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We show that there exists a definite relationship between a Lorentz transformation and a Foldy-Wouthuysen
(FW) transformation for any relativistic wave equation in an indefinite-metric space which satisfies the
following criteria: (i) The equation is first order with no external constraint equations. (ii) An adjoint equation
(or, equivalently, a parity operator) exists. (iii) Lorentz transformation operators and related Poincaré
generators are well defined. (iv) Any built-in subsidiary components can be decoupled. Our result allows us to
obtain the explicit forms of the FW-transformed Poincaré generators from the original generators and in
principle allows us to determine the exact, closed-form FW transformation.

I. INTRODUCTION

In the first two articles (FW-I, FW-II) of this
series,"”? we demonstrated the necessary and suf-
ficient conditions for the existence of a Foldy-
Wouthuysen (FW) transformation in an indefinite-
metric space,' and then derived some theorems
for practical calculations,? especially useful for
power-series expansions in ¢™'. In this paper, we
will establish a connection between Lorentz trans-
formations and FW transformations for a class of
relativistic wave equations in an indefinite-me-
tric space. This connection provides the method
by which an expression for the FW transforma-
tions can, in principle, be obtained, and the means
by which the properties of the FW transformations
can be studied. In the following paper,® we will
use a powerful matrix theorem to derive the exact,
closed-form expressions for the Lorentz trans-
formations of this class of relativistic wave equa-
tions. That, together with the method (connec-
tion) introduced here, will then yield the exact,
closed-form expressions for the FW transforma-
tions.

The wave equations we consider have the follow-
ing properties: (i) They must be first-order equa-
tions (at least in the time derivative) with no ex-
ternal constraint equations. (ii) The adjoint equa-
tions must exist, or, equivalently, the parity
operators must exist. (iii) The wave equations
must be relativistically invariant, so that they
possess well-defined Lorentz-transformation
operators and related generators of the Poincare
group. (iv) If there are built-in subsidiary com-
ponents, then it must be possible to decouple them
from the physics-carrying particle components by
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a generalized Sakata-Taketani transformation.*

Note that we are considering only first-order
wave equations with no external constraint equa-
tions, so that we are not talking about the Rarita-
Schwinger™® (RS) system, for example. Our anal-
ysis does not rule out FW transformations for such
equations; we only say that our analysis is not
concerned with them even though an analogous
treatment may be entirely possible.

As a positive example, our analysis does apply
to the entire system of Bhabha equations,”!? which
includes the Dirac and DKP (Duffin-Kemmer-
Petiau) equations as special cases. In fact, the
present series was undertaken as an outgrowth
of the necessity to demonstrate as a matter of
principle the existence of an FW transformation
for the indefinite-metric Bhabha system (see Refs.
11 and 12).

Section II describes the formalism which we will
later use to obtain FW transformations from Lo-
rentz transformations. We construct the wave
equations which satisfy our above criteria in Sec.
ITA and the implicit Lorentz transformations and
Poincaré generators in Sec. IIB. In Sec. IIC we
discuss the generalization needed to handle built-
in subsidiary components, if they exist.

In Sec. III we present our method of relating the
FW transformation U ™! to the Lorentz transforma-
tion L(B), B the boost velocity (or rapidity opera-
tor). We begin with the observation in Sec. IIIA
that one can construct all the eigenvectors of the
Hamiltonian by Lorentz transforming the rest-
state eigenvectors. Since, from FW-I,' the FW
transformation U ! has as its columns all the in-
dependent metric-orthonormalized eigenvectors,
properly handling L(B) will yield U™ %
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This “proper handling” of L(8) involves two
things: (i) obtaining the correct overall normaliza-
tion needed to make U "' metric-unitary (pseudo-
unitary), and (ii) understanding the functional
significance of B. [Since in general g will involve
different mass states and a Lorentz transforma-
tion can be thought of as boosting antiparticle
states in the opposite direction from particle states
(the antiparticle states are the “negative energy”
solutions or the charge-conjugated states), this
point also must be taken care of.] In Sec. III B
the above two points are resolved mathematically
by three theorems, which are proved in Appendix
A.

Given the above, we then derive in Sec. IIIC on
the basis of a fourth theorem, proved in Appendix
A and in part in Appendix B, the explici/ form of
the FW-transformed Poincaré generators. As we
have emphasized elsewhere,'" an FW transforma-
tion may have more than one meaning. The theo-
rem of Sec. III C will show on general principles
that our FW transformation is so defined that the
transformed space-time generators (the Hamilto-
nian in particular) are diagonal, while the trans-
formed rotation-boost generators are diagonal in
the sense that they do not connect states of dif-
ferent mass (including antiparticles).

