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Planar bootstrap based on a Pade approximation to the dual multiperipheral model
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We introduce a Pade approximation to the multiperipheral integral equation which becomes exact for a
factorizable model, but is much easier to set up, even without simplifying kinematic approximations. We then

apply this to a dual multiperipheral model in which the produced clusters are dual to Regge behavior. If we

only consider uncrossed loops (in the usual quark-duality sense), the requirement that the resulting output

Reggeon be consistent with the input leads to two bootstrap conditions, one of which is similar to the planar
bootstrap of Veneziano, but incorporates certain threshold phenomena. If we make the dual-tree

approximation for the triple-Regge vertex g(t', t", t) we obtain a Reggeon intercept ao 0.53 and a value

for g(0,0,0) which is in reasonably good agreement with experiment. The Pomeron can be calculated by
adding in crossed (cylinder) loops and again leads to a result which is in reasonable agreement with the data
at moderate energies.

I. INTRO D UCTION

There has recently been considerable interest
in a dual-unitarization program" for calculating
strong-interaction parameters. This consists of
two parts:

(i) One first does a bootstrap calculation of
Reggeons using a (planar) amplitude which ha. s ex-
act exchange degeneracy and is unaffected by
Regge-cut corrections, ' fixed poles, diffraction,
and absorption.

(ii) One then makes a perturbative topological
I/N expansion which a,dds in a Pomeron and its
interaction with the Reggeon and with itself. '

Much of the recent work on this program has
been concerned with part (ii),'' ' although pre-
liminary calculations have been made within part
(i)."" In the present paper we will be mainly
concerned with a planar bootstrap based on a dual
multiperipheral model in which the produced
clusters are dual to Regge behavior. We will use
a Pade approximation which is exact for a
factorizable model but is much easier to set up,
particularly if we do not make the usual high-
energy approximations. Specifically, it enables us
to incorporate quite simply certain thresholds
which play an important part in such models but
are usually ignored in approximate treatments. ""

Our equations lead to two self-consistency con-
ditions in the forward direction. One of these is
similar to the equation given by Veneziano' and
both involve the Reggeon trajectory and triple-
Reggeon coupling g(t', t", t). If we make the dual-
tree approximation for g we can then calculate
both the Regge intercept n, and g(0, 0, 0).

In Sec. II we review the general multiperipheral
planar bootstrap approach. In Sec. III we discuss
our Pade approximation to a general multiperipher-

al model. This involves a single- loop graph
which is discussed in Sec. IV. In Sec. V we write
down our bootstrap equations and in Sec. VI we
write down our results, both in a one-dimensional
approximation and using our equations directly.
In Sec. VII we study the effect of pion exchange,
which is found to make very little difference in

our results; however, it does lead to an Adler
zero in the limit ~n, '-0. Finally, in Sec. VIII
we compare our results for the triple-Reggeon
vertex with experiment.

II. THE GENERAL APPROACH

a + a a + +
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(b) (c)
FIG. 1. The absorptive part for a multiperipheral

cluster model ~

We will make the usual assumption that for
meson processes, Reggeons are generated by
summing the multiperipheral ladders of Fig. 1,
where the vertical lines are narrow- resonance
clusters a of mass v s,. It was argued in Ref. 7

that only a single-meson cluster, with s, =0.5

GeV' and corresponding to the p, w, &, . . . peaks,
is expected to be important at the sort of inter-
mediate energies where Reggeons play any im-
portant role and where duality considerations are
expected to apply. In a dual multiperipheral mo-
del the horizontal lines are linear combinations of
exchange-degenerate pairs of Regge exchanges
n corresponding to uncrossed (planar) quark-
duality diagrams of the type shown in Fig. 2.

15 3, 19



320 I OUIS A. P. BALAZS

FIG. 2. Uncrossed (planar) quark-duality diagram. FIG. 4. Nonplanar (cylinder) quark-duality diagram
with crossed and uncrossed loops.

