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A generalized theory of gravitation, formulated recently in terms of a nonsymmetric field structure, is
derived from a variational principle, and its relation to the Einstein-Maxwell theory is studied in detail. The
physical interpretation of a new universal constant k that occurs in the theory is considered, and reasons are
given to choose the constant to be |kl = hG/c’ = L ?*/e, where L = (hG/c*)"? is the Planck length.
The exact static spherically symmetric solution of the theory is shown to be world-line complete. The
timelike and null (radial and nonradial) physical paths of test particles are deflected away from a sphere S
with a radius r, ~ L. A discussion is given of the implications of the nonsingular solution of the theory for

large- and small-scale physical phenomena.

I. INTRODUCTION

It has long been thought that all of physics can
be deduced from a purely geometrical theory.

With the advent of Einstein’s theory of general rel-
ativity,' in which the gravitational field is inferred
from the curvature of space-time, the idea of de-
scribing physics as geometry received fresh im-
petus. For various reasons, this program has not
met with any great success due mainly, perhaps,
to a lack of a deeper understanding of the role of
quantum theory in general relativity. The prolif-
eration of new ideas and experimental data asso-
ciated with elementary-particle physics has di-
verted attention away from efforts to geometrize
all of physics.

In spite of the well-founded reasons to suppose
that physics is not geometrical in origin, there is
the persistent feeling that a physics which does
not incorporate the general theory of relativity is
ultimately prevented from reaching a logical, uni-
fied description of nature. Einstein devoted many
years attempting to extend his gravitational theory
to include the electromagnetic field in a consis-
tent, natural field structure. This structure would
constitute a generalization of the gravitational the-
ory based on Riemannian geometry. The starting
point of his theory of gravitation was the recogni-
tion of the unity of gravitaticin and inertia in the
principle of equivalence. From this principle and
the specific properties exhibited by the behavior
of light in empty space, he deduced that the theory
should be described by a symmetrical metric ten-
sor; the mathematical description of the gravita-
tional field was almost completely determined.?

Any attempt to extend the theory of general rel-
ativity to include, within the geometry, Maxwell’s
electromagnetic field, meets with difficulty be-
cause of the many possible approaches to the prob-
lem. The attempt based by Einstein on a (complex)
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nonsymmetric g,, is the mathematically most ele-
gant of all the extensions proposed.®® The tensor
g,, is decomposed into its symmetric and skew-
symmetric parts according to the equation

Buv=8 wry t 8rev1 s (1.1)

where

1 _
g(uv)=2(guv+gvu)‘su.v ’

. . (1.2)
Stuvl =§(guv —gvu.) FlQyy

where the s,, and a,, are real quantities. The g,
satisfy the condition of Hermitian symmetry g,,
=%,., which is the generalization of the condition
of symmetry of the metric tensor of gravitation.

As emphasized by Einstein,” the principle of
equivalence gives no clue as to the unequivocal
choice of mathematical equations necessary to
formulate the theory. This would appear to be a
strong objection to any program to unify gravita-
tion and electromagnetism. However, it is neces-
sary, as in all extensions of physical theories, to
formulate a close connection between the new the-
ory and the old laws of physics that have been
proved by experiment to be correct. Any general-
ization of gravitation theory should contain Max-
well’s equations and Einstein’s equations of gravi-
tation in an unambiguous way through a principle
of correspondence. Such a principle reduces con-
siderably the possible choices of field equations
based on a nonsymmetrical tensor g,,.

A principle of this kind was recently proposed.®®
It represents a powerful physical argument which
suggests that, in spite of the objection raised
above, the nonsymmetrical theory is the natural
and correct generalization of Einstein’s theory of
gravitation. The theory reduces to the Einstein-
Maxwell field equations in the limit that a funda-
mental constant %2 tends (formally) to zero.

