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One of the simplest modifications to quantum electrodynamics, if charge-conjugation invariance is abandoned,
is the occurrence of direct coupling of three photons. This paper generalizes and extends Dolgov's

phenomenological analysis of the consequences of such interactions and confirms that gauge invariance and

Bose symmetry permit such interactions only if at least two of the photons are virtual. The effects of such

couplings are considered for processes in which the third photon is real. The best present limit on the possible

strength of such couplings is set by experiments on bremsstrahlung from e e collisions.

I. INTRODUCTION

Modifications' of quantum electrodynamics
(QED) owing to the occurrence of interactions which
are not invariant under space inversion and charge
conjugation acquire additional interest fromthe
proposals' to unify weak and electromagnetic inter-
actions. In the context of such theories, renormal-
izability is no longer a concern since one of the
favorable features of the unified gauge theories
is precisely that they are renormalizable.

The question of physical interest is: "What are the
simplest qualitative changes which must be made in
QED (by which we mean the quantized theory of
interacting Maxwell and Dirac fields) as a conse-
quence of relaxing the conditions of charge-conju-
gation invariance and reflection invariance?" One
of the first modifications is the appearance of a
possible three-photon vertex, and this paper is de-
voted to a phenomenological study of the conse-
quences of such an interaction. At the present un-
certain state of our knowledge concerning unified
gauge theories, we consider such a conservative
approach to be more appropriate than explicit cal-
culation of such effects in any particula. r gauge
model.

In Sec. II of this paper, we present arguments
leading to the consideration of three-photon cou-
plings and find the simplest phenomenological re-
presentation for such an amplitude, which is a
generalization of the form given earlier by Dol-
gov." Iri Sec. III, we examine the consequences
of such an hypothetical interaction. Section IV sum-
marizes the limits on the strength of three-photon
interactions established by various experiments
and how those limits could be further improved.

II. THE THREE-PHOTON VERTEX

The constraints of Lorentz invariance and gauge
invariance severely restrict the modifications that
can be introduced into QED. The standard form'
of the photon propagator is the most general one

that satisfies these constraints. Similarly, it
is well known that by suitable redefinition' of
the Dirac field, the fermion propagator can
also always be cast into the standard form.
Theref ore, if parity and char ge- conjugation
invariance are relaxed, the most primitive changes
that one expects in QED are modification of the
electron-photon vertex, which has been discussed
previously, ' and the occurrence of a possible three-
photon vertex. The latter clearly violates Furry's
theorem, which is a direct consequence of charge-
conjugation invariance, and one's first thought is
that the occurrence of such an intereaction should
give rise to clear signatures in purely photonic
processes, which could unmistakeably announce
the presence of three-photon coupling. Unfortu-
nately, gauge invariance and the requirement of
Bose statistics also restrict the form of the three-
photon coupling, requiring at least two of the pho-
tons to be virtual, which makes the search for
three-photon couplings considerably more difficult.

Dolgov considered a parity-conserving C-violat-
ing three-photon interaction as a source of CP
violation and found the corresponding phenomeno-
logical Hamiltonian density with the least possible
number of derivatives, representing a cubic inter-
action of the electromagnetic field with itself, to
have the unique form'

K„=-,'A p, '(sp 8)(s~F )(s&B"F"),
where F &=8 A&-88A, A. is a real dimensionless
parameter, and p. is a scale mass which we take
to be the nucleon mass. Likewise, the correspond-
ing CP-invariant C-violating cubic interaction of
the electromagnetic field has the unique form

X,=-,'x'q-'(s, F„,)(s'F.,)(a~a F"),
where F,,= e, R~ A and A.

' is another real di-
mensionless parameter. When these interactions
contribute a three-photon vertex to a Feynman
graph, in which the photons are real or attached
to conserved currents, the factor associated with the
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vertex is

it p, '[k,'(k, ~ c,) (k,' —k, ') (k, ~ k, ) (e, ~ e,)

+ cyclic permutations] (3)

for the CP-violating interaction (1), and

k k

(b)

P+

+ cyclic permutations] (4)

for the CP-invariant interaction (2). e„e„e,are
the polarization vectors of the photons and their
momenta have been chosen such that k, +k, +k, =o.
It is clear from (3) and (4) that the three-photon
interaction vanishes if more than one participating
photon is real. For a timelike photon coupled to
two real photons, this simply expresses the fact
that two real photons cannot have total angular mo-
mentum of 1.'