They then correspond to Regge propagators
e-iffaf(t) e(t) (2.1)

We will assume that SU(3) is exact so that the
p-A„K -&**, -f, Q-f ' pairs are degenerate,
with

shown in Fig. 4 in addition to the uncrossed loops
of Fig. 2. In the former case we then have a
Reggeon propagator

(2.4)

n(f) = n, +n'f. (2.2)
III. A PADE APPROXIMATION TO THE MULTIPERIPHERAL

INTEGRAL EQUATION

All possible quark diagrams have equal weight.
In order to obtain an additional constraint on

our model, we will make the assumption that the
clusters]a are dual in a finite-energy-sum- rule
sense to Regge behavior. (See Fig. 3, where the ex-
ternal lines could be either Reggeons or particles. )
This sort of constraint on sums of ladder graphs was
first used a number of years ago in a pion-ex-
change model and has recently been applied to the
dual multiperipheral model. "' If I represents
the coupling of the cluster to the external lines of
Fig. 3 it leads to a relation of the form

(2.3)

where I is a purely kinematic factor. Although
Eq. (2.3) gives a relation between r and g,g„ it
should be emphasized that it does not actually cor-
respond to replacing Fig. 3(a) by Fig. 3(b), as
was done in Ref. 2.

The final step in the planar bootstrap is to re-
quire that the output trajectory and residue
function generated by summing Fig. 1 be con-
sistent with what goes into Fig. 1 through Eq.
(2.1) and Fig. 3. We shall see that this permits
us to determine e and the triple-Regge vertex,
assuming that the functional form of the latter is
given by the dual-resonance model.

Once we know the parameters of the Reggeon we
can calculate the Pomeron by including in the sum
of Fig. 1 crossed (nonplanar) loops of the type

Let us consider 7tm scattering. The problem of
summing the multiperipheral ladders of Fig. 1

in the forward direction simplifies considerably
if we take the O(1, 3) partial wave of the ab-
sorptive part A

A~(m, ', m, ') = s e (x+))e(s, ~2, mw2)A(s)
9

where

e-8(s T~, 2)

(3.1)

=2(-T ) (-T)
X( (S —T) —T2) + [(S —T( —T2) —4T(T2] j

and A(s) is normalized so that

A, (s) = n ' '(s, m, ', m, ')o„,(s), (3 3)

A ()() = (m, ')"'A, (m, ', m, '),
Eq. (3.1) reduces to

(3.4)

A()() = ds s 'A(s), (3.5)

which has the form of a Mellin transform.
For example, the contribution of Fig. 1(a) to

A(s) is

with &(x,y, z) =x'+y'+z' 2(xy+yz+zx). For our
purposes m, ' can always be treated as negligible.
If we therefore write

FESR

(b)

V(s) = r5(s s.),
and so, from Eq. (3.5).

vp. ) = rs, -'- .

The sum of Fig. 1 now has the form

A(x) = PA, (x)+ 4)'A, (x)+ ~ ~ ~,

(3.8)

(3.7)

(3.8)

FIG. 3. Average duality relation between cluster (a)
and Reggeon (b).

where $'A,. corresponds to a ladder with i clusters;
we associate a coupling-strength parameter P with
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each cluster. In particular, [stt. 7 (s - 4s )it2] (4.2)

(3.9)

An [iV, M] Pad6 approximant is then defined in the
usual way as the ratio'~

1+fd +Q d + '''+f cf
(3.10)

wher«». . . , ~» d„.. . , d„are chosen so that an
expansion of Eq. (3.10) in powers of P agrees with
the expansion (3.8) up to terms of order Q"'".
For eza.mple,

(3.11)

D(X) =- 1 QA, (x)/A, (x) . (3.12)

In many situations Eq. (3.10) converges more
rapidly than the original sum (3.8).

In the case of a factorizable multiperipheral
model it is simple to show that the [1,1] approxi-
mation of Eq. (3.11) is in fact exact. In such a
model

QA, (X) = v(X)v(X),

P'A, (X) = v(X)K(x)v(X),

Q'A, (X) = v(X)K(X)K(X)v(X),
(3.13)

~ ~ 0

where v(X) represents the external couplings and
K(A) represents the internal loops of Fig. 1. (For
an explicit example see the Appendix. ) The series
(3.8) can now be summed exactly to give

(3.14)

IV. DUAL BOX GRAPH

We will now consider Fig. 1(b) in more detaiL
In the forward direction we have

But this is exac'tly what we wouM obtain from Eq.
(3.11) if we were to take A, and A, from Eq. (3.13).