Our short discussion in Sec. IV touches upon the
relation of this paper to previous work and to the
physical implications for high-spin field theories.

II. FORMALISM

A. First-order and adjoint equations

Consider the class of first-order wave equa-
tions represented by'®

(8- ¢+x)¥=0. 2.1)

In (2.1) x is a fixed parameter and the different
mass states are proportional to x. The ¢, are
matrices whose dimensionality must contain the
particle-antiparticle spin space, 2(2S+1) dimen-
sions, or combinations of such spaces, and cl
={,. Also, from our criterion (i), there are no
external constraint equations associated with Eq.
(2.1). (Formalisms with built-in constraint equa-
tions, such as those of Duffin, Kemmer, and Pe-
tiau, are allowed.)

To have an adjoint equation, we need an adjoint
matrix 7 which will satisfy

Y=¥", P@-t-x)=0, 2.2)
where
[T],§4]=0, {TI,E}=0- (2.3)

The conditions for 7 of Eq. (2.3) are also those

needed for the parity operator e?®n(¢,), as can be
shown by a standard procedure.*

We use the usual definitions of the norm of a
state and the expectation value of an operator 0,

WYl =0¢,0, (O) =vt,00, (2.4)
so that the metric M is
M=ng,, (2.5)

where M "=M, since n=n(¢,) and ¢}=¢,. The ex-
pectation value is real whenever the operator 0 is
metric-Hermitian (pseudo-Hermitian),

(MO)'=Mo, (2.6)

and conversely.

B. Lorentz transformations and Poincare generators

For Eq. (2.1) to be Lorentz invariant, the com-
mutation relations among the Lorentz generators
J,, [or more properly in our notation the so(4)
generators], the matrices ¢,, and the parity op-
erator 1 must be'®

[Turs Tao) 20,5 T+ 80y = 80T = B 510),
@.m
(Tuws 6]= = 8,0,y = £,8,), (2.8)
where u,v,A,p=1,2,3,4, and,
Tasmr=0, [J;,n]=0, (2.9)

where j,k=1,2,3. If a prime denotes a trans-
formed quantity, then

P'(x’) =L (A)P(x), (2.10a)
L(A)=exp(+36,,J,,), (2.10b)
X, =A,,x, (2.10c)

where the A, and §,, are numbers which char-
acterize the transformation.'®'” J,, is self-adjoint
and antisymmetric in g and v.

The Poincaré generators ﬁ, 3, H, and K as-
sociated with Eq. (2.1) are then obtained in terms

of the operators and parameters ¢,, X, X, D

=-19, J,,, and { by adding the generators of
space-time translations and rotations to the J,,:
Py=pp==19,, (2.11)
. i
Jp= =€ (x,am+§J,m>, (2.12)
H=£""(6-%+%), (2.13)
Kp=x H = tPy+1d g, (2.14)

where we have assumed for now that ¢, is non-
singular, so that its inverse ¢, exists and may be
determined from the Cayiey-Hamilton theorem by
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a standard procedure.'® The Hamiltonian equation
then becomes

—0Y=Hy=¢"'3 - T+x)¥=EV.

The generators defined in (2.11)-(2.14) can easily
be shown to be metric-Hermitian from Egs. (2.3),
(2.8), and (2.9), and, in a more tedious calcula-
tion that also requires (2.7), can be shown to satis-
fy the Lie algebra.'® Also note that since we are
using the complete definition of K in (2.14), with
{P on the right, if we substitute -8, for the right-
hand side of (2.13) and for the H in (2.14), these
new generators still satisfy the Lie algebra.

(2.15)

C. Subsidiary components

If ¢, does not have an inverse because of the
zero eigenvalues of the spin and other matrices
(as will often occur for integer-spin fields), then
one will have built-in subsidiary components which
are to be decoupled. By criterion (iv) we assume
that this is possible.

The subsidiary components will correspond to the
singular pieces of the metric, and hence of £,. Re-
moving these singular pieces allows a proper in-
definite-metric FW transformation,' and can be
done by replacing the columns of eigenvectors i,
in the FW transformation U "' by columns of the
particle-components eigenvectors @7’ defined
by*® 11

4P =1, = (I -1, (2.16)

where I'P? and IS’ are the projection operators
onto the particle components and subsidiary com-
ponents. (If there are no subsidiary components,
then I'*®’=].) This means that the particle-com-
ponents FW transformation (U ')’ can be ob-
tained by the substitution

(UY)-1Py-tr®, (2.17)

This is equivalent to replacing the metric M with
I'PMI® and rederiving all the results above and
below. The operators I‘?’ and IS’ are assumed to
exist for the class of relativistic wave equations
being considered.

