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The SU, symmetry of an extension of the oo model containing massive vector and axial-vector bosons is broken
by adding electromagnetic interactions. This is done in a way formally similar to the way in which the
intrinsic symmetry—but not the *“‘gauge” invariance—of space-time is broken by gravitational interactions.

I. INTRODUCTION

The unified gauge theories of Weinberg! and
Salam? have been recently extended to include

strong interactions (Bardakeci,® de Wit,*® and Bars,

Halpern, and Yoshimura®). Using the Higgs-Kibble
mechanism” locally chiral-invariant extensions of
the 0 model can be constructed which include
strongly as well as weakly interacting Yang- Mills
fields. From the general results of ’t Hooft,® one
can show that the resulting Lagrangian is renor-
malizable. Furthermore, de Wit® has shown that
although the current-algebra hypothesis does not
seem to be satisfied in these models, the results
of chiral- Lagrangian field theory (see, for ex-
ample, Gasiorowicz and Geffen®) which follow di-
rectly from partial conservation of axial-vector
current (PCAC) remain valid.

In this paper we shall present a locally chiral-
invariant extension of the ¢ model which includes
electromagnetic interactions. Our approach dif-
fers from that, for example, of de Wit® in two
respects. First of all, the Yang- Mills fields which
we introduce acquire a mass in the same way that
the nucleon acquires a mass in the 0 model. In the
o model the nucleon has no mass and there is a
term in the Lagrangian linear in o which explicitly
breaks the gauge symmetry and makes the vacu-
um unstable. The fields are then shifted to give
a stable vacuum and a nucleon mass. We intro-
duce a second scalar field ¢ which gives a mass
to the Yang-Mills fields in a similar way. How-
ever, we pursue the general logic of the 0 model
in the inverse direction. Instead of breaking gauge
symmetry and shifting the fields, we shift the
fields in the classical Lagrangian by fiat [see
formulas (2.19), (2.25)]. This means that we keep
the gauge invariance but the quantum Lagrangian
will have an unstable vacuum. This approach has
a drawback in that it cannot be directly shown to
be renormalizable, although we have explicitly
constructed the Lagrangian to be polynomial and
to have a minimum number of derivative coup-
lings as well as to be locally gauge-invariant.
However, it allows the classical Lagrangian to

have massive gauge fields and these masses are
fixed as they are in the unified gauge theories
which use the Higgs-Kibble mechanism (for ex-
ample, see de Wit’). Also, it leads naturally to
a second, and more important, difference.

We have attempted to interpret the photon not as
a gauge field arising from an additional U, gauge
group to be juxtaposed to the strong-interaction
gauge group SU, X SU,, but as a gauge field as-
sociated with the breaking of SU, X SU,. There-
fore, the total gauge group remains SU, X SU,
even in the presence of electromagnetic inter-
actions; the intrinsic symmetry of this gauge group
is broken, however, by these interactions. We
have here been inspired by an analogous situation
in general relativity.

If one has a Lorentz-invariant theory which one
wishes to write in a form invariant under the gen-
eral covariant (pseudo-) group (or under the lo-
cal Lorentz group), one introduces a general (flat)
metric and a general (flat) connection or covariant
derivative. One has then a gauge theory which is
Lorentz-invariant. If one wishes to introduce
gravity, one requires that the metric and the con-
nection acquire curvature. One has then a gauge
theory which is no longer Lorentz invariant; the
gauge invariance remains as it was, but the in-
trinsic symmetry of the gauge group is broken.

In order to lend support to the approach we use,
we present two mass formulas, (3.13), and (6.11).
However, neither of these formulas can be con-
sidered to be exclusively a consequence of our
Lagrangian. Formulas like (3.22) connecting the
ratio of the axial-vector mass to the vector mass
have appeared often in chiral- Lagrangian theory
(see, for example, Barnes and Isham!®) and they
also follow from spontaneous symmetry breaking
(for example, de Wit®). Also, formula (6.11) is
identical to that connecting m,, m,, and 6, in
the Weinberg-Salam model of weak interactions.

The free Lagrangian for the nucleon system ¢
=(?) is

L=Y(iy*o,— m)y. (1.1)

This Lagrangian is invariant under constant trans-

514



15 GAUGE-INVARIANT EXTENSION OF THE ¢ MODEL WITH... 515

formations of the isospin group. It is not, how-
ever, invariant under transformations which are
functions of the point in space-time because of
the derivation in the kinematical part. If a is an
element of SU, (or of SU, X SU,) then, in general,

o (aP) #ad, .

