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The quark-line rule involving 1 and 7' mesons has been tested for reactions w p—nA**, 77 p—nn,
pp—mtm ™y, etc. The results appear to be consistent with a general particle-mixing model for the n-n’
complex, and suggest that the validity of the rule is fairly reasonable. Other experimental tests of the rule are

also discussed.

The discovery' of § and y’ has renewed interest
in the study of the nonet ansatz and the related
quark-line rule? (hereafter referred to as QLR),
as well as of the probable mechanism®~" violating
the rule. For some time, it has been well known®
that the QLR with ideal nonet structure for ¢ and
f mesons can explain well various decay rates of
these mesons. The rule also predicts

o(pPp-¢mT7)/0(pP-wrtTT) << 1, (1)
o(1"p=¢n)/o(1”p-wn)<<1, (2)
o(m* p~paT)/o(m* p~wA™) << 1. 3)

These relations are experimentally well satis-
fied,°~!! although it may be necessary'? to take into
account some specific mechanism breaking the
rule. Moreover, if we utilize the standard SU(3)
Regge analysis, then the QLR leads to' *

(K~ p-wY)=0(K " p-p°Y), (4a)
0(K™p=9¢Y)=0(1"p~K°*Y), (4b)

which are experimentally well satisfied.!* Also,
the QLR in the exact-SU(3) limit predicts!®

o(ee -p°K°K®) =0(ee -wK°K °)

=o(ee-wm m")

=g(ee =K °*1°K °)

=30(eg-¢pK°K"), (5a)
o(ee~p°K*'K™)=0(ee~wK'K"), (5b)
olee—-opm*17) =0, (5¢)
o(ee ~pK*K™)=0(e€ K **1*K~), (5d)

which may be tested in the future. At any rate,
the rule appears in general to be well satisfied®~!2
within at most 10% for processes involving ¢ and
f mesons.

However, the situation is less clear with respect
to the pseudoscalar nonet. First of all, the 07
nonet does not satisfy the typical mass formula®
of the 1~ and 2* nonets, although this fact may

have something to do with the so-called n puzzle!®
as has been suggested by many authors. Second,
we have two possible candidates,'” 7’ (958 MeV)
and E (1420 MeV) for the nonet partner of

1 (549 MeV), although a recent experimental
study’® strongly favors 1* spin-parity assignment
for the latter, thus precluding the possibility of
the nonet partner being the E meson. In this note,
we assume that the 7’ (958 MeV) is the ninth mem-
ber of the 0~ nonet, partly because of the above
experiment'® and partly because of the paucity of
experimental data involving the £ meson. Or-
dinarily, it is customary to assume the mass-
mixing scheme for the n-n’ complex.

[1) =cosf|n,) —sind|n,),
[1') =sind|ng) +cosb|ny) , (6)

where 7, and 7, are defined in terms of the SU(3)
quarks as

1 - _
=73~ (9,9, + 929> + 4:03),
1, - _ _
e =75~ (9, @+ 929, — 29545). (7

The mixing angle 6 can then be determined from
the SU(3) mass formula to be

6=-23.8° (8a)
6=-10.6° (8b)

respectively, depending upon whether we use a
linear or a quadratic mass formula. Actually, the
absolute sign of 6 cannot be decided in this way.
However, the choice of the negative rather than
the positive sign in Egs. (8) is dictated'® from
various studies of n—-2y and n—-7*7"y decays. As
we shall see shortly, the negative (but not posi-
tive) sign for 8 is also consistent with results of
various reactions involving 1 and 7’.

Now Lipkin!* has derived a relation

(K~ p=nA)+0E"p-n'A)=0(K~p-71°A
+0(m"p~K°A) 9)
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on the basis of the QLR together with the SU(3) and
Regge pole analysis. He then finds that the right
side of Eq. (9) at 3.9 GeV/c is experimentally®®
larger than the left side by a factor of 1.6, and
concludes that the QLR is badly violated for the
n-n' complex. However, in principle it could be
possible?!” 22 that a large SU(3) violation may be
involved in this case or that the energy is not
high enough to apply the Regge theory. Indeed, as
we shall see below, there are some other rela-
tions which are consistent with the QLR without
assuming the validity of the SU(3) symmetry and
of the Regge theory. Secondly, it may be that the
standard mass-mixing scheme, Eq. (6), on which
the derivation of Eq. (9) depends may not be the
correct one. Actually, on the basis of the dual
unitary picture,® several authors* 7' 2% suggested
a more complicated mixing scheme for the n-7n’
complex. Especially, Imani ef al.?® noted that this
approach would lead to a general particle-mixing
scheme?*