III. LORENTZ-FW TRANSFORMATIONS
AND FW-PGINCARE GENERATORS

A. Lorentz-transformed rest-state eigenvectors

Since we are dealing with free relativistic wave
equations, the eigenvalues of Eq. (2.15) are the
free (real) energies and the solutions of Eqgs. (2.2)
and (2.15) have nonzero norm. From the discus-
sion of Sec. IIC, we can assume a nonsingular
metric M, so that the criteria of FW-I is satisfied.
(Consult Sec. IIC for the case of singular metric

and the eliminations of built-in subsidiary com-
ponents.) This means that an FW transformation
which diagonalizes H exists, and is composed of
the metric-orthonormal eigenvectors of H. The
purpose of this section is to give a precise pro-
cedure for constructing this FW transformation by
means of four theorems and a lemma about the re-
lation of Lorentz transformations to FW trans-
formations and about the form of the FW-trans-
formed Poincar€ generators.

Without loss of generality, we simplify our dis-
cussion by conveniently choosing ¢, diagonal and
the momentum in the Z direction. A pure Lorentz
transformation along the z direction then becomes

L(B)=e 1, (3.1)

where one can easily see from Eq. (2.10) that the
velocity B of the boosted frame will be related to
0 by

tanhé=8>0. (3.2)

There is an arbitrary sign in the exponential of Eq.
(3.1) which we have already chosen so as to have
particles at rest (vs antiparticles) be transformed
to positive momenta.

The eigenfunctions of H are now easily construc-
ted. The mass spectrum associated with Eq.
(2.15), €,m, is given by the rest frame of Eq.
(2.15),

=8, ,(0) = £,7 X, (0), (3.3a)
where
9,(0)=1,(0)e " €rmt (3.3b)
and
m=min[&," Jun X, (3.3¢)
e (3.3d)

T min[g, T

Min[£,™"],, is the smallest positive matrix ele-
ment of £,”! and the 7,(0) are column matrices
which are everywhere zero except for a “1” in the
kth row. Thus, m is the ground-state mass and
the ¢, are the k/ground-state mass ratios. Note
that whenever ¢,”' has dissimilar diagonal ele-
ments (other than a sign change for antiparticles),
a multimass theory results.

Because the Lorentz transformation can only be
a function of 8 [e.g., y=1/(1 - B?)'2], each com-
ponent of mass m, must move with the same velocity

£,0_¢@
B:E:é,:g, My =g,m, (3.4)

and we have, in the new frame,

-9, Z/jk=HZpk=Skgd)k’ (3.5a)



15 FOLDY-WOUTHUYSEN TRANSFORMATIONS IN AN... III... 419

where

w::‘L((P)Z,bk(O)

=1, (®)er R PeED), (3.5b)

[1.(®)]; =[L(®)] s, (3.5¢)

so that 1,(®) are the columns of L(®), ® and §

are the ground-state momentum and energy, and
the Lorentz-invariant rest-frame phase — it has
been replaced by @,x, =®z - 8t. The 9, are eigen-
functions of H with eigenvalue €,8, where § = (®2
+mz)1/z'

Observe that the [,(®) are clearly related to the
metric-orthonormalized eigenfunctions ﬁk de-
scribed as the columns of U~™' in FW-1. The con-
nection will be explicit in Theorem III below.

The object is to show that with the correct nor-
malization and the proper interpretation of 8 and/
or ®/&§, the Lorentz transformation (3.1) or (3.5c)
can be equated with the FW transformation U ~'.
For now, we only need to know that the infinite-
series expression for L(B) can, as a matter of
principle, be reduced to a single matrix from
which the [,(®) can actually be determined. [The
exact, closed-form expression for L(8) will be
given in the following paper.®] In the three theo-
rems of Sec. III B we will prove this equivalence.
The theorem and lemma of Sec. IIIC will show
the form of the FW-transformed Poincaré gen-
erators which is implied by U ™.

The proofs of the theorems in Secs. IIIB and
IIIC are given in Appendix A, with some of the
specially detailed calculations for Theorem IV
given in a separate Appendix B. Each theorem is
dependent upon the previous theorem.