Another objection riased against the nonsymmet-
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10,11

rical theory is that it is in disagreement with

the principle that only ivreducible quantities should

be used in field theories. This principle seems to
have been upheld in past field theories. However,
if the theory is invariant under a wider group of
transformations, then the property of the reduci-
bility of the I'}, and R, is, in part, removed. If
the theory is developed in terms of a complex tet-
rad formalism,'? then the scalar density 3¢ (Ham-
iltonian or Lagrangian density) can be shown to be
invariant under the local gauge group of transfor-
mations of U(3,1) which contains U(1) ® O(3,1).13
It has also been shown that the theory is readily
extended to a standard Yang-Mills scheme.!* This
feature of the theory could be of fundamental sig-
nificance for our understanding of the interrela-
tionship of gravitation and electromagnetism to
other forces of nature and to quantum theory.

In the following, we shall investigate some of the
implications of the new theory for our understand-
ing of space-time structure, particularly at small
distances. In practice, it is customary nowadays
to study the field equations as a system of partial-
differential equations with global properties.'®* We
shall investigate the nature of the singularities
that occur in the exact solutions of the differential
equations. It is found that the exact spherically
symmetric static solution of the field equations
leads to the property of world-line completeness,'®
i.e., no physical timelike or null world lines can
terminate at the point =0, owing to an analytic
boundary surface that occurs at small distances.
The vigovous solution is nonsingulayr. The singu-
lar event horizons in the solution are caused by
the choice of coordinates, and can be transformed
away by analytically continuing to a maximally ex-
tended solution.

This interesting result could have far-reaching
implications for our understanding of space-time
structure for both large- and small-scale physi-
cal phenomena.

II. THE FIELD STRUCTURE, THE VARIATIONAL
PRINCIPLE, AND THE FIELD EQUATIONS

The concept of the infinitesimal parallel dis-
placement of a vector A* can be extended to the
nonsymmetric field by

0AH = Tt A%dx®, (2.1)

0A, =T, A dx"®, (2.2)
where I}, is the affine connection decomposed ac-
cording to

Fﬁv=rx

(wv

S o 3 : (2.3)

The I‘ﬁv satisfy the inhomogeneous coordinate
transformation law of an affine connection given by

n 0] 0 8%, ny B O, (2.4)
“ =B, Ox, Ox) " B, bx,0x,
It follows that the antisymmetric part of I, is a
purely imaginary third-rank tensor.
Taking into account (2.1) and (2.2), it follows that

A" =08, A" + AT (2.5)
and
Aulu= 8,A, _Aargv (2.6)

have tensor character, just as in the case of the
Christoffel symbols of general relativity.

The contravariant tensor g“” can be related to
the covariant tensor g,, by the equation

guvnggwgw=5g s (2.7)

where the order of the suffixes is important.

As in the symmetrical theory, a curvature ten-
sor may be derived by parallel displacement of a
vector along a boundary of an infinitesimal surface
element:

RS,,=(3,I, ~T9 T ) _(8,[% ~T9 T%). (2.8)

374 P Y avT up ap” ny

The contracted curvature tensor is

Ruv:‘ (95Ffw - F?xuraB) - (avriﬁ - FiBng) . (2'9)

©w

The field equations will be derived using Schro-
dinger’s!” definition of the affine connection and
the Palatini method.'® The connection I}, may be
éxpressed in terms of another connection Wﬁ‘,, by
the equation

=W, +30W,, (2.10)
where

W,=3(W, - W3,). (2.11)
It can be verified immediately that \

r,=If,,;=0. (2.12)

A “covariant derivative” will be defined in terms
of the Wﬁ,, connection as
guv;a = aagﬂv+gWW:‘x+ GHUW:"‘ _ guUWga ,
(2.13)
in which g*”=vV—g g"’ is the fundamental tensor
density.

We shall choose as the integrand for our varia-
tional principle a scalar density 3¢, built out of the
g"v, W, (or out of g*¥, I'* and W,) and their
first and second derivatives. The variational prin-
ciple requires that

s [sea=0, (2.14)
where the ¢"” and I'},, are to be varied indepen-
dently of one another.