Yang and Mills!! solved this problem by replacing
the partial derivative 8, by a covariant derivative
D, defined such that

D,(ay")=aD,¥', Y=a¥’.
If we write
D,=0,+T,,

then the ', are the Yang-Mills fields; they also
constitute what is called a connection (see, for
example, Kobayashi and Nomizu'?). We shall be
led to introduce three different types of connec-
tions—the general connection or Yang-Mills fields,
and two special connections. We shall discuss in
Sec. II the theory of connections in sufficient de-
tail to be able to describe the three types of con-
nections which interest us.

The Lagrangian (1.1) is not invariant under even
constant transformations of the chiral group SU,
X SU, because of the 7° in the mass term. If a is
an element of SU, XSU, then, in general,

ay’+ y%a.

This problem was solved by Giirsey*® by replacing
the matrix y° by a general metric g defined such
that

ag’'=ga.

We shall discuss in Sec. II the theory of metrics
within the context of the chiral group and we shall
in particular define a metric connection, one of
the special types of connections mentioned above.
Define §=9*g. We now have a Lagrangian,

L=Piy* D, - miv (1.2)

which describes the nucleons in interaction with
the metric fields g and the Yang-Mills fields T,
and which is invariant under local transformations
of the chiral group SU, X SU,. These first two
steps have also been described by Mainland and
O’Raifeartaigh.'® They refer to them as a gen-
eralized minimal principle. The principal re-
maining problem is the mass of the Yang-Mills
fields. No invariant mass term can be constructed
from the connection I', alone.

We shall solve this problem by using a gener-
alization of an idea due to Stueckelberg'® which
has also been used by Schwinger'® and by Wess
and Zumino.!” We shall introduce a third con-
nection I"ﬂ which is flat and we shall use it with

the Yang-Mills connection to construct an in-
variant mass term. We shall discuss this con-
nection in Sec. II. In particular we shall show
that it was necessary to introduce it; the metric
connection mentioned above could not be used be-
cause it would lead to a nonpolynomial Lagrangian.

The introduction of the mass term for the Yang-
Mills field in a gauge-invariant manner fixes the
value of the mass. To see this, we recall the
Stueckelberg argument. Let p be the proton field.
Then

L£=piy*(d,+ieA,) p— i F,, F** (1.3)

is invariant under space-time-dependent phase
transformations e’®*. The connection in this case

is i¢A,. ieF,, is what is called the curvature of the
connection. A connection is flat if its curvature
vanishes. In this case, this means that it is of the
form f 3,x where f is a constant. An invariant
mass term may be constructed using eA, and /9.
The resulting Lagrangian is

L=piy* (8, +ieA )b — i F o, F* + 5= (fox— eA)?.

1
272
(1.4)

The mass of the field A, is equal to e/f. We shall
find similar relations for the masses of the vector
and axial-vector mesons in the more complicated
case of SU, XSU,.

We see then that by three successive applications
of the general idea of a compensating field we shall
be led from the free-nucleon Lagrangian to one
which is invariant under local transformations of
the chiral group SU, XSU,. The three additional
conditions mentioned at the beginning of this sec-
tion place severe restrictions on the final La-
grangian.

The additional fields which we shall be led to
introduce are the Yang-Mills fields p, and a, for
the chiral group SU, XSU,; the o-model fields o
and 7 come from the metric ¢ and four isospin- 3
fields come from the flat connection. The nota-
tion is that of Bjorken and Drell.!®

In Sec. II we shall introduce some general math-
ematical formulas and write down the invariants
which can be formed. The only essential conclusion
to be drawn from this section is that the metric
connection of g cannot be used in the Lagrangian
since it would lead to nonpolynomial terms; this
serves as motivation for introducing the flat con-
nection. We use some of the elementary concepts
(but none of the results) of differential geometry
in this section since in Sec. VI we wish to stress
a vague analogy between the way we break the
SU, X SU, symmetry by electromagnetic inter-
actions and the way the Lorentz symmetry of
space-time is broken by gravitational interactions.
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In Sec. IO the Lagrangian is written down and ex-
panded in terms of the fields. We also discuss
here the constraints on the masses of the axial-vector
and vector mesons. InSec. IV the equations of motion
are discussed. In Sec. V the currents are intro-
duced; the fields are formally quantized and the
charge algebra is shown to be formally equal to
SU, XSU,. In Sec. VI, the symmetry is broken by
introducing electromagnetic interactions. This is
done in a way which conserves local gauge in-
variance and an analogy is drawn with general
relativity. The extra invariants are discussed
which the electromagnetic interaction introduces
and various interaction terms are explicitly written
down.