[7)=S (cosf, l ng) — sinf, I 770) )
(10)
[177) =S ,(sing, |ng) +cosb,|ny) ).
The simple mass-mixing scheme Eq. (6) is ob-
viously a special case of Eq. (10) with

S,=S,=1, 6,=6,=6. (11)
Although formula (10) contains four unknown real
parameters, S,, S,, 6,, and 6,, two angles 6, and

6, can be determined from the masses of the 0~
nonet to be” 23

f,~=6°, 0,~-20°, (12)

From the standard SU(3)-Regge analysis on re-
actions,

K'P"UA, TI'A ,Kon’ "oAy

n=p-nn,n’ n, K°A, 7%, (13)
K*'n—-K°%,

they also computed?® values of S, and S, as
(S,/S,#=0.69+0.19, (14a)
(S,=0.64+0.11. (14b)

Note that relation (9) must be now replaced by a
more complicated formula®® which we will not write
here. For the sake of comparison, we may re-
mark that Rosenzweig? assigns a value of

S,=S,=1, 6,~—-10°, 6,~—20° (15)

The purpose of this note is to investigate further
consequences of the quark-line rule involving 7
and 7’ mesons on the basis of either the mass-
mixing scheme (6) or more general scheme (10).
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However, in our analysis, we do nof assume the
validity of the SU(3) symmetry nor of the Regge
theory. For simplicity, let us call any hadron
nonstrange if its constituent quarks include only
nonstrange quarks. Thus, pions and nucleons are
nonstrange hadrons, but kaon, 1, and n’ are not.
Let us set

454, =T%— (Mo -V2 778) s (16)

which corresponds to a fictitious 0~ bound state
of strange quarks ¢, and g,. Consider a given ex-
clusive reaction

A+B—~(q,g5)+C, +Cy+-++ +C,. 17)

Suppose that all hadrons A, B, C,, C,...,C, in
Eq. (17) are nonstrange hadrons, i.e., they do not
contain any g, and g, quarks. Then the QLR (or
equivalently the nonet rule) demands that the ma-
trix element for the reaction (17) should vanish.
Then expressing ¢,g, in terms of physical 7 and

n’ by means of Egs. (10) and (16), this leads to

G(A+B=n'+C +Cyt--+ +C,)

G(A +B=n+C,+Cy+-++ +C,) =K (18)
K- <§2>2 <sin92+\f7 C0892> 2
S, cosf,—V 2 siné,
S,sin(8, + 0 )T
= | 22810 *6,)
':S,cos(60+91) 2 (192)
6,=tan"'V'2 =54°44", (19b)

where 0 represents the production cross section
divided by the phase volume. The derivation of
Eq. (18) is obviously independent of the validity
of the SU(3) symmetry as well as the Regge
analysis, so that it directly tests the QLR in con-
trast to Eq. (9). Many tests of (18) for the mass-
mixing case have been given already by Lipkin.'**
Equation (18) should be valid for the differential
cross sections as well as for the total ones, so
that the n and n’ should have exactly the same
angular and energy distributions in the reaction,
provided that the mass difference between n and
n’ does not cause any serious kinematical prob-
lem. We remark that relation (18) is also valid
even when some of C,, C,,...,C, may coincide
with 5 and/or 7’.