B. Construction of U™ from L(f)

Theorem I. Let M be the (indefinite) metric
given by Eq. (2.5), and let L(B) be the Lorentz
transformation (boost) given by Eq. (3.1). Then,*

LT (BML(B) =yM +iByn&s, (3.6)
where
y=1/(1-p"2 (3.7

Theorem II. Let 1,(®) be the columns of L(®),
the Lorentz transformation given above with 8=¢/
&, and let H be the Hamiltonian given by Eq.
(2.13). Then, replacing each @ in7,(¢) by the
operator —ig, '9,=¢,”'p yields the set of operators
1,(e,”" p) with the following properties: (i) The
1,(e,”'p) are normalized such that

e Mo ) =2 B, (3.82)

where

E(sk"p)z[(ek'lp)z+mg]‘/2, (3.8b)
and M is the metric. (ii) The [,(¢,™" p) are metric-
orthogonal,

(e, p)ML, (e, p) =0, j#k. (3.9

Theovem III. Let 4, and U~ be defined by

. :[ m i\”zl( L)
u, = EE,p) wEp D

and

(U7 5 =[u, 1is
where I,(e,”'p) and E(g,”" p) are given above. Then
we find the following: (i) The #, are metric-ortho-
normal. (ii) The #, are eigenvectors of the Hamil-
tonian H. (iii) U"' is metric-unitary (pseudouni-
tary) and has an inverse U.

Theorem III provides a method of constructing
the metric-unitary operator U ! for the class of
relativistic wave equations considered here. The
existence of an operator U ™' was established earli-
er.! Also, as we will see in Sec. IIIC, U™}
indeed the transformation which diagonalizes the
metric-Hermitian Hamiltonian.

At this point we reemphasize an observation
which will be made clearer in FW-IV.® It is that,
in addition to the normalization, the main change
in going from the Lorentz transformation to the
FW transformation is the identification

(3.10a)

(3.10b)

(4 +p
B=<g> W, (3.11)
where the + (=) sign is for particles (antiparticles).
The identification can be understood on physical
grounds. Since the antiparticle equation is the
charge-conjugated equation, the Lorentz trans-
formation which boosts a particle in the positive
direction “boosts” the “negative-energy” anti-
particle in the reverse direction. OQur three theo-
rems have verified the validity of the above physi-
cal argument and shown that the identification
(3.11) is correct.

C. FW-transformed Poincaré generators

Definition. An operator O is called “eg-diagonal”
if 9,,=0 whenever ¢; #¢,, where ¢, is defined in
(3.34).

Observe that in a multimass theory such as the
Bhabha theory,”'? where the representation of ¢,
can be taken such that all j with the same ¢; are
grouped together, £-diagonal corresponds to mass-
block diagonal.

Theovem IV. Let U~' be defined as in Theorem
III, and let _I;, 3, H, and K be defined by Egs.
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(2.11)=(2.14). Then (i) U ~! diagonalizes H such
that

H™=UHU"'=¢,'E,,
E,= (072 0%

(ii) U ! leaves P diagonal and leaves 3z-diagonal,

(3.12a)
(3.12b)

PFW=UPU =D, (3.13)
JPV=yiUu-t=], (3.14)
and (iii) U "' e-diagonalizes K such that
Rv=vk--5 (g, E,,}_z'p’_———gfp :(xp)’
(3.15a)
where
S, =%€0m im- (3.15b)

It is the proof of Eq. (3.15) which is especially
detailed, and so also involves the calculations of
Appendix B. R

Lemma. The transformed generators P*%, JFV,
HTY and KFY do not connect states of different
mass.

To see this, observe that if (mass);# (mass),,
then from (3.3c) and (3.3d) €,#¢,. Thus, from
Theorems III and IV, 0,,=0, where O represents
any of the transformed generators. This argument
includes particle-antiparticle pairs.

IV. DISCUSSION

Through several theorems, we have developed a
method by which an FW transformation can, in
principle, be derived from a Lorentz transforma-
tion.'® 2127 1p the following paper (FW-IV)® we
show that this method can in fact be explicitly
implemented. With a combination of a matrix theo-
rem and our method, an exact, closed-form FW
transformation is written for our class of rela-
tivistic, first-order wave equations in an indefi-
nite-metric space.®

We have also shown how any relativistic wave
equation which satisfies the criteria of the intro-
duction can be decoupled into unconnected mass
states, including particles and antiparticles, by
this FW transformation. In fact, we have deter-
mined the explicit form of the transformed Poin-
care generators.

