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The quantum field theory built upon the SU(2) Yang-Mills pseudoparticle solution is studied in an O(5)
covariant formalism. The gauge ghost and small oscillations of the Yang-Mills field problems are analyzed
completely on the O(5) hypersphere, and it is shown that solutions of the various eigenvalue equations may be
easily projected back into Euclidean space. Zero-frequency modes in the small oscillations are found, and their
interpretation is given within the framework of the O(5,1) conformal group.

I. INTRODUCTION

Much interest has been generated recently by the
existence of an exact solution to the SU(2) Yang-
Mills theory in Euclidean four-space, called the
pseudoparticle solution, found by Belavin,
Polyakov, Schwartz, and Tyupkin.' It has been
suggested? that this solution be used to dominate
the Euclidean functional integral of the theory.

Jackiw and Rebbi® have shown that the pseudo-
particle solution respects a certain O(5) subgroup
of the O(5,1) conformal group. 't Hooft,* working
in four-space, and Jackiw and Rebbi,* using a five-
dimensional hyperspherical formalism developed
by Adler® for QED (quantum electrodynamics) and
extended by these authors to non-Abelian gauge
groups, have been studying the quantum theory
built upon the pseudoparticle solution. In particu-
lar, they have studied the effects of adding fer-
mions to the model.

Furthermore, Jackiw and Rebbi,’ and indepen-
dently Callan, Dashen, and Gross,” have developed
an interesting description of the Yang-Mills vacu-
um in which the pseudoparticle solution plays a
central role.

In the present paper, we present details of fur-
ther calculations of interest in the quantum theo-
ry, specifically, we determine the lowest-order
gauge ghost and small-oscillations eigenvalues and
eigenfunctions for the Yang-Mills model. In this
study, we use the O(5) hyperspherical formalism,
which presents several calculational advantages
over the O(4) formalism. Among these is the
ability to obtain exact, analytic solutions to the
differential equations which appear, while main-
taining manifest O(5) invariance of the equations
throughout the calculation. Furthermore, the O(5)
formalism may be expected to play a major part
in the future developments of the theory, when
problems such as regularization and counting of
states are approached: Since all differential oper-
ators in O(5) possess discrete spectra, these prob-
lems may be handled in a very well-defined,

straightforward way. Finally, since the O(5) and
O(4) formalisms are physically equivalent, one
can trivially obtain the solutions to the O(4) equa-
tions by projecting back into O(4) the simple O(5)
solutions.

The organization of the paper is as follows. In
Sec. II we review the O(4) pseudoparticle solution
and obtain the O(4) equations for the gauge ghosts
and small oscillations of the Yang-Mills field. In
Sec. III, we project these equations onto the sur-
face of the O(5) unit hypersphere, and in Sec. 1V,
we solve the resulting equations in O(5). We find
zero-frequency solutions of the small-oscillations
problem, which are easily interpreted within the
framework of the O(5,1) conformal group. Finally,
we present the details of our calculations in two
appendixes, which treat, in particular, the group-
theoretical aspects of the problem.

II. O(4) GAUGE THEORY

We study the O(4) gauge group® Yang-Mills theory
in Euclidean four-space [hereafter O(4)] described
by the action

fAa]=1 J d‘xTrFu,,(x)Fu.,(x): (1)
where
Fu U(X) = au Xu(x) - auAu(x) F [Au(_\f), 4”('\’)]

and the gauge fields Au(x) are anti-Hermitian ma-
trices in the space of generators of the gauge
group O(4): A (x)=-iAS}X)Z 5, where A}‘fﬂ(x)
=~ A2°(x), and an explicit representation of the
matrices T, , is

g e al,
0 o,

o, = . i=1,2.3 (2)
ag
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The Z,, so chosen are block-diagonal, correspond-
ing to the two SU(2)’s appearing in the decomposi-
tion of O(4) =SU(2) x SU(2).

A very simple solution ¢u(x) to the classical theo-
ry described by the action I has been found by
Belavin, Polyakov, Schwartz, and Tyupkin':

¢,u(x):_g% (3)

Recalling the block-diagonality of = ,,, we note that

0
d’u(x) = <(ﬂu(x) _ > s
0 )

where ¢, (x) and @,(x) are 2x2 anti-Hermitian ma-
trices which represent, respectively, in the lan-
guage of Jackiw and Rebbi,® the “pseudoparticle”
and the “antipseudoparticle.”

