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We continue and extend our earlier work on infrared singularities of non-Abelian gauge theories (exemplified

by quantum chromodynamics, or QCD), emphasizing the nature of these singularities in space-time rather

than in momentum space, The leading logarithms of non-Abelian gauge theories sum to an eikonal

(semiclassical) form for processes involving massive particles. This form is like the corresponding Abelian

(QED) form, except that the coupling constant g is replaced by the invariant coupling g(t) which depends on
the momentum transfer t to the gluon. It is not known whether the nonleading logarithms exactly cancel
order by order, but there are strong cancellations which are governed by Ward identities. Besides four-

dimensional QCD, two analogous theories which show confinement are studied: Two-dimensional QCD is

developed in the light-cone gauge without recourse to the large-N approximation of 't Hooft and is shown to
have infrared singularities like those of a string theory with longitudinal modes. Three-dimensional QED is

briefly discussed, and it is argued that confinement is revealed in the anomalous infrared behavior of the
fermion propagator which is an entire function (of momentum) with no pole. Some speculations to this effect
are made for four-dimensional QCD.

I. INTRODUCTION

k

In a recent series of works, some published"
and some not, ' we have examined t;he infrared
singularities of continuum non-Abelian gauge
theories (NAGT's) in perturbation theory. In much
of this work, we studied on-shell processes in
momentum space and regulated the singularities
by giving a small mass p, to the vector gluon. The
leading-logarithmic singularities appeared to sum
up to a (generalized) exponential form, ' whose
structure was revealed in a differential equation,
somewhat resembling a renormalization-group
equation, with p, as the independent variable.

The purposes of the present work are to report '

in detail on the new results of Befs. 2 and 3, and
to develop the whole subject in space-time, rather
than in momentum space. The gluon mass is an
unnecessary device in space-time, where infra-
red singularities are revealed in the singularities
of Green's functions at very large coordinate
separations. What emerges (at least for leading
logarithms) is an eikonal picture, very much like
the familiar eikonal results of QED, ' with two
important differences. First, the gluon propaga-
tor D ~(q) is replaced by a special gauge-invariant
propagator formed from the gauge- and renormal-
ization-group-invariant charge g(q ) in the follow-
ing way""

where g is the charge renormalized at an arbitrary
point. Possible longitudinal (-q„qz) or n-depen-
dent terms (in the ghost-free gauges n+ = 0) on
the right-hand side of (1.1) may occur, but they
will not yield physical effects. [An exception is

two-dimensional NAGT's in the light-cone gauge
in which case (1.1) must be modified; we discuss
this later. ] Of course, only the infrared-singular
part of g need be kept in (1.1). A second impor-
tant difference from QED shows up in some sim-
ple processes only at the level of nonleading loga-
rithms, and thus might be ignored; but if g is as
singular for small q as commonly supposed (g'
-q '), the distinction between leading and non-
leading logarithms is meaningless. The difference
is that the fundamental group-charge matrices
for an NAGT do not commute, which necessitates
a special but familiar path-ordering prescription
for the eikonal exponential in order to incorporate
these nonleading logarithms. (Again, two-dimen-
sional NAGT is an exception, at least for the sim-
plest processes ).

It is well known' that in QED the leading loga-
rithms contain al/ infrared-singular effects; all
nonleading logarithms cancel exactly. We do not
know whether this is true for NAGT's, where some
nonleading logarithms, associated with violation
of naive Ward identities, may be left over (in
covariant gauges) even after path-ordering. How-
ever, it is possible to imagine that the full theory
(in four dimensions) is truly gauge invariant with-
out the need for Faddeev-Popov ghosts in some
mysterious way. ' It is then further possible to
imagine that the leftover nonleading logarithms
are not really there, and that the modified eikonal
description which we present really sums up all
the infrared singularities. (These flights of imag-
ination are somewhat easier in ghost-free gauges,
but are more difficult to discuss from a technical
point of view. )

I et us contrast the space-time eikonal picture
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with earlier momentum-space results, "using an
infinitesimal gluon mass. In both cases, the clean
separation of infrared effects from ultraviolet
effects requires the hypothesis of finite mass for
some of the particles [e.g. , the quarks in quantum
chromodynamics (QCD)]; these massive particles
are supposed to propagate nearly classically.
This means that x p» I, where x is a typical
coordinate and p is a typical momentum of such a
particle. Such an inequality cannot necessarily
be realized for a massless particle, which can
travel great distances with vanishingly small mo-
mentum. A typical momentum-space approach
is to calculate the S-matrix elements for the mas-
sive particles, which are strictly on-shell. It is
then straightforward to show (using the usual eiko-
nal approximations which we discuss in detail
later on) that, in QED, all massive-particle propa-
gator and vertex radiative corrections exactly
cancel so that the massive particle propagates as
if it were free. We show in Sec. IV that a similar
cancellation holds, in leading logarithms, for an
NAGT. These cancellations are a consequence of
Ward identities. All that is left of radiative cor-
rections to the massive-particle propagator is an
inf rared-singular wave -function renormalization
constant.

The space-time eikonal picture is quite different:
Vertex corrections disappear, but the massive-
particle propagator appears explicitly as one of
the factors of the final answer. Its momentum-
space singularities (if any) are directly probed as
the spatial coordinates approach infinity. It must
now be recognized that the propagator for a con-
fined particle will not have any singularities in
momentum space": Instead, it is an entire func-
tion. The concept of the mass shell, so crucial
to the momentum-space calculations described in
the last paragraph, becomes meaningless. The
space-time eikonal picture survives this catas-
trophe because the existence of a mass shell in
momentum space is in no way crucial to the semi-
classical interpretation yielded by the eikonal
techniques in three-dimensional QED to construct
a propagator which is entire in momentum space.
Although the concept of a mass shell is lost, the
concept of a specific mass for a particle is not.
(Think of a classical point particle in a harmonic-
oscillator potential. ) A second advantage then of
a space-time picture is that it is not tied (in the
case of confinement) to the meaningless idea of a
mass shell.

In QED the eikonal exponential is nothing but the
classical action for massive particles interacting
with each other through virtual-photon exchange,
evaluated along straight-line orbits. In, for exam-
ple, QCD this classical picture must be slightly

modified since a quark does not have definite color
as it exchanges gluons with other quarks. This
phenomenon of semiclassical rapid color fluctua-
tions will be discussed briefly later; for now let
us ignore it. The asymptotic properties of Schro-

.dinger wave functions likewise depend on the ex-
ponential of classical action evaluated for large
coordinate separations ~, For a potential which
grows at "arge distances only classically forbid-
den orbits can reach large separations, the action
is pure imaginary, and all wave functions decrease
exponentially. However, for short-range poten-
tials there is (for positive energy) a term in the
asymptotic wave function proportional to x 'e' ',
the coefficient is the S matrix. All these familiar
ideas have their counterpart in field theory, as we
discuss in See. II. The wave function is replaced
by a Green's function, the Green's function is ex-
pressed in eikonal form, and the S matrix is
again recovered as a coefficient of a term such as
x"'e'~". If there is no such term, then only bound
states exist and the theory exhibits confinement.
Unless the massive-particle propagators have
poles, the x 'e'~ term is missing and there is no
S matrix. Even if these propagators do have poles
(as they do in two-dimensional NAGT 's in the
light-cone gauge as we treat it), there may be no
S matrix.

In this work, we study the fermionic propagators
and the eikonalized fermion-antifermion Green's
function for two-dimensional QCD in the light-
cone gauge, for three-dimensional QED, and
[with a purely phenomenological choice of the
gauge-invariant gluon propagator in (1.1)"]four-
dimensional QCD. Two-dimensional QCD in the
light-cone gauge mas originally studied by 't
Hooft,"who invoked the large-N limit (N is the
number of colors in QCD) to eliminate certain
graphs. He adopted a particular rule for elimina-
ting the subsidiary (and only nonvanishing) com-
ponent of the gluon field, which led to infrared
singularities in the quark propagator that washed
out the quark pole. Callan, Coote, and Gross"
used the same prescription in their continuation of
't Hooft's work. However, Einhorn" pointed out
that this prescription was unnecessary, and a
more natural choice left the fermion propagator
with the usual free-particle pole. We use a rule
very similar to Einhorn's, based on a technique
for evaluating Feynman integrals in the light-
eone gauge, "which also results in an effective
free-particle quark propagator. When the rule of
Ref. 15 is consistently applied, it turns out that
all the graphs which were omitted by 't Hooft be-
cause they mere nonleading for large N also carry
only nonleading infrared singularities; those
graphs include fermion propagator and vertex
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corrections, as well as crossed ladder graphs.
It is reasonable to drop nonleading infrared sin-
gularities in two dimensions because they are
down by powers (of a small momentum or large
coordinate) rather than just down by logarithms.
When the5e nonleading contributions are omitted
and closed quark loops and quark-pair creation
are disr'egarded, the resulting eikonalized theory
is a classical theory of a string with quarks on the
ends and capable of longitudinal oscillations. ""
When closed quark loops and quark-pair creation
are omitted two-dimensional QCD is not a second-
quantized theory but only a first-quantized one,
because no vector particles can be physically
realized. The transition from the classical eikonal
theory to the first-quantized theory requires an
improvement on the eikonalized fermion propaga-
tor; this is discussed for general dimensions in
Sec. IG. It amounts to the usual Feynman pre-
scription of integrating the eikonal Green's func-
tions over pll classical paths, rather than speci-
fying those particular classicalpaths which approx-
imately minimize the classical action. Our work
is complementary to that of Bars,"who begins
with an a priori choice of a string theory and meth-
od of quantization and attempts to show that it is
equivalent to two-dimensional QCD. We begin with
QCD and show how the longitudinal string picture
emerges, complete with a definite prescription
for quantization. Although we do not discuss it in
this paper, the quantization procedure would
similarly be applied to quark-pair processes
(splitting of the string), leading ultimately to the
second-quantized version of a two-dimensioiial
NAGT.