II. INVARIANTS

The nucleon field ¥, defined by

v=(4). 2.1)

takes its values in the eight-dimensional complex
space C®® C*. The chiral group SU, X SU, operates
on this space, the Pauli matrices operate on C?,
and the Dirac matrices 7° and I operate on C*. We
are interested in defining a derivative of the nu-
cleon field ¥ which is covariant under transforma-
tions of ¥ by elements a of the chiral group. That
is, if

Y=ay’ (2.2)

is a transformation of ¢, then we wish to define D,
of ¥ such that

aD, V' =D,y. (2.3)
Define T', by

D,=0,+T,. (2.4)
Then
a@,+T )Y =(3,+T,)ad, (2.5)

and we see that T, must transform as
T/=a*T,a+a*d,a. (2.6)

The additive term a*3,a is an element of the Lie
algebra of SU, XSU,, so it is sufficient to suppose
that T, takes its values also in this Lie algebra.
We shall call T, a connection.'?> We may write ",
as

T,=p,+Y%a, , 2.7)

where p, and a, are functions with values in the
Lie algebra of SU,. They are the classical Yang-
Mills fields. Let 7; be the Pauli matrices. For
convenience we shall expand p, and @, in terms of
the matrices o;=— %iT,X)I.
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It is interesting to note that if C is a curve in
Minkowski space with tangent vector dx®/dt, then
the condition

dx*®

= Da=0 (2.8)

uniquely defines a nucleon field along C in terms
of its value at one point of C. Fields which satisfy
such equations are the closest things we have in a
gauge theory to constant fields. That is, the equa-
tion D,¥=0 in general has no solutions. The rea-
son for this is a quantity known as curvature.

The curvature R, of the connection T', is defined
by

R,=8,T,-5,T, +[T,,T,l. (2.9)

It is an antisymmetric (Lorentz) tensor with val-
ues in the Lie algebra of SU, XSU,. One sees
easily that

(DD, J¥=R,,¥.

So it is evident that the equation D, ¥ =0 has no
solutions unless R,,=0. One can in fact show'?
that if C is a curve which starts and finishes at
the same point then a solution of Eq. (2.8) will
not have the initial and final values of ¥ equal in
general unless R, vanishes.

A connection for which R, vanishes is called a
flat connection. One can show that R,, vanishes
if and only if T, is of the form

(2.10)

r,=T%=b"8,b, 2.11)

where b is a function with values in SU, X SU,.
From (2.6) it is evident that such connections can
be made to vanish by an appropriate choice of a.
(We have written b™* instead of b* since we shall
be lead to consider a slightly more general form
of flat connection later.)

A metric in the space of ¥’s is a matrix-valued
function whose determinant is not zero, which to
¥, and ¥, associates a real number ¥;gy,. It
follows that ¢ must be Hermitian:

g:g*. (2~12)

Under a gauge transformation §;=ay} (i=1,2), ¢

must transform as
g'=a*ga (2.13)

if we wish to have ¥7gy, =" g’ ¥5.
Consider a curve C and two solutions ¥, and ¥,
to Eq. (2.8); then we have

d * d © * *
Ef— (Zplgdjz) = '7);- (aalprng"}' Zpl aagw2+¢1gaalp2)

dx*
=-d'f¢f(aag— Tyg-gT ), (2.14)
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Suppose that this vanishes for any curve C; then
2 =Tog+gT,. (2.15)

A connection which satisfies this equation is called
a metric connection. In particular, with such a
connection a field § has constant length ¥*g¥ along
a curve C if it satisfies Eq. (2.8). Since I''=-T,
we have

D,g=09,g+[T,,2]=0 (2.16)
if T, is a metric connection for g.
If b is a function with values in SU, XSU,, then
g°=b% (2.17)
is a metric. We shall call it a flat metric since
it has as metric connection the flat connection 1"‘;.

In a particular gauge we have ¢°=4° (from 2.13),
so that in this gauge

P =9 0 =9y. (2.18)
The gauge in which g°=4° is the gauge in which
r=0.

The nucleon metric which we shall introduce is
the metric

g=9°(1 + 0+ 29°7) (2.19)

of the 0 model (Schwinger,'® Gell-Mann and Lévy®°).

See also Giirsey®' and Lee.? We have chosen units

so that the pion decay constant f, is equal to one,
f, =1 (unit of length). (2.20)

This fixes the factor 2 in front of 7 in (2.19). The

factor 1 in front of o is fixed by the free kinemat-

ical Lagrangian. As with the Yang-Mills fields we
expand 7 in terms of the o, matrices: m=7's,.

Let a=¢%*"8 be an arbitrary element of SU, X SU,,.