Our method basically is the recognition that,
with the proper renormalization and understanding
of the meaning of the quantities we have called @
and &, an FW transformation U ™' can be related
to a Lorentz transformation L(B). It is therefore
appropriate to note that our method is in fact a
generalization, to a large class of multimass and

multispin, first-order wave equations, of similar
and related observations which have in whole or in
part been used by other authors,'®?'"*7 especially
for the Dirac equation.

Throughout this paper, we have seen that the
larger class of relativistic wave equations dis-
cussed here formally retains a similarity to the
Bhabha equations™'?; a system of equations which
is free from many of the problems which usually
occur in high-spin theories. Whatever problems
this larger class of relativistic wave equations may
have,* we have shown that a well-defined FW
transformation is not one of them. This opens the
way for an interpretation and understanding of the
operators in the theory and the negative-normed
states which result from an indefinite metric. The
latter is a remaining problem of the Bhabha equa-
tions. To this end, our results provide insight
not only into the particular subset of equations
which make up the Bhabha system'!'*? but also
into this larger class of equations.

APPENDIX A: PROOFS OF THEOREMS

Theovem I. From Eq. (3.1) and Theorem IV of
FW-II,? and remembering that J {,=J,;, we have
directly LT(B)=L(B) and

R = (- 6)" nyr( Ly
LY (BML(B) =3 = ({0, M (D", (A1)
n=0 *

where M is the (indefinite) metric defined in Eq.
(2.5), and again? our notation is that quantities in
the parentheses are written out » times. Because
of Egs. (2.8) and (2.9), the nested anticommutators
in (Al) close on themselves. In particular,

({45, )M (1) =M, (A2a)

{4 M} == ink,, (A2b)

Vs Mt=M, (A2c)
so that®

LY(B)ML(B) =M coshé +in¢, sinhd
=yM +iByn¢,, (A3)

where Eq. (3.2) has been used in the final expres-
sion.

Theovem II. Parts (i) and (ii) will be proved in
the same order as given in the theorem.

(i) Since ¢, is taken to be diagonal, the jk ma-
trix elements of Eq. (2.8) imply that (g=1,2, 3)

[{a ]jk=+i([§4 ]jj - [§4]kk)[J4a ]jky (A4)

so that ¢, is necessarily nondiagonal. Taking the
diagonal matrix elements of Eq. (3.6) in Theorem
I then gives [note that n=7(¢,) is diagonal]

IN®)ML(®)=yM,,. (A5)
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Since only the kth column is involved, @ is a dum-
my variable and may be everywhere replaced by
g, p to yield

E -1
Iie, " pIML (e, p) =__§3’_;;7_12

M g (A6)
where y=8 /m = (®?+m?)/2/m has been used, and
E(e,'p)=[(e,t p)?+m?]"/2. This establishes the
normalization of the 1,(€,™ p).

(ii) Here, there are two cases: (a) Suppose £;
=¢€,, j#k. Then from Eq. (3.3d)

&_[54_1 Jee L84 )15
Sj_]§4- ]J'f-[gq]kk’ (A7)

so that whenever €;=¢,, [£,];;=[&, ]w and (&, ];e
=0 by (A4). Hence ¢, is e-nondiagonal. Since M
is diagonal, the jk matrix elements of Eq. (3.6)
are just

U(®MIL(®)=0, &;=c,, j+k. (A8)

Because €;"'p=¢,”'p and ® is a dummy variable,
we may replace @ by ¢;,7'p inl}(®) and £,7'p in
1,(®) to obtain

(e, pIML(e, ' p) =0, €;=¢,, j+k. (A9)

J

(b) Suppose ¢;+#¢,, j#k. Because the replacement
®—~¢,”'p does not change the form of 1,(®) when
1,(e,' p) operates on the space-time phase factor
exp[+ie,(®z - 8t)], the eigenvalue problem of (3.5)
can be rewritten as

HY;=¢;80;, (A10a)
where
d}j:lj(cj-xp)ewcj(o’z-&t)' (AlOb)

Multiplying Eq. (Al0a) on the left-hand side by A,
taking the adjoint, and multiplying on the right-
hand side by ¢, yields

VIMHY, =€, 89 MY, (Alla)

=g, 8L M,

where we have used M "=M and (MH)"=(MH). Sub-
tracting Eq. (Allb) from (Alla) then yields

(g, — )8 I MY, =0,

(Al1b)

(Al12a)

or, because g;#¢,,

e~irj(G’z-é‘t)l]?_(gj-lp)‘w[lk(gkﬂp)edCk((?z-o"t) =0.

