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The interaction between a scalar field and a set of n fermion fields in three space dimensions is investigated
by decomposing the total Hamiltonian H into a sum of two terms: H = H,,+ H,, where H_, denotes the
quasiclassical part and H,,,, the quantum correction. General theorems are given for H,, concerning the existence
of soliton solutions, the general properties of such solutions, and the condition under which the lowest energy
state of Hg, is a soliton solution, not the usual plane-wave solution. The effects of the quantum-correction
term H,,, are examined. It is shown that the quasiclassical solution is a good approximation to the quantum
solution over a wide range of the coupling constant. The approximation becomes very good when the fermion
number N is large. Even for small N (2 or 3) and weak coupling, the quasiclassical solution remains a fairly
good approximation. In the strong-coupling region and for arbitrary N, the quasiclassical approximation
becomes again very good, at least when the fermions are nonrelativistic. The question whether the relativistic
quantum field theory has a strong-coupling limit or not is not resolved.

I. INTRODUCTION

In this and the subsequent paper of the series,
we shall extend our studies of three-space-di-
mensional nontopological solition solutions™ to
include also the fermion field. As before, our in-
terest lies primarily in renormalizable relativistic
local quantum field theories.

For definiteness, let us consider the interaction
between a single scalar Hermitian field ¢ and a
set of Dirac fields y*, where k=1,2,...,n. The
Hamiltonian density 3C is given by

5=+ 3(Vo)* + U()
+z": Yt (—ia - Vs B+ gAY
k=1

+ counterterms , (1.1)

where the dagger denotes Hermitian conjugation,
ITand ¢ satisfy the usual commutation relation

(@, 0, o, 1)]=-i3F - 1) , (1.2)

while ¥* and ¥*' satisfy the usual anticommutation
relations

{i(F, 1), 9*@, )} =0
and (1.3)
{9, 1), 0,0} =0,8°F - F)
and @ and B are the 4 x4 Dirac matrices. Because
of renormalizability

1 1 i
U(¢) =5a0® +370¢° +ycot . (1.4)

The constants a, b, ¢, m, and g all refer to the

appropriate renormalizable constants, and the
counterterms in (1.1) are for renormalization pur-
poses (defined entirely in the conventional sense,
without any consideration of the soliton solutions).

Part of the purpose of this series of papers is to
investigate whether all observed hadrons can be
regarded as soliton solutions in an appropriate
field theory. The above system then serves as a
prototype of such models, with y* simulating the
“quark” field and 2=1,2,...,n the “color” in-
dex. Clearly, the Hamiltonian (1.1) is totally un-
realistic; other more physical models will be
given in the subsequent paper.

The vacuum state is, by definition, the lowest-
energy eigenstate of the system when the total
fermion number N=0. Through the transforma-
tion ¢ — ¢ + constant, we may always assume for
the vacuum state

(vac|¢(x)|vacy=0 . (1.5)

Note that U(¢) does not contain a linear term in ¢.
However, because of (1.5), there is a linear term
in the counterterms. Throughout the paper, we
assume the constants

a>0, ¢=0, andb®*=3ac, (1.6)

so that the absolute minimum of U(¢) is at ¢ =0.
Also, m is taken to be >0.

In order to find whether the low-lying quantum
states consist of solitons or not when the total
fermion number N#0, we introduce an operator
x(T, 1), defined by

X(¥, 0= o(r, 1) - ¢,(F) (1.7

where d)c(i:) is a time-independent c-number func-
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15 FERMION-FIELD NONTOPOLOGICAL SOLITONS 1695

tion, that satisfies
¢.~0 as r—; (1.8)

the detailed form of ¢, is yet to be determined.
Because of (1.2), we have
[n(F, 1), x(F, 1)]=-i8(r - ) . (1.9)

It is convenient to expand the operator zp"(?, t) in
terms of a complete set of orthonormal c-number
time-independent spinor functions u,(ﬂ and v,(ﬂ:

PE, D=3 [, + 50,1, (1.10)
=1

where %, and v, are determined by

[—i'&-§+[3(m+g¢c)]x%3'l=e,x{i:: (1.11)

in which the subscript 71=1,2,.
so that

.. is arranged

(1.12)

As will be shown in Appendix A, under rather gen-

0<g, =€, =¢€;=°°° .

Hourr= [ {1104 [0, U0 4.8 2 90 80 s HOXP + 20700 + 5 U0 00+
1 .

- Z n€,; + counterterms.
1

Here, the counterterms refer to exactly the same
ones introduced in (1.1), and U’(¢) =dU/d¢,
U”(¢)=d?U/d¢?, etc. The total fermion number
operator N is given by

N= Zj 3 (altal-bite).
=1 =1

In the quasiclassical Hamiltonian H,, ¢, is a
c-number function, but af and b% are quantum op-
erators. Thus, the particle-antiparticle symmetry
holds for H,, as well as for the total Hamiltonian
H. Because of the particle-antiparticle conjugation
symmetry, only states with N=0 will be discussed.
Furthermore, keeping in mind the eventual appli-
cation to hadrons, we shall restrict our subsequent
discussion to the sector® in which

(1.17)

N=n. (1.18)

The lowest eigenvalue E of H, can then be de-
rived by distributing the N fermions to the same
spinor state u,(¥) of (1.11), but with different
“colors”; consequently, E is the minimum of

E(¢)=Ne+ [ (Vo P+ UM,  (1.19)

eral conditions, €,#0. In the standard Dirac rep-
resentation,® B=p, and @ =p,5, the spinor v,(T) is
related to the complex conjugate of the spinor
u,(T) by v, =p,0,u¥. 1t is clear that €,, u,, v,, a¥,
and b¥ are all functionals of ¢,. By using (1.3),
one sees that the operators a% and b all anticom-
mute, while

{af, a3t} ={b}, 057} =8,,5,,, -

1»“m

(1.13)

In terms of x, 1, a%, and b}, the total Hamiltonian
H may be written as a sum of two terms, a quasi-

classical part H , and a quantum correction H,, .,

HEf 3d%r =H gy +Hepr (1.14)
where X is given by (1.1),
He= [ BT8R+ U0 o
n ©
+ Z:; ; NCA TN (1.15)
and
le-cx“}d%'
(1.16)

where € =¢,(¢,) as given by (1.11) and (1.12). By
labeling the corresponding spinor u, =3,, we find
that the minimum occurs when