The requirement that g transform according to
(2.13) induces the following transformations of the
o and 7 fields:
o' =o+28+2{8, 7} + 280+ {8, [, al}++ - -, )
) (2.21
m=m+ B+ (71, al+ Bo+2[ B, a]+z ([, a], ]

+%[B,a]o’+{ﬁ,ﬂ}ﬁ+%[[ﬁ,(y],a] +%BZB+' ©

The metric g is Hermitian and it defines one
invariant j:

j=g®=(1+0)* - 4%, (2.22)

We shall identify invariants with the corresponding
multiple of the unit matrix in the 8-dimensional
space we are using, so that Tr(j)=8j.

In order to give a mass to the Yang-Mills fields
using the Stueckelberg mechanism we need a sec-
ond connection in order to form a gauge-invariant
mass term for the Lagrangian. We see from Eq.
(2.6) that the difference of two connections trans-
forms without the additional term a*aua. Once

we have introduced a metric it is natural to in-
quire whether an associated metric connection
could play this roéle.

Let B, be such a connection; therefore, B, satis-
fies Eq. (2.15) or (2.16). By choosing the gauge
m=0 one can see immediately that ¢ has in fact
no associated metric connections, but that the
conformally related metric g/\f}_ has such con-
nections. If we expand B, as follows:

B,=X,+ 'y5 Y,,
then we find from (2.16) that X, Y, satisfy the
equations

o, 1 [X, 7] 8, jm

“2j(1+0) "’

Y“:1+0 l+0

. 2.23
{yv n}:—a—“g-—(lﬂr)i‘—]- ( )
W= vl

The general solution to these equations is given by

X, =j o, m, m]+ Vi,

2.24

vy  ®%
l+0

=it
Y,=jt e, m+00,m-md3,0)+

The solution depends on an arbitrary vector V,
which takes its values in the Lie algebra of SU,.
We cannot set V, equal to zero, since it must
transform so that B, is a connection. One solu-
tion would be to identify V, with the p-meson fields
and to use B, as the Yang-Mills connection. This
would do away with the necessity of introducing
the A, mesons as fundamental fields. It would,
however, lead to derivative couplings between the
pions and the nucleons and it would be impossible
to introduce either a p-meson mass term or a pion
kinetic term in a gauge-invariant manner.

If we wish to use B, to form a mass term for
the Yang-Mills fields then V, must be constructed
from 7 and from a scalar field 7 with isospin
equal to one. From the known transformation
properties of o, 7, and B, one can in fact easily
see that B, must contain a term 8,7 and that it
cannot be independent of 7. We have not succeed
in constructing such a V,, which would lead to a
B, polynomial in the field variables, or even one
which would yield a B, such that j"B, is poly-
nomial, for any integer n.

We shall use this negative result as motivation
for introducing yet a third connection—a flat con-
nection I'% given by (2.11). Define the matrix
function b by

b=1+—i2ib+y5—f;2?§+fx +Y5f k. (2.25)

X and k are functions with values in the Lie alge-
bra of SU,. We expand them in terms of the o;
matrices:
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x=x'o;, xk=k'o,.

(&, ') are scalar fields; (¢,,«’) are pseudoscalar
fields. We shall see that each of these sets of
fields constitutes two isospin-3 multiplets. The
parameter f is the ratio of the (¢4, «) “decay con-
stant” f, to f, (which we have set equal to one by a
choice of units). This fixes the factor 1 in front
of x; the factor z in front of ¢, comes from the
free kinematical Lagrangian.

The Hermitian adjoint of b is given by

b*=1+—f2—¢+ 5 f¢5

-fx-vr«. (2.26)
This yields the invarlants
E=b*b=bb*=Et++%¢, (2.27)

where &, ¢ are given by

e L) L e

(2.28)
t=1 9 (1+—>— 7*{x, 1
The inverse of & is given by
R e (2.29)
and the inverse of b is given by
b-l=k"p*. (2.30)

We require that under a gauge transformation
a and b transform as

b—b'=ba. (2.31)

This yields the following transformations on the
field variables:

¢':¢+—;-(012+32)+{x,a}+{x,3}

c 2ty B o ghen

2
= 0,+{0, B + 1K, b+ 32 (@74 9

+<}1—+(§b—>{a,6}+-- .

X =x+ fg+‘é‘[x,a]+%[f<,ﬂ]+

+% (012+Bz)+§{a,[3}+- ..