As an example of another theory which is much
simpler than a four-dimensional NAGT but which
apparently exhibits confinement we offer three-
dimensional QED in Sec. V. The nonrelativistic
one-photon potential is proportional to lnv, which
dominates kinetic energies at infinite distance;
there is no nonrelativistic continuum. In the rela-
tivistic theory, we construct an eikonalized fer-
mion propagator which is an entire function.
There is an infrared singularity in the fermion
mass which appears to be closely related to the
original pseudoparticle" constructed by Polyakov"
for three-dimensional QED. Because of confine-
ment, the fermion mass itself is not observable,
but it sets the mass scale for fermion-antifermion
bound states.

Although we have made no progress in calcu-
lating the key quantity g in (1.1), it is folklore
that it should behave like q

' for small q in four
dimensions. With this assumption we exhibit in
Sec. V a phenomenological eikonalized fermion
propagator which is an entire function in a fashion

similar to three-dimensional QED. Similar work
has been done by Pagels, "who has treated the
phenomenology in some detail.

A few brief remarks on gauge invariance are in
order. Off-shell propagators and Green's func-
tions such as we study here are not gauge-invari-
ant. The statement that there is a general eikonal
form for the infrared singularities of NAGT's is
gauge-invariant, however, and this is the point
we want to emphasize. It is usually easy to see
just what is the gauge-invariant content of any
specific formula, because we consider Green's
functions only at asymptotically large coordinate
separations. Gauge transformations which are not
themselves infrared singular will not affect this
long-distance behavior. Truly gauge-invariant
Green's functions are easily (in principle) con-
structed, but we will not take this problem up in
any detail.

It is particularly interesting to use the ghost-
free gauges nQ = 0, because they do not suffer
from ghost-line contributions to Ward identities.
But except for the light-cone gauge n'= 0, it is
difficult to calculate in the ghost-free gauges. It
is easy to evaluate Feynman integrals in the light-
cone gauge, but the results unfortunately are
meaningless because of a special singularit;y of the
type n q = 0, where q is a gluon momentum. "
(These singularities do not appear in two dimen-
sions. ) However, it is not permitted to calculate
directly in the light-cone gauge n'= 0; one must
calculate in an axial gauge n'4 0 and then pass to
the limit. The two procedures give quite different
results for technical reasons which we will not
discuss here, and only the second one is free of
anomalous singularities. Granted this, one need
not even calculate any graphs to know that the
gluon propagator must of the the form (1.1) when
all massive-particle loops are omitted. ' The
ghost-free Ward identities imply that Z, =Z, for
all particles (including gluons) coupled to the
gauge current, which leads immediately to (1.1)
because g'D z(q) is renormalization-group-invari-
ant. The cancellation of the massive-particle
propagator and vertex corrections can also be
understood as a consequence of Zy Z2.

It would be possible to state the new results of
this paper in a somewhat more compact form than
we have chosen (e.g. , Ref. 3). But the motivation
and structure of the theory seems to us much
clearer if a certain amount of pedagogical develop-
ment of well-known principles and results from
Abelian gauge theories is included. Thus Sec. II
is devoted to the generalization to field theory of
the relation between the S matrix and the asymp-
totic wave function, and Sec. III develops the nec-
essary eikonal techniques for Abelian theories.
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Section IV contains our principal new result, as
discussed in relation to E(l. (1.1). Although the
nonleading contributions do not neatly cancel out,
we discuss the uses of Ward identities in develop-
ing some of the more obvious cancellations of non-
leading logarithms. Section V contains results which
are new tous, atleast, concerning the applications
of Sees. III and IV to fermion propagators in three-
dimensional @ED and (at a phenomenological
level" ) in four-dimensional NAGT's. Section VI
summarizes the paper, and finally there is an
appendix on two-dimensional NAGT. No new re-
sults are found, but the derivation (again, new to
us) avoids the large Nli-mit and makes clear the
connection between our earlier work, "in which
infrared singularities exponentiate, and the re-
sults of Refs. 12-14, which seem superficially
rather remote from the ideas of Refs. 1 and 2.

II. INFRARED SINGULARITIES IN SPACE-TIME

G(x, V, z) =t(0~ r(K(z)y'(x)y(V)) ~O) (2.2)

in the limit whenx-z, y -z, and x -y all become
large. We make this limit specific by taking xo
=y', ~x —y~ =x, and localizing K around the space-
time origin z = 0. The Fourier transform is written

For a short-range two-body potential the Schro-
dinger wave function has the asymptotic behavior
(~= )x[)

efAr-i ~t
P(x, t);. , f(t, 8) (2 1)

(aside from the contribution of the unscattered
wave), where f(k, &) is an S-matrix element. Usu-
ally the form (2.1) is invoked 'for scattering pro-
cesses, but the asymptotic behavior is the same
for any spacially localized source K(z) (with cor-
responding S-matrix element fz). However, for
a potential which is singular at large distances,
such as the harmonic oscillator, there is no S
matrix and the right-hand side of (2.1) decreases
exponentially fast.

To transcribe these statements into field theory,
consider a spatially localized source E capable of
producing a massive scalar particle and its anti-
particle (with field operator (P, mass m). Cor-
responding to the wave function (2.1) is the Fourier
transform in z of the Green's function

Ge(x, ))=j dx e'e'G(x, ),x), (2.3)

and we take p to be a forward timelike vector
with p'&4m', p=0. The restriction x'=y is co-
variantly written (x —y) ' p = 0.

I et K(z) be a point source: K(z) =g(II)~(z)p(z).
Re construct G~ as follows:

8-i p' (x+y)/2

Gp(x, X)-
(2 )G

&efkr-j~t
G (x, y) „ I'(p, (I), (2 5)

where (I is any mass-shell vector with q'=0, ~(I~
=0=—(-,P' —m')'t'. Clearly, (2.5) is analogous to
(2.1) with I'(p, (I) as the S-matrix element. The
momenta &p aq specify the classical particle paths
as they emerge from the source.

A theory with infrared singularities may not have
the double pinch exhibited in (2.4) and Gp may de-
crease more rapidly than r '. lt is tempting to say
that this shows confinement, but one must be
cautious if the theory is a gauge theory. The rea-
son for caution can be expressed in two equivalent
but different-sounding ways: (1) In a gauge theory
Gp(x, y) is not gauge-invariant; (2) infrared singu-
larities from virtual gluons can be canceled by
phase-space singularities from real-gluon emis-
sion, ' ~ order-by-order in perturbation-theory.
This order-by-Order cancellation may or may not
be meaningful, since gauge theories may have a
perturbative and a nonperturbative phase or in
some circumstances only the nonperturbative
phase.

In QED, a gauge-invariant but path-dependent
analog of G is, for a neutral current K(z),

e-iG (x-P&I (p )
[(zp+ q)'- m'K(zp -q)'- ~'] '

(2 4)

where I'(p, q) is the sum of all truncated (free
propagators removed) graphs for the process
K- (t)tP. If I is regular on the mass shell (&P
aq)'= m', the integral in (2.4) is dominated by the
double pinch when both propagator denominators
vanish and the integral in (2.4) yields (with ~=p',
x'=y'= t)

G, (x, e, x) =i 0 T(ii(x)0(x)Pi(x) exp —id J dx,d (x) (2.6)

where g is the gauge charge and I" is any path
running from x to y. For an NAGT a similar ex-
pression holds except that the integral must be
path-ordered (see Sec. III). A path I', which runs

I

along the classical electron path from x to z,
thence from s to y along the classical path results
in complete cancellation of all infrared singulari-
ties in QED, and this choice I, is e(luivalent to the
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coherent-state picture. " Then G~ does behave
C

like x ' for large ~, while for other choices of
l G~-t'"' " with Hey) 0.

At the moment we are unable, for technical
reasons, to make much use of the gauge-invariant
form (2.6) for arbitrary I'. A completely physical
wave function must be path-independent as well as
gauge-invariant, which might be achieved by some
sort of path average over I'; this is even further
beyond our capabilities. Therefore in the following
sections we discuss only the primordial, gauge-
invariant form (2.2). In principle, at least this
is still a useful wave function; for example, the
spectrum of bound states having the quantum num-
bers of K will be found from the singular, rities in
p of G~, and these are gauge-invariant.

III. THE EIKONAL CONSTRUCTION

A. The Abelian case in space-time

The Lagrangian is

Z= P(iy' 8 -M+gy A)()) - ,'F„,F"", — (3 I)

and the generating functional Z is defined (up to an
irrelevant additive constant) by

W(J, q, q) = exP [iZ (J, )7, )7)]

d d dA expi dxZ+J A"

+ @4+ Pn)

(3.2)
with functional integrations indicated by paren-
theses. A gauge-fixing term must be added to Z
but we do not write it explicitly.

Many years ago Schwinger pointed out (in some-
what different language) that the functional inte-
gral over (de~) can be evaluated. In expressing
the result of this integration, we make a funda-
mental approximation by setting equal to one the
functional determinant which results, or equiva-
lently we ignore closed fermion loops. Such loops
contribute no infrared singularities for finite fer-

Here we begin by reviewing the well-known'
eikonal development for @ED, first in space-time
using funct&onal techniques and then, in momen-
tum space, using Feynman graphs and Ward iden-
tities. The reason for using two different methods
is that the summation of infrared divergences for
an NAGT by functional techniques is virtually unex-
plored, and we are forced to use graphical methods
for NAGT's (except for two-dimensional NAGT's
in the light-cone gauge). But our purpose is to
study the non-Abelian case in space-time, so we
will need to know how to translate momentum-
space results into the eikonal form in space-time.

mion mass M. Then (3.2) becomes

Pz (dz()exp i Jd (
—'xz)"P' d"zd z( pdze)

We are interested in the Green's function

G(x, y, ~) = &017'(A(&)4(x)4(y))) (3.6)

for a source K of fermions and antifermions. For
simplicity the following formulas will be written
for a point source K(z) = P(z)g(z), but it is under-
stood that the actual source is to be smeared out
over a finite region of space-time. The formula
for G is (up to irrelevant factors)

G(x;y, z)= J (dz()dz(x, z)yz(z, y) ezp —AP 'A),

(3 6)

where we use a shorthand notation for the bilinear
in A in (2.3). Omitting the factor S~(z,y) in (3.6)
yields the fermion propagator S(x,z). The most
important step is to construct a useful approxima-
tion for S& which allows us to evaluate the integral
over di in (3.6).

