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The renormalization of the vacuum expectation value of the stress-energy tensor of a scalar field propagating
in a curved space-time with an arbitrary metric was discussed in a previous paper. A new regularization
scheme was introduced which employs a continuation in the dimensionality of space-time implemented with a
proper-time representation of the Green’s function. Here we present a more general formulation of this
method which clarifies its basic features and which explicitly displays the stress tensor as the metric functional
derivative of the one-loop action functional. We apply this more general formulation to both the scalar field
theory and to the electrodynamic, Maxwell theory. Although the trace of the stress tensor formally vanishes
both for the massless scalar field and for the Maxwell field, the trace of the renormalized vacuum expectation
value of the stress tensor does not vanish for either theory. These finite-trace anomalies cannot be removed by
adding a finite local counterterm into the Lagrange function. The anomalies are intimately related to the
infinite scalar counterterms that are needed to render the action finite.

L. INTRODUCTION AND SUMMARY

The vacuum expectation value of the stress-en-
ergy tensor! and the corresponding one-loop action
functional were studied in a previous paper? (which
we shall refer to as I) for the case of a scalar field
propagating in a space-time with an arbitrary met-
ric. A renormalization scheme was introduced in
that paper which employs a continuation in the
space-time dimensionality accomplished with the
use of a proper-time representation.?* This new
method is well defined and free of ambiguity.® It
yields an explicit stress-tensor trace anomaly of
the kind which Deser, Duff, and Isham® indicated
should exist. The previous work relied heavily on
DeWitt’s” explicit “WKB” construction of Schwing-
er’s® proper-time representation. Here we shall
present the theory in a more general, formal man-
ner. We need the WKB construction only to exhibit
functional dependence on the space-time dimen-~
sionality and for the explicit calculation of the re-
normalization counterterms and the anomalous
terms in the stress-tensor trace. This more for-
mal presentation clarifies the basic elements in
the dimensionally continued, proper-time renor-
malization scheme. Moreover, it exhibits the
vacuum expectation value of the stress tensor di-
rectly as the metric functional derivative of the
one-loop action functional. This necessary con-
nection, which guarantees that the stress tensor is
conserved, was not made clear in paper I. In the
present work, we shall apply the renormalization
scheme to the case of the electromagnetic, Max-~
well field as well as to the scalar field. The trace
of the stress tensor as calculated naively from
the Lagrange function appears quite differently in
these two cases. The Lagrange function for a

massless scalar field can be chosen so as to pro-
duce, naively, a traceless stress tensor in a
space-time of arbitrary dimensionality as a con-
sequence of the dynamical field equations. On the
other hand, the trace of the stress tensor of the
Maxwell field naively vanishes only in four dimen-
sions, and then it vanishes as a consequence of the
algebraic structure of the Lagrange function.
Nonetheless, our renormalization scheme gives
similar trace anomalies for these two theories.
We discuss the scalar theory in Sec. II. Although
this discussion clarifies the work of paper I, it
does not altogether supersede that paper which, in
addition to containing various deseriptive and cal-
culational details omitted here, carries out the
dimensional continuation with the Lagrange func-
tion chosen so that the naive stress-tensor trace
identity holds for arbitrary space-time dimension-
ality ». Here we fix the theory so that this identity,
Zuy T ==m® ¢?, (2.5)
holds only at n =4. We do this not only so as to
make the scalar case parallel more closely the
Maxwell case, but to simplify the theory, as was
already remarked upon in paper I. We show in
Sec. II that the one-loop action functional has the
dimensional-continuation limit in four dimensions

1
4-n

Wl(":‘l) = < +L4> j (@*x)V-g a(o)‘*'Wl("ﬂ ’

(2.45)

where the renormalized action functional W =%

possesses a well-defined proper-time representa-
tion. The infinite counterterm involves
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1 ;
&0 = 13y7 [ (Rumn R* M =Ry R 4R (i¥) +5m*].

(1.1.24)

(Here and subsequently we use equations with a
prefex I to label the corresponding equations in
paper 1) Note that although m2R is of the proper
scale dimension, it does not appear in the infinite
counterterm. In order to examine the structure of
the counterterm more closely, we note that the
Weyl tensor

C)\uxv =R )\uxv - %(5)\,<Ruv - 5)\1/ Ry, "'guKqu +Suy R)\K)
+6LR(6>\Kguu—5)\v g“K) (101)

is not altered by a conformal transformation of the
metric tensor,

Guv®)=1(x)2gy, (%) . 1.2)
Moreover, the quantity
G =Ry, R""**-4R,, R*"’ +R? (1.3)

is a topological scalar in the sense that its space-
time volume integral is invariant under any metric
variation,

6f(d“x)\/:§G=0. (1.4)

Expressing @© in terms of these quantities. gives

1
GO = '@;)T[i%(cuumc“")‘“ -10)

+%R.,f“+%m4]. (1.5)

The topological scalar G and the total derivative
R /¥ can be omitted from the infinite counterterm
since they do not contribute to its metric variation.
We see that the massless theory is renormalized
by an infinite counterterm containing the square of
the Weyl tensor. This counterterm is invariant
under a conformal transformation (1.2) of the met-
ric tensor. The massive theory requires a further
renormalization involving m* which corresponds to
an infinite renormalization of the cosmological
constant in the Einstein Lagrange function. The
renormalized action can be expressed as the
space-time volume integral of an effective, one-
loop Lagrangian,

wid= [ @)=z 248, (2.46)
with the effective Lagrangian written in a proper-
time representation,

- 1 . 9 )3
(=4 = 1 o(0) _ 1 2
£rd=1a an fo ids(lnk2is) <ais

x[e ™1 p(x,x;is)], (2.47)

where F(x,x;is) is a weight in the proper-time
representation of the scalar field Green’s function.
Here k is an arbitrary, auxiliary scale mass which
must be introduced in the dimensional-continuation
process so as to keep the integrand at a fixed scale
dimension appropriate to n =4 before the limit »
-4 is taken. A change in this scale mass produces
the proper-~time integral of a total derivative with
only the lower limit of the integration contributing.
Since

1 1 9 \2 2,
(i(°)=-———-<—.—> e ™ S F(x,x;is)
2 (4m)% \ais [ e ]s=o’

(1.1.24)

such a change is accounted for by a finite change
in the finite constant L, which appears in the in-
finite counterterm displayed in Eq. (2.45) quoted
above.® [The constant L, accounts for the deriva-
tive with respect to » of various dimensional-de-
pendent factors such as (47)™"/2.)

The vacuum expectation value of the stress-en-
ergy tensor is given by the variational derivative
of the action functional with respect to the metric
tensor. Thus, the proper-time representation of
the renormalized action yields the renormalized
stress-—tensor representation

(160 =5 o () T sis)

8=0
1
(4m)?

1
T4

" 2;6) (-2 Fuvgy . s
xj; ids (Ink zs)<ais> T"(x;is),

(2.52)

which is automatically conserved. The trace of
the stress-tensor weight can be obtained by com-
puting, with an operator technique, the effect of a
conformal transformation of the metric, Eq. (1.2),
and we find that

TH(x;is) guy(x) ==2Gs)%is -B—ZE(is)'ze"”z"sF(x,x;is)

(2.58)

When the right-hand side of this identity is put into
the proper-time integral for the renormalized
stress tensor, Eq. (2.52), one finds a quantity
which can be integrated by parts to get an integral
of a total derivative. This trivial integral yields
the counterterm scalar @° shown in Eq. (I.1.24)
plus a term that cancels the trace of the first term
on the right-hand side of Eq. (2.52). There re-
mains a proper-time integral which represents

the renormalized vacuum expectation value of the
square of the scalar field. Hence,

—2m2ise""2“F(x,x;is) .
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(T (1)) 9 g, () =GO (x) =m2(Pp2(x)) 72 .
(2.63)

This is the anomalous trace identity which violates
the naive expectation, Eq. (2.5). The anomaly®

@9 (x) cannot be removed by an additional renor-
malization with a local counterterm. On dimen-
sional grounds, such a counterterm would involve
only R op,5 R “8y8 R ,sR%®, and R?, or equivalent-
ly, the square of the Weyl tensor, Cp,s CB1%, the
topological scalar, G, and R®% Because of its con-
formal invariance, an action formed by the space-
time volume integral of the square of the Weyl
tensor yields a traceless stress tensor. The topo-
logical scalar produces a vanishing stress tensor.
Thus, only R? remains as a possible counterterm
with which the anomaly @ could be removed by an
additional renormalization. However, since under
an infinitesimal version of the conformal metric
transformation (1.2)

6(/=gR?) ==V-g 1201 /'R, (1.6)
we find that ‘

2 5 4 2
) o,y | @R

1 5 . .
" T2 i) f(d ) /=g R
=-12R /", (1.7

which obviously does not cancel the expression
(1.5) for @O

— |

£472 (x) = '(Tz)'{fz(x,x) __0417)2-% _F ids (Ink?is) (%)3[5“;1(96, x;4s) = 2F (x,x;4s)].