(2.32)

K’=K+7§+'§[x,m+§[x,a]+%+—

+§(012+[32)+%<{a,6}+' .-

Define I') by (2.11). If one calculates the adjoint

of '), one finds
0% =-T%+5,(Ink) ; (2.33)

so that T') is not strictly a connection as we have
defined them above. In fact the anti-Hermitian
part of T‘ﬁ is a connection and the Hermitian part,

3T+ T9%) =4, (Ink) (2.34)

is an invariant. We shall ignore this rather trivial
difference. Written out in terms of the field vari-
ables, T is given by

ko (1 ®

72T % > 3, (x+7%k)

FratrY Y

-z (x+7Y°K)3, (0 +7°0,)

, ; 1
+ 2 [0,(x+7%), (x+75f<)l+2~ff a,k. (2.35)

The curvature RY, of I'%, given by (2.9), van-
ishes:

R%,=0. (2.36)

Since we have introduced a flat connection it is
of interest to enquire whether we could have used
the flat metric g° (2.17) instead of the o-model
metric (2.19). In fact, we could have done so but
the fields we introduce using b are necessarily of
isospin 7 and could not be used as pion fields. If
we use g° as metric, then the pions would disap-
pear from the Lagrangian.

We have introduced two connections T', and F°
One easily sees from (2.6) that
r, :pI‘u+ql"z, p+g=1 (2.37)

is also a connection. The most general covariant
derivative we can introduce is therefore

D, =3,+T} .

However, if we do not wish to have derivative coup-
lings with the nucleons we must set ¢=0 and p=1.
This yields the covariant derivative (2.4). It also
implies p universality.

From I', and 1"2 we can construct the covariant
quantity

C,=T,-T9. (2.38)
From (2.6) we see that C, transforms as

C,~C.L=a"C,a. (2.39)
The Hermitian adjoint of C, is given by

Cr=-C,-5,(Ink). (2.40)

We are now in a position to discuss the invariants
which can be formed from the covariant quantities
which we have introduced. Since we wish to form a
Lagrangian from the invariants we shall restrict
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our attention to those which have at most first-
order derivatives in the field variables and which
yield diagonal second-order terms.

Consider first of all those invariants formed
using the nucleon field. We have

W, d=y9*¢ (2.41a)
J‘j" P, zz'le" Y, n a positive integer (2.14b)
e, (2.14c)
b*g%m Y, b* g%k Y, n a positive integer  (2.41d)
Py DU, (2.41e)
Piy*j"D, 0, Tiy* k"D, ¥, n a positive integer.
(2.411)

We could choose as mass term any linear com-
bination of (2.41a), (2.41b), (2.41c), and (2.41d).
For example, (2.41c) would lead to direct nucleon-
kaon couplings. We shall choose (2.41a) for the
mass term since it corresponds to the o -model
choice. Also it is the only one which contributes
to the Lagrangian a term of degree not greater
than 4 (see, for example Bessis and Turchetti®®),
The only term which we can choose as the nucleon
kinematical term is (2.41e); the invariants (2.41f)
lead to derivative couplings.

Consider now those invariants which can be formed
using only the pseudoscalar and scalar fields. The
most general such invariant is a general func-
tion,

F(j5aujykaapk) ) (2423.)

which is a Lorentz scalar. However, if we do not
wish to have derivative couplings between these
fields then the most general function we can
choose is

F(j,k). (2.42b)
We shall restrict ourselves to using
Tr(j), Tr(k) (2.42c)

as mass terms. The only other invariant of de-
gree not greater than 4 which we could have used
is

Tr(j?) (2.42d)

as in the o model.

Finally, consider those invariants containing the
Yang-Mills fields. For simplicity we do not write
down terms with g° factors; they can be eliminated
in the same way as the terms with g factors. We
have

Tr(k*j°C,g"C**g%), p,q,r,s integers (2.43a)

Tr(k*j°R,,g"R*"g), p,q,7,s integers (2.43b)

Tr(k’j°D, g¢"D"gg®), p,q,r,s integers.(2.43c)

We shall choose as mass term for the Yang-Mills
fields (2.43a) with p=1 and g=r=s=0. We shall
see when we write this invariant out in detail in
the next section that it is the only one which has

no derivative couplings. As the pion kinematical
term we shall choose (2.43¢) with p=¢g=7=s=0.
We shall see also when we write this invariant out
in detail that it is the only possible choice. It con-
tributes a term to the axial-vector mass. The
standard Yang-Mills kinematical Lagrangian is
given by (2.43b) with p=¢g=7r=s=0. We shall

also make this choice. Any other values of p,q,7,s
would lead to derivative couplings between the
vector, axial-vector, scalar, and pseudoscalar fields
containing second-orderderivatives. Similar re-
strictions on chiral Lagrangians due to the ab-
sence of derivative couplings have been considered
by Ogievetsky and Zupnik.?*

III. THE LAGRANGIAN

From the discussion of the preceding sections,
we have as Lagrangian the following invariant:

. ~ 1

L=TJiy D, v - mPy+ 7 Tr(kC,C**)

+5 Tr(R,,R*)+ & Tr(D,g D*g)

2 2
- L Tr(e) - 2 Tr()) (3.1)
This Lagrangian depends on five parameters
FerS s Has e, 1. We have set the (bare) p coupling
constant g, equal to one.