Jackiw and Rebbi® have shown that the solution
qbu(x) is invariant® under a certain O(5) subgroup
of the O(5, 1) conformal group of space-time trans-
formations. The ten generators of this O(5) group
are M, and *5(P‘J + K“), where V/, , generates O(4)
rotations, P, generates translations, and Ku gen-
erates conformal transformations.'® To make this
invariance of ¢u(_v) manifest, these authors find it
convenient to project the O(4) space onto the four-
dimensional surface of the unit hypersphere im-
bedded in a five-dimensional Euclidean space
[hereafter O(5)] and to further extend the gauge
group from O(4) to O(5). We shall find it useful to
make these modifications inthe theory, since they
render all equations trivial to solve. For the mo-
ment, however, we remain in the O(4) space with
0O(4) gauge group for purposes of reviewing the
theory.

In order to use the pseudoparticle solution for
physical application,® one writes the quantum Yang-
Mills field as

A, (%) = ¢, (x) +a,(x), (4)

where au(x) is taken as a small quantum correction
to ¢u(x). The complete, quantum effective action
[i.e., including ghost fields and gauge-fixing terms]
is expanded in a power series in au(x), and one ob-
tains differential equations depending upon d)u(x),
which must be satisfied by the propagators of the
theory continued to Euclidean space. One may
solve these equations, in principle, by determining
complete sets of eigenfunctions of the differential
operators involved. The eigenfunctions so obtained
may be thought of as the linearized fields them-
selves, and we shall refer to them as such in the
sequel. We proceed, therefore, to the derivation
of the equations satisfied by these fields. The ac-
tual determination of the eigenvalues and eigen-
functions will be taken up in Sec. IV, in the con-
text of the O(5) formalism.

A. The ghost equation

The O(4) ghost field is an anti-Hermitian matrix
in the space of generators of the gauge group O(4):
6(x)==-1z,,0,,(x), where 6, (x)=-0,,(x). We ob-
tain a differential equation for 8(x) by the usual
Faddeev-Popov prescription.

First, we specify a gauge condition upon the Yang-
Mills fields Au(x):

D, ()4, (0 =20 (5)
where Du((p) is the gauge-covariant derivative in
the field of the pseudoparticle solution: Du(cp)G
=9,G +[¢,(x), G] for an arbitrary field G. The
gauge condition (5), though unconventional in ap-
pearance in O(4), will take on a very simple form
in the O(5) formalism. Next, we perform an in-
finitesimal gauge transformation ¢°(*) ~1 + 6(x)
upon the fields 4, (x):

A, (0) = Aj(x) = 4, (x) +8,0(x) + [A,(x), 6(x)]. (6)
Demanding that both A (x) and A/(x) satisfy Eq. (5),
and evaluating the resulting equation for 6 (x) at
A (%) =¢,(x), we obtain

X
D)) - 75 Do a0 (7a)

Equation (7a) can now be converted to an eigenval-
ue equation by writing

‘ 2 123 4X>\
(Q[Dx(qb)] +[%(1+x2)]2_ 1+ %2

Dx(d’)% 6 (x)=0 ,
' (b)

where . is a dimensionless numerical constant.
The choice of eigenvalue in Eq. (7b) is not arbi-
trary; we shall see in Sec. III that this equation,
when projected into O(5), takes a very simple and
natural form.

B. The small-oscillations equation

The field equation for Au(x) which follows from
the action I[A] is

3, F*(x) +[A,(x), F*¥(x)] = 0. (8)

If Egs. (4) and (5) and the fact that ¢u(x) satisfies
61/64"(96)[“;1 -4,=0 are used, one obtains from Eq.
(8) a nonlinear differential equation for a,(x) which,
when linearized in g (x), takes the form

4x*aMx
[Dy ()2, (x) - Du(¢)[—1—+7(2—) +2[ax(x), ru(x)]=0,

(9a)

where f,,(x) is the field tensor formed of ¢,(x).
We convert Eq. (9a) to an eigenvalue equation ex-



472 F. R. ORE, JR. 15

actly as we did in the case of the ghost equation,
obtaining

4 a4

+2[a{® (x),f ,(x)]=0. (9b)

As with the ghost equation, Eq. (9b) will acquire
especial simplicity when it is written in the O(5)
formalism.

Ifl. THE PROJECTION INTO O(5)

In this section we shall indicate how the equations
of Sec. II may be written in the O(5)-covariant lan-
guage developed by Adler® for QED and extended by
Jackiw and Rebbi® to non-Abelian gauge groups.
Our notation will be that of the latter authors.

We first review the details of the projection of
the O(4) space onto the four-dimensional surface
of the unit hypersphere imbedded in an O(5) space.
The O(4) coordinates X, (in what follows, Greek
indices (1,v,X,... take the values 1,2,3,4 and
Latin indices a,b,c,... take the values 1,2, 3,4,5)
are projected into the O(5) coordinates 7,, with
v,v, =1, as follows:

L2
BT x®

(10)
_l—x2
ys'1+x27

where x*=xx,.