Eikonalized fermion propagator

The fundamental ideas are found in Schwinger's
paper on vacuum polarization, "which we adapt
for our use with functional-integration techniques.
The solution to (3.4) is written as a proper-time
integral:

y„(x,x') = -i J d~ (x
~

z*'"'~ x'),
0

where

(3.7)

&=y'~ -M+i&, II„=i8„+gA„ (3 6)

and the states ~x), ~x') are eigenstates of the coor-
dinate operator X~ which obeys [II~,X„]=ig„„The.
matrix element in (3.7) can be written as a Feyn-
man path integral over all the paths which join
x and x'. However, little progress can be made
until the problems of spin are disposed of. To ex-
pose these problems, we write as an alternative
to (3.7)

S„(x,x') = —i ds(x
~

e'"'~x'), (3.9)
. (y'Il+M)

where

(3.3)

where D '„„is the inverse of the photon propagator
in the chosen gauge, and 8„ is the propagator for
a fermion in an external field 4, obeying

[iy 8„-M+ gy di(x)]S„(x,x') = 6(x x'). (3.4)
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2MIT= (y ' ll —M)(y ' Il+ M)

=rr2-M'+-'g~ S'" (3.10)

We shall see that the operator s„ in (3.8) is O(M),
so that O'-M' has a term of order gMA, where
A is a characteristic field strength. We expect
A-r ', where r is the (spatial) distance between
x and y in (3.5), thus F„„-r'. Then the term
, go „—E'"in (3.10) is smaller by a factor Mr»1
than the term gMA in II'-M, and we drop it. The

g'A' term is also small as long as g«Mx, in
which case the operator y' ll+M of (2.9) can be
replaced by Z 'p+ M, where p„ is represented by
'iB„. ,In short, spin does not matter for infrared
phenomena: We calculate the spinless propagator
with 2MI7= II' -M' and then multiply by (y p
+M)(2M) ' to calculate the fermion propagator.
This factor is nearly one and we will omit it for
the most part.

The conversion of (3.9) to a path integral is stan-
dard. " Modulo a real constant, (3.9) becomes

S (z, z')= -i J ds
0

Gs ds'[ ——' (M' s)s)+ds „d']),

(dPdz)eep —i f [P z i7(P, s)]ds)-'
S

(dz) eep (i (3.11)

l

where the dots are proper-time derivatives and the
path integral goes over all paths beginning at x and
ending at x'. We have expressed S„as a path inte-
gral of a classical action, which differs from the
usual action by the substitution of f +~M(z'+ 1) for
the reparametrization-invariant fM(z2)'~'.

The Gaussian path integral

S

(dz) exp —i ds' —,M(P+ 1)
0

i 'Ms M(x -x')'s'exp -I 2
+

2

(3.12)

shows that (3.11) reduces to a well-known integral
expression for a free, spinless propagator in the
limit g-0. We have displayed the usually omitted
5 to facilitate discussion of the classical limit.
More useful to us is the classical eikonal form,
which is gotten by expanding the path integral in
(3.11) or (3.12) around the classical path. For
small g this path is just a straight line: x„—x'„
= v„s', 0&s' & s, where v„ is a forward timelike
four-velocity (v'= 1). In the limit 8-0, (3.12) be-
comes a 6 function of the form e ™5(x-x' —vs),
and (3.11) becomes

S„(x,x ) —-z ds e ' '5(x -x' —vs)

xexp ig ds 'v A (x —x' —vs') .
(3.13)

The Fourier transform of the free (A=0) propa-
gator is

Scl(p)
~t

dx eiPxscl (x)

=(v P-M)-~,

which differs from the free Dirac propagator by
the substitution y„-v„, and is singular when p
=Mv

We shall refer to (3.13) as the classical propa-
gator, and the path-averaged expression (3.11) as
the first-quantized propagator, because it is con-
structed from a classical action by the usual meth-
ods for first quantization. Except for a brief men-
tion in the Appendix, we use only the classical
propagator in this paper. We then express infra-
red singularities as exponentials of classical
actions; these actions may be first-quantized with
the propagator (3.11).

All that remains is to put (3.13) into (3.6), and
to evaluate the Gaussian functional integrals. We
find the we11-known result

CO

G(x, y, 0)=—,ds
(2&) - p

where

ds' dp dp' exp[-ipx+is(v P -M) —iP'y+ix'(v' P' -M) -zig'JD4], (3.15)

g„(z)= dr5(z —v7)v„—
S

dr'5 (z —v'r')v'„ (3.16)
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The sum of all infrared-singular radiative corrections to the fermion propagator has a similar form:
OO

S"(x)=—,ds dP exp[ —iPx+is(v'P -M) -2 g'4(1)Dg(l)],
(2)) )' (3.18)

(3.18)

is the contribution of one fermion to the total current.
The integral in (3.1t) diverges for small 7, 7 because of our idealization of K(z) to a point source, but

this divergence has nothing to do with infrared singularities, is easily regulared by smearing K(z), and
we shall ignore it. An analogous noninfrared divergence is ignored in (3.18). Then (3.17) can be evaluated
in the Feynman gauge:

gppr, pG(x, y, 0) =S"(x}S"(y) exp —,ln(x v+y' v') (3.20)

where we have used the implicit constraints fol-
lowing from the p and p' integrals in (3.15) to re-
place the upper limits s, s' in (3.16) by x ' v, y ' v'

respectively, and have written p = Mv, p' = Mv' in
(3.20).

The relation with mass-skell calculations, ' in
which the photon is given a small mass p, and the
fermions are exactly on-shell (i.e. , x, y —~} is
evident: G is given, in momentum space, by the
exponential factor in (3.20) with the logarithm re-
placed by in@.'. This exponential factor, as it
stands in (3.20), obeys a differential equation in-
volving the operator x 9„+y 8, (instead of -p.a/
St(,), which is exactly of the type we have given
earlier. '

It is clear from (3.15) and (3.16) why the gauge-
invariant Green's function Gr [see (2.6)] has no
infrared singularities. When the path integral
retraces the classical path, it exactly cancels the
classical current of (3.16), as one sees by eval-
uating the functional integrals. We have already
pointed out that this may or may not be significant
for confinement: In three-dimensional QED the
fermions are confined even though G,. has no in-

C
frared singularities. We return in Sec. V to the
evaluation of S"(x) in (3.18) for three-dimensional
QED and (phenomenologically) for four-dimen-
sional NAGT.

C. Difficulties with non-Abelian gauge theories

In the non-Abelian case it is possible to write
analogs of (3.6) and (3.18), but the functional inte-
grals over the vector-meson fields are not Gaus-
sian. There are also some difficulties with the
classical interpretation of the results, since a
non-Abelian charge (e.g. , color) is not a classical
attribute. In this subsection we offer a classical
action-at-a-distance theory of color fluctuations
in quark-gluon exchange.

The Lagrangian is

ZYM=((iy 9 -M+gy A't')g ——,'G'„G""', (3.21)

(3.22)

We also use the notation

A. = g t A„, G„=g t'G'„„ (3.23)

where the t' are fermionic group charges.
The non-Abelian version of (3.13) for the fer-

mion propagator in an external field is

S„"(x,x') = -iP ds e ' '5(x —x' —vs)
0

n

x exp ig ds'v *A(x -x' —vs)
0

(3.24)

which differs from (3.13) only the by path-order-
ing symbol P. P instructs us to order the non-
commuting fields A„ from left to right in order of
decreasing proper time s. Thus

PA„(s)A„(s') =A'„(s)A„'(e')

x [t't'8(s —s')+ t't' 8(s' —s)].
(3.25)

The eikonal Green's function is

G(x, X,x)= (dd)exp(--,'i dx(:„„')d'x'(x,x)d„"(x,X), .

(3.26)

but the functional integrals cannot be evaluated be-
cause G,„' is not quadratic in the 4'„. Of course,
we recover the usual perturbation expansion by
expanding A; around its classical value D ',„g"',
but this has not yet led us to any great insights.
In the next section we show, using momentum-
space methods, that the sum of leading logarithms
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does lead to a form such as (3.26) with G„„'re-
placed by a term which is quadratic in the A, and
we extract an eikonal Green's function and propa-
gator such as (3.15)-(3.18) with a special choice
for D„„.

As we have already mentioned, these eikonal
forms are expressed in terms of classical actions
for point particles interacting through a relativis-
tic "potential. " While an Abelian charge is a
classical attribute of a point particle, a non-Abel-
ian charge is not usually considered to be one,
since it will be changed by the emission or absorp-
tion of a gluon. Let us discuss briefly the mini-
mal extension of classical QED to the non-Abelian
case.

Abelian currents, such as (3.16) or (3.19), are
constructed solely from mechanical quantities.
But non-Abelian currents carry a group label, and
it is necessary to introduce a classical group-
space vector g'(7') to write the current of a given
particle:

ties must involve the currents (3.27) with non-
trivial $'(v), and that the corresponding classical
action will be complicated with messy expressions
such as (3.30). However, there are special cir-
cumstances in which these complications do not
appear, and these are the only circumstances with
which we deal in this paper. When exactly two
particles are emitted from a group-singlet source,
their initial f s will be parallel. Then, in (3.30),
the field A„can be taken to point in the direction
$(0), the exponent vanishes by the antisymmetry
of the T', and $ is unchanging as v advances. The
classical-eikonal action no longer depends on
$'(r), but only on the fixed group matrices t' as
we discuss in Sec. IV.