’V2¢c+ U'(¢c) = -gNKPEﬁch
and (1.20)
[~ia» V+B(m+gd) b =€,

where €>0 and [ gty d3r=1. As before}!~* we
define the soliton solution to be one in which both
¢, and P, are permanently confined in space.” Of
course, (1.20) always has the usual plane-wave
solutions, in which ¢,=0, i, proportional to
Q1/2exp(ip+T), €=(m?+PH?)'/2, and Q= is the
volume of the entire system. As we shall see,
besides these plane-wave solutions, the above
quasiclassical Hamiltonian H . also admits soli-
ton solutions. Because of the boundary condition
(1.8), these solitons are of nontopological origin.
In the literature,®® equations identical to (1.20)
have been studied for some specific choices of
U(¢) and N; e.g., the well-known SLAC bag model
of Bardeen et al.® is but a special type of soliton
solution. However, our concern is of a broader
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FIG. 1. Schematic drawings of the rest energy E vs
the fermion number N, where N =« and » = number of
fermion fields. The solid curves are for the quasi-
classical soliton solutions and the dashed curves for
the plane-wave solutions (of zero wave number). Along
the solid curve, € =dE/dN varies continuously from 0
to m—; in the three-space-dimensional case, ¢ is also
continuous at the spike C.

nature; we are interested in the general condi-
tions under which the low-lying states of Hqa

are solitons, not the usual plane-wave solutions.
The results are stated in a number of theorems
given in the next section; these theorems are ap-
plicable to an arbitrary U(¢). Furthermore, in
(1.20), the parameter N can be regarded mathe-
matically as a continuous variable. By studying
the minimum energy E as a function of N, some
new insight into the general character of the soli-
ton solution may then be derived. A schematic
drawing of E vs N is given in Fig. 1(a) for the

three-space-dimensional case (with details to be
given in the next section), and in Fig. 1(b) for the
one-space-dimensional case (with details to be
given in Appendix C). One sees that for the three-
space-dimensional soliton solution, the curve

E vs N exhibits a characteristic “spike” shape,
similar to the corresponding curve for the boson
case.”3 There are two critical values N and

Ng, with Ng >N.. The value N, gives the location
of the spike; for N<N, there is no soliton solu-
tion. The other value Ny is related to the stability
point S; for N>Ng, the soliton solution has a lower
energy than any of the plane-wave solutions. Thus,
at least in the quasiclassical approximation, the
soliton solution is absolutely stable against decay
into plane waves. As will be shown in the next
section, it is also stable against fission into sev-
eral smaller solitons. For Ng>N>N_, the low-
est soliton energy is higher than Nm, but never-
theless, it remains stable against infinitesimal
perturbations. Furthermore, Ng can be <1, pro-
vided that the fermion mass m is sufficiently
large; e.g., in the weak-coupling region (4m)™g2
<« 1 and c=0(g?), we find Ng <1 if

m>3(3)°at/2(4m/g?). (1.21)

For physical applications, N must be an integer.
Consequently, if Ng is <1, the lowest-energy
state of Hqu changes its character abruptly from
the vacuum state (N =0) to any other N#0 state.

An important question is whether, when one
includes the quantum correction H ., the quasi-
classical solution remains a good approximation
to the exact solution of the total Hamiltonian Hqa
+H .o . Assuming that the soliton solution is the
lowest-energy state of H,,, a relevant parameter
is the ratio R between the binding energy (E,) of
the exact solution vs that of the quasiclassical
solution:

R = (Eb)exac[ /(Eb)qc[ . (1 .22)

As will be established in Sec. III, and also shown
in Table I, in the weak-coupling region R -1 if
N>1, and R =0.768 if N=2 (assuming, for sim-
plicity, the boson mass a'/?< mg?/4w). In the
strong-coupling region, the exact relativistic
quantum solution is not available for comparison.
However, we may consider a nonrelativistic fer-
mion model, replacing the Dirac part of the Ham-
iltonian density, y*'(—ia- V+Bm)y* in (1.1), by

its nonrelativistic limit y*¥(~3V2/m)P*. In the
weak- coupling region, the nonrelativistic model
is the limit of the relativistic theory; in the strong-
coupling region, the nonrelativistic model gives

R —1 for arbitrary N. Furthermore, when N> 1,
R -1 for arbitrary coupling. Thus, the quasiclas-
sical solution appears to be a fairly good approxi-
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mation over a wide range of coupling constants,
even when N is small.

The usual perturbation series is an expansion
around the plane-wave solutions. When N >Ng, the
plane-wave solution of Hq ceases to be the lowest-
energy solution; consequently, the convergence of
the corresponding perturbation expansion is ser-
iously in doubt. If Ng is <1, this would be the
case for all states with N#0, which is rather
surprising. This somewhat unfamiliar situation
is, of course, due to the essential nonlinearity
of the problem, and is by no means restricted to
field theory, as will be illustrated by the following
simple example in elementary mechanics.

Let us consider a single-point particle moving
on a plane. The position vector of the particle is
¥=(x,v) and its conjugate momentum is p. The
Hamiltonian is assumed to be

35+ 71— g+ A7), (1.23)

where 7= |¥|, and g and A are real parameters.
The angular momentum 1=% X is conserved. At
a fixed value of /= |T|, (1.23) becomes

2 2+ Vi(7), (1.24)
where p, is the radial momentum and
V(") =3(1/7)?+372[(1 - gr)? + A?]. (1.25)

For 7 and A both not too large, V,(r) has two lo-
cal minima, say at =7, and 7, with », <7,. As
1 -0, one sees that , -=0; hence, 7, denotes the
absolute minimum when 7 is small. It is easy to
show that there exists a critical value Ig. For
1>1g, the absolute minimum of V,(») changes
from 7, to 7,. Now, in a quantum theory, [ takes
on only integer values. Thus, if I is <1, the
character of the /=0 state can be drastically dif-
ferent from all I+#0 states. This is quite analogous
to our field-theoretic problem, in which depend-
ing on the parameters, the vacuum state (N =0)
may also be significantly different from all N#0
states.

Throughout the paper, we adopt the natural
units 7 =velocity of light=1.

