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The field equations of general relativity, when interpreted as a set of equations in a Riemannian manifold
endowed with internal space at each point, are shown to be derived from a variational principle. The failures
of other approaches to recover the full general-relativity theory are traced to the absence in their Lagrangians
of direct coupling between space-time and internal structure. Examination of this observation sheds some light
on the fundamental implications of the intimate relation between space-time covariance and internal

symmetry.

I. INTRODUCTION

In the classical formulation of Einstein’s theory
of gravitation the dynamical variables are the
components of the metric field gu,,(x) correspond-
ing to the Riemannian manifold of space-time, to-
gether with the physical fields (“matter field”)
present. The field equations are derived from a
principle of least action

51=0, l=fL\/:§d"x ,

with a Lagrangian L. This Lagrangian decomposes
into two parts: the gravitational Lagrangian, L,
which is equal to the Ricci scalar R, and the mat-
ter Lagrangian L, viz.,

L=L,+KLy=R+KL,

(x is a coupling constant). Variation with respect
to the metric field in this action integral leads to
the Einstein field equation
Ry, -2 8RR =T,

It has been found, however, that from a theo-
retical as well as a computational point of view,
it is desirable to recast the theory as a formalism
in space-time with internal structure, posessing
SL(2, C) symmetry. This is the conceptual back-
ground for the two-component spinor theory in
curved space-time.! This approach is also the
basis for the tetrad calculus and the Newman-
Penrose spin-coefficients formalism,? and is use-
ful for the analysis and classification of gravita-
tional fields. Furthermore, it has been shown by
Carmeli® that, using such a framework, the theory
of gravitation can be cast into a Yang-Mills—type
formalism. Yang in his recent integral formalism®*
again relates gauge fields and gravitation when the

latter is expressed as an SL(2, C)-covariant theory.

This is one step in the current tendency to bring
general relativity more in line with the prevalent
trends in particle physics.

It is therefore of importance to find out whether
in formulations of that type the Einstein field equa-
tions can be derived from an action principle
undev the variation of the fundamental quantities ap-
pearing in the particular formulation. More spec-
ifically, the question arises whether an action
principle can yield the field equations without add-
ing in the process ad hoc quantities. A partial
answer to this question has been given in a few
articles,® where it is demonstrated that an appro-
priately chosen Lagrangian leads to field equations
which are related to Einstein equations. These
equations, however, are weaker than the full Ein-
stein equations, and must be augmented by addi-
tional conditions in order to recover general rel-
ativity. Furthermore, auxiliary quantities must
be artificially introduced in order to facilitate the
derivation. Carmeli’s method® of first-order form
suffers from the same latter deficiency. The
merits of the aforementioned schemes lie in their
Lagrangians being functions of gauge fields, an
approach which is not attempted in the present
article. Likewise, the equations obtained by
Yang® from a variational principle constitute a
vast generalization of general relativity, and ad-
mit solutions which are physically unacceptable.”
It is the purpose of this paper to show that the
full Einstein field equations are obtained from an
SL(2, C)-invariant Lagrangian, which is consid-
ered as a functional of the dynamical variables
alone, without any necessity to introduce any
auxiliary quantities. This Lagrangian, in contrast
to the Lagrangian considered by others, mixes up
the space-time and internal structures.

In Sec. II the framework is set and the notation
is established. A basic decomposition of the cur-
vature is represented in Sec. III, and in Sec. IV
the Lagrangian is introduced and the resulting
Euler-Lagrange equations are derived. The equa-
tions as applied to vacuum and to space-time ad-
mitting a neutrino field are discussed in Sec. V.
The last section is devoted to concluding remarks,
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and in the Appendix a few identities used in the
article are stated.

II. RIEMANNIAN STRUCTURE IN TERMS OF SPINORS

In the standard spinor algebra in curved space-
time® a one-to-one correspondence is set between
vectors éu in the Riemannian manifold of space-
time (endowed with metric tensor g,,), and Herm-
itian spinors &,3, viz.,

Eap=ohis,, & =o4zt"?
The connecting quantities ol{ 3 satisfy the relations
€ P(0h¢onp+0oagols) =" s (2.1)
k,v=0,1,2,3, A,B=0,1.