Evidently there is no fundamental difficulty in
analyzing NAGT's directly in space-time, using
(3.26); the difficulty is only our inexperience. In
order to compare eikonal results with the analysis
of Sec. IV, we have to know how these results look
in momentum space, to which we now turn.

(3.27)

implies the equation of motion

$'+ g&„P„A"'(z(r))$'= 0 (3.29)

for the group vector, and the solution is
T

&(7') =P exp +ig d7'z„(7')T'A"'(r')g(0),
0

(3.30)

where T,'„= -i&„~ are the group generators of the
adjoint representation. In (3.30) the field A"' is
the classical field produced at the given particle
by all the other particles, hence expressible in
principle in terms of the mechanical motions of
these particles and their group vectors $. Note
that (3.29) implies that g'$' is constant, and that
constant is just t'P.

The equation of motion for the particles of mass
M is

The covariant conservation law D'4'„= 0, where
D is the covariant derivative

(3.28)

D. The Abelian eikonal in momentum space

Aside from ignoring closed fermion loops, the
single approximation we need to make in the mo-
mentum-space Feynman rules is to replace Z„by
v„(n'= 1), a four-velocity. The vertex is v~, and
the free fermion propagator is (v 'p -M) '. De-
fine the on-shell momentum by p, —=Mv„, and
define a vector q by p =p+ q. The effective propa-
gator is then M(p 'q) ', and the vertex is p„/M.
Fermions at large distances are nearly on-shell,
so q «p in the sense that each component of q is
much smaller than M. For notational simplicity
we drop the overbars, and reserve the symbols
p, p', . .. for on-shell momenta; a general fer-
mion momentum must be written p+ q, p+ q', etc.
This notation is used here and in Sec. IV only.

The eikonal in momentum space is often de-
rived' by showing that sums of effective fermion
propagators with photons attached in all possible
ways add to a simply factorized form. Much more
to the point is the observation that these propa-
gators allow us to express very simply the infra-
red-singular parts of the Ward identities.

Consider the vertex graph in Fig. 1, where
q, q' «p. A simple eikonal identity

MZ ~gz"PG (3.31)

and it is gauge-invariant, since both P and G'„„
transform homogeneously like members of the ad-
joint representation under gauge transformations.
As in general relativity, this equation of motion
is a consequence of the nonlinear field equations
and is not a separate postulate.

In general it must be expected that any classi-
cal-eikonal representation of infrared singulari-

1 1
P'(e'+~) P (e+~)

(3.32)

allows us to express the vertex correction in the
form
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p+q p+q+k p+q'+k p+q'

FIG. 1. Lowest-order Abelian vertex correction.
Wavy lines are photons, solid lines are fermions, and

p and p' are on-shell.

r.= M+ . , [~(p+q') -~(p+q)]p' q-q'

where

, [~ '(p+q) -~ '(p+q')],p'(q -q') (3.33)

~'(p+q)=
M

-~(p+q) (3.34)

is the inverse propagator to one-loop order, and
Z is the prdper self-energy. Equation (3.33) obeys
the Ward identity

(q q')„r"=S-~(p+q) —S (p+q'), (3.35)

+ ~ ~ ~ (3.35)

where the invariant functions E, are free of in-
verse power singularities in q or q', in perturba-
tion theory. Then I" —1" is at least one power of
q(q') smaller than I'„. Unfortunately this argu-
ment fails for NAGT's, as we show explicitly in
Sec. IV.

It is straightforward to cheek that (3.33) does
hold to all orders, using the infrared Feynman
rules given earlier. Similar results hold for fer-
mion lines with more than one infrared photon,
such as the graphs of Fig. 2. Up to an overall
constant, these graphs yield

which holds for the exact theory.
It is tempting to argue on general grounds that

(3.33) holds, order-by-order, to all orders in
perturbation theory, with an error that is at least
one power of q or q' smaller than the dominant
term [which is O(g'" ln (q or q'))). Denote the
right-hand side of (3.33) as r„. Then the Ward
identity (3.35) tells us that the difference between
the exact vertex 1"„and its infrared approximation
I'„obeys (q -q')„(I'" —I'")=0. This difference is
thus expressed as

I'„—I'„=icr„„(q—q')"E,

+ [p.(q q')'-(q q').-p '
(q -q')-9'.

which obeys the exact Ward identity on both photon
lines, once the corresponding vertex functions
are expressed as in (3.33).

In this way every one-particle irreducible graph
with one fermion line is expressed in terms of
self-energy parts, plus remainders which are
small by powers of infrared momenta (not by
powers of logarithms). When they are all added
together, and graphs constructed with more than
one fermion line, miraculous cancellations occur
which yield eikonal formulas. Actually there is
no miracle, since we already know from Secs.
QIA and B that the eikonal does sum up all infra-
red singularities.

The point of this rather lengthy section is that,
to the extent that Feynman graphs Of NAQT's
satisfy naive Ward identities of the QED type
(3.35), these graphs can be summed up into an
eikonal form in space-time. Of course in the usual
covariant gauges, the Ward identities of NAGT's
are not the naive generalization of those in QED.
Nonetheless, as we show in the next section, the
leading logarithms do eikonalize but with a modi-
fied gluon propagator.

IV. NON-ABELIAN GAUGE THEORIES

Again we turn our attention to a Green's function
such as (3.5), but this time in momentum space.
The quark-antiquark source E(z) is a group-singlet
point source. To establish conventions and nor-
malizations, we record the value of the one-loop
graph of Fig. 3 in the Feynman gauge:

Gr(P+q, P'+q') = 4„2'P' 'P
p(I p)f

x In[Op

+ (I -S)P"q'1,
(4 I)

where f = (p+ p')' and C~ i.s the quadratic Casimir
eigenvalue for the fermions, and the subscript T
indicates that external propagators are truncated.
Corresponding to G~ is G, the untruncated Green's

& &x&'&2
[Z (p+ q'+ q, ) —Z(p+ q')+ Z (p+ q'+ q,)

-~(p+ q)], (3 3'l)

2

FIG. 2. Example of a four-point graph which can be
expressed in terms of fermion self-energy graphs.
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parts, the decomposition depending on the gauge.
The gauge is specified by the free gluon propaga-
tor:

D pu
= 0 [-A wv+ 0 gQvQ (1 —$)l ~

O' Dgv= —$VvC

(4.2)

(4.3)

Then we write, assigning a special role to the
line labeled k,

FIG. 3. Lowest-order correction to Cz, the truncated
Green's function. (Truncated legs are marked with a
cross. )

V,B~
= V q„+ g '[k~ g q+ (k'+ k)q g ~],

V„q),= -(2k'+k) gq~+ 2k)„g q
—2k6g i

+ (1 —g )[keg g+ (k + k)gg y].

It is easy to check that

(4 4)

(4.5)

function. Equation (4.1) should be compared to the
exponent of the space-time eikonal Green's func-
tion (3.20). In succeeding orders of g', graphs
with lea, ding logarithms are O(g'"L ), where L
is symbolic for a logarithm such as that of (4.1).
We have earlier (second paper of Ref. 1) given
the rule for finding leading graphs; the rule is
applicable for covariant gauges which is all that
we consider (for reasons mentioned later):

To find the set of leading (N+ 1)-loop skeleton
graphs, add a gluon line to the extexna/ fermion
legs of the leading X-loop skeleton graphs in all
possible ways; the leading nonskeleton graphs
are found by adding all vertex and propagator cor-
rections.

It appears that this rule agrees with analyses
given by other authors. " We note that among
skeleton graphs only planar graphs (i.e. , straight
ladders) can be leading, and that skeleton graphs
with four-gluon vertices are nonleading. How-
ever, not every planar skeleton graph is leading.

In this section we try to imitate as closely as
possible the methods, using Ward identities, of
Sec. IIID. The new feature of NAGT is the devia-
tion from naive Ward identities as expressed by
ghosts and ~ lines.

A. Fourth order

Our objective is to illustrate, in this order, the
utility of decomposing the fundamental three-gluon
vertex into a part which exactly satisfies the naive
Ward identity and a part which is a pure diver-
gence and which generates the ghostlike lines
called A lines by 't Hooft. 26 This decomposition is
asymmetrical on the three lines of the vertex,
and a special graphical notation will be needed for
it.

We begin with the conventional three-gluon ver-
tex as shown in Fig. 4(a), which is constructed
according to the rules of Abers and Lee" and is
denoted by i&„,V z~. This will be split into two

k V,q~=D"'q~(k'+ k) -D 'q~(k'), (4.6)

kp+k p &k

FIG. 4. (a) The fundamental three-point Yang-Mills
vertex V~~~. (b) Graphical notation for V~&& of Eq.
(4 ~)

which is the correct naive Ward identity on line k.
Of course, V z~ does not satisfy the naive Ward
identiy on the other two lines. The difference,
V —V, is a pure divergence. When V ~, is used
in a graph, it is symbolized as in Fig. 4(b), with
the special line (k, in this case) crossed with a
bar.

It will simplify the discussion to use only the
Feynman gauge $= 1. Note that the divergence
terms in (4.4), when acting on the propagators in
Fig. 4, give a result independent of ( because of
(4.3).

The fourth-order vertex graphs corresponding
to the process of Fig. 3 are shown in Fig. 5,
except for pure self-energy graphs where all the
gluons are on one or the other fermion line, and
gluon propagator corrections.

Graphs (a)-(e) differ from the corresponding
@ED graphs by trivial group-theoretic weight fac-
tors. According to the leading-line rule all are
leading [i.e. , O(g'L')] except the crossed ladder
(b).