A short calculation yields the following expan-
sion for the third term in £:

1
—4—f§ Tr(kC“C*u)

. 74lf"’ Tr(s,b 0*b*+2T*b*a,b ~0b*T,T*). (3.2)

We can see now why this was the only invariant
which we could choose from the family (2.43a).
Any other values of p,q,7,s would not have yielded
the simple 3,b8“b* term on the right-hand side
and this is the only one which does not give de-
rivative couplings between the scalar and pseudo-
scalar fields.

Similarly for the fifth term in £. We find the
following expansion:

1 - 1 [ 1 3
5 Tr(D,gD*g)= ZTr(d,g9%g) + -Tr(T,(g0"g - 8"gg))
+ %Tr(l‘ugl‘“g—jf“ ). (3.3)

Any other values of p,q,7,s in (2.43c) would not
have yielded the simple 8 ¢ 8"g term and this is
the only one which does not give derivative pion-
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pion couplings.
We write £ as the sum of three terms:

L=2,+L,+L,, (3.4)
where
L, =iy e, - myp+ 1 Tr(R,, R,,)

1
+ Z}TTr(a“b 8“b*)+ L Tr(a,g08"g)

2 2
My My N
-5 Tr(k) - 16 Tr(j), (3.5)

L=y T, b= m(@Y- ), (3.6)
1
L,= E-ETr(I‘“b*aub) $Tr(T,(go"g - 3%gg))
L orrep*r, T
- 17 r(bd*r,T*)
+3Tr(C,gT*g—jT, T*). (3.7)

It is straightforward to expand £; in terms of the
field variables:

L =iy, 0- mPY++Tr(R,, R*™) +35 (8,0 8%d - 11,20%) +3(5,0,0* ¢, — 11,20,

— 5 Tr(d,xa"x— wixX+ 8,k 0"k — 2K +3(8,0 80 — 11,°0%) =1 Tr(d, %7 — p,?1%) - 220 — %0,

(3.8)
£,=Tiy* (p,+v°a,)b— omPd - 2mIy°ny 3.9
Ly=3 Tr[(* M+ ) p, + (27 442 )a, ] - #Tr(pz) -1(1+1/f*) Tr(@)
—%zTr[(viw% +i07— X = k%)(p* +a?)| - 50 (0+2) Tr(a) —#Tr[(¢5(l+ 2 0) - 1{x,«Da,p"]
+2(1+0) Tr(p,[m,a*]) - & Tr(( p*, 7] [p,, 7]+ [a* 7] [a,,7]). (3.10)

The currents (Sec. V) are defined by the Egs.
(5.15), (5.16). In terms of the field variables, they
are given by

0= [s#7, 1],

j ™ 3k 0 8% T — T kT,
ju<«>:@+ 2) oy féaux_ga“¢ (3.11)

K
—58“¢5+%[8“K,K]+% [8*x, x],

, 1 ¢ 5 X
5(k) _ [ © 5 gty L g
i+ _(f+ 2)8 K+ 3 9%y 28 o,

—g b+ [0y, k]+z[0%, x].

£, contains the free Lagrangian plus the Yang-
Mills fields’ self-interactions terms; £, contains
the nucleon-boson interaction terms; £, contains
the mass terms for the Yang-Mills fields plus the
boson-boson interaction terms.

&£ contains 6 fictitious degrees of freedom cor-
responding to the 6 gauge degrees of freedom. We
shall discuss how best to eliminate them in the
next section. Here we would like to point out that

£, has two linear terms - 2(,2/f)¢ and - y %0}
and therefore the vacuum expectation value of the
¢ and o fields do not vanish. In order to obtain a
stable vacuum we would have to add to £ two linear
terms +2(u,>/f)¢,+ w20 as in the 0 model. These
terms break the chiral symmetry and give a non-
vanishing value to the divergence of the axial-
vector currents. It is important that this be so
since we shall see later that if we formally quantize
the Yang-Mills fields, the axial-vector charge can
be usedtotransforma pfieldintoan A, field. Since
these particles have different masses we arrive
at a contradiction with conserved axial-vector cur-
rents.

We see from (3.10) that the (bare) masses of the
Yang-Mills fields are fixed. They are given by

m,,2=—}- mA12=1+—1 (3.12)

f2 ’ f2 *
This yields the ratio

my ® 2
i W 3.13
mE 1+f ( )

for the masses in terms of the “decay constant”
of the fields (¢,, k) [see (3.11)].
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The splitting of the vector and axial-vector mass-
es arises because of the extra contribution to the
latter coming from the fifth term in (3.1). This is
identical to the origin of the splitting in Barnes
and Isham'® (formulas 20 and 21).