The approach to be followed here is to take the
spinor vecotrs o3 as the fundamental quantities
of the theory, and to construct the Riemannian
metric out of the spin structure. Consequently,
Eq. (2.1) is the definition of the metric g, .

Covariant derivatives of spinors are defined® by

M =t +T4n"
where the spin connections I‘AB” are determined
by the usual requirements for differentiation
(Leibnitz rule, etc.) together with
€4B|p =0, (2.2)
o%ap)y =0 . (2.3)
The spin curvature R,p,, is defined by the com-
mutator of the covariant derivative
TIA|,“; -TlAlvu = RAB;n/nB ’
and is expressed in terms of the connections
RApr = FABp 2w FABv.u + rAcu chu - 1-‘AcMr‘ch

The spin curvature is equivalent to the F,, ma-
trices in Carmeli’s gauge formulation,® and is re-
lated to the Riemann curvature tensor Ry, ,, by

= _Lorr
RABuv— -z S ABR)\‘rpu ’ (2-4)
- AB ABp..
R)\ruu_"(s AT RAByv +S>\1 RABpu) ’ (2~5)
where
AB_l_..(_ AC_ BD AC_ BD
Suu _2€CD(0;1 Ty =0y Oy ) ’ (2.6)
AB_1 cA_ DB cA_ DB
Sy =2€cp(0,%%0, ™ = 0,%%0,77)

IIIl. DECOMPOSITION OF THE SPIN CURVATURE

The three bivectors S,,%,S,,% =5,,'°,S,,* and
their complex conjugates are six independent com-
plex bivectors (as can be shown with the aid of the
“completeness relations” in the Appendix), and
hence serve as a basis in the space of complex bi-

vectors. The spin curvature R,p,,, for fixed val-
ue of (A,B), is a complex bivector and therefore
can be uniquely expanded in terms of the basis

RAspu=RABcnSpuCD"'RABézSSpuCD ’ (3.1)

where the coefficients are given by
Rapcp=25*"cpRapyv (3.2)
RABé15=%s“vébRABuu .

Contracting (3.1) with S¥?4® and using the “com-
pleteness relations” of the Appendix and (2.4), one
finds

Q=Rus*"P =R .

Furthermore, a similar but longer calculation
shows that the coefficients R, p:; are related to the
trace-free Ricci tensor:

Rascb=39"" 4ncn(Ryv =58 R) (3.3)
Ryu '%guvR = 2¢puABCDRABC”D ’

where §*” 4 zép is the totally symmetric spinor ten-
sor defined in the Appendix.

Infact, R 4p¢p is equal to the spinor — ¢ 4545 inthe
Newman-Penrose formalism.?2

For further reference it is mentioned here that
the symmetries of Rypcp (Rapcp=Raspc = Ropas)
entail

Racs =3Q€,p . (3.4)

IV. THE GRAVITATIONAL LAGRANGIAN AND ITS
VARIATIONAL DERIVATIVE

If the theory is confined to quantities which are
of, at most, second differential order in the ¢ .3,
and linear in the second derivatives, then the only
concomitant of the fundamental quantities o¥ 43
which is scalar under coordinate transformations
in space-time and invariant under the action of the
group SL(2,C) is (up to a constant, which contri-
butes only a cosmological term)

L,=S*"48R,p,,=20 ==3R .
Variational principles of this type have been con-
sidered® from other points of view. Our calcula-
tion, which agrees with the aforementioned re-
sults, will be based on the decomposition scheme
of Sec. III, thus gaining in simplicity and brevity.
Thus let us consider the change of

[Lof_—g dix = -5 fR\/:Ed“x

under the variation
gl ap=ot s +00¥,; .

