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We show that the full U(12) algebra does not exist in quantum chromodynamics.

It is well known that certain algebras, derived
from free field theory, are anomalous in the re-
normalizable field theories. The U(6) X U(6) alge-
bra of Feynman, Gell-Mann, and Zweig' is one
such example. The commutation rules involving
the space components of vector and axial-vector
currents contain anomalies.? But in quantum
chromodynamics (QCD), the color gauge theory of
strong interactions, Bég® has pointed out that
owing to asymptotic freedom the anomalies vanish,
and the Feynman-Gell-Mann-Zweig (FGZ) U(6)

X U(6) algebra exists in QCD. One then naturally
asks the question: Does the full U(12) algebra
also exist in QCD? The purpose of this note is to
demonstrate that the answer is no.

For QCD with f flavors the Lagrangian is

L= F(FL+9i(0, —igt' ALy Py, (1)
We can construct color-singlet currents

Ve =930 ,.Y,

AL =030 ,750,

s*=F iy, @)

Po= Py,

T4, =P2)%0,,0.

They belong to the adjoint representation of SU(¥).
For the free field case the V,A currents form a
U(2f) X U(2f) algebra, V, A, S, P, and T currents
from a U(4f) algebra. In what follows we will re-
strict ourselves to the case f=3., One key element
in Bég’s proof of the closure of the U(6) X U(6)
algebra is that the anomalous dimensions of the

V and A currents vanish. Let us study the anoma-
lous dimensions of V, A, S, P, and T currents

in QCD. In leading order of the coupling constant
the relevant Feynman diagrams are depicted in
Fig. 1. We have, in a general covariant gauge
with gauge parameter a, the quark wave-function
renormalizations

Zp=1-G(1-a)lnA, (3)
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and proper vertex renormalization of currents,
Zy,4=1-G(1-0a)lnA,
Zgp=1-G(4-a)lnA, (4)
Zr=1+Galnp,

where G=(g?/8r2) Trt't', and A is the cutoff.
The anomalous dimension of a current 0 is

We find that v, ,=0,
Ys,p=—6G,
Yr=2G,

(6)

They are independent of the gauge parameter o as
was to be expected. Since the anomalous dimen-
sions of the S, P, and T currents are not equal,
we conclude that most of the commutation rules
in the U(12) algebra do not exist in QCD, In par-
ticular, the computation rules of U(6) X U(6) gen-
erators

Q= [awvs,

(M
Q= [ avag

with S, P, and T currents cannot be realized.
Similar conclusions in perturbation theory have
been made by Adler and Tung,? Jackiw and Prepa-
rata.?

Recently in a very interesting paper Caldi and
Pagels® propose to use one consequence of the

FIG. 1. Feynman diagrams for calculation of the
anomalous dimensions of currents.
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U(12) algebra. They treat the S%, P, and T?%, as We thank Professor M. A. B. Bég and Professor
members of a (6,6)+ (6, 6) representation under J. Bernstein for critical reading of the manu-
the U(6) X U(6) algebra of FGZ. Our result shows script. One of us (S.S.S.) would also like to ex-
that this cannot in general be realized in QCD. press his gratitude to the Institute for Advanced
It must be made as an additional assumption. Study for its kind hospitality.
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