1. QUASICLASSICAL SOLUTIONS

In this section, we consider only the quasiclas-
sical Hamiltonian Hqa, which is given by (1.15).
At a given fermion number N, the lowest energy
of its plane-wave solutions is Nm. Throughout
our discussions, we assume (1.18) holds, and
therefore the minimum energy E of H. is deter-
mined by (1.19) and (1.20). Asdiscussed inthe pre-
vious section, for mathematical convenience N may
be regarded as a continuous variable, varying from
0 to «.

A. Existence of solitons

Theorem 1. There exists a critical value Ng.
For N>Ng, the lowest-energy state is a soliton,
not the plane-wave solution. Furthermore, as
N~ 0,

E=4mV2N34U(-m/g)]*/4. (2.1)

Theovem 2. Ng is <1 if the fermion mass m is
greater than a critical value m =ma,b,c,g).

In the weak- coupling region (4m)?g2<« 1 and
¢=0(g?), an upper bound of m, is given by

my<3(3)Pat’/?(4n/g?). (2.2)

Proof of theovems 1 and 2. From (1.19) and
(1.20), it follows that

e=n([ viuvarr/f sar)

+ [ [B(V92 + U(e N> (2.3)

for arbitrary ¢, and 3., where
Hp=—ia*V+Bm+gBo,. (2.4)

To establish theorem 1, we consider a trial func-
tion:

¢c=s -m/g for r=R
1-(m/g) exp[-(r-R)/d] for »=R
and (2.5)
b= g’(21rR)‘”2(u/r) siner for <R

’ 10 for ¥=R,

where in the standard Dirac representation,
a=p,0 and B=p,,

> (2.6)

o O O =

R and d are parameters, and
€eR=m. 2.7

By using (1.4), (2.3), and (2.5), we find for arbi-
trary R and d,

2
E< ER’-’ + %’-’Uomm(d-ua)(”é) (R?+Rd +d?)d

20b m\? 2,2 272
—-5m z (R +§Rd+’§d )d
1 m\* 2, 1 142
+34TC 2 (R%2+3Rd +gd?)d, (2.8)

where U,=U(-m/g). As N increases, the optimal
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value of R increases, while that of d remains
O(a™/2). For R large, we may therefore keep
only the first two terms in the sum on the right-
hand side of (2.8); their minimum is 4Nn/R, and
it occurs at

R=(IN/UM4. (2.9)
Consequently, for N large,
E<4m/2UL/AN3/410(N/?). (2.10)

Theorem 1 is then proved.

In deriving (2.9), and therefore also the upper
bound (2.10), we assume U,>0, as would be the
case if U(¢) has only one absolute minimum at
¢ =0. A better upper bound may be derived if
there are two absolute minima for U(¢). As will
be shown in Appendix B, if, in addition, the value
of m+g¢ changes sign between these two absolute
minima, then when N -, instead of (2.10),

E ~3a/2@2n/c)/3N2/3, (2.11)

As we shall also see in Appendix B, the minimum-
energy solution in this case is similar to the SLAC
bag model®; although, in the SLAC bag model,
N is 0(1).

To prove theorem 2, we first establish the ex-
istence of a critical value »:,, so that the lowest
soliton energy satisfies

cr

E<m when N=1 and m >m,. (2.12)

We choose, instead of (2.5), the following trial
function:

¢ .=Km exp(-rmvr)
and
o= (km )32 /2y exp(—kmr),
where u is given by (2.6) and K, A, and « are di-

mensionless parameters. When N=1, by using
(2.3) we find for arbitrary values of K, A, and «

EQ1)/m<F=v+(1K2%/X)
x(l+ l_a_+i_b£<_+_c_£‘_2>
22 2%m2 81 XM®m o 192 22 )
(2.13)
where E(1) denotes the value of E at N=1, and

2=1+xk%2+2gK _2x 3+ 2pea( K ’
ve= S8\ akwn) *8 K+)\> :

In order to show E(1)/m <1, when m is suffi-
ciently large, we may take the limit m -~ in
this limit, F approaches

1 ¢ K?
- 2y = 2
F_=v+(1K /)\)(2+ 193 )\2>.

Let k=¢|K|® and A=n|K|*, where 1>a>}%. Keep-
ing &, 1, and a fixed and #0, one sees that as
K-~0, F,~1 and

3 2¢ >3
EI?F“’ g(2£ +7 #0
The minimum of F_ must then be less than its
value at K=0, which is 1. Therefore, (2.12) holds.
At arbitrary N, by using (1.19) and (1.20), one
can readily verify that

a%E(N) —e(V), @.14)

where E =E(N) and € =¢(N) are both functions of
N. According to (2.7) and (2.9), as N—=w, €(N)
~O(N-1/%) =0, while at N=1, for m >m,, we have
€(1)<E(1) <m because of (2.12) and (1.19). Thus,
when ¢ decreases from €(1)<m to 0, N increases
from 1 to <. Since, on account of (2.14),

d(E - Nm)/dN =€ — m, which is negative for € be-
tween (1) and 0, we find, for N>1, E(N) - Nm
<E(1)-m <0, provided m >m,. In this case, by
definition, Ngis<1, and that leads to the first
statement of theorem 2.

Next, we examine the weak-coupling region
(4m1g2<«< 1, but assume (a*/2/m)=0(g?) and ¢
=0(g?. In accordance with (1.6), b? is O(ag?)
<« a. Since the inequality (2.13) holds for arbitrary
k, A, and K, we may assume k and A to be both
0(g?), and K=0(g?%. The function F in (2.13) be-
comes

2k \* wK? a
_ 1.2 6
F=1+3k +gK<2K+A) 3y <1+7\2n12> +0(g9) .

Thus, neglecting the O(g°) term, we find F=1
[i.e., E(1)<m] when

a A3 2k \* 7K?
7}?=h5"m['€2+2gK<‘2K—+>‘> +T] . (2.15)

It is straightforward to verify that # is maximum
when

k=x1=(3)’g?/(2m)
and
K=-X(3)/g;
the corresponding maximum value is 2Z=22. Con-

sequently, when m=a*/%/x, E(1) is <1. The proof
of theorem 2 is then completed.

B. Soliton solutions when € is near m

From (1.20) and the boundary condition (1.8),
one sees that in order to confine @, in space, €
must be <. On the other hand, for € >m (and
when the volume of the system Q—«), (1.20) has
only plane-wave solutions. To find the connection
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between these two types of solutions, we shall in-
vestigate the soliton solution in the limit when ¢
-m-—.