Consider now the vertex decomposition (4.4) as
applied to the vertex insertion on graph 5(f) (shown
in Fig. 6). I et us denote the value of the graph
of Fig. 6 as &C„I', thus explicitly displaying the
group-theoretic weight factor (C„ is the Casimir
eigenvalue of the adjoint representation). Accord-
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(a) (b)

propagator rather than its eikonal approximation;
this does not affect the infrared behavior. ) On the
other hand, I' of (4.7) can be written

py p dk'(k'+ 2k' ' k)

p ' k k"(k+ k')'[(p+ q+ k')'-M']

(4.9)

When the integral over k' is evaluated in (4.8) and
(4.9) k' in the numerators is replaced by its
shifted value. We assign Feynman parameters
a, to the denominators as shown in Fig. 6, in
which case k' is replaced by -n, (p+ q) —o.,k.
Evidently q can be dropped compared to p in this
shift, but k cannot necessarily be dropped since
~, «n, in the n integration. Making the shift we
fllld

pW
Qf Q

(4.io)

(e)

FIG. 5. Fourth-order contributions to G (excluding
pure fermion self-energy graphs and gluon propagator
corrections). Mirror images of nonsymmetric graphs
are to be added.

ing to the general arguments of Sec. III D, I',
since it obeys a naive Ward identity, should be
'representable as

~.=I'. =
p. k

[~(P+q --k) -~(P+q)], (4.7)

dk'(2k'+ k)n

J k"(k+ k')'[(p+q+ k')'-M'] (4.8)

(We use the exact denominator for the fermion

where the Z's are one-loop fermion self-energies
except that the group-theoretic weight is omitted,
with an error small by at least one power of k or
q. We cannot prove this as we did in QED; indeed,
it is not true. We show this by calculating 1
directly. To begin, note that in the Feynman
gauge V ~, in (4.5) has three terms The la.st two
terms, - namely 2k~g ~

—2k~g ~, are antisymmetric
in P and A. , and when multiplied into the lowest-
order fermion vertices -p, p~ vanish identically.
These two terms can only contribute when multi-
plied into a fermion vertex of O(k or q), and yield
a contribution which actually is small by a power.
We can drop these two terms as nonleading not
only in the graph of Fig. 6, but in any graph.
Then I' has the value, up to an overall constant,

where

D=n, n,k'+a, c(p q+—k)'

+ c.,n, (p+ q)' —cx,M'. (4.li)

FIG. 6. The V part of the vertex insertion in Fig. 5(f).
The numbers indicate assignments of Feynman para-
meters in Eq. (4.10).

The numerator 1 —2&, may be written G, + Q3 o.2,
and the o.', term in (4.i0) is genuinely small by a
power of k compared to I' . The term a, —o.', is
not small by a power, but it does not have a pole
at p k= 0 either since D is, for all practical pur-
poses, a symmetric function under n, —n, when
p'k=0. The general argument attempted in con-
nection with (3.36) fails, and we are unable to ig-
nore the difference I', —I' as small by a power.
However, it turns out that 1" —1 does not con-
tribute a leading logarithm to the Green's function
G; we discuss this and other nonleading logarithms
shortly.

Now consider Fig. 5(c), which is an Abelian
graph except for the group-theoretic weight fac-
tor. This factor is C~(C~ -~C„) and the second
term comes from the vertex insertion. [In F"g.
5(f), the weight is & C~C„, with the 2C„coming
from the vertex insertion. ] The vertex insertion
of Fig. 5(c) is, by the analysis of Sec. IIID, cor-
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Explicit calculation of Fig. 7(a) (with an overall
weight of 4, to account for the mirror graph)
shows that the effective propagator & ~ can be
written in the form'

2x
(4.15)

(aj (bj g'-1+ —"C 1'(2 —-'d)(h')'" '+0(g')

(4.16)

(c)

FIG. 7. Topological structure of the graphs generated
by the A lines, or divergence parts, of the vertex [see
Eq. (4.4)]. Each of these graphs appears twice in 6,
thus the total weight of (a) is 4. The crossed line in (c)
is truncated.

rectly given by (4.7) with an error which is small
by a power. It follows that, to leading order of
logarithms, the sum of 5(c) and 5(f) is simply 5(c)
again but with a weight C~', plus whatever the
term in square brackets in (4.4) yields for 5(f).

These divergence parts are easily analyzed,
as far as leading logarithms are concerned. The
term h,'g ~ in (4.4) is dotted into a vertex M 'p~,
and yields an elementary Ward identity

k' 'P
x= S '(p+ q+ h') —S '(p+ q), (4.12)

where S is the eikonalized fermion propagator.
Similarly, the (h'+ h)sg ~ term is dotted into

xp~, and

(h'+ h 'p =S '(p+q+h') -S '(p+q —h). (4.13)

8

» g= -P(g). (4.14)

The divergence parts yield four terms, whose
topological structure is shown in Fig. 7. Figure
7(a) is a propagator correction, while Figs. 7(b)
and 7(c) are nonleading, as one finds by explicit
computation. So the A lines act, in leading order,
merely to correct the one-loop gluon self-energy.

Even without calculating anything, it is clear
what this gluon propagator correction must be. It
must change the gauge-dependent one-loop self-
energy to a gauge-invariant form, and the only
available object is the invariant charge g(h'), which
obeys the renormalization-group (RG) equation

and g is indeed the RG-invariant, gauge-invari-
ant running charge, to O(g'), obeying (4.14). The
omitted terms in (4.15) are gauge-dependent and
proportional to k k~; they come from the ordinary
gluon self-energy graph. Figure 7(a) must be
interpreted as contributing only to the g„~ part of
(4.15). The gauge-dependent longitudinal terms
generate nonleading contributions which are with-
out physical significance.

It remains to discuss graphs which are purely
corrections to the fermion propagator. The de-
tailed calculations are not terrib]. y interesting;
they are summarized by saying that the propaga-
tor (to fourth order) assumes an eikonal form
such as (3.18), except that the propagator D z is
replaced by & 6 as in (4.15) and (4.16).

So far the leading-logarithm results can be
- summarized as an eikonal expansion of precisely
the type (3.15)-(3.18), except that the combination
g'DN~(x -x') which occurs there is replaced by
g'C~& ~(x -x'). Later we shall see that certain
nonleading logarithms lead to a simple modifica-
tion, in which path-ordering is employed as in
(3.24), which accounts for nonleading logarithms
associated with crossed ladder graphs such as
Fig. 5(b).

B. Sixth and higher order

A full discussion would be inordinately lengthy.
The main point concerning leading logarithms can
be appreciated from the rule given earlier: The
only leading graphs are propagator and vertex
corrections to the ladder graphs. Consider a
graph such as shown in Fig. 8, where the blob is
a one-gluon irreducible. We do not impose one-
fermion irreducibility; to convert the blob into a
proper vertex correction we need only truncate
the external fermion legs, a procedure which we
save until the end. The explicitly shown three-
gluon vertex is decomposed just as before and the
V ~„part gives a vertex correction which obeys
the naive Ward identity. (Actually, in general one
must include four-gluon couplings in order that
the Ward identity be strictly true; we may assume
that those nonleading graphs are added to those
shown in Fig. 8.) This vertex part is expressed
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FIG. 8. General vertex insertion with a three-gluon
vertex. The dashed-line loop is a ghost loop, and the
blob is one-gluon irreducible but not one-fermion ir-
reducible.

in the form I' of (4.7) and is used to cancel some
fermion propagator corrections.

The remainder is the ~-line parts, which act
as divergences on the blob in Fig. 8. It is easy to
analyze these divergences in terms of the Ward
identities satisfied, not by the one-gluon-irredu-
cible blob, but by the complete blob as shown in
Fig. 9. ' The Ward identity for the complete
blob is shown schematically in Fig. 10; the dashed
lines are ghost lines with special vertex rules for
the outermost vertices which need not concern us.
From this we deduce the Ward identity for the one-
gluon-irreducible blob by using Fig. 9 and the
Ward identity for the three-gluon blob as shown in
Fig. 11. This is shown in Fig. 12.

The crux of the matter is that the only leading
graph in Fig. 12 is the one-gluon-reducible graph
12(d). Figures 12(a) and 12(b) are missing a fer-
mion denominator, as are Figs. 7(b) and 7(c); all
such graphs are nonleading by the leading-graph
rule. Figure 12(c) and its counterpart found by
taking the divergence on the k+ 0' line are exactly
canceled by the ghost-loop graph of Fig. 8." It
should be evident without calculation that graphs
of the type 12(d) correct the gluon propagator to
the form & z of (4.15), since the leading graphs
are gauge-invariant.

C. Nonleading graphs

Our purpose here is to show why the nonleading
graphs are nonleading, and to discuss the cancel-
lation of certain of the nonleading graphs.

The leading-graph rule, stated at the beginning
of this section, is based on the following consid-
eration. A graph can be leading only if at least

FIG. 10. Schematic depiction of the Ward identity
for the fu11 blob of Fig. 9. The gluon line whose diverg-
ence is taken is indicated by a double line.

one loop integration diverges (as the fermions go
on the mass shell) independently of the other loop
momenta. An example is the k loop in Fig. 5(c).
It is then necessary that, when this momentum k
is set equal to zero in all the other loops, at least
one other loop diverges independently of the re-
maining loop momenta. Finally if a sequence of
loop variables is found with these properties for
al/ loops, the graph is leading.

This explains in a general way why graphs with
a missing fermion denominator, such as Fig. 7(b),
or with four-gluon vertices, are nonleading: No
such sequence can be found. Figure 7(c) is spe-
cial: Here an external denominator is truncated.
Nevertheless such graphs are nonleading, as
shown by an analysis (which we omit) similar to
that given for the leading-graph rule in the second
paper of Ref, 1. Explicit calculation shows that
Fig. 7(c) has no logarithms at all.

Next we take up the difference I' —I" between
the vertex and' its Ward identity approximation as
given in (4.10). The k term generates graphs
with missing fermion denominators, which we have
already disposed of. The p„k'(p k) ' term effec-
tively substitutes a fermion line [propagator
(P ' k) '] for a gluon line, and a simple analysis
using the leading-graph rule as stated at the be-
ginning of this subsection shows that this term is
nonleading too.