IV. EQUATIONS OF MOTION

By varying the Lagrangian with respect to the
field variables we obtain the classical equations of
motion. The only ones which we shall consider
here are those for the Yang-Mills fields since
they imply constraints. We shall show that the con-
straint equations are identical to the equations for
the conservation of the currents.

The equation of motion reads

B R™ =¥ 499" (4.1)

where the right-hand side is the total current. The
constraint equation is therefore

8,(g" +v°9"%) =0. (4.2)

Equation (4.1) may be written in a manifestly
gauge-invariant manner by introducing the covari-
ant derivative of R, ,:

DlRuvza/\Ruv"'[r)uRu_v]' (4-3)

We have therefore, for the equation of motion,

k 'k
DuR“"=};[g,D”g]_f_2. C"—~2-72- (4.4)
From the identity D, D,R*" =0 we obtain
D\(kC*)+: Qk=5f*g,D, D*g]. (4.5)

This is the same equation as (4.2).

If we were to calculate the equations of motion
for the spin-0 fields we would find also that (4.2)
[or (4.5)] followed from them.

In fact, it is of interest to consider these equa-
tions in the lowest approximation since they in-
dicate the most natural gauge condition to choose:

u

@+ uf)x=%8up ,
O+ uf)x:% 8, a", (4.6)
O+ p)mr=08,a" - 2miy’o ;o

The most natural gauge condition is
x=k=0. (4.7)

In this gauge, the longitudinal components of the
Yang-Mills fields decouple.

V. CURRENTS

Since the Lagrangian is an invariant the equations of motion yield the following identity:

5L 68 . 6L . 8L . 8L
=9, 0Y+—=——7 6P, -ba, ox’ ok
ok au{aaud/ 5o ot P 5a.a1 0% T e X e X
6L 0L 6L 6L i
t5o.0 8¢+ 55,0, dg+ 550 6c+63un" o %
=0. (5.1)
—
This yields the equation for the conservation of GHS = g 4 jH3P) 4 s | eS| (5.8)

the vector and axial-vector currents, defined by
the equations

J* =~ idy*o o, (5.2)
J¥=—iy* vy o0, , (5.3)

. .. k
]u(0)+y.]u5(p):_[Rn>.7 FA]“F Fu - % [[Fu)g]’g] b

(5.4)
JHOO L 5jus00 2;2 (b*5%b — 84p*p) , (5.5)
PO =g g, 0% (5.6)

G =JH +]-u(o)+ju(x)+ju<x) , (5.7)

We remark here that the usual definition of the
currents (see, for example, Gasiorowicz and
Geffen®) is such that a gauge-invariant term would
yield no contribution to them. Since we have a
gauge-invariant Lagrangian this would yield a total
current which is identically zero. The reason is
that this definition includes in the current (5.4),
minus the left-hand side of (4.1), so that (4.1)
becomes simply the expression of the fact that the
total current vanishes.

The total vector and axial-vector charges are

Q= fc7°d3x, Q5=f51°5d3x. (5.9)

It is convenient to introduce the notation
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Q,=ziTr(Qu+Q°p), y=a+y°p. (5.10)

We now formally quantize the fields. Using the
standard (anti-) commutation relations between the
fields and their conjugate momenta, we obtain the
charge-field commutation relations:

[Q,,¥]=¥, (5.11)
[Q,, x +¥°k]==(y+z[x+7v 7k, v]+ 2(d+1°d)¥),
(5.12)
[Q,, o+ ¥° b=~ {x + 1%, v}, (5.13)
[Q,, 0 +¥°a, |= = [py+Voar, 7], (5.14)
[Q,,7]=~B-Bo-[m,a]. (5.15)
(@, 01=-2{,7}. (5.16)

We also obtain the charge-algebra commutation
relations

[ny Qy'] = Q[Y, '3

As we remarked earlier, (5.14) is inconsistent
with the existence of vector and axial-vector me-
sons of different masses.

From (5.12) and (5.13) we can deduce the isospin
content of the (¢, ) fields. To do this it is con-
venient to expand the charge and the fields in terms
of isospin components. We have

(5.17)

R=-Q'0;, @=-Q%0,; (5.18)
so we have
i ilatid 51 12 jeijh ok
[QF, ki ]=2id, 6" +3icii* k* | (5.19)
[Q'y¢5]=—%i’{l-

We see then that we have two isospin-% multi-
plets.