Again, a finite change in the auxiliary scale mass
x can be compensated for by a finite change in the
infinite constant that multiplies the counterterm
scalar @ . The proper-time integral now involves
the weight functions in the proper-time represen-
tations of the Green’s functions for both the vector
potential and the scalar “ghost” field. The term
involving f,(x,x) in Eq. (3.53) arises from a de-
rivative with respect to the dimension » acting on
the weight F¥,(x,x;és), a derivative that arises
when the residue of the dimensional pole 1/(4 -n)
is expanded in powers of (4 —#) and the limit n—~4
is taken. The proper-time weight F*,(x,x;és) for
the vector field gives an explicit » dependence be-
cause it has a term involving §", whose trace pro-
duces a factor of n. This is in contrast to the scal-
ar theory where the proper-time weight contains
no explicit dependence on the space-time dimen-
sionality #. [The terms in Egs. (2.47) and (2.52)

in addition to the proper-time integrals did not

The situation with regard to the Maxwell field is
discussed in Sec. III. The Maxwell Lagrange func-
tion must be supplemented by a gauge-fixing term
to make the Green’s function well defined. We do
this initially with an arbitrary “¢-gauge” fixing
term. Gauge invariance is restored with the addi-
tion of an anticommuting, scalar, massless “ghost”
field. We prove that the proper-time weight of the
one-loop action functional is not changed by a vari-
ation of the £ parameter. We then work entirely in
the £ =1 gauge as this simplifies the development.
We again have a renormalization of the action func-
tional with the structure exhibited in Eq. (2.45),
but with a different counterterm,

1,
@V = T (C TR agys R + R R

-3R2-TR %). (3.51)

This can be expressed in terms of the square of
the Weyl tensor (1.1) and the topological scalar
(1.3),

1 1 1 .
(2(1) = W(J__DC agyacaﬁya '—ngl—oc —I_OR ,a' a) .

(1.8)

Thus, since G andR ,'® can be discarded, the
counterterm is invariant under a conformal trans-
formation of the metric tensor. The action can be
written as the space-time volume integral of an
effective Lagrangian, with the Lagrangian ex-
pressed in a proper-time representation

(3.53)

T
come from a derivative with respect to n. They
were separated from the infinite counterterm so
that the trace identity (2.63) would be valid with-
out any additional finite renormalization.] We
have, explicitly,

== aBys _ 1 a
fz‘laoRaByaR 4 -moRasR 8

1 p2_ 1 o
+ 72R "'30R,oc’ ’

(3.49)

’

or

F2=35(CagysCO®° =3 6) + HR* =% R %
(1.9)

Although the contribution of f, in Eq. (3.53) could
be removed by a finite renormalization, this would
spoil the conformal invariance of the counterterm.
The renormalized stress-tensor for the Maxwell
field satisfies a proper-time representation of the
same form as that for the scalar field given in Eq.
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(2.52) above. The ghost field contributes an effec-
tive total proper-time derivative which could be
deleted without altering the renormalized stress
tensor. The ghost field contribution to the action
functional, however, must be retained. We see
that the ghost field plays the role of an integrating
factor in constructing the action from its vari-

ational derivative, the stress tensor. Moreover,
the ghost field contribution to the stress-tensor
proper-time weight must be retained if this weight
is to be conserved. The trace of the renormalized
stress tensor can be computed in a manner parallel
to that used in the scalar field case discussed
above. We find the anomalous trace identity

- 1 2 5
Ly (n=9 e —_— —_ 4 -
<T (x)>ren g].ly(x) G (x) (417)2 [_g(x)]l/zguv(x) 5guy(X) f (d X)Fg—fz. (3.69)
As remarked before, the metric derivative con- _ n=2 '
tribution could be omitted if a finite counterterm = 2= - (2.6)

were introduced which is not conformally invari-
ant. Using Egs. (1.9) and (1.7), we can write Eq.
(3.69) as

(T (@)Y=, (x) =G (x) + ”(Z}rT LR ).
(1.10)

Since G (x) contains terms other thanR ¥, it
cannot be removed by the addition of a local coun-
terterm.*®

Appendix A describes the connection of the scal-
ar field stress-tensor weight 7""(x;is) to the
Green’s function weight F(x,x;is) and discusses the
relationship of the weight T"”(x;4s) to that used in
paper I. Appendix B contains some technical de-
tails on the proper-time construction of the vector
field Green’s function. Appendix C describes the
connection of the Maxwell field stress-tensor
weight with the vector and “ghost” Green’s func-
tion weights.

II. SCALAR FIELD
The scalar field Lagrange function
==30,u0" = 3ERY% ~ zm°¢’ (2.1)
yields the field equation
—¢‘"’“+(§R +m?)¢ =0 2.2)
and the stress tensor
T =¢ " —3g" ¢ 9% — 38" m?p?
+E[GM 924" (6%) o0 = (7)1 7], (2.9)
where
G' =RFY -1 g"'R (2.4)
is the Einstein tensor. As shown in paper I, the
trace of the stress tensor obeys the formal iden-
tity
. Sup THY =—=m?p? (2.5)

for a space-time of arbitrary dimensionality n if
the parameter £ is given by

The parameter ¢ was held to the functional depen-
dence on # given by Eq. (2.6) for the most part in
paper I so as to maintain the formal trace identity
(2.5) throughout the dimensional continuation in-
volved in the renormalization process. However,
as was already remarked in I, the dimensional .
continuation process is simplified if ¢ is held fast
at its limiting value and not treated as a continuous
function of ». With this prescription, the formal
trace identity (2.5) is violated except at the limit
when # takes on its physical value. Nonetheless,
as shown in I, this prescription does yield the
proper renormalized stress tensor. In the present
work we shall consider only the dimensional con-
tinuation to our space-time of » =4 and keep

g:-;— (2.7)

fixed appropriate to this dimensionality. In addi-
tion to being the simpler method, it is also akin to
the case of the Maxwell field where the stress ten-
sor is traceless only at#n =4.

We shall need the Green’s function

Glr,x") =T (p(¥)p(x"))) , (2.8)
which obeys
[-a,V=gg"’a, +/=g (3R +m?)]G(x,x’) =6(x —x'),

(2.9)

or, in an operator notation,

G lc=1, (2.10)
It is convenient to introduce

Gla,x') =[~g ()]G (x, x7) [-g (/)] /2 (2.11)

because it is a biscalar density which, under a
coordinate transformation, transforms in the same
way as does the scalar product

() x? =60 —x"). (2.12)
Now, on going to the operator notation

Glx,x)={x|Glx?, (2.13)
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we have
(2.14)

where the inverse operator H has the coordinate
representation

HG=1,

H==(=g)""*3,(-g)"?g"" 8,(-g)/* + §R +m®.

(2.15)

The proper-time representation is obtained by
writing

G=p~'= f ids e™isH, @.16)
0
so that
c‘(x,x')=f ids(x,s|x",0), 2.17)

0

where the proper-time-dependent transformation
function is given by

(e, s]xr,0) = (x| e8| x7) .