The value of K can be computed from Eq. (19)
and depends only upon specific choice of values
assumed for 6,, 6,, S,, and S,. We shall discuss
several cases of practical interest:

(a) Linear mass-mixing scheme with §;=S,=1
and 6, =0,=-24°,

K =0.35. (20a)

(b) Quadratic mass-mixing scheme with S, =5,=1



and 6,=6,= - 10°

K =0.96. (20b)
(c) Rosenzweig model with Eq. (15),
K =0.63. (20c)

(d) General mixing scheme with Eqs. (12) and
(14),

K=0.50+0.14. (20d)

(e) Linear mass-mixing scheme with positive
sign for 6, i.e., 5;=5,=1 and 6,=0,=+24°

K =23.9. (20e)

(f) Quadratic mass-mising scheme with positive
sign for 6, i.e., S,=S,=1 and 6,=6,=+10°

K =4.31. (20f)
(g) No mixing, i.e., S;=S,=1 and 6,=6,=0,
K=2. (20g)

After these preparations, we would like to test
our prediction. First, let us consider

6_(7r+p*n, A++) _

=K. 2
o p=nar) K (212)

Originally, this relation for the case of the mass-
mixing model has been derived on the basis of the

quark model,’® and subsequently has been studied

experimentally. So far, experimental values of K

determined from (21a) are rather conflicting. One
experiment?®® at 8 GeV/c gives

K =0,90:0.40 or K=0.70+0.40, (21b)

depending upon how the data are analyzed, while
another experiment at 5.45 GeV/c reports®

K=0.2410.11. (21c)

These values could be consistent with any of
(20a)~(20d) but not with the positive-6 cases of
(20e) and (20f) in conformity with the analysis'®
of n—-2y and n-7*7"y decays. Also, the non-
resonant analog of (21a), i.e.,

g p-n'r*p) _

o(m* p~nm* p)
could be experimentally tested in the future, al-
though the presently available data®” appear to im-

ply the value of K is somewhat smaller than unity.
Second, the analogous relation

K, (22)

I p~n'A°) _

o(rp=ma) " (232)
has been measured?® at p, =7.1 GeV/c to give
K =0.25 £0.025, (23b)

which is consistent with (21¢) in accordance with
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the charge independence, if the value of K is in-
dependent of the energy.
Next let us discuss®®

o(m"p—=n'n)
— =K, 24a
o(r~p—~mm) (24a)

which has been investigated by many authors.?®

If we use experimental data®® on the wide mo-

mentum range from p, =3.8 GeV/c to 48.0 GeV/c,
then this reproduces (20d), i.e.,

K =0.50+0.14, (24b)

for all these momentum ranges since these data
have been used by Imani efal.?? to evaluate
(S,/S,? as in Eq. (14). Recently, the same re-
action with the higher momentum range of
b, =20-200 GeV/c has been reported.?! A pre-
liminary analysis shows that the value of K is es-
sentially constant for all energies and for all
values of ¢, which is the square of the momentum
transfer. More importantly, it reproduces es-
sentially the same value (24b) again for practical-
ly all momentum values under investigation. Also,
the same reaction has been studied recently® at
8.4 GeV/c by Edwards ef al. They discover the
value of K to be dependent upon {, and we shall
come back to its discussion later; however, we
note here the fact that the average value of K is
consistent with (24b).

The charge-symmetric analog of (24a)

o n~n'p) _

G(m" n—-np) (25a)
as well as

g(r*d—-n' pp)

g\7 d= = 26

Grrd-mpp) * (26)

could be experimentally tested. So far, experi-
mental data3® on 7*d - ppn(n’) at 1.7-GeV/c pion
momentum yield an upper bound for (25b),

K<0,67+0.18. (25b)

Comparing this with (24b), we see that both are
consistent as is required by charge independence.
Next, consider a proton-antiproton reaction®*

opp-n'mm") _
R M (27a)

An experiment®® at rest enables us to calculate
K=0.73:0.15 . (27b)

Also, the Dalitz plots of the n and 7’ for this pro-
cess were experimentally found to be essentially
identical to each other in accordance with our
prediction. [See the discussion following Eq. (19).]
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Similarly, for resonant p° production reaction®®

G(pp-n’'p°)
——=K 28a
a(pp~np°) (28a)
we estimate®®
K =20,40+0,35. (28b)

Also for decays of the A, meson, we sould find
that

T ’
CA,-n'm) _

T(A,~nm) s (29b)

where T represents the decay width divided by the
d-wave phase volume. Using the experimentally
known decay rates® for these modes, this leads
to

K<1.60, (29b)
which excludes again cases (20e), (20f), and (20g).