VI. ELECTROMAGNETIC INTERACTIONS

In the general theory of relativity, interaction
with the gravitational field is introduced by sup-
posing that a flat connection develops curvature.
We introduced in Sec. II a flat connection I'), which
we expanded in terms of the (¢, k) fields and their
scalar parity partners. We shall suppose that
electromagnetic interactions cause this connection
to acquire nonzero curvature. That is, we sup-
pose that it is replaced by the connection A, given
by

I9—~A,=T%-tanfA b o,b. (6.1)

6 is a mixing angle between the photon and the p°
meson which we shall determine later in terms of
the charge. A, is a vector field which is invariant
under SU, X SU, transformations. A straightfor-
ward calculation yields the following value for the
curvature of A :
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R}, ~S,, =-tanfF b a,b . (6.2)
F,, is the curl of A,. We define C, now as

C,=T,-4,. (6.3)

(24

If we were to maintain a closer analogy with
general relativity we would set C, equal to zero
and use A, as the Yang-Mills connection. We did
not do this since it would introduce derivative
couplings with the nucleons. Such couplings exist
between the nucleons and the gravitational field.
An attempt has been made® to push the analogy we
are here considering in the other direction and to
introduce a nonvanishing C, into gravitational in-
teractions.

Using A, we can write down two additional in-
variants,

A dyHY, Tr(S,,S*), (6.4)

and our final Lagrangian, including electromag-
netic interactions, is given by

L=Piy* D, o - mip— 3 tand A, 0

+ %fZ Tr(kC,C**)+ & Tr(D,gD"g)

1
+ 5 Tr(R,, R*™)+ Tas Tr(S,, S**)

8 tan’

2 2
- ’2 Tr(k) - ‘{fé Tr(j). (6.5)

The mass term for the p® meson is contained in
the invariant Tr(IeCuC*“). With the new definition
of C, (6.3), this term is no longer diagonal and
we have to introduce a mixing between the p?
and A, fields to make it so. The physical p° and
photon fields are given by

By = cos6 pi+sinfA, ,

. (6.6)
A, =-sinfp} +cosbA, .
To first order, C, is given then by
2 L s
C,= Z (o) +v°a,)o; + (B, secd +y°as)o,
1
- 8,X— Y9, k=0,0-9%0,0,. (6.7)

With this new definition of the p° field, the invari-
ant Tr(kC,C**) is diagonal to second order.

The Lagrangian (6.5) includes the following in-
teraction term between the nucleons and the vector
bosons p° and y:

pLUioy b — StanbA, Piy* .

Written out in terms of the physical fields this be-
comes
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pSbioyy - 3 tanbA, biy*y

. - sin®f _, -
=7 cosOB o Y- 5eo50 Pyt
- sinefiui(i Oy + B)y Y. (6.8)

So we see that the charge e of the proton is re-
lated to the mixing angle 6 by

sinf=e. (6.9)

In the Lagrangian (6.5), the mass of the p° me-
son is no longer equal to that of the p* mesons. To
see this we write out explicitly the appropriate
terms:

£-= Z%Tr(kcuc*“ﬁ' .
=— :1% Tr(kT
== 47 Tr(a®+ (p'o, + p?0, + secHp’c ;)% ++ + « .

(6.10)

We have therefore m o= (1/f) sec and the follow-
ing ratio®®:

Mp0— Myt 1 1

mi (1= )77 (6.11)

The terms describing the interactions between
the (¢, «) fields and the electromagnetic field
are contained in the same invariant. We have

1
472
= e2A%K i —z'eAu(a“K+ K= %K K )+ oo,

(6.12)

L=

Tr(kC,C**)++ - »

where we have set k*=(1/V2 )(k' +ik?) .
We must expand another invariant to obtain the
terms describing the interactions between the pions

and the electromagnetic field.
£=LTr(D,gD"g)++ **
=5 Tr(T,(g8"g - 9"gg))
+3 Tr(D,gT¥g - jT, T#)+ -+
= e2A27 iefi“(a“n*n' — ) 4+ oo, (6.13)

We have broken the intrinsic symmetry of the
Lagrangian (3.1) so as to maintain the local gauge
invariance, so we still have conserved currents.
The currents for the vector and axial-vector mesons
are the only ones whichare modified. They become

P 4y 3@ = L [RUM T, | = RT* — tandA*b ™ o,b
-illrgl.gl. (6.14)

The charge algebra (5.17) remains unaltered, but
the charge-field commutation relations involving
the p° field are modified. Instead of (5.14) we have
(for g=0)

[QqsPa]==[py, @] = p3 05, a)(cosd - 1)

+4, [0, a]sing,
- (6.15)
[Q4,A,]=%2Tr([ @, p,]0,) sind.

We see then that although we have conserved vec-
tor currents we can have different masses for the
p° and the p* because the vector charge @, is not
realized as an operator on the space (g%, p%,5:),
but on the extended space (5}, 7% ,53,4,).
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