(A12D)
However, from Egs. (A3), (A4), and (A7),
IN(@IML(®) =+iByn;;(83) 0 (A13)
If (¢£,);,#0, (A12b) implies that
(e, pIML (e, ) =0, &;#5,, j+k. (Al4a)

If (£,);,=0, then replacing @ with €,”'p in (A13) and
multiplying by exp[+ie,;(®z — §¢)] on the right-hand
side and exp[-ig,(®z — §)] on the left-hand side
implies that

! (E’;?>hllk(@) =0, €;#€,, j*k.
J

(A14b)

Now let ® =g, p.

Equations (A9) and (A14) then establish (ii) for
all ¢; and €,, and hence for all j #k.

T heovem III. Parts (i) through (iii) will be
proved in the same order as given in the theorem.

(i) From definition (3.10a) and Theorem II, the

i, are metric-orthonormal,
WS Mity, =My, (A15)

(ii) From (3.10a) and (A10), the #, satisfy the
equation

Hﬁke+i€k(0’z-<ﬂ):Sk812k6+i€k(0’z-§t) (Alea)
_ & o pti€p(Pz=8t) 16b
=—2_F,u,e , (A16b)

le,l

where E,=(p>+m,?)"? and m,=¢, m. Multiplying
(A18b) on the left-hand side by #!M then yields

W MHi, - 22 B M,,6,, | i S 5D 0. (A17)
J k |8k[ k kY iR

Since the expression in square brackets of (A17)
can only be a scalar function of the operator p, it
must be identically zero. Dropping the phase fac-
tor and rewriting, one has

ul M [Hﬁk - %Ek&k] =0, (A18)
3
for allj. Because the ﬁj span the space,
Hil, =%l—Ekﬁk, all k (A19)
k

where E, = (p+m,2)'? and m,=¢,m. Hence, the
#, are eigenvectors of H.
(iii) From (3.10b) and (A15), U ! satisfies

[UMU " =M, (A20)

so that U ™! is metric-unitary.
If M is nonsingular, then M has an inverse M ™'
Multiplying (A20) on the left by M ' shows that

UMY U YM (A21)

is the left inverse of U™'. (If M is singular, then
see Sec. IIC.) Since U™! represents an automor-

phism (i.e., 1-to-1 and onto) given by
(e, p) = U "11,(0), (A22)

and U is the left inverse of U™}, it is clear from
left multiplying (A22) by U that U represents the
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inverse automorphism given by
1,(0) = Ut (€, p), (A23)

where 11,(0)=1,(0) and UU "' =I have been used.
Conversely, U™' must represent the inverse auto-
morphism of U, which implies that U~'U=I; so
that U is also the right inverse of U™'. This estab-
lishes U=M (U "')'M as the inverse of U"'.

Theovem IV. Again parts (i) through (iii) will be
proved in the same order as stated in the theorem.

(i) From Egs. (3.3c), (3.3d), and (A19), it follows
that

Hit,=[&, [ 07w + X2 1 21l (A24a)

which, when written in matrix form, becomes
HU'l=U‘1§4'1(ﬁ2§42+x2)1/2, (A24b)

where (p2¢,2+x?)'/? represents a power series in

p%¢.2/x%. Using the results of (iii) of Theorem III,
H™V=UHU "

=¢,'E,, (A25a)

E,=(p2+x)"?, (A25b)

so that U ~! diagonalizes H as given above.

(ii) Since U ! is a scalar function of &, p,, and
X, it necessarily commutes with both P and J, lea-
ving

P =y pU-!
=UU'P+U[P,U™]
=P, (A26)

and, similarly,
J™=yju-
=UUF+U[T, U]

=J. (A27)

[Recall that in general, B=(®,2+® 2+, 2/
@2+0@2+02+m)'2, a scalar]

(iii) The discussion of K™ =U KU " is complica-
ted, and will be broken down into 4 subsections
labeled “(a)” through “(d)”, with many of the de-
tails left to the reader.