Since at least two of the photons must be virtual,
the three-photon interactions take place only in the
neighborhood of the currents which generate the
virtual photons, and (1}and (2) may be interpreted
as interactions which allow two currents to co-
operatively emit or absorb a photon. In general,
the coefficients X and A' in the matrix elements (3)
and (4) should be invariant functions of k„k„and
k„ falling to zero for large values of the argu-
ments. Otherwise, the insertion of three-photon
vertices in higher-order virtual processes involv-
ing loop integrations would lead to highly divergent
expressions. For processes in which no loops are
present, it may not be too unreasonable an approx-
imation to replace A. and A.

' by average values, at
least for small" values of the photon momenta.
We wish to investigate the effects of the interac-
tions (1) and (2) for such processes and find what
existing experiments can tell us about the possible
magnitudes of X and A. '. A further point to note is
that X and A.

' wil. l in general develop imaginary
parts when any of the photons is timelike with k'
exceeding' some physical threshold, in our case
4m' corresponding to electron-pair production.

III. EXPERIMENTAL CONSEQUENCES

We restrict our attention to processes in which
one of the photons involved in a three-photon ver-
tex is real. We shall separately consider the var-
ious possibilities that the two other photons are
both spacelike, both timelike, or have one of each
type.

An example of the first type, for which A. and X'

are necessarily real, is bremsstrahlung by an
electron in the field of a nucleus. The diagram of
lowest order in the three-photon coupling, shown
in Fig. 1(a), has the corresponding matrix-element

(c)

p

PIG. 1. Feynman diagrams for (a) bremsstrahlung
and (b) pair production through three-photon coupling;
(c) shows pion pair production in quantum electrody-
namics.

Ms, = —,'ep, '(q' —q')(Xf„~+X'f, )j„,u(/&'. )y~u(P),

(5)

where f„&=k„e& —k&e, f„a =e„8~k,e„and j",,
=ZeE(q')5„, in the rest system of the nucleus,
which is treated as infinitely massive. p, p, and
)m| are the momenta of the incident and outgoing
electrons and of the r'adiated photon, respectively.
e is the polarization vector of the photon, Q = p- p'
and q = k —Q. An interesting feature of Eq. (5) is
that the matrix element does not vanish when Q' or
q' separately go to zero, even though the three-
photon vertices vanish in those limits. This is be-
cause the factors Q', q' arising from the three-pho-
ton couplings (3), (4) are cancelled by correspond-
ing factors I/Q', 1/q' from the propagators of the
virtual photons involved. The three-photon contri-
bution (5} to bremsstrahlung thus has the form of
a contact interaction. Consequently, in contrast
to the QED contribution, which favors production
of low-energy photons and small angles of emis-
sion, the three-photon interaction preferentially
produces energetic photons, and large angles are
not disfavored. Because of this, one must take
care to include the form factor F(q') of the nucleus
in evaluating the contribution of this process.
There is no interference between M» and the low-
est-order @ED (Bethe-Heitler) amplitude MB„, if
one sums over the polarizations of the final par-
ticles and averages over the polarization of the in-
cident electron, if final-state interactions are ne-
glected. The three-photon vertex which is CP-
(and T-) invariant is odd under P, therefore such
an interference between the amplitude involving
this vertex, Fig. 1(a), a.nd the parity-conserving
Bethe-Heitler amplitude, must be proportional to
[k ~ (pxp')], the only pseudoscalar at our disposal.
But the occurrence of such a term also requires,
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in the absence of final-state interactions, a failure
of time-reversal invariance. Consequently, da;„,
=0 for the CP-conserving three-photon vertex.
For the parity-conserving, CP- (and T )n-oninvar-
iant vertex, any term which is even under space
inversion, e.g. , (k p) will also be unchanged under
time reversal. Consequently, in both cases, the
interference term must vanish if all spins are
summed over and final-state interactions are ig-
nored. Also, if both CP-conserving 2nd Cp-vio-
lating three-photon interactions are present, the
interference between the two vanishes after sum-
mationover polarizations. This is because the ra-
diated photon does not "know" about the separate
existence of P and p', and it is impossible to form
a pseudoscalar from the pairs of vectors (p, p'),
(k, g), or (k, q). Therefore, to lowest order in the
three-photon couplings, these only make an ad-
ditive contribution to the Bethe-Heitler cross sec-
tion which, in the extreme relativistic limit, is

do3sy = ~ '[Za p'F(q', )]'(X' X+")5(E-w -E')

xuP[zv(1 —P"5)+E(P' P) k]'-
x [1 —(P k) (P' k)) d'p' d'k

for radiation of a photon of energy so by an incident
electron of energy E. With the simple approxima-
tion F(q'}=6(q'+A'), the total cross section for
bremsstrahlung, when A«E«M where M is the
nuclear mass, is given by

As is well known, crossing symmetry relates the
amplitude for bremsstrahlung to that for electron
pair production by a photon. The contribution of
three-photon couplings to the latter process, shown
in Fig. 1(b), involve one spacelike and one timelike

photon coupled to the real incident photon. If the
imaginary parts of A. , A.