This representation tacitly assumes that the real
mass parameter m? is considered as the limit of a
complex mass, m3-+m?3(1 —ie), e~0* or (as is
needed in the zero-mass case) that an analytic

(2.18)

)

(x,s|x,0) = (T,n?sw[—g(x)]‘/%”z(x,x’) [~g ()" F(x,x’;is) exp [—M—mziﬂ .

All the functions which appear here are symmetri-
cal under the interchange of x and x’. The biscalar
o(x,x’), the “world function,” is equal to one-half
of the square of the distance along the geodesic
between x and x’. It may be defined locally by a
differential equation of the Hamilton-Jacobi form

0,;1‘7'”=20: (2.22)

and the coincident coordinate boundary conditions

x=x': 0=0=¢ =0 (2.23)

and
(2.24)

Here we use a suffix to denote a derivative with
respect to the variable x, and a primed suffix to
denote a derivative with respect to x’. Note that
o(x,x’) has no explicit dependence on the space-
time dimensionality n. The biscalar A'2(x,x’) may
be defined in terms of the Van Vleck determinant

[ ()]2A (6, 57) [-g (6")]*/2 = —det[~o v, %)],
(2.25)

which shows that it also carries no explicit de-

pendence on the dimensionality ». Using Eq. (2.24),

we see that this defintion implies the coincident co-
ordinate limit

X=X"0 0 pw T8y =0, v

continuation can be performed so that the inte-
grand in Eq. (2.17) vanishes rapidly as s—+«. The
representation yields a vacuum expectation value
of the time-ordered product of two scalar field
operators. If the metric tensor can be expanded
about the Minkowski metric with space-time as-
ymptotically flat, it yields the value in the vacuum
state characterized by vanishing asymptotic energy
and momentum.,

The transformation function (2.18) obeys the
“Schrodinger ” equation

—-ﬁ.—(x,slx',0> =g {x,s|x’,0), (2.19)
ais
with the boundary condition
s=0: {x,s|x’,0)~(x|x" =6(x —x'). (2.20)

For the construction of the stress tensor and ac-
tion functional by means of the dimensional-con-
tinuation method, we will need the short-distance
limit of the transformation function for arbitrary
space-time dimensionality », with its analytic
character in the proper time s displayed explicitly
for small s. These requirements are met by the
WKB construction

%s (2.21)

AY2(x,x) =1. (2.26)
To derive the differential equation obeyed by A/,
we first differentiate the “Hamilton-Jacobi” equa-
tion for the world function with respect to x and x’:
O',a'ﬁl =(0"uguy),a0"u’ g’ +O‘,pguy3,,0',a'ﬁ, .
(2.27)

We then contract this equation with the inverse of
the matrix ¢ , g, and use the variational formula

5 IndetX =trx~6X (2.28)
to secure
n=0 .&""),
+0 4 g"" 9, In[~det(=0 4,5:)]. (2.29)

Writing the determinant scalar density in terms
of the biscalar A2 enables the ordinary deriva-
tives above to combine into covariant derivatives,
and we get

nA1/2=A1/20,‘,’" +2A1/2,u0'"- (2.30)
The biscalar A2 could have been defined simply as
the solution to this differential equation with the
boundary condition given by Eq. (2.26). This would,
however, have obscured the fact that A'”2 contains
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no explicit n dependence. We can now substitute
the WKB structure (2.21) into the Schrddinger
equation (2.19) and use the differential equations
(2.22) and (2.30) obeyed by ¢ and A'/? to derive the
weight function equation

OF 1

1 1 .
-——=5RF +i—sc"‘F u—zl—/;(Al/zF),u’”.

(2.31)

The factor i(4ris)~"/? in the WKB construction
(2.21) has been chosen so that it yields a repre-
sentation of the §-function boundary condition (2.20)
for small s or, equivalently, by the condition that
the Green’s function approach the flat-space
Green’s function in a short-distance limit taken in
a locally flat frame as done in paper I. This de-
termines F(x, x;0)=1. The s- 0 limit of Eq. (2.31)
requires that F(x, x’; 0) is a constant. Hence

F(x,x’;0)=1. (2.32)

The differential equation (2.31) and the boundary
condition (2.32) for the weight F make no reference
to the space-time dimensionality », and F has no
explicit dependence on n. The only explicit depen-
dence on # in the WKB construction (2.21) appears
in the overall factor of (4mis)~"/2,

The one-loop action functional W,[g,,] has the
formal (divergent) definition

W,=%iInDetG™?, (2.33)
or the variational equivalent
oW, =%i TrGo6G™*, (2.34)

with the boundary condition that W, vanish in flat
space-time. Recalling the definitions (2.11) and
(2.14) of G and its inverse H, and using the proper-
time representation (2.16) gives

oW, =1i f ids Tre™**#{oH +[6 In(-g)1H
o

+Hi[6In(~g)]}. (2.35)

Using the cyclic symmetry of the trace, the two
terms involving the variation of the determinant
of the metric tensor g can be expressed as the
proper-time integral of a total derivative, an inte-
gral that vanishes in the dimensional-regulariza-
tion scheme:

—%if ids ——Tre™**71[5 In(-g)] =0.
0

s (2.36)

[A formal evaluation of these terms would give
~TrGH6 In(-g)~5" (0) [(d"x) 6 In(=g) which would
be deleted by a partial renormalization.] The vari-
ational relation (2.35) for the one-loop action func-
tional can be integrated to give the formal expres-
sion

Wﬁ—éif 1S rpgmisH (2.37)
b iS
or

W= f(d"x)f-—gsl. (2.38)

where the one-loop effective Lagrangian £, is
given by

= - i ® _Zfii -isH
£1 2/_g L 7:5 xle |x>

1 1 © __ids m2i .
=‘2— (477)"/2 L (is)l+"/2 e mz;sF(x,x;zs),
(2.39)

with the last equality following from the WKB con-
struction (2.21).

The renormalized action is obtained by a continu-
ation in the dimension #. This is accomplished by
exhibiting the explicit » dependence in the proper-
time representation,

Tre~isH = (4mis) ™" 2w (is) , (2.40)

and by observing that the weight w(s) is finite and
differentiable at s =0. We begin the dimensional
continuation to » =4 from sufficiently small values
of n so that three integrations by parts can be per-
formed with no contribution from the s =0 end
point,

1 2 1 1
)y Tn=1 In-2

We now introduce an arbitrary, auxiliary scale
mass k so that the weight w (is) keeps a fixed scale
dimension appropriate to » =4. This is effected by
the replacement

1 _ 1
(is)"/z"z (Kzis)n/z-z

1
Wl:? (

(2.41)

~1=(}n-2)Ink?is

(2.42)

in the integrand above. After integrating the total
derivative contribution, we can pass to the n—4
limit and obtain

- 1 1 1 3\
W{"‘4)= <4—__7,:-+L4 +%> —Z—W (%) w(is)
1 1 6_[<_8_>2 @s) }
2 (@n)? an L\ais/ U, e

G f " ids(Ink?is) (‘é%g>3w(is), (2.43)

$=0

where
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Li=t+2In(4n)yr (2.44)
on ned
The term with the factor [1/(4 -n) +L,+1] diverges
in the n—~4 limit. As we shall soon see, this term
involves the space-time volume integral of quan-
tities that depend locally upon the metric tensor.
Hence this infinite term can be discarded if an in-
finite but local counterterm is added to the La-
grange function, and a finite, renormalized effec-
tive action is secured. Note that a change in the
arbitrary, auxiliary scale mass k—«k’ is accomo-
dated by a finite change in the infinite counterterm
involving L,~L,+In(k’/k). The weight w(is) has no
explicit dependence on the dimensionality » and the
dimensional derivative term in Eq. (2.43) vanishes.
We have displayed this potential contribution in Eq.
(2.43) so as to record a result of general validity
which will be needed below.