In order that one not venture off the surface of the
unit sphere, it is necessary to require that only
angular derivatives appear in the O(5) theory.
These are given by the angular momentum opera-
tors

(11)
L= [ d 1-x%\ 3
W= T ey, T\ 2 Bxui"

The operators L,, and L, furnish a differential
realization of the operators V/,, and (P, +K),
respectively. It should be noted that the relevance
of the O(5) formalism to the pseudoparticle solu-
tion lies in this fact: It is precisely these opera-
tors that generate symmetries under which ¢u(x)
is invariant, as pointed out by Jackiw and Rebbi.?

One further defines O(5)-covariant fields in terms
of their O(4) counterparts. We shall, by way of

notation, place a caret above O(5) fields whenever
any confusion with O(4) fields may arise. The O(4)
fields are characterized by a number d (their scale
dimension in mass units) and two sets of indices,
one set for ordinary spin (i.e., tensor indices) and
another set for internal symmetry (in our case,
gauge group indices). The projection to O(5) of
these fields only involves the scale dimension d
and the tensor indices; internal symmetry indices
are not affected. O(5) fields are chosen to be di-
mensionless, which is achieved by multiplying the
O(4) fields by factors of 5(x?+1). This factor'' has
dimension —1. Also, tensor indices undergo a
certain transformation upon projection into O(5),
which we shall indicate only for the gauge fields.

An O(4) scalar field ¢(x) of dimension d becomes,
in O(5), the scalar field

1 +X2 d

q3('V)=< 5 >q>(x). (12)

The transformation law for an O(4) vector field
Au(x) of dimension d is as follows. The O(5) field
,40(1’) is chosen to satisfy the constraint equation

7,A (r)=0; then, one defines

() 4,00 = 4,00 - 5,40,

(13)

A=~ (1 *2"2>d_1xu A, ).

Using Eq. (13), with d=1 for Yang-Mills fields,
one can exhibit the pseudoparticle solution in O(5),

(1)

(14)

Following Jackiw and Rebbi,® we now extend the
gauge group from O(4) to O(5) by adding to the set
of generators the four matrices T ;= %au. This ex-
tension is merely a mathematical device; it allows
one to write the pseudoparticle solution in a form
in which its spatial O(5) symmetry is manifest,
but the physics of the situation remains unchanged.
Indeed, we shall demand that all solutions we ob-
tain using the O(5) gauge group be reducible by a
specific gauge transformation tothe O(4) group
spanned by Z .

The pseudoparticle solution ¢, maybetransformed
into a manifestly O(5)-covariant form by a gauge
transformation U(») as follows. We let

_ 1 - 222 "5xu

U(V)—W-

(15)

Then, using the general form for a gauge trans-
formation U upon a gauge field A,,
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A A= U—'A, U+ UL, (16)
where I, =7,iL,,, we obtain
Ba(1) —= 9, (r) == iZ 7, (17)

1t is this form ¢, which will be extensively used
in Sec. IV for solving the ghost and small-oscil-
lations equations in O(5).

We now make use of the methods of this section
to project Egs. (7b) and (9b) into the O(5) space.
Since d=0 for the ghost field, ") (») =6 (x), so
Eq. (™) becomes, in O(5),

{[D,( )]+ 118 (1) =0, (18a)

where ©,($) is the gauge-covariant deriva-
tive in the field of the pseudoparticle solu-
tion in O(5) space: D,(¢)G=1,G+[d,,G], for
an arbitrary field G. The form of Eq. (18a)
suggests that we can trivially perform the
gauge transformation U given by Eq. (15). Since
fDa(J)) is the gauge-covariant derivative, one has
D,(¢) =U"'D,($)U. Thus, if 8*) () is chosen to
transform in the same way, ) = U~'6®) (»)U, we
obtain the ghost equation for the O(5) gauge group,

{[D, (@) P+ u}o™ (r) =0. (18b)

The field 6(¥)(») is an anti-Hermitian matrix in
the space of generators of the gauge group O(5),
00 (r) = = i3, 04 (), where 64 () =— 601 (7).
However, the functions 925)(7) are not arbitrary;
the equation relating the O(4)-gauge-group field
8" to the O(5)-gauge-group field &*) which was
used to derive Eq. (18b),

oW () = U-lé(ﬂ)(y)U, (19a)

imposes a restriction upon the components 6(}) (7).
Explicitly, the connection (192) becomes, in terms
of o)

6(5‘;() = G(czug & Y)

(19b)
g(uus) = e(uug — g(auy)yrx8+ B¢ y)ryxa'
Equations (19b) then imply the restriction
7,640 (v) =0. (20a)

This restriction can also be written in matrix
form,
[v-T, 61 ()] =0, (20b)

where the five matrices T'j, introduced in the pa-
per of Jackiw and Rebbi® for the fermion problem,
are given by

T =ia s,

T, =a,, (21)

Q5= 00,050,

Equations (20) will take on particular significance
in Sec. IV when we solve Eq. (18b).