It is still an open question whether the nonleading
graphs exactly cancel, as they do in QED. It
therefore seems worthwhile to point out some can-

(a) (bj

FIG. 9. Decomposition of the full blob into one-gluon
irreducible and reducible pieces.

FIG. 11. Ward identity for the three-gluon blob of
Fig. 9.
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(b)

I

(c)

FIG. 12. Ward identity for the one-gluon irreducible
blob.

2

F A

(a)

, CC(C, C}

(b)

cellations between nonleading graphs which could
be important. Some of these graphs are shown in
Fig. 13. [The crossed-H graph, such as 13(a) but
with one pair of gluon legs crossed, has group-
theoretic weight zero. ] Graphs of this type are
especially important to understand, because they
are not vertex or propagator corrections and
might not be expected to eikonalize. Just as we
discussed for graphs 5(c) and 5(b), the leading
part of 13(a) [of O(g'L')] precisely cancels part
of the weight factor for 13(b) and 13(c), leaving
them with weight &C~'C„. This is shown by, so to
speak, solving the Ward identities for each of the
graphs Now.graphs 13(b) and 13(c), with the same
weight as the vertex graphs in Fig. 14, combine with
them in just the right way to create an eikonal expan-
sion, without extraneous leftovers. A similar dis-
cussion could be given for the few remaining sixth-
order graphs which are not propagator or vertex cor-
rections to ladder graphs; it is a general property that
those pieces of graphs which satisfy naive Ward
identities sum to an eikonal form.

We are left with, among. other nonleading pieces,
the ~-line contributions. In part these lead to the
replacement of gluon propagators by the gauge-
invariant & z in nonleading graphs, such as
crossed ladders. However, there are many other
pieces left over about which we know nothing.
Individually, these pieces are not especially hard

p CC(C pC)

(c)

FIG. 13. Some nonleading sixth-order graphs. The
group-theoretic weights (=—1 for the Abelian theo'ry)
are shown below each graph.

to compute because it is not necessary to extract
nonleading logarithms from graphs with leading
logarithms; the nonleading pieces of leading
graphs can be isolated as in (4.10). But there are
many nonleading pieces and without a systematic
understanding of why cancellations take place,
there will not be much progress.

D. Summary

In summarizing in the eikonal formulas of this sec-
tion, we take the liberty of incorporating some
nonleading pieces into the sum of leading loga-
rithms, for no other reason than that it is for-
mally easy to write them down. Whether or not
these nonleading terms are the only ones is not
known.

The main results of this paper are the non-Abel-
ian analogs of (3.15)-(3.18):

trPP'
G(x| pi 0) - —

(2 )8
dS ds' dpdp' exp —ipx+is v'p -M —ip'y+is' v' 'p'-M -&g24'&g, 4.3.7

8'„(z)=
S S
d&t v„&(z —v~) — d7't'v'„6(z —v'7').

0

(4.18)

In (4.17), tr stands for the trace over the matrix space of the group generators t', of course, b z is the
gauge-invariant propagator (4.15). The propagator analog of (3.18) is

00

8"(x,x')=, ds dp exp[-ipx+is(v'P M) --,ig'g'(1)&—P(1)],(2v)' (4.19)

g'„(I)= d7 t'v„5(z —v7 ). (4.20)
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To express the sum of leading logarithms only, drop the path-ordering symbols in (4.17) and (4.]9), and
replace t' by Cz'~' in (4.18) and (4.20). Using (4.17)-(4.20) as they stand is equivalent to summing up all
ladders, crossed and uncrossed, with the gluon propagator replaced by & ~. The idea is that, in O(g'~)
in (4.17), one encounters multiple 7-ordered integrals of the type

S
g77' ~ ~ 0 ~ ~

1

/

d7'„8(7, —7,. )" 8(7', . —7) )( ~ ). (4.21)

By working out a few examples (such as the fourth-
order example in the Appendix) the reader will
see that the Nt identical terms in (4.21) which

correspond to the permutation

(4.22)
(2z22

give the contribution of the crossed-ladder graphs
in which the gluon vertices on one fermion line
are permuted with respect to those on the other
fermion line according to (4.22).

Of course, the point of worrying about nonleading
logarithms is that if & is sufficiently singular (say,
like q '), the crossed-ladder graphs will not be
appreciably less singular in (4.17) than the un-
crossed ones. Even so, it may be possible to ig-
nore the effect of path-ordering. A crossed graph
wiLL differ from an uncrossed one by some inte-
gral power of C~ '(C~ --,'C„)= -(N' —1) ' for the
spinor representation of SU(N). So even for SU(3),
as appropriate for QCD, crossed graphs are
small by powers of 8. This Large-Ã Limit has
been extensively exploited in two-dimensional
QCD 12-14

At this point there are doubtless many readers
who wonder why we do not use a ghost-free gauge
n A. =0, where the Ward identities are the naive
ones, to obviate the mess of A lines that we have
had to deal with. The answer is simply that it is
technically difficult to demonstrate that these
Ward identities can be "solved" as in (4.7), with
the remainder being nonleading (one hopes by a
power). The light cone n'= 0 suffers from the de-
fect that although the Feynman integrals involving
n are rather simple, "they contain certain singu-

larities which do not appear in covariant gauges.
These singularities are canceled by terms in the
axial gauge (n'40) which superficially appear to
vanish as n'-0, but actually have nonzero limits.
And Feynman integrals in the axial gauges are
tedious to compute. It is certainly worth consider-
able effort to overcome these difficulties because
of the conceptual simplicity of NAGT's which obey
naive Ward identities. For example, as we men-
tioned in the Introduction, it is a general conse-
quence of the naive Ward identities that the gluon
propagator has the form (1.1) or (4.15).

We have said little about propagators in this
section; Sec. V is devoted to an exploitation of
(4.19) in several circumstances where confinement
is expected to take place.

V. EIKONALIZED FERMION PROPAGATORS

In this section we apply the eikonal constructions
(3.18) or (4.19) (in the large-N limit) to (1) three-
dimensional QED; and (2) four-dimensional QCD
with the assumption that g'(k) - k ' for small k. We
indicate that the eikonal results are easily found
from the Dyson equation for S '(P), which becomes
linear with the approximation (4.7) for the ver-
tex. (We let p denote a fermion momentum near,
but not necessarily on, the mass shell. )

A. Three-dimensional QED

We know of few studies of this theory, and apolo-
gize to those who may have discovered these re-
sults before us for not referring to them; there is
nothing profound about them.

As we' and Polyakov" have said before, QED in
three dimensions ought to be a theory with con-
finement of fermions, leading to a particle spec-
trum of massive neutral positronium states plus
photons. The simplest argument is that the static
potential V(x) between a fermion and an antifer-
mion grows at large distances:

V(r) = 2n lnr, n =g'/4' (5.1)

C C
F A

FIG, 14. Some leading sixth-order graphs whose non-
leading parts eikonalize when added to the graphs of
Fig. 13 and other nonleading pieces.

The potential is not well defined until the x in the
logarithm is supplied with a scale, but changing
this scale length merely shifts the zero of energy
which is conventional in any case. There is, how-
ever, a physically relevant mass scale M, which
measures the masses of positronium states. In
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order to have an intuitive grasp of M, let us sup-
pose that o,M"'«1. We can think of M as the mass
of a single fermion (not, of course, an observ-
able), and the lowest-lying positronium states as
having mass - 2M+0(o.M ').

At large distances intuition based on nonrelativ-
istic concepts such as a potential must break
down, because the potential (5.1}becomes very
large, comparable to 2M. If a fermion and an
antifermion are pulled apart (by some external
means), there is a distance r ~ at which it becomes
energetically favorable for the vacuum to create
another fermion-antifermion pair. Equate the
potential (5.1) to 2M to find

y ~ eAE /af
S (5.2)

The exponential in & indicates a failure of per-
turbation theory. A similar scale of length was
found by Polyakov, "who studied QED without fer-
mions on a lattice in three dimensions; in our
case, M ' plays the role of the lattice spacing.
Polyakov's work introduced pseudoparticles into
field theory for the first time, and 't Hooft"
pointed out that for an Abelian gauge theory
pseudoparticles implied a mass for fermions, even
if the Lagrangian were chirally symmetric.

This connection can be seen on a more elemen-
tary level, simply by computing the one-loop con-
tribution to the fermion self-mass. This contri-
bution is infrared-divergent;. we regulate it by
introducing a small photon mass p, . Let the bare
fermion mass be zero, but look for the possibility
that the radiatively corrected mass M is not zero.
We find, assuming that M» p, ,

D (x)= "'(-x'+i&) '~~
4m

(5.5)

Evaluating the integrals in (3.18) yields the mo-
mentum-space propagator

ds exp[is(v ' p -M- o. 1ns)], (5.6)

where we have dropped some infinities which can
be incorporated into the scale of s in lns, and have
incorporated other terms into the mass M. This
expression shows quite clearly the complete
breakdown of perturbation theory: S"(p) in (5.6)
is an entire function of v' P -M, thus has no pole
at all when v'p=M. This, of course, is the hall-
mark of confinement. [The expansion of (5.6) to
any finite order of n does not yield an entire func-
tion. ] The eikonal approximation to any Green's
function factors in coordinate space, as for exam-
ple (3.20) does, with one factor of S"(x) for each
fermion line. Since these have no mass-shell sin-
gularities, all Green's functions decrease faster
than x under the kinematical conditions discus-
sed in Sec. II, and there are no asymptotic single-
ferrnion states.