The scalar density 3¢ is chosen to be®
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471G
yEps (2.15)

3= g“”Rw(W)+ % B[uu]g[lml ,

where R, (W) is the contracted curvature tensor

of the connection W’;,,. Moreover, k is a (purely
imaginary) universal constant to be specified later.
Equation (2.14) can now be written as

[ L3R, (M4 *R, (Mg at=0.  (2.16)

The second term in (2.16) immediately gives the
field equations
*R,,(W)=0.
It can be shown that'’

6Ruv(pV) =(6Wgu);a - (5Wga);u+ 2W€‘VB]6W€H¥ .

(2.17)

(2.18)
By partial integration, it follows that
[ 67om, (mats = f(as - oz o) 0wz, atx,
(2.19)
where
®LV= gV 29T, = 5OY, W, — 204B WY oy .
(2.20)
Equations (2.16) and (2.19) yield
®’=0. (2.21)

The variation of the second term in (2.15) gives
(" g, 0) = 8(8" g 1)
=8 00" + ¢710g,,
=(&tvu1 ~8ua8 " 8w
+3 8,808 )08 . (2.22)

If we now substitute W2, defined by (2.10), into
(2.20) then, using (2.17), (2.21), and (2.22), we
are led to the field equations

80: guv+gwr‘ga+guo‘rl&a_ QWF?MFO ’ (2.23)
r,=0, (2.24)
*R,,=3(8,W, -8, W,). (2.25)
In the above
4G
*RMV=RMU(F)+-k—2.éE IIJvV (2.26)

and
Iuv= —(guug[""]gw+%gwg‘,‘,g[”] +g[uv]) ° (2'27)

From (2.23) by contracting on v and a we get,
using (2.12),

% g (2.28)

The vector W, is not determined by the variational

[uu]=0

prineiple.’” The scalar density (2.15) is invariant
under the projective transformation (2.10) and
leaves the vector W, undetermined. Moreover,
the 64 partial-differential equations (2.23) can be
written in a simpler form in terms of g,,. The
field equations can finally be written in the form

068uy ~8alhua ~8uelar=0, (2.29)
8,8™"1=0, ' (2.30)
*Rn=0, (2.31)
9 *Ruy1+ 8, *Ryguy+ 9, *Ryq=0. (2.32)

Equation (2.32) follows as a consequence of (2.25).
This is the set of field equations of the gener-
alized theory.

If we define the skew tensor density
*QIevl _ %Euvpo *R[pc] , (2. 33)

then Eq. (2.32) can be written in the alternative

form
9, *QLevli= ), (2.34)

Among the eight equations (2.30) and (2.34), two
identities hold:

Bu(avg“w]) =0 ,
3u(8u *(R[uv]) =0.

(2.35)
(2.36)

The scalar density (2.15) was considered by
Einstein in 1953.'°*® However, the scalar density
chosen by him as the basis of his theory was of the
form*

3=g"'R,,. (2.37)

It did not include terms of the form g™"g;, .,
ete., which depend on g,, alone. To quote Ein-
stein!®: “All such additional terms bring a hetero-
geneity into the system of equations, and can be
disregarded, provided that no strong physical
avgument is found to support them” (our italics).
We feel that strong physical arguments have been
found to support a theory based on the scalar den-
sity (2.15), which includes a quadratic term
g'""g(,.1. Indeed, in the next section, we shall
show that such terms are essential to provide a
firm physical interpretation of the nonsymmetri-
cal unified field theory.

III. THE CORRESPONDENCE PRINCIPLE,
THE EINSTEIN- MAXWELL THEORY,
AND THE PHYSICAL INTERPRETATION OF &

Now that we have surveyed the formal aspects
of the theory, we must study in detail the physical
content of the equations. The question which comes
into the foreground in the theory is: How do Ein-
stein’s theory of gravitation and Maxwell’s:. equa-
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tions for the electromagnetic field fit into the
scheme?