For this purpose we have to express the variations
of the quantities appearing under the integral sign
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B

in terms of 6g* .3 or 60"“ . Using (2.1) one finds

= 5 AB . AB
5guu—GpA56°u + 0’,,4850"1 ’

6V=g =3V=gg"" 6g,,=V=g 0" 4300,4% ,
GG”AB = —UMCDO,,Asﬁaucb ,

5S“UAB=O[”AC‘50U]BC +O,[MBC.60,U]AC ,

SHVABOR 4 g,y =V*|,, With V¥ =25k, Bor4, .

8(V=gL,) =6(V=gS**42R,4,,)

The last relation, which is coordinate- and
SL(2, C)-invariant, can be most easily verified in
a ““geodetic” coordinate system and spin frame,
adapted to the point under consideration. In such a
coordinate system and spin frame the fundamental
quantities ¢¥ 43 are constant (at the point) and re-
duce to the Pauli matrices, and T*,, =0 (at the
point).

Taking these relations into account one finds

=V=gS* AB0R g,y + V=8 Rpp,, 08" A2 + SFVARR, o 6V g
=V=g V¥, +2\/:§(ch,,>\0“°';,0"”’"0)‘,15 +Q)fw“‘“§ .

Finally, using (Al), (3.4), and substituting (3.2),
we conclude
6(V=gLy) =V=g V¥, +2V=g (Rac gp0+C2
+3Q0%,5)00,4% . (4.1)
Now as usual we consider variations Oou‘é such
that they and their first derivatives vanish on the
boundary of integration. Under these assumptions
the vector V¥ too vanishes on the boundary and by
Gauss’s theorem the divergence V=g V¥,
=(V=gV*),, does not contribute to the Euler-

Lagrange equations. Thus (4.1) leads to the field
equations

2R 40250 P+ Qot 5= —kT 45 (4.2)
where

1 8(V=gLy)
00,48

That (4.2) is indeed equivalent to the Einstein
equations is confirmed with the aid of (3.3), where-
by we find that the left-hand side of (4.2) is equal
to

(R, =26",R)0" 45 -

V. APPLICATION TO VACUUM AND NEUTRINO

In the case of a vacuum, the field equations (4.2)
reduce to

ZRACB'quCB +Q0* 43 =0.

Contracting with 0,48 we find this equation to be
equivalent to the pair

Q=0,
R cpp=0,
which in turn are equivalent to

R=0,

Ruv"'%guR=0y

and these are the Einstein vacuum field equations
R,,=0.

For a space admitting a neutrino field n4, the
matter Lagrangian L, is taken to be

Ly= i(nAlAénb - nAnélAb) .

Variation of n4 and n" in the action integral leads
to the Euler-Lagrange equations

N 43=0 (and c.c.),

i.e., the Weyl equations for the neutrino field.
This equation can now be used to find the “energy-
momentum spinor vector” T*,3, to be substituted
in the right-hand side of (4.2), namely in order to
calculate the variational derivative 5(V—gL )/
60,48, The variational variables o, 4% appear in
J—E (the contribution of this term is known from
Sec. IV), and in the spin connections Iy in L,.
Thus

6LM =i(77A| unB _ nAnElu)5o.uAé
+inAnB(o# .30TC,, —0* ,66T%;,).  (5.1)
First observe that the indentity

0 =0“ABIV=0’LA5,D _ I\AuvngB ¥ FAcNqu
o]
+TB 20,4
yields the following expressions for the variation
of the spin connections:

6T4,, = —10" 52l (60,48),, - 0y4%6T,, ]

Aé[(acusé)m + 018&51‘"“] .

=430,
(Again this relation is most easily verified in a
“geodetic” coordinate system and spin frame.)
Substituting in (5.1), the terms containing 6T*,,
cancel, and we have
. D -]
8Ly =~ i(Ncy 431 — NeNpiag)o” * 00,

+ %i(s“",wﬂfgﬂc - S“”&&ﬂ,qnc)(ﬁou“)w .
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After some manipulations the following expression
is obtained:

6Ly= V¥, =214 chN5 — NaNBicH
Moy 4BN5 — NNy ap)0™ D00, 4B
(5.2)

with

V*=_ %i(suvAcnénC _ n“"gaflATlc)GU.,AB .
Again, the divergence term does not contribute to
the variational equations.