But before taking the limit, let us first convert
the Dirac equation into a more convenient form.
We multiply the lower equation in (1.20) by Hp
=—ia+V+p(m+gp,) on the left. This leads to

Hg* =€), , (2.16)
where, in the representation a =p15 and B=p,,
Hp2==V2 4 (m+g0, ) - gp,0° (Vo,) . (2.17)

The solution §, may be decomposed in terms of the
eigenfunctions u, of p,:

be=du,+Pu_, (2.18)
where
P, =xU, ,

and ¥, and ¥_ are both two-component spinors (in
the T space) that satisfy

[-V25 g0+ (Vop o)+ (m+gd P, =€,
and
€Y, =(m+gp, £, . (2.20)

One sees that (2.20) implies (2.19), but not vice
versa.

When € approaches m—, it is convenient to de-
fine several dimensionless variables:

(2.19)

E=(m2-eV2/m, ¢,=-5Exm/g, T=Emyr,

and (2.21)
N2y = (zam) 2(&/g)yu+ O(£?),

where u is the spinor given by (2.6) and y =y(7) is
assumed to be radially symmetric. Thus, the last
equation in (2.21) implies, in the notation of (2.18),

b.=4:[1+0(8)] .

In the limit £ -0+, by using (2.21), one finds that,
to the lowest order in &, the upper equation in
(1.20) becomes simply

x=92, (2.22)

Likewise, the lower equation in (1.20) [or its equi-
valent, (2.19) and (2.20)] can be reduced to

1 d/ ,dy 3

p d‘r(T dT)—yw =0 . (2.23)
Both (2.22) and (2.23) hold for an arbitrary U(o)
of the form (1.4). Solutions of (2.23) have been
given explicitly in Ref. 2; by using the virial theo-
rem proved there [Eq. (2.49) of Ref. 2], one has

fy‘*d3'r=4fy2d3-r.

(2.24)

By using (2.21) and [ yty.d3=1, we find, when
€ =0+,

N=~§—a(g2mz§)'1f y2d3T (2.25)

Similarly, in the same limit, by using (1.19),
(2.21), and (2.24), we obtain the difference be-
tween E and Nm to be

E~Nm=3iNmE >0 . (2.26)

Now, from the discussions given in the previous
section, we know that, when € =0+, N—» and E

is <Nm. On the other hand, according to (2.25)
and (2.26), when € —m—, N also —», but E is .
>Nm. Thus, when € varies from 0 to m, the curve
denoting the soliton energy E(N) vs N must cross
the straight line E =Nm at some point, say S;
furthermore, since dE(N)/dN =¢ is always posi-
tive and N —« at both limits € =0+ and m~, there
must be (at least) a spike developed at some point,
say C, on the E(N) vs N curve, as shown in Fig.
1(a). Similar curves with “spikes” have also been
found for the boson problems?®?; such features

are, therefore, characteristic of all three-space-
dimensional nontopological soliton solutions. (See
Appendix C for a discussion of the corresponding
one-space-dimensional problem.)

C. Stability

To study stability in the quasiclassical approxi-
mation, it is convenient to use the positive-definite
form (2.3) for the energy. We define

f.=NY2y, 2.27

the soliton energy E(N) is then, because of (1.19)
and (2.3), given by the minimum of the functional
G(f,, ¢.) at a fixed N, where

66281 [ 1y patr)

+ f (Vo) +U(o,) %y, (2.28)
and

N=ff',[.fcd3r . (2.29)

For simplicity, we assume that the curve E(N) vs
N has only one spike, as shown in Fig. 1(a). By
following exactly the proof given in Ref. 2 for its
theorem 2, but replacing I, A, and B there by N,
¢., and f,, respectively, we can establish, for
N>N,, the stability of the lowest-energy soliton
solution against all infinitesimal perturbations.
Since dE(N)/dN =€(N), and since along the entire

branch CS in Fig. 1(a)
de

d_ﬁ<0’
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TABLE I. Ratio R between the exact binding energy
and the quasiclassical binding energy. Details are given
in Sec. III. For N =2 and weak coupling, R =0.768 is
calculated by assuming, for simplicity, the boson mass
a''t<mg/(4m).

R =1Ep)exact’ (Ep)qet

coupling N nonrelativistic  relativistic
strong arbitrary 1 not known
weak >1 1 1
weak 2 0.768 0.768
we find
E(N, +N,) <E(N,)+E(N,) (2.30)

for all positive values of N, and N,. Consequently,
the soliton is also stable against fission into sev-
eral smaller ones. For Ng >N >N, the soliton
energy E is >Nm; thus, under finite perturbations,

J

even in the quasiclassical approximation, the soli-
ton can decay into plane-wave solutions.

III. QUANTUM CORRECTIONS

So far, we have considered only the quasiclassi-
cal Hamiltonian H,; the quantum correction will
be examined in this section. We shall evaluate
the binding energy, including the quantum effect,
in various limiting cases, obtaining the results
shown in Table I.

For clarity of presentation, we shall assume the
renormalized coupling constants

b=c=0. (3.1)
Thus, (1.15) and (1.16) become

Heo= [ (V9.0 +3u%0 21a%

- R
}f:; €, (a¥at + BATBY) |
=] [ =)

n o
Heyp =f (12 + 3(Vx)? +§u2x2]d3r+f (-V2¢c+ p.2¢)c+g2 P* 'ﬁzp")xdsr— n) . € +counterterms , (3.2)
1

where the boson mass u=a'/2,

In the following, we shall divide our discussions
into two parts: (A) assuming the fermions to be
nonrelativistic, and (B) the full relativistic Hamil-
tonian (1.1).

A. Nonrelativistic fermions

For nonrelativistic fermions, we replace in (1.1)
the energy density of the Dirac field by its non-
relativistic expression:

gjw“(-a-%ﬁmgﬁww

P ILL GRERPT DR

The commutation and anticommutation relations
(1.2) and (1.3) remain valid, and as in (1.7) we de-
fine x = ¢ - ¢,. However, instead of (1.10) and
(1.11) we have

YT, 8) =) ab(u,(D) (3.4)
1=1
where u,(T) satisfies the Schrodinger equation

[-@m) V2 + g, Ju, =€u, (3.5)

in which the eigenvalue €, has a degeneracy with
respect to the spin orientation of #;. It is conven-
ient to expand the boson field operator x(?, t) and

its conjugate momentum H(F, t) in terms of their
Fourier components:

X(;’ 2 =Z (2 wag)dlz[ca (Hetsr + Cg(i)e-ﬁ.?]
Q
and

N(F, =i ) Gu /P2 c; (e’ - e (e 7],
q
(3.6)

where § -« is the volume of the system,

w,=(g*+ )2 and ¢= 7] .
Thus, a¥(¢) and c;(t) satisfy, as usual,

{a’,’(t), af, (M } =05, Oy
and

t] -
[C;(t): C;:(t) ]—535, .