In earlier work, based on Einstein’s nonsym-
metric theory,?® the field equations were studied
in the weak-field approximation in which the sys-
tem of equations decomposed into two sets of equa-
tions, one for the symmetric components of the
field, the other for the antisymmetric components.
The equations for the antisymmetric part were
shown to correspond to a much weaker system of
equations than Maxwell’s equations. Moreover,
the equations of motion for a charged particle did
not follow, in a natural way, from the field equa-
tions.??

It would seem more plausible to expect that the
covariant (nonlinear) Einstein-Maxwell theory
should appear as the underlying approximation to
the generalized theory.

We shall adopt the following identification:

Swn=kF,,, (3.1)

where =ik and k is a real constant. The metric
of space-time in the generalized theory is deter-
mined, as in the gravitational theory, by

ds=g, dx" dx" . (3.2)

The dimensions of F,, and the electromagnetic po-
tentials A, are, in cgs units,

[F,,]=g"%cm™/ *)sec™ = statvolt cm™,

(3.3)
[A4,]=g""%cm!/ ?sec™ = statvolt.

The g,, in the theory are physically dimensionless
quantities. Therefore, from purely dimensional
arguments, the dimensions of « are [k]=[1/F,,]
=L%/e, where L is a length and e is the charge of
the electron. The characteristic length L which
can be formed from 7%=1.05x% 10 ~*" g cm®sec™,
G=6.67x10"° g7 cm®sec™?, and c=3x 10'° cm sec™
is the Planck length®*

L=(%G/c?®'?2=1.62%x 1073 cm. (3.4)

In terms of %, G, c, and e=4.80x 1071° g!/2 cm?/2
sec™, the constant k= L?/e can be expressed as

2
k=1 ~E§;— =5.44 x 10"g"2 cm'/? sec
e c

=5.44 X 10" cm (statvolt)™. (3.5)

The unified theory requives for its logical com-
pleteness a fundamental length in physics, which
we have chosen to be given by (3.4). A “classical”
length might on dimensional grounds be eG!/?/¢?
=1.38X 10"* cm, which would yield k= eG/c*
=3.95X% 10"%° g"1/2¢m' 2 gec. But this differs from
(3.4) merely by the factor a ' =7c/e?~ 137.

The universal constant can be fixed by using a
gauge-invariant formulation of Dirac’s wave equa-

tion. In the notation of Ref. 14 [the normalization
is different from the one we have adopted in Eq.
(2.15)] and in general units, Borchsenius obtained
the value

2inG

= — . 3.6

= (3.6)
If we write

Euv=8 (uv) —PF“,,, (3.7

then the result (3.6) forces us to use the (complex)
Hermitian form for g,,.
We shall make the identification

kc*

Au=TrG

W, (3.8)

where W, is defined by (2.11). The A, reduces in
the limit 2 =0 to the electromagnetic potentials in
the Einstein-Maxwell theory. In general, the A,
will be a function of k.

Decomposing I,,, in (2.27), into its symmetric
and antisymmetric parts we get

- Lpol [pol
Iwyy= _(g(u.p)g Etowv1t8wn8 Eroni

+2 8 ) 8rop1 &) (3.9)

and

— Lpol Lpol
Itui= (8118 Cton1 * 8w & 8 )

+%g[uv]g[pa]gcpﬂ+g[uv]) . (3.10)
In the limit -0, we have
Buv=8 vy
471G 871G
*R[uu]=52?f Tpuyy= “ ek Tuvo
Ruyy=Guy, (3.11)
4rG 8rG

B2t )=~ P T,

8rG

(Fe,F,, ‘%g(uu)FaﬂFaB) .

In the above, G,, is the Ricci tensor, defined in
terms of the Christoffel symbols fw} (Ref. 25),

G,= aa{gv} - au{ga} - {zo}{gw}"' ﬁv}{ZG} ’ (3.12)

and T,, is Maxwell’s stress-energy tensor.