The practical advantage of using the [1,1] Pade
approximation is that we only have to evaluate the
first two diagrams of Fig. I explicitly. If we as-
surne that factorization is even approximately
valid, as would be true with Eq. (2.3), we can
evaluate the contribution of all the others by using
Eq. (3.11).

in the limit of small m, '.
We see that there are two kinds of threshold

phenomena associated with A, (s):
(a) There is a normal threshold at s = 4s, .
(b) If y„'(t) falls off rapidly with t, A, is neg-

ligible below a "deferred threshold" s = s~."
Suppose, for example, that y„'~e~'. The inte-
grand of Eq. (4.1) is then negligible for

fthm
= T= (B+2-n'Inn's) ',

and so the integral itself is negligible for
~t,

~

—T (See. Fig. 5.) The threshold s~ then
comes in when ~t,

~

= T.
To simplify our problem fuxther we will assume

that we can replace t, by their asymptotic forms
for s ~ sz. Equation (4.1) then reduces to

0
iti'A, (s) = dt y„'(t) ~X(t) ~'(n's)'

w OO

If we take the Meilln transform (3.5) of Eq. (4.3)
we obtain

(4 4)

In our case it will turn out that B is not exces-
sively large, so that s~ is not much higher than
the normal threshold. We will therefore set

(4.5)

To relate y„ to a triple-Begge coupling we will
use the usual finite-mass sum rule (FMSH) for the
inclusive process mm- mX,

with

(4.7)

where M =M' —t- n~, ~, .rI/I is the missing mass,
andy is the nnn triple-Heggeon coupling. (See
Fig. 6.) We will assume that the low-M' region is
dominated by the production of the cluster a, so
that, in the narrow- resonance approximation,

P'A, (s) =
16

dt y '(t) ~X(t) ~-(n's)""'

x g(s —4s,), (4 1)

where X is the signature factor, 0 is the usual
step function, and I IG. 5. Integration range in the integral of Eq. (4.1).
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consistent with experiment. It gives a relation
(5.2) with

FMSR
n 'F, = I'(n (t) + 1). (5 4)

This is the form we will use from now on.
From Eqs. (3.11), (3.12), (3.9), (3.7), (4.4),

(4.10), and (5.2), we now have

FIG. 6. Finite-mass sum rule for 7t7t 7|X relating
the cluster-production and triple-Regge regions.

A(X) = V(X)/D(X),

with

V(X) = y„'(0)Eos," ',

(5.5)

{5 6)
da' dv (,), (4.8)

x+1 0 H (t)
D(A. ) = 1 — —' dt

16vE, sz „A.+ 1 —2n(t) '

where (dv/dt), is the usual differential cross sec-
tion for 7t7t. -Tta, which is given by

(5.7)

(4 9)

The separation point M,' will be taken to be mid-
way between s, and the next cluster above it. If
we take both of these to lie on the trajectory {2.2)
we then have

H(t) =g'{t t, 0) iX(t) i'E '(t)(n'sz)'~"'.

Equation (5.5) has an output pole at X= n if

D(n) =0.
The corresponding residue is then

y...'(o) = V(n)/D'(n)

(5 6)

(5 9)

{5.10)

M n'= 1.5 —n

where

We will require that this output pole be consistent
with the input. From Eqs. (5.9) and (5.6) we then
have

n' = (1 —n,)/s, . D'(n) = F,s, (5.11)

y„'(t) =g{t,t, 0)y„,(0)E,(t),

where

(M an')no+& ~a, (tj

n +1 —2n(t)

(4.10)

(4.11)

From Eqs. (4.6) (4.9) we now have an expression
of the form (2.3)

Note that the conditions (5.9) and (5.10) are both
independent of y„and are essentially constraints
on Q and g.