Finally, for an extremely-high-energy reaction,
relation (18) will give

0(A+B -1’ +any nonstrange hadrons) _
0,(A+B —-n+any nonstrange hadrons)

K (30)

for semi-inclusive reactions. However, some
caution is necessary, since the cross section
0(A+B-n++++) may contain an indirect contri-
bution from g(A+B -7’ ++-+) followed by the decay
n’ -nmm, The modified cross section
0,(A+B-n++-+) in Eq. (30) represents the cross-
section subtracted for this indirect extra contri-
bution. Even after this correction, relation (30)
is still approximate for the following reason.
Some fraction of both n and n’ could be indirect de-
cay products of resonances A,-7mn (or n’) and

E-mnmn (or n') as well as N*~Nn (or n’) production.

Because of large phase-volume differences for n
and n’ modes, more n mesons than n’ will be pro-
duced for such processes in comparison to that
indicated by Eq. (30). Also, because of these de-
cay processes, the left side of (30) will produce
an apparent /-dependence instead of the constant
behavior demanded by (30). Therefore, the best
place to test Eq. (30) is perhaps limited to the
forward direction near t~0, where the direct pro-
duction mechanism for n and 7’ (rather than the in-
direct resonant decays) is expected to be more
important.

A preliminary experiment by Lai et al.?® mea-
sures cross sections for reactions

7" Be -7’ +neutrals,
(31)
m~Be-n+neutrals

at 100 GeV/c. Unfortunately, we cannot directly
compare these data with (30), since the final
neutral particles in (31) may contain strange-
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neutral hadrons K5, K;, A, Z° and =° which (ex-
cept for K; ) decay quickly into neutral particles.
Assuming that this contamination due to neutral
strange particles is small and noting the known
neutral-decay branching ratio of

Ir'(n'-nr'n%) _
T (7 ~all) =0.23,
we may approximately rewrite (30) as

o(m"Be—-n’ +neutrals) K
o(r~Be -7 +neutrals) 1+0.23K ’

(32a)

we would hope, at least near £~0. The preliminary
experimental data by Lai et al. appear to indicate
the left side of (32a) to be roughly 0.45 at
0 <|t| <0.1(GeV/c)?, and 0.30 around |#|=~0.2 (GeV/c)?
with smaller values for higher |{|. As we re-
marked already, we should test the validity of (32a)
only near t~0. We then see that the value of K
determined in this way is consistent with (24b),
i.e.,

K=~0.50. (32b)

Summarizing what we have found in our analysis,
we see that the experimental values of K are still
confusing, but are mostly within a range of
0.25-0.75 with a good likelihood around K = 0.5.
The fact that this excludes the cases of positive
mixing angle 6 is reassuring in view of the same
situation for n-2y and n—7*7"y decays.'® Also,
these values are obtained from various experi-
ments made at energies ranging from 1 GeV/c to
200 GeV/c. Some of the experimental values may
not be mutually consistent for the following reason.
All reactions n*p-pa**, 17p-nA°, and T"p-nn as
well as their corresponding n” modes are expected
to proceed via the A ,-Regge-trajectory exchange
at the high energy under consideration. Then the
value of K for all these reactions should be the
same, irrespective of the validity of the QLR.
Hence, if the discrepancy between K =0.5 of (24b)
and K =0,25 of (23b) is real, this would imply a
large absorption correction, i.e., a large contri-
bution from the Regge cut which would at the same
time violate the QLR. In this connection the new
experiment®® on 77p-nn and 7" p—~n'n at 8.4 GeV/c
is even more puzzling. At the momentum transfer
of ¢/~ 0, the value of K is near 1.0 while it as-
sumes K=~ 0.5 at [¢'|~0.2 (GeV/c)? and drops to
K~0.2 at |t'|~0.7 (GeV/c)’.. However, the overall
average of K appears to be K=~ 0.5.

Let us now present the following argument.