From (3.11) it follows that (2.29) just becomes
the ordinary connection between the metric g,,,
of general relativity and {},}, while (2.30), (2.31),
and (2.32) give

871G
Guv="gt Tuv) (3.13)
o (Vg F*") =0, (3.14)
8,F,,+0,F, +0,F, =0, (3.15)
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where now g=det(g,,,).

This demonstrates that the field equations of the
generalized theory reduce to those of the Einstein-
Maxwell theory of empty space when 2—0. For
k-0, the skew part of (2.25) becomes, by (3.8),

F,,=0,A,-03,A,. (3.16)

The scalar density (2.15) reduces in the limit
k=0 to
47G

= ,/_g (g‘“"’Gw o Fquuv) s

< (3.17)

which is the scalar density of the Einstein-Max-
well theory. A schematic representation of the
correspondence principle is given in Table I

The theory is invariant under the ordinary Abelian
gauge transformations of electromagnetism. This
can be shown as follows. Consider the transforma-
tion .

We,=Wwe, -%08292

[

(3.18)
W,=W,+8,\.

The vector W, is related to the electromagnetic

4-potential A, through Eq. (3.8) and A is an arbi-

trary scalar field. Equation (3.18) induces the

transformation on the I' connection

f2,=wg,+%062W,=T¢,, (3.19)

where we have used the Schrddinger affinity (2.10).
It can be easily shown that

R, (W)=R, (W), (3.20)

so that the scalar density 3C and the field equations
are invariant under the gauge transformations
(3.18) and (3.19).

This is the correspondence principle of the the-
ory. It shows that the system of field equations
is founded on a (formally) well-established theory,
namely, the Einstein-Maxwell system of equations.
This secure basis for the nonsymmetric theory is
eliminated when we exclude the quadratic term
gt#¥lg . from the scalar density (2.15).
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A result that follows from the theory is that the
complete laws of classical electrodynamics—in-
cluding the Lorentz equations of motion for
charged particles —jfollow from the field equations
alone in the fivst nontvivial approximation, under
the assumption that the field g,, becomes Min-
kowskian as 7 =«,%% This overcomes one of the
grave objections raised against Einstein’s non-
symmetric theory, formulated in terms of the
scalar density (2.37).%

IV. EXACT SOLUTION OF THE FIELD EQUATIONS

In a series of papers, exact static spherically
symmetric solutions of the field equations have
been derived.®®?"»2% From these solutions, it is
clear that the physical content of the generalized
theory differs significantly from that of the Ein-
stein-Maxwell theory, although the solutions re-
duce to those of the latter theory when 2= 0. This
fact will become clearer from the following.

The g,, corresponding to a static field with
spherical symmetry is written in polar coordi-
nates x'=7, ¥°=0, x*=¢, x*=ct as*®®

- 0 0 w
0 -B fsiné 0

. , (4.1)
0 —fsinf —Bsin®f 0

Suv=

- 0 0 v

where «, B, v, f, and w are functions of » only (f
and w are purely imaginary functions). We have
from (4.1)

g=—(ay —w?)(B%+1?) sin?6. (4.2)
The g"¥ are well-defined provided (4.2) does not
vanish,

A solution of the system of Eqgs. (2.29)~(2.32)
for the (complex) g,,, corresponding to a charged
massive particle at the origin of coordinates, is
given by®

TABLE I. The one-to-one relation between the field equations of the generalized theory and
those of the Einstein-Maxwell theory in the limitz —0.

Generalized theory

Einstein-Maxwell theory

X=v—g <g‘“’R,,,, *%g["”]g[uv])
908y —8ovT o —8&uolay =0

3, 6~g g*") =0

*R(uu) =0

96 *R[y1+9y *Rou) +0, *R[yo)1=0

417G
-7 (£06,, - Tervw,, )

) —g(ou){‘:;} —8(po) {fo} =0

8,(/—g FF") =0

817G
G;w :_C'Z—Tuu

SOFW + achp + 8pF,,C, =0
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< 2Gm 41ch2>', Ber?