The fermion number operator N is given by

N=Z":2 aktak . (3.7)
1 I=al

To avoid ambiguities with ultraviolet divergence,
we impose an upper momentum cutoff A in the
Fourier expansion of the boson field. If one
wishes, one may regard the system as consisting
simply of electrons and phonons in a lattice of unit
size A", For N=nr=1, our problem reduces to



15 FERMION-FIELD NONTOPOLOGICAL SOLITONS 1701

the well-known polaron problem,'® except for the
relatively minor differences in w, and the inter-
action form factor. [See the discussions given be-
low after (3.49).] With the momentum cutoff A,

the field operator ¢ in (3.3) and the c-number func-
tion ¢, in (3.5) are replaced by, respectively,

o, =B, 0= [fF-FI6F, 0
and (3.8)
0D =3 = [ fF-FIoFa%r

where the form factor f(f — ¥') = 83(r —1') if A ~oo,
As an example, we may take f(T) to be
((4T)13A3 if r=A"
£ =10 _
L 0 if ¥>A™
The total Hamiltonian H can be decomposed into
a sum of two terms:

(3.9)

H=H_,+H

qcl corr

(3.10)

just as in (1.14). However, instead of (3.2), we
have

Hea= [ B(U0 +3uo2lar +3 0% iattal

and (3.11)
Hcorr =Z qu%Ca
[

+f <(—Vz¢c+ BEPIX+8X E;w“w")d% ,

where
X(F,0= [ fE-FXE,0d% . (3.12)

For clarity, we have dropped the counterterm in
H,,.., as we should if we were considering the
electron-phonon interaction in a crystal. [See the
discussions given below after (3.49).] In any case,
this is allowed because the divergence has been
removed by the momentum cutoff A. Notice that
in the nonrelativistic fermion model, b=c=0 en-
sures that there is no diagram leading to the re-
normalization of b, ¢, and p=a'/2.

1. Quasiclassical solution
As in (1.19), the quasiclassical energy is now
the minimum of

E(¢)=Ne+ [ 3(Vo P+pto2ld%r,  (3.13)

where € =€(¢.) denotes the lowest eigenvalue €, in
(3.5), and N is assumed to be ==, as before.
Just as in (1.20), by labeling the corresponding
eigenfunction «, =3, we find that the minimum

occurs when
VZp.- pid.=gNo

and (3.14)
[-@m)" V2 +gd Jv. =€y, ,

where @, is given by (3.8),

o(®)= [ fF - FWEWLEN Y (3.15)

and y, is normalized according to fd)‘;zbcdsr:l.

(i) (4m)g?<«< A/(Nm). In this case, we may
take A to be =; the form factor fT - T') becomes
simply 5%(F — r’). To simplify our calculations
further, we assume, in addition

p<mg?/(4m) . (3.16)

Consequently, we may neglect the terms 3u2¢ 2
and p%¢, in (3.13) and (3.14), respectively. It is
convenient to introduce the dimensionless scaling
variables p, A(p), and B(p):

p=2mg3Nr ,
A=@2mgN?)1g, | (3.17)
B=(2mg?N)3/2y, .

Hence, A(p) and B(p) satisfy
V,2A=B?

and (3.18)
(-Vj2+A)B=2B ,

where fB2d3p=1 and
€=2mgiN3¢ . (3.19)

The coupled equations (3.18) can be solved nu-
merically. For the nodeless radially symmetric
solution,

€=0.0814/(4m)? . (3.20)
By using (3.13) and (3.18), one finds

¢=-1 [(V,Ard%=-3 [(%,Brd%p=1 [ABd% .
(3.21)

Hence, for the N-fermion state, the binding energy
E(N)-NE(1), in the quasiclassical approximation,
is

(Ep)qer = -2(0.0814)(N 2 = 1)Nm[g2/(4m) ] . (3.22)

(i) (4m)*g%> A/(Nm). When g is very large,
the size of the fermion orbit becomes comparable
to the lattice size A™'. The potential energy go,
is O(g3N2A), while the fermion kinetic energy is
O(NA?/m), which is relatively unimportant.

Thus, we may neglect —(2m)™V? in the equation
for ¥,; (3.13) becomes, then,
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E(6)=eN [ [DoDatr+5 [[(T67+ 120210
whose minimum is
—(87)g?N? ff(’)f(r)exp( p|F=F|)asrasy
(3.23)

2. Quantum corrections

In order to evaluate quantum corrections, it is
more convenient to rewrite the total Hamiltonian
(3.10) as

H=H,+H, (3.24)
where
H :Hm+z <.uqczica , (3.25)

H, f( =~V + uPo )x+gx2¢’”¢’“>d3
(3.26)

H, is given by (3.11) and X by (3.12). In the fol-
lowing, we shall regard H, as the zeroth-order
Hamiltonian, and H, the perturbation.!

Let |0) be the state that satisfies

ak|0)=c4|0)=0 (3.27)

for all Z, k, and q. Recalling that (3.5) and (3.14)
are related through € =¢, and ,=u,, the quasi-
classical state for a given fermion number N is
simply

1N>=f1 a*|0y (3.28)

where N=n, as before. The state |N> clearly
satisfies

Hy|N)=H,|N)=E,|N), (3.29)

where E, is the quasiclassical energy. For
(4m) g2 < A/(Nm) and p << mg?/(4m), we have,
according to (3.17)-(3.21),

E,=-%(0.0814)N3m[g?/(4m)]2. (3.30)

For (4m™g2>A/(Nm), E, is given by (3.23).
From (3.26), one sees that H, |N) is a linear
superposition of states, all of the form

|2, ;@ =afralct|N). (3.31)

The corresponding matrix element (I, k;?llHl IN)
can be readily derived by setting

0 ifl=1
H=)0 ifk>N (3.32)

gf;(u*,uld%f otherwise.