Note that the potential V(r) appears directly in
(5.6), except that s replaces r Just .as changing
the scale of ~ in lnr shifted the zero point of ener-
gy, so changing the scale of s in (5.6) shifts the
mass scale. The quantity in parentheses in (5.6)
is invariant under s-Xs, M-M+ nlrb, or in
other words, se" is invariant under this change
of scale. This information can be conveyed in
the form of an RG equation

2MM=nln +finite terms as p-O.
jU,

(5.3)
(

B B ct~ * +3 Sci(x, o.', M)= n + (M+o. ) S' .
Bx BQ BM

and do not have double logarithms. Thus if +M '
«1 we may ignore the two-loop (and, presumably,
higher-order graphs) and solve (5.3) for p, :

2Me -N /e (5.4)

This shows that the effective photon mass (not
necessarily the mass of the physical photon) is
O(rz '), that is, exponentially small in a ', for
fixed M.

Let us now turn to the classical-eikonal formula
for the fermion propagator, given in (3.18). The
propagator D„„is, in the Feynman gauge,

M=O is not a possible solution, because the one-
loop mass term is not proportional to M.

We have calculated the two-loop contributions to
the mass. They are of the form

n' M- —ln—
M

(5 7)

One of the characteristics of this equation is the
invariant length n 'e, which is identified with
xz in (5.2) and which can be used to set an invari-
ant scale for s in (5.6). Equation (5.7} is actually
a form of the infrared-singular differential equa-
tions involving the operator pe/S p, introduced in
Ref. 1, where ]L(, is the effective photon mass as
in (5.4). There is no reason to identify p with the
actual photon mass, which as far as we can see
remains at zero. The effective photon mass must
be introduced only for infrared-singular objects
such as S", which are not observable; there are
no infrared singularities associated with the prop-
erties of physical states, which are neutral, con-
fined combinations of fermions and antifermions.

Three-dimensional QED is a good example of a
theory where perturbation-theoretic results such
as the cancellation between real- and virtual-in-
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frared singularities are inapplicable. " There are
no such singularities associated with real-photon
emission, since the matrix element for photon
emission from a neutral particle vanishes at zero

photon momentum. The absence of charged par-
ticles is of course nonperturbative, as evidenced
by the propagator (5.6), which is an entire func-
tion of v'p -M.

B. Four-dimensional QCD

We use the large No-r leading-logarithm version of the non-Abelian result (4.19}:

S"(p)- i ds exp[is(v p —M) —~ig'g'(1)&g'(1)], (5 6)

S S d4k
d7' d7', exp[-ik v(r —r')g'(k').

Q2
(5.9)

If we adopt the folklore that g'- k ' at small k,

g'= —m'/k', (5.10)

we find (as usual, dropping short-distance singu-
larities}

S"(p)= -&
00

ds exp is (v ' p -M)

S"(p)=r 'Zb '(M-v p)], -

e"t
z(W) =v-'" dt t-5''

(5.12)

(5.13)

m2CFS2 3(lns --,) .
4@2

(5.11)
In (5.10), the purely phenomenological parameter
m' is positive in order that g2 be positive for
spacelike k'. Just as for three-dimensional QED,
S"(p) is an entire function, with no mass-shell
singularities.

The results (5.6) and (5.11) hold in the Feynman
gauge. In a certain sense, S"(p) is entire in mo-
mentum space in most covariant gauges. How-
ever, it is always possible to find a gauge (e.g. ,
the Yennie gauge in QED) in which the infrared
singularities disappear in the p~opagato~, but
then they will reappear somewhere else. Thus in
d = 2 QCD, 't Hooft" uses a special gauge in which
the propagator has no singularities, but Einhorn'4
uses a slightly different gauge in which the propa-
gator is free. Nonetheless, both authors find the
same results for physical quantities. One may
also raise the question whether the exact S(p) in
the Feynman gauge is entire, when all that is
known is that S"(P) is entire. We will take up
this question in another publication.

The function in (5.11}is not a familiar one in
the literature, but if we replace lns in the expo-
nent by a constant value Ins, S"(p) becomes es-
sentially the complex error function, a function
widely known in plasma physics":

where y = (m/v)C~' '(lns ——,')' '. Actually, the
specification of Z(W) in (5.13) is not complete
without a prescription for the integration contour;
the usual formula of adding i& to M (or W) is not

consistent with the idea that a confined propagator
should have no imaginary part. A better c'choice

is to use the principal value which replaces
iexp[is(v 'p --M)] by sins(v p —M) in (5.11).
In what wouM usually be called the mass-shell

limit, v 'p —M -0, the principal-value propagator
not only is not singular but actually vanishes:

S"(P)„.~ „-—(M —v p).,

y

In the opposite limit

~v p-Mj »y, S"(p)-(v p-M)-'

(5.14)

the free propagator. Of course this limit is out-
side the bounds of validity of the approximation
(5.10), but it is consistent with asymptotic free-
dom. A better scheme is to use, instead of
(5.10), the correct function g for large k as well
as small k. Finally, the effects of anomalous di-
mensions coming from ultraviolet singularities
might correctly be given by multiplying (5.9}by
a factor familiar from studies of the BG equation,
exp[ J dg'p '(g')2y(g')], where y is the fermion
anomalous dimension.

Actually the conventional RG equation is not as
useful for studying infrared singularities as the
sort of equation proposed in Ref. 2, which is the
space-time version of the ps/8 p. equations of
Bef. 1. Using the approximation 1ns- lns again,
the Fourier transform of (5.11}obeys

x ~ —, + 3 S"(x) = ~,g~[(x ~ v)-']S"(x). (5.15)(
cl + —2

Here C~g'/2m' appears as an infrared-singular
anomalous dimension.

We have mentioned before that Pagels" has
studied an approximation to the fermion propaga-
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tor using (5.10); his results do not quite agree
with ours. Pagels's work is in momentum space,
and we now take up the question of eikonalized
propagators in momentum space.

C. The eikonalized Dyson equation

At first glance the eikonalized Dyson equation
for the propagator appears to be highly nonlinear:

I;(~-k,~)=f .'k[S'(f)-S '(~-k)],

coupled with the replacement of D 8 by &
~ [see

(4.15)], which accounts for the leading logarithms,
yields a linear integral equation

S(p)= „.
ilC~ dk, , [S(p —k) —S(p)] ["P- (2.) k' "

p k

(5.18)

Pagels" on the other hand, has used a more
drastic approximation to the Ward identity by ex-
panding (5.17) as

I';(f —k, f ) = I'(P, f )=f' (5.19).

which leads to a nonlinear Dyson equation.
The eikonal propagator (5.8) is a solution of

(5.18). To show this, integrate (5.8) by parts,
taking e'"" ~ ' as the factor to be integrated, and
using (5.9) to find the derivative of the remaining
factor. The result will be of the form (5.18). This
is the simplest demonstration of the equivalence
between the eikonal construction in space-time
and the momentum-space eikonal, which depends
heavily on the Ward identity "solutions" such as
(5.17). Equations similar to (5.18) hold for three-
and four-dimensional QED, giving the space-time
eikonal results. Linear Dyson equations can also
be derived for the vertices in (3.15) or (4.17) by
integrating by parts. We will not consider applica-
tions of the propagator (5.11) to hadronic physics
in this paper. Por some first steps in this direc-
tion, see Ref. 1j..

x S(p k)t'I"~(P k p)

(5.18)

where P„=Mv~+ a small momentum. But the Ward
'

identity "solution"

VI. SUMMARY ANB DISCUSSiON

The main point of this paper is displayed in
Eqs. (4.15)-(4.20): For the leading logarithms
of an NAGT, there is an eikonal structure like
that of the Abelian case except that in place of the
free gluon propagator g'D ~ the combination
g'Cz&N& appears, where g'&oz is constructed from
the invariant charge as in (4.15).

Unlike QED, where it is rather straightforward
to show that all the nonleading logarithms exactly
cancel, it is still an open question for NAGT's
whethex the nonleading logarithms all cancel.
Some of them —equivalent to crossed-ladder
graphs with modified gluon propagators —can be
summed up into a modified eikonal form as in
(4.17) and (4.19). Others can be subsummed into
the nonleading logarithms necessary to build-up
the eikonal structure. The fate of the rest is un-
known, and this question is of much more than
academic interest, if g'(q') is as singular for
small q as people commonly believe. Mere loga-
rithms are insignificant compared to the power
singularities which develop.

The reason that there are no nonleading loga-
rithms in QED is that the Ward identities can be
solved as in (3.33) or (3.37), with errors genuinely
small by a power of an infrared momentum q.
This is simple because of the eikonal identity
in (3.32) which works for fermion propagators.
Unfortunately neither this identity nor the naive
Ward identity holds for the gluon vertices in an
NAGT. It is possible to solve the Ward identities
(when one includes the &-line parts and ghost
loops, as in Sec. IV), but the error made is (bar-
ring cancellations) only small by a power of lnq.

It is clear that naive Ward identities play an
essential role in building up an eikonal structure.
This points unmistakaMy to the conceptual advan-
tages of the ghost-free gauges, where the A lines
are missing and it is automatic that the gluon
propagator has the form (4.15). But for purely
technical reasons it is not clear exactly how the
cancellation of noncovariant pieces goes, nor
whether the infrared approximation to the Ward
identities [e.g. , (4.7)] is valid up to nonleading
powers of q, as in @ED. We are currently inves-
tigating these problems of the ghost-free gauges.
Another possibly fruitful line of investigation,
which we have avoided in this paper, is the direct
investigation of the functional integral in (3.26).
In this way one sidesteps our detour into momen-
tum space and works directly in space-time.

We expect that any eikonal approximation to a
field theory will be expressed in terms of a clas-
sical action function for the massive particles
involved, and this is indeed so for NAGT's. In
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QED, the massive particles interact through a
kind of (relativistic) potential, and are fully de-
scribed with only the usual classical attributes of
momentum, mass, and charge. In the non-Abelian
case the potential (i.e., gluon exchange) can trans-
fer group charge, and it is necessary to intro-
duce a new classical degree of freedom P(s) with
its own equation of motion (3.29). It has not been
necessary to consider this phenomenon in detail
for the two-particle processes discussed here.
It should be relevant for three-quark states in
QCD.