We can write the action W, as the space-time
volume integral (2.38) of the effective Lagrangian
£,, and write the Lagrangian £, in terms [Eq.
(2.39)] of the proper-time weight F(x,x’;is) of the
Green’s function. As shown in paper I, the weight
F(x,x’;is) can be expanded in a double power ser-
ies in (x —x’) and s, with the coefficients deter-
mined by the differential equation (2.31) obeyed by
Flx, x"is), to determine

@0 = 5 (4;)2 (—5;) [e=m%is F(x, x;is)]

1
- (4n)?

$=0

1 .
[f55(Ruvrc R*" M =Ry, RPV 4R )+ 5m?].

(1.1.24)

Thus the dimensional-continuation 11m1t (2.43) can
be written as

- 1 -
Wl‘"—‘”=<4_n +L4> f (@ x) V=g @9 +w 2,

(2.45)

where the renormalized one-loop action is given by

wid= [ @z e, (2.46)
with
eg-1p0__ 1 1 f " ids (Ink?1s) l>3
Tren 4 (4m)? * J, 9is
X[e ™S F(x,x;is)].  (2.47)

Here a term 2@© has been placed in the renor-
malized Lagrangian which could have been included
in the infinite counterterm. We have made this
separation so as to make the numerical factor
[1/(e - 4) +L,] in the counterterm correspond to
that which appears in the renormalization of a field

with a scale dimension of mass squared (where
the counterterm involves not the second but the
first proper-time derivative of a weight function).
We have done this so that the trace of the counter-
term is precisely —m? times the counterterm of
the vacuum expectation value of ¢?—so that the
formal trace identity (2.5) holds for the two coun-
terterms.

We' turn now to the renormalization of the stress-
energy tensor. Since the stress tensor is formally
defined in terms of the metric variation of the field
action, which can be written as the operator scalar
product

Jaravge=-1s,67), (2.48)
we have the formal identities
-1
. 5G™!
=i TrG “Ggpv(x)
-9 0
=2 5g,,,,(x)W1' (2.49)
Accordingly, if we define
N i) gD .
[=g @) M2 THY (x;is) 2__5g,“,(x)w(zs)’ (2.50)

the dimensional-continuation limit (2.43) yields
immediately the proper-time representation of the
renormalized stress-energy tensor,

<Tnu(x)>(n=4) = <4 17‘ +L4) —(4;7 —é—(azs) TH(x;1s)

=0
+{T" (x))0=? | (2.51)
with
11
T4 (4n)?

f ids(Ink? zs)( >T’“’(x,zs)
° (2.52)

This exhibits the renormalized stress tensor as
the metric tensor variational derivative of the re-
normalized one-loop action. Since the weight w (is)
is a functional of the metric tensor oas(x) which
is invariant under general coordinate transforma-
tions, the definition (2.50) implies that the stress-

tensor proper-time weight is conserved,
T"(x;is),,=0. (2.53)

Hence, the proper-time representation (2.52)
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yields a conserved renormalized stress tensor.

To compute the trace of the stress tensor, we
note that with n =4, the operator H, which has the
coordinate representation

H ==(=g)"*0,(=g)2g"" 5, (=g) "4+ ¥R + m?,
(2.15)

transforms simply under a space-time-dependent
conformal transformation of the metric tensor,

Lap®)=r(x)2g 45 (x) . (2.54)

The terms involving derivatives of A arising from
the gradient operators in Eq. (2.15) are canceled
by terms involving derivatives of A which are pro-
duced by the transformation of SLR , and we have
the operator transformation law

H[Agogl =2 H[ g o] A"t =m?(\"2=1).  (2.55)
Now
2 MY (s o — 5 .
[-—g(x)]l/ T"(x;is) =2 W(ZS) , (2.50)
with
Tre™is? =i (4mis)~2w(@is) , (2.40)

-

0 Y rug.;
<3i3> T" (x;is) guy(x) - .

and
ais 9is ais | \ais

Using these results and the integral

fw ids (Ink2is) —ai?is *a%f(?s) =£(0),

9 2 :
=—4m? 3is€ miES B (x,x31S)

which give
OH
quv(x) ’
(2.56)

[=g @®)]Y2 T " (x;is) =i(4mis)?is Tre™*s# 2

Hence
[ @0 g P2 T 5i5) g, ) 006)

=—i(4mis)?is Tre *?(6NH +HON ~m2250) .
(2.517)

The cyclic symmetry of the trace enables the first
factor of H to be placed adjacent to e~#s# so that
the two terms which involve a factor of # can be
expressed in terms of a proper-time derivative
acting on e~#*#, We can now make use of the WKB
construction exhibited in Egs. (2.18) and (2.21) to
secure

T" (x;i8)guy () ==2@s)?is a—az.g(is)“ze'mzisF(x,x;is)

-2m2ise ™IS F(x,x;is).  (2.58)

This gives

(2.59)

§=0

3 2 2
(-Q'-) T"(x;48)guy(x) ==2 2_is —L[(j—) +m? ?al.—s-]e'"'z“F(x,x;is) -4m2<—a—> e~ is F(x,x;4s) .

9is
(2.60)

(2.61)

the trace of the renormalized stress-tensor proper-time representation (2.52) is now easily calculated:

vy 11 (e
(T (x)>(ren4)gﬂu(x)— 2 (4m)? <8i8

2
) e~ i F(x, x;is)

§=0

1 2
+m2Wf ids(lmczis)<—:i—s> e~ ™IS F(x,x;is) . (2.62)
A ‘

The first quantity which appears here is precisely
the scalar @© displayed in Eq. (I.1.24) which oc-
curs in the infinite counterterm needed to renor-
malize the one-loop action, Eq. (2.45). The re-
maining integral is easily seen to be the dimen-
sionally continued, proper-time representation for
the renormalized vacuum expectation value of the
square of the scalar field. Thus

(T ()0, (6) = @O (1) —m(%(x)) 2. (2.63)

—

This is the trace anomaly: The trace of the re-
normalized stress tensor does not obey the formal
identity (2.5) which would delete the anomalous
term @@ (x). The anomaly @@ (x) cannot be re-
moved by putting a local counterterm into the La-
grange function. [It should be mentioned that the
trace of the infinite counterterm needed to renor-
malize the stress tensor given in Eq. (2.51) is
easily shown to be exactly the infinite counterterm
which renormalizes (¢?).]
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The stress-tensor weight 7"”(x;4s) can be ex-
pressed in terms of the Green’s function weight
F(x,x’;is). This is done in Appendix A. The
weight T"”(x;is) used in the present work differs
from the weight 7""(x;is) used in paper I by a fac-
tor of ¢~m?is and, more importantly, by the addi-
tion of a quantity that is effectively a total proper-
time derivative. This effective total derivative
does not alter (7"”) but interchanges the roles of
divergence and trace in the two weights. Thus, the
divergence of the new weight T"”(x;4s) vanishes
and its trace for the massless theory is an effec-
tive total derivative, while the trace of the old
weight vanishes for the massless theory and its
divergence is an effective total derivative.