' are neglected, the lowest-
order effect of three-photon couplings is an additive
contribution to the pair-production cross section
which is given, in the extreme relativistic limit,

yl0 ~ 11

do = ,'m '-[Za g 'F(q'}]'(Z'+X")(u e-j, ~ k —c j ~ k)'

x [1 —(p+. k)( j k)]w'i}(w —c+ —e )d'p+d'p

for production by a photon of energy u of a positron
and an electron with energies c, and e . Note that,
analogous to the corresponding result for brems-
strahlung, the cross section does not vanish when

the invariant mass of the pair goes to zero. There-
fore, in contrast to the QED(Bethe-Heitler} con
tribution which strongly favors production of low-
mass pairs (at small angles), the three-photon in-
teraction tends to produce electrons and positrons
at large angles. With the simple nuclear form fac-
tor chosen earlier, the total. contribution to the pair
production cross section from the three-photon
mechanism, for 3 «u «M, is found to be

We now consider effects which receive contribu-
tions in first order of the three-photon coupling.
Firstly, in addition tothe effects considered by
Dolgov' when the incident photon is circularly po-
larized or the longitudinal polarization of the out-
going electron is measured, there will be corre-
sponding interference effects proportional to HeA. '

between the contribution of the parity-violating
three-photon coupling and the Bethe-Heitler ampli-
tude,

(10)

2R X'

g) --+ +g --- — ————p p -p —p k p —p k —P+~P
0 ~ P 'k p,

when the incident photon has circular polarization described by the Stokes parameter (, . lf instead, using

unpolarized photons, the helicity y of the outgoing electron is measured, there will be interference of. the-

form

2R '3
2ReM„„M,*y 6~ (p,, )'——(P' —q')X —q p, + [zv(p ~ q) —p (& ~ q)] +(p,—p )

Furthermore, there will be interference effects in pair production even when no polarizations are mea-
sured, because A and A,

' are no longer purely real. An example of such an effect will be illustrated for the

more general case of pion-pair production, where first-order interference effects can arise either from
the imaginary parts which A. and A.

' can develop above physical thresholds or from the complex factors as-
sociated with the pion couplings, representing the effect of strong interactions.

For the QED amplitude, Fig. 1(c), the possible effects of strong interactions of the pions are taken into
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(12)

account by writing the amplitude in the general form"

M„,:„=—f(q') '(M,"s(A(p, p+r k)+ [g ~(kq) q—k )B(p, p, , k)jc„jq"r

where MB is the Born amplitude for yy-m v, while for the three-photon contribution, Fig. 1(b), all one
needs to do is insert, at the electromagnetic vertex which produces the pair, the pion form factor Ii,(P }
for the invariant mass P'= (p, +fr )' of the pion pair. The interference between the C-conserving and C-
nonconserving amplitudes then yields

2 ReMor DM3 =
6 g (P q )(j )

p. g

x k *P + ' -(e k ~ P+ wq ~ P—) Im(A. *IF*,)+ —,'[w'k P +(k q)(we —k p )]Im(X'*81'*„)

+ir rr xp, —' rrrr(r"Wr;r —-,'rr rrrr(r'*rrr, i —(rr -p, )I. (13-)

If X, X' are considered to be essentially real, the
terms proportional to A. represent effects which are
reflection invariant while those proportional to X'

violate parity. Correspondingly, they yield corre-
lations which are often (loosely) described as time-
reversal invariant and noninvariant, respectively.

It is clear from Eq. (13) that C-odd correlations
will persist, with unpolarized incident photons,
even if I = 1, and A and I3 are purely real, pro-
vided that ImA. and Imk' are non-negligible. Such
effects will therefore also occur in electron pair
production, even after summation over all polari-
zations. " The interference between the Bethe-
Heitler amplitude and the parity-violating three-
photon contribution has the form

I

three-photon amplitude is independent of the parity
structure of the three-photon vertex and there will
be no interference between parity-violating and
parity-conserving interactions under the same con-
ditions. The bremsstrahlung cross section calcu-
lated from E(I. (14) ls

dv 1

du dcosI9 2w
=—(n p. ')'(X'+ X")Z'w'

x [-', (E —-'w)+'-'(E —'-w) cos'e
g

——', (E ——,'w) cos'0],

where the photon is emitted with energy w at an
angle 8 relative to the beam direction in the c.m.
system and F. is the beam energy. The integrated
cross section is

x(k ~ p xp, ) (13b) (7 = (o p ')'(A.'+X")E"32
315m

(16)

Purely leptonic interactions
Thus the cross section for bremsstrahlung in elec-
tron-electron collisions through the three-photon

Electron-electron and electron-positron collis-
ions possess the advantage that they are not com-
plicated by strong interactions. In particular, there
are no form factors, as far as we know, to suppress
high momentum transfers.