The classical action for an NAGT is much more
singular than that for QED (assuming that g'-q ').
It may be that this action has something to do with
a string with fermions at the ends, and carrying
both transverse and longitudinal modes. Thj.s
classical action comes with its own prescription
for first quantization, based on the path integral
(3.11) (and its non-Abelian counterpart) for the
fermion propagator. We have shown in the Ap-
pendix that for two dimensions the classical action
is precisely that of a longitudinal string, in the
light-cone gauge.

Of course, in two dimensions confinement is
virtually automatic, given the singular nature of
the Coulomb potential. A somewhat less obvious
situation is three-dimensional QED, where we
have constructed the fermion propagator and found
that it has no singularities in momentum space.
This is a clear-cut signal for confinement of the
fermions. In four dimensions, although it is
possible to construct a phenomenological confined
fermion propagator, we can say nothing further
until more is known about g (q').

In earlier work" we found an apparently logical-
ly independent signal for confinement. This was
the exponential decrease of vertices describing
emission of soft gluons, even svitkout appealing
to the singularities of g. Since the resulting fail-
ure of real-gluon singularities to cancel virtual-
gluon singularities was nonperturbative, there
was no conflict with the perturbative calculations
of Ref. 22. We have not studied such vertices in
this paper, nor processes which do not involve
heavy particles. It is reasonable to guess that one
should replace (in effect) g by g in the earlier
works" dealing with these processes, but how
this really works for pure gluon graphs is not
known. If it were, we would probably know how to
calculate g.

APPENDIX: TWO-DIMENSIONAL QCD

This model was originally studied by 't Hooft"
in the large-N limit (N is the number of colors in
QCD), then by Callan et al."and Einhorn'~ in the

(A2)

with n'= 0. Choose q„= 2 '~'(I, 1); with the nota-
tion

v, = 2 '~'(v, + v, ) (As)

for any four-vector v, the gauge condition (A2) is
A =0. The orthogonal component A., is deter-
mined by

8 ~A, =-gg,

same limit, always in the light-cone gauge. The
ghost-free gauges are distinguished for two-di-
mensional QCD because the field strength tensor

(A1)

is linear in the potentials A„, just as in QED. One
can solve the field equations for the single non-
vanishing component of A'„and so express the
theory as one of potential interactions between fer-
mions.

In this appendix, we study a limited section of
the full theory, in which no pair-creation process-
es are allowed (e.g. , no closed fermion loops).
This sector, which fully illustrates the leading
infrared singularities, is purely a first-quantized
theory since no particle production of any kind
takes place. By using classical (eikonal) fermion
propagators we, show that the leading infrared
singularities yield a classical theory of strings
with longitudinal modes and quarks on the ends
(of course, expressed in the light-cone gauge for
the string action). No recourse to the large-N
limit is used. This theory is promoted to a first-
quantized theory by the path-integral prescriptions
of Sec. III for the fermion propagators; no indepen-
dent method of quantization should be introduced.
The limited sector which we study corresponds
to strings which do not break, and it will be an
interesting task for the future to study the cor-
respondence between independently conceived
string theories" "and QCD in the pair-produc-
tion sectors.

A two-dimensional NAGT is an exception to
nearly all the generalities of confjnement which
we raise for other dimensions. The fermion
propagator is free, the gluon "propagator" is
free, the light-cone gauge works, etc. There-
fore it may be illusory to make any generaliza-
tions (e.g. , four-dimensional QCD is a string
theory with longitudinal modes) to other situations.
The light-cone gauge works because there are no
three- or four-gluon couplings, and our experi-
ence is that only Feynman graphs with such cou-
plings are treacherous.

The light-cone gauge is partly specified by the
condition
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where J, is the quark color current. The gauge
is completely specified by choosing the param-
eters a, b in the solution to (A4):

A, (x) = -g d'y 5(x -y-)I~ lx+ y+ I
+a

+ b(x. —y, )}g (y). (A5)

The standard choice is a= b = 0, which we (and
Einhorn" and others) adopt. It is not the choice
of 't Hooft" and of Callan et a/. ,

"who considered
a limit where b became arbitrarily large. In mo-
mentum space, our choice corresponds to the
principal-part prescription

the quark-gluon vertex has a factor t' which is
the color matrix of the quarks.

Consider the one-|oop correction to the fermion
propagator. It has the value (no eikonal approxi-
mation is made)

2ig2C~~ d2k n'(p -k)
(2.) ('~)' I:(p -~)'-M'1

{A9)
According to the general rules" for integrating
(A9), b is replaced by P in each of the n-depen-
dent factors, resulting in Z(p) —=0. These rules
are ambiguous in two dimensions, because we en-
counter expressions of the type

1
=32 dX e(X)e"'"'", (AS) dE

( y)2 M21 (A10)

1

(n b)' dglyle inn a- (AI)

With a= b=0, the effective propagator (really
an instantaneous current-current interaction) is

(AS)

The Feynman rules are those of @ED, except that

that is, 0 && ~. Einhorn" has argued that &(p)
simply becomes a mass shift (independent of p)
so that the propagator still remains free. Clearly
Z(P) is a constant (possibly zero) for all rainbow
graphs.

Next consider the one-loop vertex correction
(Fig. 1). It has the value (dropping q, q' compared
to p, P' when this is permitted)

g2
(C, --.'C„)r„(n Q)'

dan 1 —n
*I.W (1- )P']'I. (1- )Q'-M'] (A11)

where Q =q -q'. We need not record the terms
-n„; they are annihilated by the propagator (AS).
Equation (A11) is found" by replacing the integra-
tion variable k by its shifted value, and this time
there is no ambiguity about applying the rules be-
cause there are two fermion denominators. Such
vertex corrections need not be saved in the large-
N limit [C~ ——,'C„= -(2N) '], but they are nonlead-
ing even without appealing to this limit. The
reason is that the (n Q)' factor in (A11) cancels
out the infrared-singular propagator which will be
joined to Fig. 1 in completing a graph for a physi-
cal process. As long as p, p' are near the mass
shell the integral (All) is O(Q') and nonleading by
two powers of x in coordinate space.

It is now easy to see that all the propagator and
vertex corrections which were previously rejected
by virtue of the large-N limit have nonleading
infrared singularities, down by powers of x (not
of Inx as in four dimensions). These corrections
are, so to speak, doubly small.

Now we can calculate the standard Green's func-
tion

G(x y e)=&0I &«(e)«x)&(y))
I

0& (A12)

for a colorless point source A(z). The results is

in the usual path-ordered eikonal form, with no
propagator or vertex corrections. First we give
the results using classical eikonal propagators,
assigning an orbit x„(s) to the quark and an orbit
y„(s') to the antiquark. The point source K(e) is
at the origin z =0. 6 turns out to be

G(x, y, 0) = -pp' ds ds'5(x -x(s))

x 5( y —y (s'))e', (A13)

8= -M dr(x')'i'-M dr s
( y 2)1 /2

S
—pg d7

S

d"I f-x y' Ix. -y, lb(x y.).

(A14)

In (A14) the argument of x is i, that of y is i', and
we have written the free action terms -Ms -Ms'
in a reparametrization-invariant form.

We show that the path-ordering PP' in (A13) can
be dropped, and Pt" replaced by C~ in (A14). The
proof will be given only for straight-line orbits
x=v7', y=e'7' but the result is more general; it
only depends on the velocities z,k' being forward
timelike, and on the single-valuedness of the
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classical paths. There are, in O(g'"},(N!}'dif-
ferent terms corresponding to the NIP order-
ings and N)P' orderings; only N t of these terms
are distinct, and they correspond to the distinct
ways of drawing a generalized ladder graph with
N rungs. Just as in four dimensions, all the
crossed ladder graphs are nonleading, but they
are nonleading by powers. This may be verified
directly by evaluating the Feynman-graph inte-
grals, or more instructively by evaluating the
integrals in (A14). In fourth-order, a typical
"crossed" ordering leads to the integral

S Tg s
dT~ dT2 dT2 de~5(V 7~ —V T~)

0 0 0

x 5(v r, —g'r', )( ~ ~ ),
(A15)

where the omitted factors are irrelevant. The 6
functions tell us that

V
7 ~ 7v'

I v
T ~ 72 1 2iv

(AI5)

For forward timelike vectors v„,v'„ it is always
the case that v„v,'& 0 and thus 7', & &', implies w,

But in (A15) only ~,& r, contributes, and

(A15) is zero.
In O(g'") there are¹!"uncrossed" orderings

which do not vanish; each one has a value (Nt ) '
times the Nth power of the g' term. Therefore
f'f" is replaced by Cz in (A14) and the path-or-
dering dropped.

It only remains to show that the integral in (14)
is the action for a string in the light-cone gauge. ""
In its general form the string action is

do d7.[(z z,)' -z, 'z, ']'", (A17)

with z(0=0, 7')=x(7), z(0'= F7'')=$(7) z =dz/d7
etc. The chosen gauge is z =f(7), for which

A= drf f dg~z,
~

0

d7 z g, (r) -y.(~)
~

(A18)

M„'=vg'C~n (n a large integer). (A19)

for the mesons.
We have not completed a study of baryon wave

function or of pair-production processes, which
will show how strings join and split. It is most
natural for the baryons to have a ~-shaped con-
figuration rather than a F-shaped configuration,
and Bars" has already discussed the &-shaped
baryon in the context of a specific string theory.
We will return to these questions at a later date.

(we assume that the string has no folds). An inte-
gration over the 5 function in (A14) yields the
same result. It is tempting to suppose that the
gauge-invariant eikonalized Green s function would
be directly expressed in terms of the action in
(A17), but we have not shown this.

The prescription for first-quantizing the theory
follows directly from the prescription (3.11) for
first-quantizing the eikonal propagator. One thus
derives Bethe-Salpeter equations for wave func-'
tions such as those already described. "" The
classical form (A14) yields, of course, the WKB
approximation to the wave functions and energy
levels, giving a linear asymptotic (mass)' spec-
trum" ' '~'
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