-

d-wave contribution

The expansion of the form factors (5) has been
l.imited to s and P waves. In order to check this
approximation we add a d-wave term to G:

G =g~ exp(ib,')+g, exp(ib,') cos8, .

zo-

00
300

I

400
I

500 600
M (Mev)

I

700

We find g, (=g~ /f, ) compatible with zero, even
in the highest bin in M„, and we obtain the aver-
age value

( g„) =0.04+ 0.04.

mn phase shifts

The phase-shift difference & =&0 —6', for the
five bins in M„ is given in the last row of Table
III. It is also plotted in Fig. 8, along with the
points of the two previous E„experiments. Con-
cerning the discrepancy between Zylbersztejn
e) g). and Beier et al. at 320 MeV, one can see
that our new points give an intermediate value
which is compatible with either experiment.

Correcting 6 for the small contribution of 5,'
(&i', Ref. 24), we obtain the phase shift booand
we compare it in Fig. 9 to the data of the pion-
production experiments. There is good agreement
with the two m'm experiments "6which have
points below 500 MeV. However, most of the
data from m'n' production'8 are significantly
higher.

FIG. 9. Phase shift 6& from K,4 decay and from 7t

production: (a) Bef. 28, (b) Ref, 27, (c) Bef. 26, (d)
Ref. 25.

Scat tering length

In order to compute the s-wave scattering length
g~~, we use the model of Basdevant, Froggett,
and Petersen. " This model provides solutions
to Roy's equations which fit the m~ phase shifts
between 500 and 900 MeV. In the energy range
of the K„decay these solutions can be approxi-
mated by the foll.owing expansion:

4~ 2 1/2
sin25 =2 ' ' (a', +bq'/m„'),

where 0 =ho-a'„ i.e., the difference between the
s-wave slope and the P-wave scattering length.
According to the model of Basdevant et al. , 5
and a~ are related by the expression

I
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2Po

)QO

0

0.28

O.l

0

280 360 400

-O.l

I

O.l 0.5

M~~ tMeVj

FIG. 8. Phase-shift difference p& —5& from K84 ex-
periments: Zylbersztejn et al. (Bef. 5) (squares),
Beier et al . (Ref. 6) (triangles) and this experiment
(circles). The curves are given by Eq. (ll) for differ-
ent values of the scattering length a 0.

FIG. 10. Results of the fit of formula (ll) to the five
points of 6. The open circular point and the large error
ellipse correspond to the two-parameter fit, whereas
the black dot and the small ellipse correspond to the
one-parameter fit with 5 constrained by Eq. (12). Thi
constraint is represented by the hatched band.
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b =0.19 —(aoo—0.15), (12)

vtith a theoretical uncertainty of +0.04 on b. The
expected behavior of 5 for different values of
c~ is sho%'n by the curves ln Flg. 8.

One way to determine a', is to fit Eq. (11)
to the five values of ~. %ith a, and 5 as free
parameters, @re obtain a~ =0.31+0.11 and b =0.11
+0.16, as shorn by the large el.lipse in Fig. 10.
With h constrained by Eq. (12) (shaded band on
that figure), we find

ao =0.28+ 0.05,

as sho%'n by the SIDall. ellipse on Fig. 10.
An alternative vray is to introduce the expansions

(10) and (ll) in the probability density (2) and to
make an overal. l fit to the data vrith ~, g, g', h,
and a', Bs free parameters. This gives exactly
the same results and the agreement bebveen the
fit and the observed distributions is excell. ent
(see Fig. 11).

The final. value of the scattering length aoo sits
mell vrithin the bounds given by the conditions of
analyticity, unit3rity, and crossing symmetry. '~

It is some@&hat above the original Weinberg pre-
diction, but it appears that this prediction can be
revised without any fundamental. change in current
algebra or in the partial conservation of axial. -vector
current. "'

~ 600
QJ QQQ

200

0 96 192

M, „(Mev)

200

0

~gn

I

FIG. 11. Projected distributions of the K«experimental sample on the configuration variables, The curves repre-
sent the overall fit.
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V. CONCLUSION

This experiment provides an answer to most
of the questions which have been raised about
E,~ decay. In particular, our results help to un-
derstand the behavior of the s-wave mm phase
shift at low energy. Once more, we would like
to emphasize that the five points obtained for the
phase difference &', —&,

' are practical. ly model-
independent, whereas the scattering length itself
could change, given some refin. ements in the mod-
el.s or in the analysis of v-production data above
500 MeV. It is also interesting to point out that
the above error on ap contains two contributions,
an experimental and a theoretical one, which are
almost of the same size. This means that the

precision achieved in this experiment compares
with the overall accuracy of the present descrip-
tion of low energy mm interaction. .
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