(@) K T¥ is e-diagonal. Since P, J, H, and K
satisfy the Lie algebra (see Sec. IIB and footnote
19), so do P*¥, JF¥ HFV and K*¥. (A list of the
commutation relations may be found in Ref. 9, for
example.) Taking the jk matrix elements of

(&, BT ] =iP{Y, (a28)

we find that
(K™, (-2, -2 ) 4 [(r 7w, S E}
i \Te, T Iel (e T T
=iP;5

ik

(A29a)

Since XV =URU "'=UU ']+ U[X,U']=%+ A%, and

U~'is a function only of ¢,, p,, and x, it is clear
that the Zittevbewegung term AX can also only be

a function of ¢,, p,, and x, and hence commutes

with the jth component E;. Thus,

[(wa’m.i" E} [x 6]”8 lEk,'%j]-Ej]
=iP;0y,
implying that K ¥V is ¢-diagonal,
(K¥%),,=0, ¢;#¢, (A29D)
Hence, K*V can only be a function of x,, p,, X, &,

and S. Using (2.8) and (A7), the jk matrlx elements

of [S;, &,] =0. ThisshowsthatS; is €-diagonal:
(S; )Jk([ 4] [54 ]kk)':o- (A30)
() KT =K’ + 6K, where
= L e . £,(5xD)
K'==3—{X,E,}-tp~ By (A31a)
EPE(P2§42+X2)1/2, (A31D)

with 6K determined by the solutions to Eqs. (A33)-
(A36).

Using the techniques discussed in Sec. II B, one
can show that, together with PF¥, J™ and HFY,
K'isa particular solution of the Lie algebra.
Hence

KF¥ =K’ +6K. (A32)

Since both I_(”_’and, of necessity, KW satisfy the
Lie algebra, 0K satisfies the following commuta-
tion relations:

[J,, 0K ;] = i€,,,0K,, (A33)
[P;, 0K;] =0, (A34)
[HY 5k,)=0, (A35)
(6K, K}] - [0K,, K] +[0K, 6K,] =0. (A36)

From the results of (a), (A31), (A33), and (A34),
6K =PA +3[5,B]+:[(S xP),C], (A37)

where A, B, and C are functions of p? and (§-S).
(Terms like §* and ¢,, which commute with every-
thing, will not be explicitly discussed.) Since K is
metric-Hermitian and U ™! is metric-unitary, KV
is metric-Hermitian. Since [K*%,M]=0, KV is
self-adjoint and A, B, and C are real.
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One can also observe that 6K can be at most a
linear function of spin. While S;, i=1,2,3 is from
(A30) e-diagonal, terms like ($-S)", where n#0
or 1, would not be g-diagonal. Since we have
shown in (a) that 6K is g-diagonal, it cannot con-
tain such terms. Hence, we set

A=(P-Da(p?) +d(p?), (A38)

B=p?b(p?), (A39)

C=c(p?), (A40)
to obtain,

0K =p(D-S)a+S;p%+SXP)ic+p;d. (A1)

Putting (A41) into (A36) now yields 3 independent
equations,

€ijkpk(§'§)f=0, (A42)
€;i25:8=0, (A43)
€ijk(§x5)kh=0, (A44)

where f, g, and & are functions of a, b, and c.
Since i, j, and & are arbitrary,

oc

a1)21-1”‘"—2(:(,’)1‘"“’+02—pzabzo,

f==2 (A45)

o=+ 2p? %H YL 2cHTY 1 pHa+b)b=0,  (A46)

)
B zﬁgl%;z B (a— 20)H ™Y 4 p2(a+b)(c — BFY)

=0, (A47a)

]

where

™ =¢,/(E,+X).
The solution of these nonlinear coupled equations
is given in (c) and (d).

(c)a=-b, and d=0. Using the results of Ap-
pendix B, we can directly calculate

(A47b)

Uy = e %% ,(0) (A48a)
=e7a31,(0)ei € x @7 6D (A48b)
-1 i/2
:[E(a;;i p)] f(e, t p)et it ®e ) (A48c)
8§ \/2 .
=<;7—> U-llk(o)e”ck“yz-gn’ (A48d)

where (2.14), (3.1), and (3.10) have been used.
Left multiplying by U yields

x " =UY, (A492)
8 \!/2 .

=<;‘7> lk(o)e*ka(o’z-Gt) (A49b)

=Ue %3 ~'U,(0) (A49¢)

=ei%%3y,(0), (A49d)

where UY,(0) = ¢,(0) has been used. Because ,(0)
is independent of z, [U(p=0)];,=[1,(0)];=5,,.