It should be noted that Eq. (18b) can also be de-
rived completely within the O(5) framework. The
O(4) gauge condition Eq. (5), when written in O(5),
takes the very simple form

D,($)A,(r) =0. (22)
Applying Eq. (16) to the infinitesimal gauge trans-

formation %" ~ 1+ 8(»), and letting A,(») = $,(r),
we obtain
[D,($)8(1) =0, (23)

which, when converted to an eigenvalue equation,
reproduces Eq. (18).

The Yang-Mills field equations and action can be
written in O(5) by defining the field strengths,
which in O(5) form a totally antisymmetric third-

rank tensor fi‘a,,c. In terms of the gauge fields A,,
one has

Fope® =Ly A1) + 7 [4,(0), A,(1)]

+ (cyclic permutations of a,b,¢).  (24)

It is possible to show that the O(4) and O(5) field
strengths are related as

2 \?% . -
Fol)=(12) (g o) (25)
When this equation is used, along with the other
rules for projection into O(5), one finds the O(5)
field equations

i LypF oo P) 4 [, A1) = 7, A,(9), By (1] =0, (26)

Performing a similar projection upon the small
oscillations Eq. (9b), one finds in O(5)

{,(@) 2+ m=-2}alt) (r) + 27,[al") (1), frea()] =0, (27a)

where fabc(r) is the field tensor constructed of
$,(r). Equation (27a) can easily be placed into the
O(5) gauge group by defining the gauge-transformed
a®)(») =U~'a®) (»)U. Then Eq. (27a) is seen to be
gauge invariant and one has

[D,(d) P+ =2 }al) () + 27, [al) (7), f 0 (7)] = O,
(2o)
where
Fare(®) = U™ (1)U
=iV, T e+ VyZeq + VoL gp)-

The necessity of eventual reduction back to the
O(4) gauge group, as in the ghost case, imposes
restrictions upon a{*’ (). In O(5), al{#)(») is an
anti-Hermitian matrix in the space of generators
of O(5): al*) () =—ial¥)*(»)T,., where a{*'?=-alle.
The condition of reducibility to O(4) is then
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Va8 =0, (28a)
or
[rT,a"]=0. (28b)

Of course, Eq. (26) may also be obtained directly
in the O(5) formalism from the action

)= 3 [ 42 Trf o F e, 29)

where the integration is over the surface of the
unit hypersphere in O(5); this action is identical
to the O(4) action Eq. (1).

In turn, Egs. (27) may be obtained from Eq. (26)
by writing

AN =d,(r)+a,(r), (30)

and linearizing the resulting equation in g,(7).

What we have succeeded in proving in this section
is the equivalence of the O(4) and O(5) formalisms,
provided the O(4) gauge group is used in both
spaces. If the O(5) gauge group is used, one must
also satisfy Eqs. (20) and (28). All equations in
0O(4) directly correspond to equations in O(5), and
the O(5) equations, which will be straightforward
to solve, possess solutions which can be easily
converted back to the O(4) space. We proceed,
therefore, to the solution of Eqs. (18b) and (27b)
subject to constraints (20) and (28).

IV. ANALYSIS OF O(5) EQUATIONS

The eigenvalue equations derived in Sec. III, Egs.
(18b) and (27b), have an important symmetry which
aids in their solution and, when properly inter-
preted, allows one to see that the underlying gauge
group is really SU(2), as expected. In particular,
this symmetry makes it possible to exhibit the
SU(2)-gauge-group, O(4)-space solutions to the
ghost and small-oscillations equations, which are
the results one actually seeks in this research.

To exhibit this symmetry, we shall, for definite-
ness, study the ghost equation (18b), though these
considerations will hold for the small oscillations
Eq. (27) as well. The differential operator which
appears in Eq. (18b) can be shown to satisfy'?

(7DD, () F(r-T)=[D,(e)F, (31)

where Eq. (31) should be thought of as an operator
equation. If we multiply Eq. (18b) on the left by
(r-T) and use Eq. (31), we obtain

{[D,(0) + L} )W) () = 0, (32)

which has the obvious meaning that if 6(#)(7) is a
solution of Eq. (18b) with eigenvalue 1, then so
is ™ (») = (r-T")6‘¥) (¥). Thus, we expect to find

pairs of degenerate eigenfunction solutions to (18b).
One can write %) (») in terms of (%) (») as follows.