III. MAXWELL FIELD

We turn now to apply our proper-time, dimen-~
sional-continuation method to the one-loop action
functional and stress-tensor vacuum expectation
value of a massless vector field, the electromag-
netic Maxwell field. A term that fixes the gauge
must be included in the Lagrange function so as to
make the Green’s function, and the one-loop action
which involves the determinant of this Green’s
function, nonsingular. We shall initially use an
arbitrary “¢-gauge-fixing term.” (Since the letter
¢ has already been used for an important param-
eter, we shall denote the gauge-fixing parameter
by £.) Gauge invariance is restored by adjoining
a massless ghost field to the Lagrange function,

1
£=_%Fquuv"Ec—(Au;p)Z-prx’p. (3.1)

Here y is the non-Hermitian, ahticommuting, scal-
ar ghost field and

Fuy=Apy—Ay.n=Ay,, ~Ay p- (3.2)
The Lagrange function yields the field equations
1
Fuu;v"'sz;u:“:O’ (3‘3)
x'u;uzo, (3.4)

and the stress-energy tensor

TIJV =F“)\F”}\ —- %gquaB FD(B

1
+?{guv[%(Ax;)\)th)\:)\’KAx]

—AN A =N,

+xM e et =g x e M. (3.9)

We shall need the Green’s functions

O e (x,x7) =GT (Aulx) A (x')))
=[~g ()] O e (e, x7) [-g (67)] 14
(3.6)
and
Glr,x') =GT (x(x) x" (x)))
=[-g ()]G 0, %) [-g )], (3.7)
which we shall express in terms of operators
(C)Q'u“, (x,x’) =(x, ,u| (:)(_;' l %, I-L'> (3.8)
and
Glx,x") =(x| Gl x") . (3.9)

Here we have used a suffix (¢) in order to indicate
explicitly that the vector-field Green’s function is
calculated in a gauge fixed by the ¢ parameter.
Note that the vector-field Green’s function is writ-
ten as a mixed tensor with one upper and one lower
index so that contractions with these indices can
be treated as ordinary matrix multiplication. The
inhomogeneous Green’s function equations now ap-
pear as the simple operator statements

r®6=1 (3.10)
and
* HG=1. (3.11)
Here of course »

(x| 1 x7) = (x| x) =5(x =x") , (3.12)
while with our index convention

CAN B | EINTOEY RN P2

=56",6(¢ —x). (3.13)

The differential operator representations of the
operators (g)g and # are obtained easily by writing
out the Lagrange function (3.1) in terms of ordin-
ary derivatives and then identifying the field equa-
tions:

“’_}il”,, = —(—g)'l/"aa(g")‘g"‘ﬂ _guegoo\)
X(=g) 28 4(=g) " gy,
-%(—g)‘“g“ax(—g)“/ "o (=gl
(3.14)
H ==(=g)""*0,4(-g)"?g*Pa (~g) ™"/, (3.15)

Since (g''g®*® —g"Bg ™) is antisymmetrical in
both the index pairs (u, o) and (A,8), we have the
divergence conditions )

(mg)™ /45, (~g) 4 Oph, = giH(—g)-V‘*au(—g)*/‘*
‘ (3.162)
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- and
1
©Oft, " M—g) Y40, (—g) 1A= ?g”*(—g)”“

X, (=g)"*y .
(3.17a)

We introduce a symbol D which is represented
with the appropriate factors of (—g)*'/* and g"? ac-
cording to where it appears so that these diver-
gence conditions can be written in a simple oper-
ator form

1
D ®g= ZHD (3.16b)

and

1
®Hp = ek (3.17b)
The dependence of ©®F on the gauge-fixing param-
eter ¢ is also simply expressed in terms of these
D symbols. The ¢ variation of Eq. (3.14) gives, in
operator notation,

5 ®p = —§§DD , (3.18)

where the D which stands on the left in this equa-
tion is identical to the D operation which appears
on the left-hand side of Eq. (3.17b), while the D
which stands on the right in this equation is iden-
tical to the D operation which appears on the left-
hand side of Eq. (3.16b). Thus, for example,

Ops Op = —S-E-DHD ) (3.19)

where the D symbols on the right-hand side of this
equation are represented by the quantities on the
right-hand sides of Eqs. (3.16a) and (3.17a). We
shall need a final property of the D symbols. K
we have the operator trace (including index sum-
mation) of an expression of the type illustrated in
Eq. (3.19), we can move the D symbol on the right
to the extreme left by using the cyclic symmetry
of the trace, and the index summation contained in
the trace tHen produces

Di=-I. (3.20)

With these notational developments in hand, we
can now turn to discuss the one-loop action func-
tional for the Maxwell field system which has the
formal representation

W,=%iInDet®G=! - InDetG™* . (3.21)

Here the ghost contribution appears with a relative
factor of 2 and the opposite sign because the non-
Hermitian ghost field is equivalent to two Hermi-
tian, anticommuting fields. A metric variation
gives

oW, =%i Tr ©Gs ¥~ —i TrGsG ™, (3.22)

where the first trace includes a diagonal sum over
tensor indices as well as the diagonal coordinate
integration. We proceed exactly as in the develop-
ment used in the scalar field case, Egs. (2.34) to
(2.37). We write the Green’s functions G and G in
terms of the operators Q and G and then represent
these operators by an exponential proper-time in-
tegral. Since

G~ = (=) H (—g) (3.23)

. and

((Q)Q-l)uu' = (—g)l/" (C)_{I”,,g"“' (—g)1/4 , (3.24)

the variations 6¥G™! and 6G ™! involve variations
of (-g)/* and g"* in addition to 6 ©®H and 6H. How-
ever, the variations of (~-g)'/* and g"* appear as
proper-time total derivatives [cf. Eq. (2.36)] and
they give a vanishing contribution in the dimen-
sional-regularization scheme. The proper-time
representation of the variational formula (3.22)
may now be integrated to get the formal expres-
sion

Wy=—

-

. [ ids i ©)
Zf —-.c—l—-Tre 1s()ﬁ.v
b IS

+z'f 188 o g-ish (3.25)
o IS

We can now show that the action is independent
of the gauge-fixing parameter ¢. Using Eq. (3.18)
we have

5W, = %ﬁ—gi f ids Tre~*“ i pp . (3.26)
0
Expanding the exponential in a power series and
using Eq. (3.17b) repeatedly gives

e-*s‘C’ED:De“‘s/‘)”-‘ (3.27)

The cyclic symmetry of the trace can now be ex-
ploited to place the D symbol on the extreme right-
hand side in Eq. (3.26) over to the left where, in
view of Eq. (3.27), it becomes contracted with the
other D symbol to produce —H [Eq. (3.20)]. Thus

5W1=_—5§£%if id(s/t) TrHe i6/9#
o

- =1 ° ; ’ 9 -is'H
¢ zzfo tds s’ Tre
=0. (3.28)

Since we have now proved that the action is in-
dependent of £, we shall henceforth restrict our
development to case ¢ =1 which will simplify our
work, and we shall omit the suffix (¢). With =1,
two of the derivatives in the operator H displayed
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in Eq. (3.14) cancel one another except for the the mass m should be taken to vanish and the scal-

order in which they operate. Hence, with {=1, ar curvature term 1R should be omitted from Eq.
H has the coordinate representation (2.31). The vector-field transformation function
HY = _(—o)1/4g ghrs0B(_5)1/29 (_5)1/4 R" . ‘ i
a-y (-2) . &g *(-g) 5(-g) g, + RY, (x, P",slx', !, 0)=(x, u’e-ts_i_llx;’ u) (3.30)
(3.29)

To proceed with our renormalization method, we obeys the Schrodinger equation

need WKB constructions for the vector and scalar
ghost field proper-time transformation functions.
The ghost field transformation function is essen-

9
_31—'S<x’ My S 'x,! “’" 0>=§”u<x, v, s Ix” “": 0)

tially identical to that described in Eqs. (2.18) (3.31)
through (2.32) in the preceding section except that and has the WKB construction
i . o(x, x’
oty 13, W, 0) =g I A2, ) g G B, ' ) e [ T2 (3.32)

Inserting this construction into the Schrddinger equation (3.31) with H*, given by Eq. (3.29) yields, on taking
account of Egs. (2.22) and (2.30), the weight equation

) ’ 1 1 .
~greF = R F 0 FY L~ (MVFFR ) (3.33)

The weight function E”u,(x, x';is) is regularat s=0 with the coincident coordinate limit

F¥ . (x, x5 0)=08" . (3.34)
required by the boundary condition

s=0: (x, 1y, pwy0) =6 ,.6(x —x). (3.35)
Hence, the s=0 limit of the weight equation (3.33) requires that

o} (x, x")F* . (x, x5 0),, =0, R (3.36)
which together with the coincident coordinate limit (3.34) identifies

F*, (x,x';0)= 8" ,(x, x"), (3.37)

where!! 6% ,.(x,x’) is the parallel displacement bivector along the geodesic defined by the world function
o(x, x’). It is convenient to write

F*, (%, x'548)= 8" ,.(x, x')F (x, x5 is) + F* ,.(x, x"; is) (3.38)

where F(x,x’;is) is the scalar field weight defined by Eq. (2.31) with the 3R term deleted,

9F _ 1 A 1 1/2 2

i Freaterad F =17z (AYFF) )7, (3.39)
with the boundary condition ‘

F(x,x';0)=1. (3.40)

Substituting the decomposition (3.38) into the weight equation (3.33) gives
9 _ 1 — 1 . 1 .
— -——-—F“u,=Ruv? ul_,',+ ?S—G'AEMM';R - —AWE-(A‘/ZEU'“,)”')’ +Ruvﬁvu,F - Z—AW-Z- (Alle)')‘(suu:;l —Féuu:;l'h P

9is—
(3.41)
which defines f“ »- when subject to the boundary condition
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F”u,(x, x';0)=0. (3.42)

The first two terms of the power-series develop-
ment in s of the coincident coordinate limit

F* .(x, x; is) will be needed for our work. They
are computed in Appendix B. The decomposition
(3.38) is convenient because, as shown in Appen-
dix B, the index contraction F*, (x, x;is) is in-
dependent of the dimensionali_ty n (at least for the
first two terms in s that we will need).