The matrix element of H, is zero for /=1, because
of the quasiclassical equation (3.14); it is also
zero for k>N because of (3.28). Consequently,

the first-order perturbation energy is

E,=(N|H,|N)=0, (3.33)
and therefore
E,=(N|H|N). (3.34)

In the following, higher-order quantum correc-
tions will be discussed for various limiting cases:
(i) superstrong coupling (4m)1g2> A/(Nm), (ii)
strong coupling (47)™"g?> In(A/m), or just >1,
(iii) N> 1, but arbitrary coupling, and (iv) N=2
and weak coupling. As we shall see, in the first
three cases, the quasiclassical solution is a very
good approximation to the quantum solution; in
case (iv), it remains a fairly good approximation.

(i) Superstrong coupling @m)g?> N/(N/m). A
lower bound of the ground-state energy of H can
be derived by neglecting in H the fermion-kinetic-
energy term [ 2o9* '(=3V2/m)y*d’r, since it is a
positive-definite operator. We may then take a
coordinate representation for the N fermions, and
regard their position vectors T,,...,T, as pure
parameters. The minimum of H, without the fer-
mion kinetic energy, can be readily obtained, be-
cause H depends only quadratically on the boson
operators. The minimum occurs when T, =T,
=+++=F,, and this leads to (3.23) being the lower-
bound of the quantum ground-state energy; we
recall that (3.23) is also the quasiclassical energy
E, in the superstrong-coupling limit. On the
other hand, according to (3.34), E, is also an up-
per bound of the ground-state energy. Thus, in
the superstrong-coupling limit, the ratio of the
quantum ground-state energy to the quasiclassical
energy E, approaches 1.

(i%) Styong coupling (4m)~'g2>> In(A/m), or just
>>1. We may expand the ground-state energy E 4
formally in powers of H,:

Ey=E,+E,+E +*** . (3.35)

The second-order perturbation energy is

E, z‘i\: (6, —€;— )<L, B3 G | H, N2, (3.36)
s @

Because of (3.32), /#1 in this sum. Also, since
the interaction H, is spin-independent, there is
no spin-flip matrix element. Let A bethe minimum
of €,+w,—¢, for all [#1 states with the same spin
orientation as that in the initial state IN). In the
strong-coupling region, we may neglect p. If the
coupling is not superstrong, (3.17)-(3.22) are ap-
plicable; therefore,

A=O(N2g'm) . (3.37)
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In the sum (3.36), ! extends over the excited
bound levels as well as the continuum of (3.5).
For the bound levels, the integration over ¢ is
finite because of the orbit size R. From (3.17),
one sees that

R =0(Ng?m). (3.38)

Thus, each excited bound level contributes a term
=0(g?/(R?A))=0(g?m) to the sum. For the con-
tinuum and large ¢q, the recoil energy of the fer-
mion is ~3¢2%/m. Hence, the g integration would
diverge logarithmically if there were no momen-
tum cutoff A. We find for A large:

E,=-3(g/72Nm In[A/(mA)/2]+ O(Ng?m).
(3.39)

If the coupling is strong, but not superstrong,
then E, is O(N3g*m). Consequently, E,/E <1,
at least in the region (47)N32g2> In(A/m).

By pure power counting of momenta, one sees
that all higher-order perturbations E,, E,, etc.
are convergent when A -, For definiteness,
let us first examine E,. As a typical example,
we may consider a single fermion making the fol-
lowing sequence of transitions:

l=1=1,w ~1l,,w,w,~l, 0w ~1=1, (3.40)

where [,, w, denotes that the fermion is in the level
l,, plus an additional boson of frequency w,, and
l,,w,, w, denotes that the fermion is in the level

l,, plus two bosons of frequencies w, and w,, etc.
Because of (3.32), I,#1 and [,#1, but /, is arbi-
trary. For l,#1 and w,, w, both large, each energy
denominator in the perturbation formula gives a
factor of the form

=&+ w,+(2m)*q?]7, (3.41)

and there are three such factors in E,. To obtain
the perturbation energy for the N-fermion system,
one has to multiply their product by Ng* f d3q,d’q,/
(w,w,); this leads to a fourth-order energy
=O(Ng*m?/A)=0(m/N). A much larger contri-
bution comes when in (3.40), 7,=1; in that case,
only two of the energy denominators are of the
form (3.41), the other one is simply (w, + w,)™.
Hence, it gives a fourth-order energy =0(mg?).
By using (3.26) and (3.32), one may extend the
fourth-order energy calculation to include also
diagrams in which two different fermions are
excited. One such diagram is obtained from (3.40)
by setting I, =1 and assigning the first pair of
transitions to one fermion and the last pair to
another. This simply introduces another factor
N -1, yielding a fourth-order energy

E,=0(mNg?). (3.42)

A second diagram of the same order of magnitude
is obtained by crossing the boson lines, so that
(Z;, w,) in (3.40) is replaced by (I, w,). Any other
diagram can be obtained from one of these two
without changing the topology, simply by altering
the “time ordering” of vertices on two different
fermion lines. The result of such an alteration
is that all three energy denominators become of
the form (3.41). The result differs from (3.42)
by a factor O((m/A)/2)= 0(Ng?)* <« 1. Thus,
(3.42) is the dominant contribution to the fourth-
order energy.

Likewise, for E4, E,, ..., the dominant contri-
bution always comes from diagrams in which two
or more fermions are never simultaneously ex-
cited. Any other diagram can be obtained from
one of these by a change in the “time ordering” of
the transitions, but without altering the topology
of the diagram; such a change merely introduces
an extra factor O((m/A)"?)= O(Ng?)"« 1, as in
the above fourth-order calculation.

In each of these dominant diagrams, the se-
quence of transitions can be broken down into
clusters. In each cluster, a single fermion makes
a sequence of ¥+1 transitions from /=11, ~ -
~1,~1=1, where [;#1 (i=1,...,7). This yields
a factor

O(Ng7™*!/AT)= O(Ng ™ /(mN3g*)")

=0((Ng)" " (mNg?)™). (3.43)

(We are grouping together all diagrams obtainable
from one another by shifting entire clusters from
one fermion line to another.)

