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A new derivation of the Ward-type identities for non-Abelian gauge theories in the axial gauge is given. The
merit of this derivation is its extreme simplicity. It makes the basic feature of this gauge transparent and
allows an extension, in a trivial manner, of the identities on the renormalization constants, written down by
Kummer, to the case in which fermions are also included.

I. INTRODUCTION

In 1975 Kummer! presented a derivation of the
Ward-Slavnov identities for a self-coupled non-
Abelian gauge theory in the axial gauge. This
gauge is characterized by the condition that

n*Al=0, (1)

where », is any constant spacelike or timelike vec-
tor with »?#0. His method follows the functional
integral techniques of Slavnov? and Taylor.® The
purpose of this note is to rederive some of his re-
sults with a very simple technique that takes ad-
vantage of a special feature of this gauge condition.
We shall also extend the results fermion case rele-
vant to quantum chromodynamics.

II. THE IDENTITIES

For simplicity we shall consider the Yang-Mills
Lagrangian for SU(2). Generalization to other
groups is trivial. The Lagrangian is

L£=_§F2,F"a_Ty (8, —igT A"
-myPp - (n*A%)Ce. (2)
Here
qu=aqu—avAz_g€abcAzAi (3)

and C? is a Lagrange-multiplier field that enforces
the gauge condition. For our purposes the essential
feature of this gauge condition is that it is invariant
under both global and local rotations in isospin
space. Gauge conditions that involve derivatives
of the gauge field are only invariant under isorota-
tions with constant global phases.

If we subject £ to a rotation in isospace with a
local infinitesimal phase A(x),

£/(x) = £(x) - J (x)  8*Alx), (4)
where J, is the full isospin current satisfying

3, 54x)=0. (5)
To find the Ward identities all we need do is sub-

ject the Green’s functions in question to a local in-
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finitesimal isospin rotation.* Consider, for exam-
ple,

Selx =) = 0] Wx)F), |0 ©)
and subject the theory to the transformation

P(x) = [1+iA(x) “Flex),

A% (x) = AYx) + €, Ay (x)Ax),

(7

so that £ transforms as indicated in Eq. (4).

The reader will note that the transformations of
Eq. (7) are not the local isotopic gauge transfor-
mations since the inhomogeneous gradient terms
in the gauge-field transformations are missing.
Under the gauge transformations £ is invariant,
whereas under these isotopic rotations £ acquires
an additional piece as indicated in Eq. (4):

AS ((x = y) =iK(x) *TSp(x — y) =iSp(x — )A(y) - 7.
(8)

We can also compute this change by regarding

J (x) -8“A(x) as a perturbation on £ whose effect is
to be taken in lowest order. Thus, in momentum
space

AS(P, P’)= —i(P, - P})S4(P)
X A(P-P")-VHP',P)S{(P), (9)

where the above is essentially the Fourier trans-
form of

O @(x)TL2)8)), |0). (10)
Thus
iTSp(P) = iSz(P")¥ = i(P- P") SH(P)YVA P, P")SH(P"),
(11)

which is the Ward identity for fermions in this
gauge. Likewise we derive for the vector-meson
Green’s functions

Ealzr:[I'V;w(P) - Wuv(P’)]
= —’i(P— P'))\Wnu’ (P)V?Lb'c)\u’(Pv P,) Wu’u(Pl)’

(12)
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where we use the fact that the Ku propagators are
diagonal in isospin indices.

The reader will have noticed that these identities
involve the full conserved isospin current which

can be written using the equations of motion
Je+n,Co=0A% -8 (8, A + g(A, X 9A,),,
1
n*3,C"=0. (13)

On the other hand, the Dyson equations are char-
acterized by vertices which involve nonconserved
currents—quantities generated by

(0| TAYANYIAL2)) | 0).

Such objects do not obey any simple Ward identity
in any gauge but rather they obey the more compli-
cated Ward-Slavnov identities as in Kummer’s pa-
per.! However, at the mass-shell pole,

P=P,

the values of these vertex functions are identical®
to those computed with the conserved J,. Thus it
follows from Eqs. (11) and (12) that in this gauge

Z{=2z; (14)
and
Z4=2z4 (15)

The latter has been noted in Ref. 1.

With additional work the reader can apply this
technique to the four-point vector-meson function
and so on.

In summary, this technique does not lead to any-
thing simple for the gauges in which the gauge con-
ditions depend on derivatives of the gauge field
since Eq. (4) is false and also ghosts must be in-
cluded. Hence these simple relations among the
Z’s also fail, as is well known.
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