ORE, JR. 15

Since [6*),7-T]=0,
§(u)(y):§{y.p, g(u)(y)}

i
=§€ubcde7a (7)2
== izab[_ %eabt:derce((ig) (7’)]’ (333.)
one has
B8 () = = Z€apcae” 088 (7). (33b)

We need only mention at this point that, by sim-
ilar arguments, one deduces that if af,“)(r) is a
solution of Eq. (27b) with eigenvalue i1, then @*)(r)
= (r-l")ag’”(r) is also a solution with the same
eigenvalue p. Further,

sz,g)“(r) == é'ébcdefraae(zg)a(r)' (34)
A. Solutions to the ghost equation

Using Eqgs. (18b) and (20), we can write an equa-
tion which must be satisfied by 6{}) (#):

(L2 2= )6 () = 24{ L,o6) () = Ly, 6 ()]0
(35)

where L*=~ 11, =3 L, Ly,

The details of the analysis and solution of this
equation may be found in Appendix A. Here, we
merely state the results. One obtains two degen-
erate unnormalized solutions

6 (1) =i(r, = LY ()2,
05 (r) = B#) (7)
=(r-T)6 (7),

(36)

with u =n(n+3) -2, where yI™(v) are the vector
harmonics, whose properties have been given by
Adler.® We briefly discuss these harmonics in
Appendix A.

B. Solutions to the small-oscillations equations

Equation (27b) may be analyzed in a manner very
similar to that given above for Eq. (18b). Indeed,
one may write equations for the functions a‘“)“(r):

(L2+8-p)a¥) =2 ( Ly al) +i Ly al)®+i L, aly) %)

W)a _ )d
_z(éabadc ac Slub )

—2(al)+al)?+a¥))=0, (37a)
which is equivalent to (27b), and

ey =0, 7o)

L,d% 7, d
which is the gauge condition D,(¢)a*’ =0, obtained
from Eq. (22) by the usual gauge transformation U
of Eq. (15). The tensor a®)® must also satisfy the
constraints imposed by the O(5) projection method
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7aai*=0, 38)
ryalle=0 .

Equation (37a), subject to constraints (37b) and
(38), may be solved by considering the complete
set of irreducible representations contained in the
decomposition of the reducible representation
appropriate to tensors of the form Aj., where
Ap.=—AZ,, i.e., the direct product
(1,0)®(1,1)®(n,0). This procedure is outlined
in Appendix B. Here, we quote the results of that
study. We obtain the following (unnormalized)
eigenfunction solutions of Eqs. (37) and (38):

) .
a(lu = i Eab«':de Zbz: Lde Ynm’
(39a)
a(;)“=r-l"a(1”)“,
with u=n(n+3)-4, n=1,2,..., m=1,2,...,d(n,0),

agu)a=i(7a+ L) €scaer Zoe LeeY hm
= 2€apcde Ze (=7 + 1Y , (39b)
a(j‘)“:r-r‘ag“"‘,
with p=nr+3)-2, n=1,2,..., m=1,2,...,d@n,1),

M)a_ ; fa
as =1 €pcqef Elbc Lde an ’

aﬁ}u)a=,’,,ragﬂ)a’ (390)
with u=n(r+3)+2, n=2,3,..., m=1,2,...,d(n,?2),

where Y,, are scalar harmonics, with magnetic
quantum number m ranging from 1 through
d(n,0)=(3) n+1) (m+2) (2n+3), and Z%, are sec-
ond-rank tensor harmonics, with m ranging from
1 through d(n,2)=(2) (n-1) (n+4) (2n+3). The
properties of these harmonics are listed in the
Appendixes.

C. Zero-frequency modes

If one examines the eigenvalue spectra of the
ghosts and small oscillations, Eqs. (36) and (39),
one readily sees that the only solutions whose
eigenvalues can vanish are the »=1 solutions of
Eq. (39a). Since the (1,0) representation of O(5)
has dimension d(1,0) =5, there are five pairs of
zero-frequency modes present in the small oscil-
lations. The five spherical harmonics Y{™,
m=1,...,5, may be chosen to be

vim=r (40)

m’
so that the zero-frequency modes of Eq. (39) are
ag ?rz)a(r) = i<2am - ,rarcECrn + rmrcz ca)?

@ (r) = (reT)af 3)%r).

m)

(41)

We shall prove in Sec. IVD that the degeneracy
produced by the (»+T') symmetry corresponds pre-
cisely to the fact that there are two SU(2)’s in the
decompesition of O(4) =SU(2) xSU(2), so that we

may focus our attention solely upon a{5](»).