< 2Gm 41rGQ )(1 _ K2?2>, (4.3)

c*? ¥
w= f=0.

This solution obeys the boundary condition that
&uy=NMyuy (1, is the Minkowskian metric) for 7 -,
The constants m and @ are the mass and charge
of the particle, respectively. Equations (4.2) and
(4.3) yield the result

(=g)/2=#2sind. (4.4)

The field E,=w/k=Q/7* is the static electric
field due to the charge @ on the particle.

In the limit 2=ik =0 (or large 7), the solution
(4.3) reduces to the Reissner-Nordstrom solution
of the Einstein-Maxwell equations (3.13)—(3.15).

30

. V. EQUATION OF PATHS

The parallel displacement of a complex vector
A" is not a unique operation for a given complex
r* .3 If we consider the complex conjugate of 6A*
in (2.1) we get

BA = % A%dx® (5.1)

where we have used the property of Hermitian
symmetry I} ,=T%,. By using (2.1), (2.7), and
(5.1) we obtain

o( AVZ") =0( guvA“Z")
= (auguv _gpvrﬁo _gupfzv)A”Z”dx" s (5.2)

where we note the order of the suffixes in the third
term in parentheses on the right-hand side of
(5.2). The quantity 6(A,A*) vanishes by virtue of
(2.29) and the magnitude of the vector A* is con-
served under parallel transfer.

Let us now consider the paths of (neutral) test
particles in the non-Riemannian geometry deter-
mined by the theory. A necessary and sufficient
condition for the vector A*(p) to be parallel to the
curve x* =x"(p) is*?

dA” dx dA dx
122 14 (3 v 1’3 (3
A(dp+1" A dp>A<dp+r A dp> 0.

(5.3)

A path is a curve whose tangents are parallel with
respect to itself. For A*=dx"/dp, (5.3) demands
that

dx* ., dx® dx®

dx*
a7 T dap

dp’

where K(p) is an arbitrary function of p. A suitable

(5.4)

=K(p)

change of parameter to s=s(p) will give

d?x* dx® dx®

357 *Tae s 75 =0 (5-5)

The affine parameter is only fixed to within a lin-
ear transformation with constant coefficients.
Only the symmetric part of 1"" contributes to
(5.5).

The equations of paths (5.5) are the generaliza-
tion of geodesic paths of Riemannian geometry or,
equivalently, the generalization of straight lines
of Euclidean geometry.

It can be shown that the paths are the same for
two symmetric connections, related by the pro-
jective transformation3?

fkuu)=r}uv)+6tvu+5|);vu ’ (5.6)

where V, is an arbitrary covariant vector. If we
set V,=3W,, then the I'}, , and W?},,, obtained
from (2.10) have the same paths in the manifold.
There exists a class of coordinates called nov-
mal coordinates® such that the symmetric connec-
tion I'},,,, vanishes at a point. These coordinates

"~ ensure that the generalized theory satisfies the

principle of equivalence.

Equations (5.5) reduce in the limit 2— 0 to the
standard equations of geodesics in general rela-
tivity written in terms of the Christoffel symbols

Tt

VI. WORLD-LINE COMPLETENESS OF THE
EXACT SOLUTION

We shall study the properties of the exact solu-
tion by investigating the behavior of paths of test
particles in the theory. These test particles have
vanishing mass within a tube enclosing the world
line. The rigorous solution (4.3) will be considered
to be valid for all ». We shall treat the case where
the orbits lie in the equatorial plane, whereby 6
=37 and 6=d6/dT=0. Here 7 is the proper time
along the path of the particle and ds?= E d7?, where
E is a constant.