To have a co~nplete bootstrap we have to know
the t dependence of g(t, t, 0). We will assume a
dual-tree model of the Neveu-Schwartz type,
which has no tachyon on the p ftrajectory. This-
gives3y lop 12

The coupling I' in Eq. (3.6) can be related to
y„' by using a wv finite-energy sum rule (FESH)
in the forward direction

N

ds V(s) = y„.'(0)H o"/(n, + 1), (5.1)

where N is a point between the p and f resonances.
From Eqs. (3.6) and (5.1) we then have

g'(t, t, 0) iX(t) i'=Ng'F(n, )

(5.12)

where N is the number of quarks. Since we are
assuming SU(3) we have tV =3. The above equa-
tions are now sufficient to determine all the pa-
rameters in our model.

VI. RESU LTS
I'= y„,'(0)F, ,

with

F,=H o"/(n, +1) .

(5.2)

(5.3)

Equation (5.7) involves a nonelementary integral.
However, the integrand falls off fairly rapidly
with t, and so we will approximate II by an ex-
ponential

To avoid having to pick a specific value for N we
could follow the alternative procedure of using the
mm Lovelace-Veneziano model. This has both
duality and crossing built in and is approximately

H(t) =H,e"', (6.1)

with Ho and c adjusted so that the approximation
is exact at t =0 and t= ——,'(n, /n'). The results are
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not sensitive to this prescription. They are not

very different, for example, if we adjust H, and

e so that the value and derivative are exact at
t=0.

A. The one-dimensional approximation

Before proceeding to a more exact treatment we

will make the rather crude approximation that the
rapid falloff of H(/) permits us to replace the
denominator in the integral of Eq. (5.7) by its
value at /=0. We then have

c(~)=s (' )"
with

(6.2)

II t dt. (6.3)

no=0. 60, H/, '/16m=0. 53. (6.4)

These values are close t,o those obtained by

Schaap and Veneziano, "although we shall see
that the g is somewhat smaller than is indicated

by experiment. It should be emphasized that our
calculation gives a specific value for n„rather
than just a range, as in Ref. 10.

8. The Reggeon parameters

If we do not use the one-dimensional approxi-
mation, Eqs. (5.7) and (6.1) give

)t+y

D(y) ] o e-oceo/a' cec/u'
32m@'F, s~

Cx E, —,(X+ 1 2o.'o) (6 5)

where E, is the usual exponential integral. Im-
posing, as before, the conditions (5.9) and (5.11),
we obtain

If we now impose the conditions (5.9) and (5.11) and

use Eqs. (6.1), (5.8), (5.12), (5.3), (4.11), and

(4.5), we obtain

in the vacuum state, since ~1~'= ~e
" '" ~'. lf we

again use Eqs. (5.9) and (5.10) but with n - n~ we
obtain

n~=Oc80, y„~ =1.45y„~ . (6.9)

VII. PION EXCHANGE

In the above calculation we have made the as-
sumption that the dominant exchanges n come
from the leading (vector-tensor) Reggeon trajec-
tories. However, because of the small mass of
the pion, we might expect its contribution to be
non-negligible. To estimate it we will continue
to use the [I, I] Pade approximation of Eq. (3.11)
but include pion exchange in Fig. 1(b) when we

evaluate Q'/i, P.). In the vacuum state the only

change is to make the replacement

withe; given by Fig. 7, which gives

t+ p 2

Q'/I; =, dt, Q(f) 8(s —4s,),
16m~s

q m, —t

(7 1)

(7 2)

where Q(t) is an off shell factor. We will take
I' =50, which corresponds to a p width of 0.15
GeV if we assume that Eq. (3.6) is given by the

Lovelace- Veneziano model.
For simplicity we will assume an elementary

pion and make two different assumptions for Q.
(i) With Q= 1, Eqs. (7.2), (4.2), and (3.5) give

(7.3)

This is similar to the results obtained in Ref. 7.
The f itself becomes extinct in such a calculation.
Our "Pomeron, " of course, is only an effective
pole which describes the cross section at inter-
mediate energies. "'" To obtain the (bare)
Pomeron which describes scattering at higher
energies, we would have to include higher-mass
clusters, as discussed in Ref. 7.

n, =0.53, Ng'/16v=1. 36.