Since we expect that the QLR will be better satis-
fied for higher energies, we should choose the
ideal value of K to be K =0.5 determined as in
(24b). This also a rough average of all values of
K so far studied. Then we may interpret any
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deviation of K from this value 0.5 to be an indica-
tion of the violation of the QLR. Since most of the
experimental values of K studied in this note range
between 0.25 and 0.75, we assume this fact to im-
ply that the violations of the QLR for most of the
various reactions are at most 50% or so in magni-
tude for cross sections, and hence at most 22%

in the scattering amplitude. As we noted in the
beginning, the violation of the QLR involving the

¢ meson may amount to°~'? as much at 10% in
amplitude.®® Comparing both cases, we could say
that the quark-line rule is still reasonably well
satisfied even for the n-n’ complex. It appears to
be certainly better than ordinarily believed to be
possible for the 0™ nonet. Of course, more ex-
perimental tests are required to verify this point.
We could test the rule also in various other re-
actions*° such as

o(pd~n' 1"p)/5(pd~nm"p) =K, (33)
G(yp=n'p)/a(vp~b) =K, (34)
Glep~en' p/Glep~enp) =K, (35)
Glee~n'n"17)/G(ee—nm"T17) =K, (36)

where the symbol d in (33) represents the deuteron
target. Moreover, if the decays of ¥ and/or ¢’ are
dominantly mediated by exchanges of three SU(3)-
color gluons, then we expect to have [as in Eq.

(18)]

T@=n"+C,+Cy++-+ +Cy) _
T@-=n+C,+Cy++++ +C,)

K. (37)

However, a relatively large QLR-breaking decay
rate for y—-7"7"¢ may indicate*' a more compli-
cated mechanism for the ¢ decay, thus possibly
invalidating relation (37).

If we apply the QLR to decays n’-p% and
p°-ny, we find that

3 (%)3 K, (38)

('~ 0°)
T(p°=mny)

where g and ¢’ are energies of the final photons in
the rest frames of n’-p° and p°~7ny, respec-
tively. Assuming the value K~ 0.5, this predicts

T(n' ~p%) = T'(p° -ny). (39)
Similarly, we predict
r(n -wy)= T(w-n7). (40)

A recent experimental measurement®? of I'(p°—-ny)
and I'(w-7n7y) gives the following two possible
values of

I(p®-ny)=50£13 keV,
T'(w=-ny)=3.02-5 keV,

(41a)

or

T(p°~ny)=76+15 keV,
(41b)
T(w-ny)=29+7 keV.

As we shall see shortly, the second choice (41b)
conflicts with (40) so that we accept the solution
(41a). Then, together with the known branching
ratio®” of

(1 ~p%)/T(n’ ~all)=0.274,
we predict
I'(7’ —all)~ 180 KeV. (42)

Also, Egs. (39), (40), and (41a) lead to

r(n'-wy) _ T(w=ny)
~ ~ 0,086, 43a)
I(n'=p%) T(°—=m) (

which is consistent with the present experimental
upper bound®” for I'(y’ =wy). On the other hand,
the solution (41b) gives a very large value of

r(n'-wy) _
T =p%y) 0.4, (43b)
which contradicts the present experimental values
for this ratio.

So far, we refrained deliberately from the use
of the SU(3) symmetry. If we had utilized exact
SU(3) together with the QLR as is usually done,
we would then have obtained more predictions.
However, this will be left as a future study in view
of a possible complication due to the SU(3) viola-
tion. Coming back to the discussion of Eq. (9) in
this connection, the discrepancy of the factor 1.6
(assuming now the mass-mixing scheme and the
A, Regge-exchange mechanism) may still be due to
a combined effect of roughly 20% QLR violation and
of another 10% SU(3) breaking, since the combined
30% violation in amplitude is enough to account for
the discrepancy.

Note added. After this paper was completed we
came across a paper by N. H. Fuchs, [Phys, Rev.
D 14, 1912 (1976)], in which the general mixing
scheme, Eq. (10), has been derived and discussed
from the viewpoint of color-gluon theory. Also in
a recent paper, P. L. Woodworth ef al., [Phys. Lett.
@E, 89 (1976)], have reported a measurement of

o(rp~¢riaTmp) 0.005
o(T"p—-wrtnTnp) '

at 19 GeV/c, which again supports the QLR for
the vector mesons.
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