These zero-frequency modes may be understood
in the following way. The massless Yang-Mills
field theory we are here considering is invariant
under the action of the full O(5, 1) conformal group,
a group consisting of 15 infinitesimal generators,
which may be taken to be ¥, Rusé(K‘ﬁPu),

S,= é(Ku -P,), and D."* Jackiw and Rebbi’ have
shown in addition that the pseudoparticle solution
is invariant under the O(5) subgroup of the con-
formal group which is generated by 7, and R,
Thus, there are five remaining generators, S,, D,
which can be formed into a five-vector S, in the
0O(5) formalism,' and which commute with the field
equations but do not annihilate ¢,(»). The five vec-
tors A{®) (v) = 6%p,(») =i[S,, ,], where the commuta-
tor is taken in the field-theoretic sense, must then
be zero-frequency solutions of the small-oscilla-
tions equation (27b). ™

The action'® of S, upon an O(5) vector field 4,(7),
ignoring for the moment gauge group indices, is

81 A, (r) =ilS,, 4,(1)]
== (I, = r)A,(¥) = 1A (7). (42a)

The effects of the gauge-group structure may be
included in (42a) by performing, in addition, the
infinitesimal gauge transformation e%®a(7) ~ 1
+C,¢,(r), where C, is infinitesimal. Using Eq. (16)
and afterward dropping C,, we obtain

8 1,0 =15 04 () = [6,(0), 4,(1)], (420)

as the change in A,(») due to the gauge transforma-
tion alone. The sum of Eqgs. (42a) and (42b) gives,
then, the complete change in A,(7) due to the gen-
erator S, which includes'® both space-time and
gauge transformations:

5,4,(r) =[S, A,(1)]
== [D,(¢) =7, ]4,(1) + 1,9, (¥) = 1,4, (7).
(42c)
Applying 5, to ¢,(»), finally, gives
8,0,() = al 3}t (r), (43)

indicating that the existence of five zero-frequency
modes is consistent with the requirements of con-
formal invariance of the theory.

D. Projection back to SU(2) gauge group

Our final task is to indicate how the results of
this section may be brought back to the physically
interesting O(4) space and SU(2) gauge group.

It is clear that one may bring oneself from the
O(5) to O(4) gauge groups simply by applying the
gauge transformation U~'= vt , where U is given
by Eq. (15). Then, using the projection methods
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of Sec. III, one can move from the O(5) space back
into O(4) space.

All that remains is to prove that what one obtains
by these operations is two versions of the SU(2)
gauge theory in O(4) space, one of which is ex-
panded about the pseudoparticle solution gou(x) and
the other of which is expanded about the antipseudo-
particle solution ¢,(x).

The double degeneracy of solutions we have found
in the O(5) theory, which is completely accounted
for by the (I'*») symmetry, can be understood as
follows. If two degenerate solutions of one of the
equations of this section (we need not distinguish
here between ghosts and small oscillations, since
the only objects of importance are the ¥ matrices),
8M) () and 6 (#) = (T 71)6(M)(v), are projected
back to the O(4) gauge group by the transformation
U-! one obtains

8 () = UOW (¥ UL,
N (44)
G ()= UT U UM () U

=@ 0 (%),

where «, is the matrix defined by Eq. (21), and is
explicitly given by

-1 0
(1) (45)
0 1

Thus, the combinations §(8¢*) — 6(®))
=11 = a)8® (») and (B + FM) =L (1 +a)0 W (7)
are solutions for the upper and lower SU(2) gauge
groups, respectively, and are derived for the
pseudoparticle and antipseudoparticle SU(2) Yang-
Mills theory, respectively.

The (T+7) symmetry apparent in the O(5)-gauge-
group theory is therefore completely accounted for
by the fact that two SU(2)’s appear in the decompo-
sition of O(4) =SU(2) xSU(2). It is simply a mani-
festation of the mathematical device used to treat
simultaneously the pseudoparticle and antipseudo-
particle; it has no physical content.

The final step in this study is to find the SU(2)-
gauge-group solutions to the O(4)-space equations.
Using the procedures outlined in this paper, this
last step is trivial to accomplish, and we do not
carry out the details.

V. CONCLUSIONS

We have presented the details of two calculations
pertaining to the expansion of the quantum Yang-
Mills theory about the pseudoparticle solution;
namely, the solution of the lowest-order gauge
ghost and small-oscillations differential equations.
The method used, the O(5) formalism, has made it
possible to obtain analytic solutions to these

equations, which can then be transformed back
into ordinary Euclidean four-space by a well-
defined procedure.

It is clear that the O(5) formalism will also allow
for simplifications of further calculations, notably
regularization and counting of states in the theory.
In addition, it should be possible to solve directly
for the ghost propagator using methods similar to
those developed by Jackiw and Rebbi® for the fer-
mion problem.

These further investigations of the theory, how-
ever, we defer to a separate publication.
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APPENDIX A: THE GROUP THEORY OF THE GHOSTS

In this appendix we discuss the details of the so-
lution of Eq. (35) of Sec. III, and some aspects of
the group theory of the solutions. Our treatment
of the latter topic follows closely that given by
Adler® in his study of the free photon propagator
in O(5) QED.