The WKB construction (3.32) for the vector-field
transformation function and the similar construction
for the scalar, ghostfield transformation function ex-
hibited in the preceding section in Eq. (2.21) [but
with the R term omitted from Eq. (2.31) which
defines the weight] enable the formal expression
(3.25) for the one-loop action functional to be writ-
ten in terms of an effective Lagrangian,

W, = f @"*Vg®,, (3.43)

with
1 1 1 (a2
-l ('l=4)= 1 . — .
ned W (4-n +L4‘-‘*> 2 (4my? <3is> wis)

1,

-~y f " ids(inkis) (_53_3) “wiis)

.0

/o \2 .
w 2 @nF [\5-:?) wlés)

1 1 ® ids

‘81:_2' @nyre o (s)""72

[Euu(x; x5 iS)

-2F (x, x;is)]. (3.44)

The decomposition (3.38) now displays all the de-
pendence on the dimensionality n explicitly,

1 1 ® dds o ,
Y=z @y ) Gl s
0

+ (= 2)F(x, x;is)]. (3.45)

Thus, the proper-time weight of the action,

w(is) = —i(4mis)"/?(Tre ¥ ~ 2 Tre i), (3.46)
can be expressed as
wiis)= [ (@[ -g] /21 F*,(x, % is)
+(n-2)F(x, x;is)].  (3.47)

The dimensional continuation discussed in the pre-
ceding section gives the limit

S=0] | n=

1 1 9

4

(2.43)

where it is understood that the weight w(is) in the infinite counterterm and in the integral is to be evaluated

at n=4. The counterterm involves

() Tt i) 28, )

=f"u+2f;.

$=0

(3.48)

.In Appendix B we evaluate the coincident coordinate limit

u _lpp A1 L 1pk H- 2 -1 oy
f2 u"ZR )LRu’ "GRR u-'—aR u';a' - 12R anRu.'

(B20)

while f, is the £=0 limit of the formula (A24) given in the Appendix of paper I,

. 1.p2 1 HE 1 aB 1 «Brb
fo= R+ 5R o’ % — 15 R R™ + 5 Ragy ol .

Hence,

. 1 — .
Wi""”:( - +L4+§>f(d4x)\/_——g@(“+w(”“4)

4 _ 1 ren?

where

1
e :W(fzuu +2f,)

1

_ 13 oByb , 44 B 5 p2 1 H
‘_'(4,"_2) (—1—80RmstR + %0 aBR "TJE'R ”1_0R,a )-

(3.49)

(3.50)

(3.51)

The renormalized, one-loop action functional now appears as

1 ren ren?

W("=4)=f(d4x)‘/:g—£f"=4)

with

(3.52)
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L= ()= - u};)?fz(x, x) - —-@—1752—% f: ids (Ink?is) <—ai—s> 3[1;5““ {x, x; is) + 2F (x, x; is)] . (3.53)

The construction of the renormalized vacuum expectation value of the stress-energy tensor for the Max-
well field parallels that of the scalar field discussed in the preceding section, Eqs. (2.48)-(2.52). With the
definition

[—g () 2T (w3 is) = Zﬁwasn (3.54)

the dimensional-continuation limit (2.43) gives

. 1 1 1/0 V¢
uy (n=4) _ X 1 el BV (pen 3 Ly (n=4)
(T**(x)) = <4 — +L,+ 4> @y 3 <—8is>T (x; is) s=0+(T (x)fn=a) (3.55)
with
1 1 9 9 \2_ 1 © s \3_
pw(n=4) _ _ WV (y. i _ 1 ; 2; BV (. 2
(T = _ 5@ o [(31'3) T"¥(x; is) s=o] ) _(tl_w)“f ids (Ink zs)(%‘s) T"¥(x;14s). (3.56)

This exhibits the renormalized stress tensor as the metric variational derivative of the renormalized one-
loop action. Since the weight w(is) is a functional of the metric tensor g, (x), which is invariant under
general coordinate transformations, the definition (3.54) implies that the stress-tensor proper-time weight
is conserved with » arbitrary,

T (x;is),,=0. (3.57)
Hence, the proper-time representation (3.56) yields a conserved, renormalized stress tensor. Note that
Eq. (3.53) can be used to express the dimensional derivative contribution to the renormalized stress ten-
sor as

1 1 o [( 9 )2_ .
= = | \=—=) T*"(x;is)
2 (4m)? anl\dis b5 s=0

1 2 5
ne @17 [—g ()77 0g,,K)

We compute the trace of the Maxwell stress tensor with the method used in the preceding section for the
scalar case. We consider the conformal metric variation

0 45 (%) = 20X (x)g s (%) . (3.59)

On referring to the coordinate representations of the operators H (with £=1) and H given in Eqs. (3.14)
and (3.15), which display the metric tensor explicitly, we see that at n=4

(d*xW=gf,. (3.58)

5_1_1= —26)«5 —~26ADD +4Dd)XD — 2DD6X (3.60)
and
6H = —260H — 2D6XD — 2HGM . (3.61)
It follows from Eqs. (3.54) and (3.46) that
O0H 0H
—g ()]} 2T (x; is) = (4mis)%is [Tre“si’z——:—— - 2Tre"””2———————] . 3.62
[T (s )= i) ) e (3.62)

Hence
f @* %) g (@) 2T (x; is)g 1, (¥) 0N (x) = ~ 2i(47is)?is[ Tr e™**4(6)H + 6ADD — 2D5XD + DD6X)

-2Tr e“s”§(6AH+ DoXD + HB))] . (3.63)
Now Eq. (3.27) and the discussion preceding it imply that
e isH D= De;isﬁ (3.64a)
and .
Deo-tsH - gisHp | (3.64b)
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Hence, using the cyclic symmetry of the trace,

Tre **4(60ADD — 2D6AD + DD5)) = Tr(5ADe"*¥D — 2De™** 60D + De** D)) = Tr(2¢" 7 DoXD + 2¢"*sHo0H) .