The product of (3.43) over all the clusters is to
be multiplied by a number of factors d3q/w, and
divided by energy denominators Z)wq for the states
between clusters, and integrated. The integrals
converge, as seen from (3.41), over a region
g = O0((mA)?)= O(mNg?). Therefore, the value of
this group of diagrams is of order (Ng)~(mNg?)?,
where s is the sum of » -1 over all clusters, and
t must be 1 by dimensional analysis. We now ob-
serve that the first line of (3.32) holds good as
well when there are additional bosons present in
the initial and final states; i.e., on account of
(3.14) and (3.26), the matrix element of H, is zero
if the fermion is making an /=1 -/=1 transition.
This means that clusters with » =0 are forbidden,
and hence s 20. The dominant diagrams are there-
fore those in which all clusters have »=1. Thus,
s=0, and

E,;=0(mNg?), allj>2. (3.44)

For coupling (4m)-1g2> In(A/m), but not super-
strong, E, is O(N3g%m). By using (3.39) and (3.44)
we see that for arbitrary N and for all j=1,
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E,;,/E,< 1. (3.45)

Hence, apart from the convergence question of
the series E,+E +°*°°, the quasiclassical solution
is a very good approximation to the quantum solu-
tion.

For coupling (4m)™"g2>1, but not greater than
In(A/m), the quasiclassical solution remains the
same. The second-order energy E, is, however,
no longer small compared to E,. The dominant
term in (3.39) is —3(g/7)2Nm In(A/m), which is
linear in N and is independent of either the fer-
mion level or the mutual interactions between
fermions. Thus, it is useful to separate out this
particular level-independent part of self-energy
per fermion; we define

E!=E,- 3(g/m’Nm In(A/m),
E}=E,+3(g/m?NmIn(A/m), (3.46)
and

E;;=E,; for j=2.

The ground-state energy E,.4 can be rewritten as
Eq=E{+E}+Ej+**"*.

Clearly, for all j=1,
E};/Eq<1,

provided (47m)"g?> 1. Because this rearrange-
ment (3.46) is independent of level excitations, in
all other aspects, e.g., scattering form factors,
mobility, etc., the quasiclassical solution remains
a good approximation to the quantum solution.

(¢¢¢) N> 1 and arbitrary coupling. From (3.37),
one sees that except in the weak-coupling region,
N>>1 implies A>m. Therefore, in the series
expansion (3.35), the dominant contributions to E,;
can be derived by following the same argument
given above in (ii), which leads to (3.39) and (3.44).
Since E, is O(N°g*m), one obtains E,;/E,< 1 for
all j=1, provided that N is sufficiently large. The
quasiclassical solution is, therefore, a good ap-
proximation to the quantum solution.

In the weak-coupling region, as g2 -0 for fixed
N, the orbital size of the fermion -, and there-
fore its kinetic energy —0. Thus, the nonrelativ-
istic fermion case is the limit of the fully relativ-
istic problem. To avoid repetition, we shall defer
our discussions to the next section, B, when we
study the relativistic case. As we shall see, the
quasiclassical solution remains a good approxima-
tion to the quantum solution.

(iv) N=2 and weak coupling. In the weak-coupling
region (4m)g 2«1, in order to have a soliton
solution for N=2, u/m must be <1, in accordance
with theorem 2, given in Sec. II. To simplify our
discussions, we shall assume p =0. The inter-

action energy between two fermions at distance »
apart is Coulomb-like, —(47)g?/¥. The exact
binding energy (E,) to leading order in g2 is de-
termined by the ground-state solution of the fa-
miliar two-body Schrddinger equation:

,g’.’ 2
(Eb)exact = __;}nl (G> '

From (3.22), we see that the corresponding quasi-
classical binding energy is

(3.47)

g2 2
(Ep)qer = =0.326m <4—ﬂ> : (3.48)
Their ratio is
g =Eolesact _( 768 . (3.49)

b/qcl
3. Polaron

For the electron-phonon interaction in a polar
crystal, we have n=1, w,= constant and the Four-
ier transform of the interaction form factor f('f'),
defined in (3.8), is proportional to ¢, where ¢ is
the phonon momentum; in addition, there is a mo-
mentum cutoff A due to the lattice size. The soli-
ton solution of such a system is the well-known
polaron.'® Because of the factor ¢, for large A
the second-order perturbation formula, unlike
(3.39), is A-independent. Let E(P) be the lowest
energy of the state N=1 and total momentum P.
We may expand E(P) in powers of P:

E(P)=E(0)+3P*/M++-- , (3.50)

where E(0) is the same E,,, defined in (3.35). We
note that E(0) is related to the work function of the
electron, and M to its mobility; both are measur-
able. This explains why in (3.11) there is no coun-
terterm in H

corr*

B. Relativistic case

We now turn to the fully relativistic Hamiltonian.
Although the quasiclassical solution can exist in
both strong- and weak-coupling regions, the ex-
act relativistic quantum solution is available for
comparison only in the weak-coupling region. It
is convenient to expand x(?, t) and its conjugate mo-
mentum H(?, t) in terms of their Fourier compo-
nents, as in (3.6). Similarly to (3.24), the rela-
tivistic Hamiltonian H can also be written as

H=H,+H, , (3.51)

where
H0=Hqcl +; wacz'ca ) (352)
(3.53)

= t
Hl -Hcorr—z wacaca ’
q
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and H,, H,, are given by (3.2). In the following,
we shall regard H; as the zeroth-order Hamilton-
ian, and H, the perturbation.!* The unperturbed
state lN ) for a given fermion number N remains
given by (3.28); i.e.,

INy=]T a0y,

where the state |0) satisfies
at|0)=0%0)=c.|0)=0

(3.54)

for all [, k, and q. Clearly, |N) satisfies, just as
in (3.29),

H0|N)=HmlN)
=E,|N),

where E is the quasiclassical energy.

(3.55)

1. Weak coupling and N > 1

As we shall see, in order that the weak-coupling
expansion holds when N> 1, we need to assume not
only (4m)2 g2« 1, but also

(4m)1g2 < N (3.56)

where N=n, as before. According to theorem 2
of Sec. II, soliton solutions exist in the weak-cou-
pling limit only if p/m<< 1. To simplify our dis-
cussions, we assume

u<mg?/(4m) , (3.57)

so that the main features of the relativistic quasi-
classical solutions are approximately described
by the u =0 nonrelativistic limit (3.17)-(3.22).