The contribution of the variation of v-g, i.e.,

L,6V-g, vanishes also due to the neutrino equa-
tion. Hence we conclude from (5.2)

. . 1 8(V=gL,)
T AB= Q éo-uAE

= =314 cpM8 — NANBIcH

+Ne1 a5 = NeNp1an)o™ D . (5.3)
From the field equations thus obtained, viz.,
2RAC§50qu+muAB=_KTuA§s (5.4)

with T, 5 given by (5.3), the familiar form can be
recovered. Contracting (5.4) with 0,*” yields

Q=0,
and therefore
Ry pp=1iK (MaciNs =NaNaich

+Tc|adT5 = NeTp|ad) -

VI. CONCLUSION

It has been demonstrated that general relativity
can be viewed as a theory involving the fundamen-
tal quatities o u‘“’ alone (along with external phys-
ical fields). The field equations are derived from
a variational principle, the gravitational Lagran-
gian being

— QUVAB
LO_S RAB;W

It will be instructive to compare this Lagrangian
to other Lagrangians considered recently,* %6
which have not led directly to the full general-
relativistic field equations, but have nevertheless
been adopted by proponents of the gauge-field ap-
proach to gravitation. A typical Lagrangian pro-
posed by those authors is (in our notation)
Rap,yR*P*Y. In such a Lagrangian the space-time
indices (K, v) are contracted with space-time in-
dices, and internal-group indices (A, B) are con-
tracted with internal-group indices, and no mixing
occurs. The only way to couple directly indices of
one kind with indices of the other kind is to recast

R4py, into a form where all the indices appear on
the same footing. This is accomplished by the
usual way of changing tensorial indices into spin-
orial indices, viz.,

o o = eV .
Raguv=Rappixi=0"p30" xv Rapyv -
Now the coupling emerges naturally:
AP_BX QY . .- QUUAB
e"FePXed RABPQXY-s“ Rasuv »

and this is precisely the Lagrangian of the present
work, which indeed leads to the full general-rela-
tivity field equations. (We mention in passing that
the program outlined here can be carried out,
mutatis mutandis, within the framework of spinor
calculus in the five-dimensional unified theory of
relativity,’® thus tying up the electromagnetic field
with internal degrees of freedom.)

The last observation may provide more insight
into the centrality in general relativity of the in-
separability of space-time aspects and internal
group, and into the fundamental role played by the
intimate relation between general covariance and
internal symmetry.

APPENDIX: ALGEBRAIC PROPERTIES OF THE Syv4 2

Several properties of the basic quantities S,,*%,
which are used in this work, are listed here. All
of them can be verified from the definition (2.6)
and the relations (2.1).

“Completeness relations” are

SuUABSuuCD =6Acéﬂo + 6ADGBC ’

S‘“}ABS;Wéb=0 ’

SW/ABS)\TAB =%(5“)\6ur _5p16u>\) —%ieuu)\f
(€, s is the alternating tensor ey, x, =V=g€,u 17,

€234 =1).
Single-index contraction yields

" -1
S¥* 488" xep==2(8"" ac€np +S" " Bc€nya
+€A(c€n)ag”") ’
A = .
su ABSuXCD——d)u"ABCD )

where P*" , gsp is the totally symmetric spinor
tensor

lP“ABébzo(“A(b 0" s)

L 1T N T8 PPN 11 v,
(‘pu ABCD_IIJ MABCD_(P’”| BACD-lP“ ABDC)> gyyw“ ABCD
=0). Another useful identity relates products of
o’s with S’s:

L V . .= v .. Ve
0k 50" cp=0" 430 c5=5"" so€pp + S pp€ac -

(A1)
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