(3.65)

Here the last two traces do not include a diagonal sum over the implicit tensor indices—the vector indices
of the two D symbols are contracted—and in the last equality we use

(3.20)

The use of Eq. (3.65) results in a large cancellation of terms in Eq. (3.63), and we again use the cyclic

symmetry of the trace to secure

f (@) -g (O] 2T** (x; 3s)g ., (x) O (x) = -2i(4mis)’is(Tre"**¥HoX — 2 Tre™**"Hon) : (3.66)

and

— P 7]
T*(x;i8)g,, = —2(is)is s (is)*[F* , (x, x;is) - 2F(x , x; is)]

= ..2(1'3)21‘3?35(1'3)"2 [E“u(x, X3 i8)+ 2F(x, x;is)]. (3.67)

The trace of the stress tensor is nearly at hand. The previous result gives

1 1 e (3>3-w >
_Z—(Wﬁ ids (Ink zs)—ai—s T""(x;i8)g ., (*)

o et Pte 2 () e 0+ 2800
-—Z———é-(‘lﬂ) j;) zs(nKzs)-st:;ZSm —a| =T [Jiu(sys,ls)'*' (xsx9z$)]5

= (4",1,‘57 % (i) Z[F" uw (%, %3 i8) + 2F (%, x; is)]

ais

]
3is

=@"(x), (3.68)

§=0

which is the integrand in the action counterterm exhibited in Egs. (3.50) and (3.51). Thus, Eqgs. (3.56) and

(3.58) yield

(T 52 8,06) = €0 - e [opoyreen )y | @0V, (3.69)

This is the trace anomaly for the stress-energy
tensor of the Maxwell field. Clearly the metric
variational derivative contribution which appears
here can be removed by the addition of a finite
counterterm to the Lagrange function. This count-
erterm, however, is not invariant under a con-
formal variation of the metric tensor, Eq. (3.59).
Moreover, the anomaly @*’(x) cannot be removed
by the addition of a counterterm to the Lagrange
function.

The stress-tensor weight 7%"(x; is) can be ex-
pressed in terms of the vector and scalar (ghost)
Green’s function proper-time weights F*,.(x, x’; is)
and F(x,x';is). This is done in Appendix C. The
ghost field contribution to the stress-tensor weight
[coming from the x-field terms in Eq. (3.5)] essen-
tially cancels the contribution of the longitudinal
part of the vector potential to the stress-tensor
weight [ coming from the terms in Eq. (3.5) with
the coefficient 1/¢]. These contributions combine

-

to form a total proper-time derivative which can
be deleted in our renormalization scheme. Thus,
the Maxwell stress-tensor vacuum expectation
value can be expressed entirely in terms of the
Green’s function of the gauge-invariant field
strength tensor.'*> We see that the ghost field plays
the role of an “integrating factor”: It enables the
stress-tensor vacuum expectation value to be given
as the metric variational derivative of an action
functional. As a corollary, we note that this

total proper-time derivative is needed to make

the stress-tensor weight 7%(x; is) conserved, al-
though, of course, it is not needed for the conser-
vation of the stress-tensor expectation value.
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'APPENDIX A

Here we shall compute the stress-tensor weight

oH
og,, )

for the scalar field in terms of the Green’s function weight F(x, x;is) and compare this weight with that
used in paper I. The definitions (2.11) and (2.14) imply that

H=(-g)"*G™(-g)™V/*. (A1)

Hence, using the cyclic symmetry of the trace and the explicit WKB construction (2.21) for the terms pro-
duced when the factors of (-g)™/* are varied, we get

[—g ()] 2T ¥ (x; is) =i(4mis)V 2is Tre~isH2 (2.56)

5G-1
og,, )

-2 () ~g (%)M 2(3s)"/ 2 is 3—3; (is)™ 2e"™ i (x, x; is) . _ (A2)

[—g ()] 2T (x; is) =i(4mis)" / %is Tr(-g)™/ *e~# (~g)*/ %2

In view of the WKB construction (2.21) and the relation [Eq. (2.49)]

(g2 =~ (o, % ¢)> (a3)

we see that the first line of Eq. (A2) can be evaluated by using the correspondence

' s Al/2 ' res olx,x’) 2;
o) (x’)—=2isAY % (x, x')F (x, x';is) exp -G —ms (A4)
in
T4 ___¢,u¢,v - %guv(p’a(p,o' _ %g‘“’m2¢2+ %[G‘“’qﬁz +guv(¢2)'v;a _ (¢2), u;v] . (2.3)
This evaluation entails the coincident coordinate limits
x=x't 0=0=0,=0,., (2.23)
O usr =8y (2.24)
Al/z_ 1, (2.26)
A1/2,H=A1/z,u’___0’ (L.A11)
and
Al/z.u;v' = 'lsRuv . (1.A13)
We compute in this way
— : 9
T4 (x;is) =g (x)e ™5 <1 —is a—is_> F(x,x;is)+2is(g**g" - %g’“’g“‘)e'"‘z’sF',"K, (x,x";is)
x=x'
+2isL(g" g™ - g™ g V") e ™ 5[ F(x, x;is)] s - (A5)
The trace of this expression gives, atn=4,
— ]
TH(x; is)gw(x)=4e""2‘s(1 —is 52;>F(x,x;is)+2ise""2’sF.u“‘(x,x’;is) . (A6)
x=x*
The coincident coordinate limit of Eq. (2.31) gives
a . . .
%F(x,x; is)=F “(x,x’zs)l et (A7)

Hence

= . SRCYRNEE : IR . .
T*(x,is)g,,(x)==2(is)s s (s)2e ™ F(x, x; is) — 2m2ise™™ F (x, x;is), (A8)
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and we recover the result (2.58) derived by formal operator manipulations. The conservation of T*¥(x; is)
could also be established directly with the use of Eq. (2.31), but there is no need to do this somewhat
"lengthy calculation (a similar calculation was presented in paper I).
The stress-tensor weight displayed in Eq. (A5) differs from the weight T*"(x; is) used in paper I, Eq.
(1.3.21). Fixing £=% in T""(x;is) as is done in T**(x;is), we have the connection

— 9
T (x;is) = 2ise ™ ST (x; is) — %g“"(x)(is)"/zis s (is)"2e " F (x, x5 is) . (A9)

The old weight T*¥(x;is) is regular at s=0. Hence,
Eq. (A9) can be put into the stress-tensor proper-
time representation (2.52), and an integration by
parts can be done which reduces the triple proper-
time derivative to a double derivative, yielding the
representation used in paper I, Eq. (1.1.38) (with
the G*"term omitted as is appropriate when £=2
is held fixed). The essential difference between
the two weights is that one emphasizes the trace,
the other the divergence. For simplicity let us
consider #=4 and m=0. Then

T*(x;is)g,,(*)=0, (A10)

while

T (x;is)g,,(x) = =2 (s )is ?a% (is)2F (x,x;is) .
(A11)
On the other hand,
T"(x;is),,=0,

while

T""(x;is);v=%(is)2%(is)'zF(x,x;is)“‘. A12)

APPENDIX B

The coincident coordinate limits of various de-
rivatives of the parallel displacement bivector!!
8* .(x,x’) are needed in our work. These are ob-
tained from the defining differential equation

0, x")8% . (x,x),,=0, (B1)

with the coincident coordinate boundary condition
6%, (x,x)=6%, (B2)

and from the coincident coordinate limit of deriva-
tives of the world function which have been re-
viewed in paper I,

x=x'1 0,,=0, (1.2.24)
0,a;8=8as> (1.2.25)
%,a;5+=0, (1.LA2)

and
(1.A4)

Thus, the coincident coordinate limit of the first
derivative of Eq. (B1) yields

x=x": OH =0. (B3)

o
The second derivative of Eq. (B1) gives the coinci-
dent limit

1
O,0;8;76™ 3 (R6a87 + RraBa) .

6uu';a;ﬂ+6uu';8;a=oi (B4)

x=x":
which, with

5uu';m;8'6uu';B;a=‘5xu'R"mﬁ’ (B5)
yields

x=x"t 6%, ,.5=3R", .05 (B6)

Finally, we take four derivatives of Eq. (B1) with
pairs of derivative indices identified to get the co-
incident limit

=yl e A ojo W ;8 2 By ja
x=x"1 2004, 5% 0" P 2008 G00F L0

i

+20% .0 JP+20% , ., S F=0. (BT)

It follows from Eq. (I.A4)that the coincident limits
o, % and o**, .. are symmetrical in (A, 8)

and (A, o), respectively, while, according to Eq.
(B6), they are contracted with quantities that are
antisymmetrical in these index pairs and thus they
give vanishing. contributions. There remains

B o % P8 e, ¥ = 0, (B8)

[TaR1%
The order of the derivative indices in the last term
here can be altered with the aid of the curvature
tensor. Using the coincident limits (B2) and (B3),
we get