These are closer to the experimental values.

(6.6) The conditions (5.9) and (5. 11) now give

no=0. 54, Hg'/16m=1. 13.

(ii) With the rather strong off-shell factor"
(7 4)

C, The Pomeron parameters

As discussed in Sec. II, the Pomeron can be
calculated by adding in the cylinder loops of Fig.
2. In the forward direction the only effect is to
make the replacements

Q(f) = (1- t/s. )', (7.5)

A, (x) —2/i, (x) (6.7)

ol

H(t) —2H(t) (6.8) FIG. 7. Box graph with pion exchange.
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Eqs. (7.2), (4.2), and (3.5) give For s=20 GeV', M'=2. 15 GeV', t= —0.1 GeV',
this gives

(7.6) da/dtdM' = 0.30+ 0.06 mb/GeV'. (8.1)

The conditions (5.9) and (5.11) now give

o.o= 0.54, Ng '/16v= 0.82. (7.7)

—A(A. = 0) =— ds
1 1 " A(s)
77 'tT 4~2 S

= ~T(s =0), (7 8)

where T(s) is the forward xm amplitude and where
we have used the fact that it satisfies a dispersion
relation. But then

T(s =0) =0,
which is just the Adler zero in the limit of zero
pion mass.

VIII. COMPARISON WITH EXPERIMENT

Our calculated n, is very close to the experi-
mental value. In principle, g can be extracted
from an inclusive process a+ b -c+X in the
triple-Regge region, where the cross section is
related to the absorptive part of Fig. 8. However,
in practice, it is difficult to isolate the desired
vertex. We will consider three different pro-
cesses.

a. Chan et al. ' isolated the g vertex in
K P -X P by summing only over resonances in

X, using semilocal duality, so i =j = k =f—~.

However, the factor (7.5) probably exaggerates
the large ~t~ behavior.

We conclude that pion exchange has very little
effect on n, and does not significantly lower g',
especially with Q = 1.

Adler Zero. Although pion exchange does not
affect our planar bootstrap in any important way,
it should perhaps be mentioned in passing that it
can be dominant for certain effects. For example,
we see from Eq. (7.3) that A;(X)- ~ as X-0. From
Eqs. (3.12) and (3.11) this in turn means that
A(X=O) =0. But from Eq. (3.5)

In terms of our notation, the same cross section
is given by

do G (g) s n j (g)+0f j(0)
ilk( ) (M2)0. (0)

dtdM' s' M
(8.2)

where

2—
y» gy«s mr (8 3)

if we approximate G by its value at t =0. Now the
experimental —,(a» —a»), which is dominated by
~ exchange, gives y»„' ——y», '—- 72 (in GeV units).
The quark model gives y« = &y„and y„
= —,'y» . If we use our result (7.4) we then obtain

da/dtdM' = 0.33 mb/GeV', (8.4)

which agrees quite well with Eq. (8.1).
b. Dash analyzed the process pp-PX in terms

of a "Pomeron" P with @~=0.85, which is similar
to the one obtained in Eq. (6.9)." He assumed
that it was dominated by Fig. 8 with ijk = vvP and
PPP and obtained

G~„~(0) =2000 (GeV units) . (8.5)

We can calculate G»~ in terms of g by using the
result (6.9) and assuming the sort of generalized
f/P universality" discussed in Ref. 7, which gave
a coupling ratio

y.,~/y. ,f = (s&/s. ) "y.,p/y„~, (8.6)

where ~sz is the mass of the end cluster in the
particular multiperipher3l ladder sum which gives
rise to our Regge couplings, and x and y could be
either pa, rticles or Reggeons. If we apply Eq. (8.6)
to all the vertices of Fig. 8,"using the fact that the
end clusters are nucleons in the case of the proton
vertices and particles with mass =w, at the triple-
Regge vertex, we obtain from Eqs. (8.3) and (7.4)

G~p~(0) = 2912 (GeV units) . (8.7)