Two of the four equations in (5.5) are, for x°=¢
and x*=ct,

be2rp=o, (6.1)
i-Zri=o0, (6.2)

where we have used (4.3) and the calculated val-
ues®
1
r%m):;’
(6.3)
al 2 w al

M, = e— e — = ——
14) 2(1 v w 20
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d .. o o
%g)w- ar (%% *) =gwx)‘x“ ’

J. W. MOFFAT

15

gku"éhx‘azE' (6-6)

Then from (4.3), (6.1), (6.2), and (6.6) we obtain
the first integrals

(6.4)
gapxpl—‘;‘oxhx =.2—3F(g)‘p)x>\xp ')’iz—ﬂl’}’z—’l’z(Pz:E, (67)
20
obtained from (2.29) and (5.5), it can be shown that rg=J, (6.8)
. t=aA s (6.9)
77 (81277 =0 (6.5)
where A is a constant.
or From (6.7)—(6.9) and (4.3) it follows that
. K2Q? 2Gm  41GQ? J2\]Y/2
'V::t[Az(l— 1’4 >—-<1-—- Cz’l" +W> E+? (6.10)
and
(" dr
T T""if Qe 2Cm  4nCQ? N (6.11)
TolA 1-—4—>— 15— +—73= +—
7 c*r c'r 7

Here 7, and 7, are some initial constant values of proper time and position, respectively.

As -0, in (6.11), the proper time T eventually becomes either infinite or complex. In the latter case
the physical test particle is deflected away from »~ VkQ.

The velocity 7 given by (6.10) remains finite as » approaches Vk@ and eventually becomes complex for

7 <VkQ.
The coordinate velocity dr/dt is given by
Lar_Ldrdr
cdt cdrdt

72 cr

2 212
___(1_2G2m +47Tfé£>[<1 KQ>_ (1_2Gm
c’r ctr

and the coordinate time ¢ for a radial null path is

[—t,=t f ’ dr
T ), 1 _26m 41GQ*\ [, K2Q%\ 7% °
T c'r? Tt

(6.13)

If it is assumed that we are inside the “event hori-

zons” located at 7, and 7., where

G*m?  4nGQ?\'/?

Ye="g2 i( T A ) s

then 1/« is nonvanishing and by the mean-value
theorem (6.13) yields

dr

_&m

(6.14)

t=-i—H(?)fr

- % H(F) Infr+ (r* — kQ)M2], (6.15)

where

A7 GO? J? 1/2
) (o) (812
- 7°
H(7)= d-26m cT+41GQY cF?) TP+ kQ)? °
(6.16)

This reveals that { becomes purely imaginary for
r<VkQ , and physical null paths cannot reach »=0.
We define a “physical” path to be one for which

the proper time 7 remains veal.

These results for the behavior of paths in the
neighborhood of #~ Vk@ show that the rigorous so-
lution is world-line complete for timelike and null
physical paths.

We see that for %z -0 timelike and null world lines
(geodesics) are complete.’® Null radial geodesics
are not prevented from reaching »=0. Thus the
Reissner-Nordstrém solution® has a geometrical
singularity at »=0.

In the exact solution of the generalized theory no
physical test particles can hit »=0 and, in this
sense, the solution is singularity-free.

The solution (4.3) is of triple null surface form.
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There are null surfaces at r=7,, v=7., and »=VkQ,
where 7, are given by (6.14). The singular event
hovizons at 7, occur when G*m®>41GQ?, and they
can be removed by an analytical completion of the
manifold; i.e., they occur because of a special
choice of coordinates.

The surface of the sphere S defined by rs=@
acts as a “surface of concealment” for the singu-
larity at »=0. The surface of S is nonsingular and
analytic for the solution g,, and the field equations
(2.29)~(2.32). We can see this by calculating g*"
for »=VkQ =a. We find that

0 0] 0 -
1
0 - pd 0 0
g4 1
- 0
0 0 a®sin®0

< 2Gm +41TGQ2 L
~ c%a iz

(6.17)
Moreover, from (4.4) we have

(=2)*”2=a?sind. (6.18)

The curvature tensor R}, and the contracted cur-
vature tensor R,, are also regular at »=vkQ. For

example, a calculation yields

471G
Ry=- WIM

_41G@? <1 2Gm 41TGQ2> (1 K2Q2>

e T WP Tt

(6.19)

which vanishes at »=vkQ. The tensor E,, =

= —(1/2%I (., plays the role of a generalized elec-

tromagnetic stress-energy tensor in the theory.
We observe that

22\1/2
(=8)"2= [~ det(g (,y) ]*/2=7sind (1 _"74_>

(6.20)

vanishes at »=VkQ. Therefore the symmetric ten-
sor s*¥  defined to be the inverse of g,,), iS sin-
gular at =VvkQ. The Riemannian subspace of the
theory is singular at »=VkQ.