—ale §H jaB_ 5 H-2H A b aB
x=x": 0 wiibie =5 wia ;8 +20 u';a;BR 2
u B 3 H-3

+0 u’;a;BR +R wag e

(B9)

The last term which appears here vanishes by
virtue of the contracted Bianchi identity. The next-
to-last term also vanishes because Eq. (B6) im-
plies that the coincident limit 8", ,, is antisymme-
trical in ¢f. Thus, on using Eq. (B6), we get
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x=x": Guu';B;a;a;B=6uu'a;a;B;B +R”AaBRu'MB,
(B10)
and Eq. (B8) yields
xw=x's 0%, 0% P=—3R* LR, (B11)

We need coincident limits of the first two terms
of the expansion

E“u,=isf1”u,+(is)2f2“u,+°" (B12)

for our work. Inserting this expansion into Eq.
(3.41) gives

~fit :0"‘f1“u,n+R“v6"u,
_Z.A_},?Allz,muuln_ﬁuulnn (B13)
and
=2f =R v 0 N L
- s (A1)
+R* 8% f) - 23%7 (aM2f,)28%

—f10%, 50, (B14)

where f, is the first term in the expansion of the

scalar field weight F(x,x";4s) defined by Eq. (3.39).

The coincident limits listed above and

yield the coinéident limit of Eq. (B13),
x=x"t fi*,==R" .. (B15)

Taking two derivatives of Eq. (B13), and again
using the coincident limits listed above and the
fact that

x=x': AY? . =iR, (1.A13)
is symmetrical in pv, we get
x=x' _fluu';a;a=2f1uu';a;a "Ruu',a'a
-5 “,;)j"'a"" (B16)
and
X=X fl u',a'u=‘%Ruu',a'a'%RuaBr‘Ru’am
(B17)

We use these results in the coincident limit of Eq.
(B14),

x=x"t =2f,", =RM ", =AY PfE
i RE L fy (B18)

along with a result quoted in paper I [Eq. (1.A20)
with £=0]

x=x": f;=%R (B19)
to secure the coincident limit

. 1 A1
x:x'. fzu“,— zR”)LRu, ——S'Ruu,R

x=x": aY%=1, (2.26) —4RY .. =R R, T
At/ = (I.A11) (B20)
APPENDIX C
The stress-tensor weight
1/ 27 / 2, isH GH isH 6H
V(e ia) —7 s/ 27 -isH - - -is
[—g ()] 2T (x; is) =i (4mis) 2%is [Tre 2 T 2 Tre-is#3 6gw(x)] (3.62)

for the Maxwell field can be expressed in terms of Green’s function weights using the techniques described

for the scalar field case in Appendix A. Since

Huv = (—g)'l/ 49—1 uxgw(_g)-l/‘; (c1)
and
H=(-g)™" G (-g)™*, (c2)
we get
8G™! -
[—g ()] 2T (x; is) =i(4mis) 21’8[Tr(—g)'” ‘e (-g)M 25 ) Tr(-g)™ %e~ ¥ (~g)/ 44 5—;‘%(;—)}
- 2" (0)[-g ()] 2 is) 2is g}s(is)_'"’ 2[FY G, x; is) = 2F (x, x; 4s)]
+ 2 =g () 2(is) %is 5 (is) ™ F (3 85) . , (3)

The metric variation of the inverse Green’s function operators produces the stress tensor
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T = (F*, F* _+g"F ,F) +{gu|} [3ar, )+ A l,KAK] — AN AV A AV & Oty +x Ty o m -g"x" XM

(3.5)
with the fields represented by
? .

AP A () = 20 3,1 E 2, 5 i5) x| -T2 (c4)

and
’

XT0o)x ()= =2is AY 2(x, x")F (x, x'; is) exp [- 1(32‘_;%_)_} , (C5)

where the minus sign in the last formula arises from the anticommutativity of the ghost field.
We evaluate first the contribution arising from the “classical” piece of the stress tensor,
(F)Tu":F"Lth—%gu"FuBFuB, S (CG)

a contribution which we denote by ‘’T*¥(x;4s). This evaluation again entails the coincident coordinate
limits

x=x": 0=0=0,=0 ., 2.23)
G,M;y'=_guu ’ (2.24)
A1/2=1, (2.26)
Al/z,u=A1/2,u' =0, (I.A11)
and
Al/z,u;v' =-1R (1.A13)
After a little calculation, we find
(F)Tuu(x; is)= [gILVG)LK <3 ;n> + ﬁuxgv)«(n _ 2):] Fkx(xi x; iS)
~L[R"O* ~R* g" - RY g"*+RO* g"*_}g""(RO* - R)]2isF*, (x, x;is)
+ [guagvﬁﬁh _gumgvhéﬁ _ o~ guBgAa+ 5= gvxgaB
K K K K
—1g" (20" g% _ 0 g% _ 08 @*)|2isF¥ 4 (v, x5 3S) | 1oy - (1)
L
Note that atn=4 potential piece of the stress tensor (3.5),
(FYFuv(,. ; =
T (x, 13)8',“,(95) =0. (CS) (L)T’“’=g“"[%(A"n)2 +A)‘; >"“AK]
The contribution of the terms that remain in the b r wan
stress tensor (3.5) can be computed in the same —ANEAY AR TAY, (c11)

fashion. All these terms essentially cancel, how-
ever, and this cancellation is much more simply
demonstrated with a more abstract approach.
Hence, we consider these remaining quantities in
terms of diagonal, coordinate-space matrix ele-

can be written in terms of the diagonal, coordi-
nate-space matrix element of the operator

L¥(is) = £*{~(De 2 D) + D, D)’

ments of operators. In so doing, we must bear in — D*(De~s£) _ p*(De isH)+ (c12)
mind that the operator corresponding to a deriva-
tive, We now recall that

8,(|=&|D,, (c9) DeisH = gisHD (3.64D)
obeys ' and

D, |xy==8,]|x). (c10) D?=-H. (3.20)
Thus, the contribution of the longitudinal vector Hence,
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operator correspondence (C10). We have now found
that the longitudinal and ghost contributions essen-

L ‘“’(is) =g”"[%e'iSHH + (De-isHD)]

~ D*e*#D¥ — D*e" D" (C13) tially cancel, giving
The ghost piece L*¥(is) +§"¥(is) = L g ve-ishy (C16)
(G)Tuv,:xf,ux,v_'_x’r,vx,u _guvxf hx,x (014) .
! and

gives the operator
guv(is) =Due-isi{Dv +Due-isHDu
-g"(De"*"D) . (c15)

Here one must be careful to get the overall sign
right. There is a minus sign arising from the is the sum of PT* (y;is), C*IT""(x;4s), and the
anticommutativity of the ghost field as illustrated proper-time derivative terms remaining in Eq.
in Eq. (C5), and there is another minus sign in the (C3),

— 9
(L+G)Tu.v(x, z’s)= —g‘“’(x)(z's)"/zz's _373—

X (is)™ 2F (x, x; is) . (c17)

The complete stress-tensor proper-time weight

J

— — 2]
T (x3is)= ‘FT" (x;is) + (is)" %s 35S (@s) ™ *2F (v, x5 is) = g™ () F*, (x, x; is) = F (v, x;s)] } . (C18)

The proper-time derivative terms that appear here could be deleted, for they give a vanishing contribution
in our dimensionally continued renormalization scheme. Thus, the stress tensor could be written entirely
in terms of the weight ‘’T*¥(x; is), which is related to the proper-time weight of the gauge-invariant field
strength Green’s function. In particular, if this were done, the ghost field would not contribute to the
stress tensor. This deletion, however, would upset the conservation of the weight T**(x, is), and so we
keep these proper-time derivative terms. Finally, we note that at n=4, the trace of the stress-tensor

weight Eq. (C18) is given by

T (x;is)g,,(x) = =(is)%s 5?—5 @s)?[2F*(x, x; is) - 4F (x, x;is)], (C19)

in agreement with the result computed by operator techniques, Eq. (3.67).
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