The group O(5) is a simple Lie group of rank 2.
The irreducible representations of O(5) are speci-
fied by two integers’ (o, a,), with @, >a,. The
dimension of the representation («,, a,), denoted
by d(a,, a,), is

dla,a,) =1%o, —a,+1)(a, +a, +2)(2a, + 3)(2a, + 1).
(A1)
For example, the (r,0) representation is spanned

by the O(5) spherical harmonics™ Y, (»), which are
eigenfunctions of L? with eigenvalue n(xn +3),
LY () =n(n + 3)Y . (), (A2)
where the magnetic quantum number m satisfies
1s m < d(n,0).
To solve Eq. (35), one might look for all possible
antisymmetric, second-rank tensors which are

eigenfunctions of L?. These must all be contained
in the set

GLEDmm () = (EDY (7)), (A3)

where () = (6% 6] - 6%5!), k,1=1,2,3,4,5, isa
set of 10 constant tensors, since

o dm,0 s

Z Z Z i 921;1)nm(7)gg:l)nm*(,rl)

n=0 m=1k=1 [=1
= 5(8%65 — 6362)64(r = 7"),

(A4)
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where 64(r —7’) is the surface 6 function on the
unit sphere. However, the tensors ¢{:)"™(y) trans-
form according to the reducible product represen-
tation (1,1)® (z,0), so we must deduce the irre-
ducible representation content of (1,1)® (»,0):

(1,1)®®,0)=(n+1,1)Bn, 1)Dn-1,1)Dx, 0).

(A5)
We may check the correctness of (A5) by com-

puting the dimension of each side. Using Eq. (A1),
we find

dl(1,1) ® (n,0)]

=[d(1,1)][d(n, 0)]
=10x5(n+1)(n+2)(2n+3)
=dn+1,1)+d(n,1)+dn-1,1) +d(n, 0),

(A6)

so that (A5) checks dimensionally.

We exhibit explicitly tensors transforming ac-
cording to the four irreducible representations of
the direct sum Eq. (A5) in Table I. We also speci-
fy there an additional eigenvalue X, which serves
to split the different representations.

The eigenvalue ) is defined as

3[Lyy, Lo Y™ =0y G (A7)

where the eigenvalue equation (A7) is relevant to
the splitting of irreducible representations since
it is rotationally invariant.

The vector harmonics Y™™ which appear in Table
I span the (n,1) representation of O(5).° They have
the properties

Y Yam(v) =0,
LY (r) =Yg (7), (A8)
L*Y™(v) =n(n + 3}y ™(r).

We may now study the ghost equation (35) interms
of this group-theoretical apparatus. A unique
property of Eq. (35) makes this analysis very
simple. This property is the following. We con-

sider the first Casimir operator of O(5) for the
set of tensors of the type (A3), which is explicitly

b,cd _ 1 yab,gh yeh,cd
(cl)a = 2Jgf Je!' ’

Jor*™ =13 004 Los +Sap® (A9)
‘ sef
Sept= -3 (65 655+ 03y 028)

where 625 =626 ~ 6362, and S22'°® is the spin ma-
trix appropriate to tensors of the type (A3). Equa-
tions (A9) may be rewritten in the form

(€)= 3 833 (L? + 6) = [ Ly, Loyl (A10)

which implies that the ghost eigenvalue equation (35),
when written in terms of C,, takes a particularly
simple form:

(€ 6% = (u+4) 6% . (a11)

The eigenvalue of C, in an irreducible representa-
tion (n, s) is well known in group theory:
C/(n,s)=n(n+3)+s(s+1), (A12a)

so, for the representations listed in Table I, we
have

C,(n,0)=n(n+3),
Cn+1,1)=(n+1) n+4)+2 ,
C,(n,1)=n(n+3)+2,
Cln-1,1)=(n-1) (n+2)+2.

(A12b)

Equations (A11) and (A12) now permit us to deduce
the correct py eigenvalues for these representa-
tions; however, not all these representations are
admissible solutions to the physical problem,
since they do not all satisfy the constraint

7,6% =0. Only the (n,1) representation in Table I
satisfies this constraint without modification. To
find other solutions of the physical problem, we
must form linear combinations of the remaining
representations in Table I. These combinations
must not mix different representations; thus, since
there is only one (n, 0)-type representation, we
may not mix it with anything else, and, since the
(n, 0) functions in Table I are not orthogonal to Vs
we conclude that there can be no (n, 0)-type solu-
tions to the physical problem. This is not true of
the remaining (n, 1)-type solutions since, by shift-
ing the eigenvalue #, we may bring their u eigen-
values into coincidence, according to Eqs. (A11)
and (A12). Indeed, if we form

9:;": (n_,_ 1) Yg;;+4)n*1,m+ (”+2) Y(alb_")"—l'm
=(2n+3) [(L=7)Yom = (L, —7,) Y],  (A13)

we may easily verify that 67; is an admissible
solution to the physical problem. This is the first
solution quoted in Eq. (36). The second solution
given in Eq. (36) is just the (», 1) eigenfunction in

TABLE I. Irreducible representations of the product
(1,1) & (n,0).