The matrix element for the three-photon contri-
bution to e -e bremsstrahlung, arising from Figs.
2(a} and 2(b), is"

M =e p, (r(.f~a —X'f„a)

x[(I, I, —p, p, )u,y "u,u, y'u,

(a)

93

94 92

(b)

'L

p
3

-94

—(P, P, —P, P,)u,y u,u,y u, ]. (14) 9/
2 94 92 9/

As in the case of bremsstrahlung in the nuclear po-
tential, the three-photon graphs will not interfere
with the lowest-order QED graphs after summation
over polarizations. Also, the contribution of the

FIG. 2. Feynman diagrams for bremsstrahlung via
three-photon interaction: {a) and {b) in e -e collisions,
and {cI and {d) in e -e collisions.
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x ['-8(E —' 'w)+ ~(E +7w) cos'8

,'(E ——,'w) co—s'0], (17)

mechanism increases rapidly with energy, "and
since the spectral distribution (15) favors high pho-
ton energies without the strong forward peaking of
the QED contribution, the large-angle production
of hard photons should be an extremely sensitive
test for the presence of three-photon couplings. '

Bremsstrahlung in electron-positron collisions
is related to the above by crossing. Since one of
the graphs, Fig. 2(d), now couples two timelike
photons to the radiated photon, the corresponding
vertex functions A. , X' are in general complex and
there can be first-order C-asymmetric effects
owing to interference between this graph and the
usual QED amplitudes. If significant asymmetry
occurs, the departure of the observed &ate of
bremsstrahlung provides a similarly sensitive test
for three-photon interactions. The bremsstrahlung
arising from three-photon couplings, Figs. 2(c),
and 2(d), is given by

da' 2

de dcos6) m

= —(aiL ')'(X'+ X")E'w'

2, the (spacelike) momenta vary over the entire
kinematic range.

IV. COMPARISON WITH EXPERIMENT

The strongest limit on the strength of three-pho-
ton couplings that Dolgov could deduce was from
the production of wide-angle electron pairs by high-
energy photons. Expressed in terms of our forma-
tion, he obtained the limit

(f~('+ /~ [')~4oo (19)

by considering data on pair production by 5.5-GeV
photons. Systematic studies of pair production have
not been made at appreciably higher energies, con-
sequently we cannot significantly improve the bound

(19) by using more recent data on pair production.
The high-energy bremsstrahlung from e'e stor-

age rings provides the best present limit on the
strength of possible three-photon interactions.
Simpson et a/. "have reported a search for ener-
getic y rays from e'e collisions at 3684 MeV.
Their result corresponds to an upper limit of about
1 nb sr 'GeV ' for the bremsstrahlung cross sec-
tion at 90'for u =1 GeV. Comparison of this ex-
perimental limit with Eq. (17}yields the upper lim-
it

which has the integrated cross section
(/l /'+fl [')&5xlo-' (2o)

304
v,„, = (A.'+X")(o.p. ')'E".

In Eqs. (17}and (18), we have neglected the possible
variation of A, , A.

' over the range of spacelike and time-
like momenta accessible to the virtual photons in
Figs. 2(c) and 2(d). With this approximation, the
cross section for e'-e bremsstrahlung through
three-photon coupling is an order of magnitude lar-
ger than the corresponding cross section for the
e -e case. The annihilation graph, Fig. 2(d), con-
tributes significantly more than the other graphs
because the momentum of one of the timelike pho-
tons is held fixed at the e'-e total energy (in the
c.m. system} whereas for the other graphs in Fig.

for the possible strength of three-photon couplings,
which is a few orders of magnitude below the limit
(19)

The construction of e'-e storage rings with high-.
er c.m. energies offers an obvious opportunity to
search for possible three-photon couplings with
higher sensitivity. " It may also be worth examin-
ing the data from production of electron and pion
pairs by high-energy photons, to search for the
more complex types of asymmetries shown in Eqs.
(13a) and (13b), in addition to anomalies in large-
angle production which are usually sought as in-
dicators of deviations from quantum electrodynam-
1cs.
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