This is somewhat larger than the value in Eq. (8.5),
but we must remember that our calculated n~ is
smaller than the one assumed by Dash. "

c. In the case of K P-K'X we have
i =j = p-A, and k = P. If we again apply our
generalized f/P universality (8.6) to the vertices
involving P we can calculate the coupling G, ,„. If
we approximate this by its value at 1= 0 we obtain

da/dtdM'=0. 23 mb/GeV' (8.8)

FIG. 8. A triple-Regge graph which contributes to
the eros s section for a +b —c +X in the triple- Regge
region.

for s=16 GeV', M'=2. 8 a.nd t= —0.1 GeV'. The
corresponding experimental value is
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dv/dtdM ' = 0.33 mb/GeV'. {8.9) ACKNOWLEDGMENTS

A possible explanation for the above discrepancy
is the fact that we have only included the multi-
peripheral component (P„) and have neglected the
diffractive part of the Pomeron (P~) Th.e latter
was found to be quantitatively important in Ref. 7
for PP scattering, even though it can be argued to
be less important for the PPP coupling considered
in (b)." We can estimate its contribution by using
the fact that f/P universality applies separately
to P~ and PD." This in turn means that the
Pn/P~ coupling ratio r should itself be approxi-
mately universal, i.e. , independent of the process
involved. In Bef. 7 it was found to be
r = f./y»p

' -—62.9/110 for Pti scattering. We must
therefore multiply Eq. (8.8) by (1+x) if we wish
to include P~ as well as P„. We then obtain

The author would like to thank Professor B. W.
Lee and Professor C. Quigg for their hospitality
at the Fermi National Accelerator Laboratory,
where part of this work was done.

A~(r„7,) = V~(r„r,)

1
16m'(X+ 1)

x V~(r„r')A„(v', r,),

APPENDIX: EXAMPLE OF A FACTORIZABLE MODEL

We will illustrate Eq. (3.13) by considering a
simple approximation to the Amati-Bertocchi-
Fubini- Stanghell. ini- Tonin equation. " In the for-

do/dtdM' = 0.36 mb/GeV'.

IX. CONCLUSION

(8.10)
where A~ and V~ are off-shell versions of the pro-
jection (3.1) of A. and V. Our approximation is to
replace Eq. (3.2) by"

We have used a Pade approximation to a dual
multiperipheral model and the dual-tree approxi-
mation for the triple-Beggeon vertex g. We then

(a.) made a self-consistent calculations of o., and
g', which are in reasonable agreement with ex-
periment,

(b) calculated reasonable values for the trajectory
intercept and residue function of the effective
Pomeron which describes scattering and inclusive
processes at intermediate energies,

(c) included the effect of pion exchange and
found that it does not change the planar bootstrap
of a, and g' in any substantial way.

Further calculations might involve the following:
(i) Evaluating the integrals (4. 1) and (3.5) more

accurately. A direct inverse Mellin transform of
Eq. (3.11) might then be expected to give a de-
tailed picture of the behavior of the cross section
both in the case of the Reggeon and in the case of
the Pomeron if we make the replacement (6.7).

(ii) Going away from the forward direction.
This may tell us something about the t dependence
of g and n(t). It may be possible to obtain another
constraint on our equations by taking advantage of
the fact that a parameter such as n' is needed to
fix the energy scale of the problem.

e(i ~is~2) S( T )ii'~( 7 )if2(S — ) i(s )

From Eq. (3.6) we then have

V,(r, , r,) = ii „(i.,)ii, (7,),
where

w (r) = F (s (- r) ~/(s —T))ii+

(A3)

(A4)

A,{~„r,) = w, (r, )w„(r,) + w, {~,)K(X)w, (r2)

+ w, (r,)K(X)K(X)w, (7,) + (A5)

where

1 d7
16m'(~+1) „(m,' —~)'

If we then use Eq. (3.4) we see that Eq. (A5) re-
duces to the series (3.8), where the terms are
given by Eq. (3.13) with

v(X)= m, wq(m, ') . (A7)

Explicit calculations have shown that the resulting
solution of Eq. (Al) is good to within about 10% for
relevant values of the input parameters. "

If we now iterate Eq. (Al), using Eq. (A3), we
have
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