(ay,ay) v () A
(n, 0) iLyyYom 3
(n—1,1) [Ia—n + 2)r Y 1m_ (a—b) +(n+ 3)
(n,1) €apcae LcgYe™ +2
(n+1,1) g+ (n+ )rg |YTIm_ (geep) —n
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Table I which, as we noted above, does not need
to be mixed with anything else to be orthogonal to
7 g

APPENDIX B: THE GROUP THEORY OF THE SMALL
OSCILLATIONS

In this appendix, we apply the same techniques
that were used to solve the ghost problem in the
previous appendix to analyze the small oscilla-
tions equations (37) and (38). Thus, we study tensors
of the form Aj,, with Aj. =~ AZ,. These tensors
are contained in the set

AL =00 Y, (B1)

where v&/*V= 16, 68, j,k,1=1,2,3,4,5, is a set
of 50 constant tensors, since

i dio) i Z Z ARV (r) AGTDT ()
n=0 m=1 j=1 k=1 1=1

=40, 00 05(r—7"). (B2)

The tensor (B1) transforms according to the re-
ducible product representation (1,0)® (1, 1) ® (x, 0),
which can be decomposed into a direct sum of ir-
reducible representations as follows:

(1,0)®(1,1)® (n, 0)
=(n+1,2)d(n,2)dn-1,2)
Sn+2,1)H2n+1,1)b 4(n, 1)®2(n-1,1)
®Gn-2,1)62(n+1,0)®(n,0)b2(n-1,0) .
(B3)

The new features that appear in the decomposition
(B3) are the (n, 2)-type representations. These
are the second-rank tensor harmonics, which are
symmetric tensors Z2 (r) satisfying

L2238 =nln +3) 28
@ Lgp Z:fn:Zan ’
Zm=0,

¥, 2% =0.

We do not explicitly exhibit these harmonics; how-
ever, we note that all completeness relations and
the like satisfied by Z%, may be deduced in prin-
ciple from the decomposition of (2, 0)® (n, 0)
=(n+1,1)8n-1,1)B(xn+2,0)b(n, 0)b(n - 2,0) B (n, 2),
being the set of all traceless, symmetric second-rank
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tensors, of which Z%, is the (n, 2) member.

Just as in the ghost case, we can construct the
Casimir operator appropriate to tensors of the
type (B1). We have

a,d _ ) ya,bc;g,hi yg,hiid,ef
(Cl)bc,ef"Z jk J.ik ! ’

sbeig,hi _ 1 b beig ki
J?kcg 1—2‘5“5):?]41'12*5?1?66’ Y (B5)
a,bcig,hi _ _ © jk sbc jk slc jk sbl
Sik =73 (0% Oni + Oag Ob1 Oni + Oq¢ 07 Ohi),
where S%°°" is the spin matrix appropriate to

tensors of the type (B1). Explicitly,
(Cl)géd.ef Agf
= (Lz + 12) gc - Z(Z LadAgc +1 LbdAgc +iLchgd)
- 2(6nbAgc - OacAgb) - 2( gc +A2u +A't:1b) ’ (BG)

for an arbitrary tensor Aj, of the proper symme-
try. Aglanceatthe small-oscillations equation (37a)
reveals that it may be written

(€5t a¥) = (n+4)afl?, (B7)

so that the eigenvalues p may be directly deduced
from those of the Casimir operator, which [cf. Eq.
(A12)] depend only upon which irreducible repre-
sentation is being considered:

C,(n,s)=n(n+3)+s(s+1) . (B8)

We may find functions transforming according
to the irreducible representations appearing in the
decomposition (B3) by simultaneously diagonaliz-
ing the two operators L* and A, where

(AAY =1Ly Afe +1Lpg Age +1 Leg Ay . (B9)

We do not exhibit this rather lengthy set of eigen-
functions. Instead, we describe the procedure one
uses to find functions satisfying the small-oscilla-
tions equation (37a) and the constraints (37b) and (38).
The procedure is the same one used in the ghost
case: Form linear combinations of eigenfunctions
which, if only the same irreducible representations
are mixed, are automatically solutions of (B6), and
which are chosen in such a way that they satisfy
(37b) and (38). In this manner, one finds the eigen-
function solutions listed in Eqgs. (39).

Finally, by these group-theoretical arguments,
it is clear that there can be no other solutions
satisfying all the necessary conditions.
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