Again using the results of Appendix B (A49d) be-
comes

8 /2 6
Zl);fw:(“) exp[+ie,(®z - 8t)] exp <+zf g,m sinhp{e, m sinhpSz[a(p)+b(p)]+d(p)}dp>lk(0). (A49e)

m

Comparing (A49e) with (A49b) implies that

8
f g, m sinhp{e,m sinhpS,[a(p)+b(p)] +d(p)tdp=2mn, n=0,1,2,....
0

Since 6 is continuous and arbitrary, a=b=0, d
=0, ora=-b, d=0. We assume the latter.

(d) 6K=0. Putting a=-b into (A46) and (A47) im-
plies that ¢=0, or ¢ =¢/p? and b=0, or b=3b/2p?,
where ¢ #¢(p?) and b #b(p?). Of the 4 possibilities,
only =0, ¢ =0 satisfies (A45). Together with the
results of (b) and (c),

6K =0

and

(A50)

K™ =UKU™

£ . £,E8xP)
=4T{X,Ep}‘tp“uy

1
E,+x (A51a)

(A491)

—

where
Ep = (I)2§42 +X2)1/2_

This completes the proof.

(A51Db)

APPENDIX B: BOOST OPERATORS

Let K be the infinitesimal Poincaré generator
of velocity translations (the boost operator). Then,
if a prime denotes a boosted quantity referred to
the same reference frame,

V' (x) =e K y(x) , (B1)

P’ =p+(coshf —1)5+ 7 +sinh 6 §v, (B2a)
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8’ = 8 coshb+0v-psinhb, (B2b)
B=tanhé, (B2c)
where B is the velocity of the boost. Using a tech-

nique of Osborn,* Eq. (B1) can be directly cal-
culated by solving the differential equation,

d——gf) =iv - K9(8), (B3a)
where
¥(6) =¥ K y(0). (B3b)

Since 9+ K commutes with each term in the expan-
sion of e?®?*K this equation is well defined.

Let K(0) be the result of operating on ¥() with
ip-K. Then, the differential equation

dy(6)

—0 =K©)u(0) (B4a)

(b) Using (A31) for K and (B2),

dwkw)_.[* o, 1O =

S x 5’;)'5}%(

has the solution

1(0) = exp| J "K(p)dp| 4(0), (B4b)

provided K(9) commutes with each term in the ex-
pansion of exp [ K(p)dp].

(a) Using (2.14) for K, 5:0, &=m, =2, and
(3.3b) for $,(0),

d,(6) _
dg

i(2H = tpg+id ) 0,(6)

=i(ze,m cosh@ — (g, m sinh 0 +iJ ,)¥,(0),

(B5)
so that

¥, = exp (:izk j{

)
- e'“431k(0)eie’?“pz'6“
=1,(®)eitr(®=-5t) (B6)

where tanh6 =8=¢,0/(c,8)=®,/8,=€/8& has been
used.

~6

dp(zm coshp —~tm sinhp) - GJ%] $,(0)

= si[i-{)(é’k coshf +®, 0 sinh8) —t(®,- 5 coshd +8, sinh9)]

1/®,- coshf +8, sinh9> iS-®,x D |
+5(8,Z coshf+@, 7 sinhf/ &, coshf +@,- 0 sinh§+¢, " x | 4al0)- (B7)
This integrates to yield
. 811/2‘-_.” e = ===, = -
E?bk( (P},e):<8_k> ez(x-(}‘k-ékt)e—t(x -G’k-é'kt)(e-ts-Okae(G‘k,G‘k))lpk((‘pk), (B8a)
&
- 2 {tanh(30)[® 2 - (- @ )2]”2(
(P, P,)=r——n—s _arctan Lk k B8b
(% @) [0 - @ 5] | 8,+7:®, tanh(z6) +m,, |’ (B8b)
0 D B8, -+ B8l
- = x = = = ~ - 8 °
tanh2 8,8, +8L) =0 (0@, +D - B))’ (B8C)
- & 2 oL
z[)k( (Pk) = <.n_7’2_> (ei® -(Pk-ekt))lk(o), (B8d)
k
r
where If ®,~0, and 9=%, then
£ XD ) =, (@) (B8e) <g >1/2 . omen
=(Z) 1,00 k@
has been used in (B8a) after the integration. (B8e) I m «(0)e ’ (B9)
follows from (3.3c), (3.3d), and (B8d).
Clearly the effect of " on y,(®,) is to replace where
(8,/m )" 2 with (8]/m,)* 2, to replace e’ * % Srt)
)L -g= -0/
with e?®*®4"6:) and to make a Wigner rotation of tanh6=g=¢,®/(c,8)=0/8 (B10)

the spinor of d)k((;k).

has been used.
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