The space-time signature in the theory undergoes
a change of sign as we pass through the surface of
S. Within S the space is locally an Euclidean E*,
for ds® is negative definite. We are unable to attach
a Minkowskian null cone to a point in E* At the
surface of S the signature of space-time changes
from the normal hyperbolic form (-——+) to the

“elliptic” form (~-~-). Within S the local gauge
group of transformations is that of U(4), which con-
tains the coordinate transformations of O(4).

VII. IMPLICATIONS OF THE THEORY FOR THE

LARGE- AND SMALL-SCALE PHENOMENA OF THE
UNIVERSE

What are the probable consequences for physics
that follow from a regular solution of a covariant
set of field equations, describing the structure of
space-time? If the basic constituents of matter
are always electrically charged, as would be the
case for fractionally charged quarks,®® then the
theory may not require infinite renormalization
techniques. Present-day quantum field theory re-
moves by renormalization theory infinite quantities
associated with the mass, charge, and wave func-
tion of a particle, as well as the infinity associated
with the energy density in the vacuum. The total
density of the zero-point energy of, e.g., the elec-
tromagnetic field, is given by

(/21%) j " k. (7.1)

This integral formally diverges. Similar diver-
gences occur with other fields and with vacuum
fluctuations. They are removed by renormaliza-
tion. In the unified field theory described here,
space-time “ends” in an analytic fashion at the or -
der of the Planck length L=1.6X 103 ¢m. This
implies that the effective upper limit or “cutoff” in
the formal divergent integrals, such as (7.1), is to
be takento be of the order of the reciprocal Planck
length®:

1 cS i 32 -1

kcuto!f~z_ =<;L_E> =6.2%X10° ecm™. (7.2)
In effect, something radically new happens for
wavelengths of the order of the Planck length, or
for energies

Tickgyope ™ 10*° GeV. (7.3)

The cutoff arises purely from the geometrical laws
governing space-time,

In this picture, a neutral particle, such as a
neutron, will be a composite system of frac-
tionally charged quarks. Only the nonsingular
charged constituents form the basic entities of field
physics; these are to be described by the rigorous,
regular solutions of the nonlinear field equations.
This physical description of particles could lead to
a logically complete theory of matter—free of in-
finities.

If the ultimate form of matter is indeed charged,
then it follows unavoidably from the present theory
that, at the location of a particle, there is an ab-
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solute limit to how small a region of space-time
we can measure.

It would seem from what we have learned that a
deep understanding of space-time structure appears
to be essential before we can hope to make any
fundamental progress in particle physics.

In the universe, the large- and small-scale phen-
omena are inescapably linked together through
“catastrophes” like gravitational collapse and the
“initial” and “final” states of the universe.*” If a
star burns out all its nuclear fuel and undergoes
gravitational collapse with a small but finite elec-
trostatic charge @, then after it implodes through
the event horizon 7, it cannot contract to infinite
density according to the predictions of the gener-
alized gravitation theory. The analytic surface S
will repel all the collapsing matter. A thorough

analysis of these problems, within the context of
the present theory, remains to be carried out.

The generalized theory also predicts that, in the
“big-bang” cosmology,* the 3 °’K microwave back-
ground is the relic of an initially highly dense state
of the universe not smaller than a sphere with ra-
dius »~VkQ. If the matter had even the smallest
charge @, i.e., inhomogeneity, the theory pro-
hibits the existence of a singularity at =0 at the
origin of time.
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