By using (3.2) and (3.53), we may separate H,
into two terms:

H =H;+H,; , (3.58)
where
H;=-n)_ €;+counterterms (3.59)
1
and
n
Hy =f (—Vzd’c"' #Z‘z’c*‘gz ¢“134)k>xd31’
1
+ counterterms . (3.60)

The first term H; denotes the fermion-loop con-
tribution in the presence of ¢,. According to
(3.17),

(3.61)

8% = Vol _
—;n—- O(gqu) and m(Pc -O(gzN) ,

which are both <1. We may expand the diagonal
matrix element of H; in powers of g¢.:

E,E(N|H1|N)=nm“find37’, (3.62)
1

where K; is «(g¢,)’. Each K; may, in turn, be
further expanded in terms of the gradient operator
V, and we shall retain in K; only the lowest-order
V term. Because of the counterterms, K, =0,

and ¢ 2, (Vo ), ¢.2, ¢, are all absent in the sum

2JK,. Hence, K,~g%(V2p P, K,~g%6,(Vo ), K,

~g*¢%Vo.)S, and K,~(g¢ ) for j=5; amongthese
accordingto (3.61) the largest ones are K, and K.
In (3.62), the integration m? f d3y brings in an-
other factor ~(g2N). Consequently, the order of
magnitude of E; is O(nm(Ng?)?), which is much
smaller than E, =O(N 3g*m); their ratio is
E,/E,=0(N3g®)«<1 . (3.63)

In this estimation, N is assumed to be of the same
order as n; otherwise, E;/E, is O(nN%g®).

We now turn to the second term H;; in (3.59).
It is convenient to introduce

Hy=g [ "Bt ,
and (3.64)
H, Ef(— V2ot uip) XAy ;
therefore,
H;;=H, +kil H ,+ counterterms . (3.65)

By using the quasiclassical equation (1.20), we
obtain

<N| <H°+;Hk> N>=0 (3.66)
and

<N,E‘<Ho +Z; Hk) N>=0 , (3.67)
where

IN,q)=ct|N) . (3.68)

From (3.66), one sees that the first-order pertur-
bation energy of H;; is zero. The second-order
perturbation energy can be written as

E=Eu+E,+E,,+E,, , (3.69)

in which
n :
Ey=) 2 (Bo=E*|(AlH, M
=1
+(N|counterterms |N) ,
E,, =};Z(-wq)-*<N|H, IN, (N, q|H,|N) ,
wFR g
(3.70)

Ese =Z: (‘“’q)ﬂ (N’alHoIN> Iz ,
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and

E,p= S Z(—wq)"((NlHk|N,a)

k=1
X (N,q|Hy|N)+c.c.),

where the sum 2, in E,, extends over all eigen-
states |A) of H,, provided |A)#|N). The eigen-
value of |A) is E ,.

In (3.69), the first term E,, is exactly the same
as the second-order “Lamb-shift” calculation of
the ground level of a fermion in an external attrac-
tive potential = ¢,. By following the standard argu-
ments,'? we find

E,, =0(m(Ng?)*In(1/Ng?)) , (3.11)

which is much smaller than E,= O(N3g*m) in the
weak- coupling region. From (3.54), (3.64), and
(3.68), it follows that (N,q|H,|N) is independent
of £ for k=N, and 0 for 2>N. Thus, by using
(3.67) and (3.70), one sees that

N-1

Byt —5— (Eyp+E,)=0. (3.72)
For N> 1, we have
Eyy+E 4+E,,=0(E,/N) , (3.73)

which can be neglected. Combining (3.71) and
(3.73), we see that

E;,<E,, (3.74)

which together with (3.63), imply that the effect
of H, can be neglected in the weak-coupling limit,
provided N> 1. The quasiclassical solution is,
therefore, a very good approximation to the quan-
tum solution.

We note that by using (3.64), (3.70) and by elimi-
nating the operator ¥ in terms of its propagator,
it can be readily verified that

E¢o=’%f[(v¢c)z+p‘2¢cz]d3'r
and
Eo=- [ gNUtps.0.d%r .

Thus, in effect, E,, and E,, just cancel the cor-
responding terms in the zeroth-order energy E;
these canceled terms are restored by E,,., but
multiplied by (N -1)/N.

2. Weak coupling and N = 2

For N=0(1), (3.73) isno longer small; the series
expansion in which H, is treated as a perturbation
is not a valid one. Nevertheless, in the weak-
coupling region, the nonrelativistic calculation is
the limit of the relativistic problem. From (3.49),
we observe that, even for N=2, the ratio of the

exact binding energy to the quasiclassical value
is 0.768, which is a fair approximation.

IV. REMARKS

From our discussions, we see that the quasi-
classical solution is a fairly good approximation
to the exact quantum solution over a wide range
of coupling constants, even when N is small (2 or
3). It is important to note that, when N is small,
the quasiclassical-soliton description of an N-body
bound state is quite different from the usual de-
scription in terms of solutions of the Bethe-Sal-
peter equation (say, under the ladder approxima-
tion). Each of the N bodies is “bloblike” in the
former description, while “pointlike” in the latter.
In the weak-coupling region, the usual Bethe-Sal-
peter description is exact; otherwise, the soliton
description appears to be a better approximation.

Note added in proof. A simpler and more gen-
eral proof than the one given in Appendix A that
the eigenvalue €, #0 in (1.11) has been given by A.
Nishimura [Univ. of Tokyo Report No. 275 (un-
published)] and independently by G. C. Wick (private
communication). We wish to thank Dr. Nishimura
for communicating his result to us before publica-
tion.
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APPENDIX A: ABSENCE OF ZERO-ENERGY FERMION
LEVEL

In this appendix, we show that under rather gen-
eral conditions, the eigenvalue ¢, of the Dirac
equation (1.11) is not zero.

We consider first the one-space-dimensional
case. The corresponding Dirac equation is

[‘iTld/dx"'Ts(m‘*‘g‘bc)]d’:Ew ’ (A1)

where T,, T,, and T, are the standard (2 x2) anti-
commuting Pauli matrices, and, as before, m is
assumed to be >0. If € =0, (Al) becomes

d
T d—f ==(m+gd )Y .
Let u, and u _ be the two eigenvectors of 7,:
TU,=xU, .
In terms of u,, { may be written as

b=du +du_,

where Y, and _ are c-number functions that satisfy
ay,/dx =% (m+g¢.)),; hence,

P, = const X exp [4: /Ox (m +g¢c)dx] . (A2)



15 FERMION-FIELD NONTOPOLOGICAL SOLITONS 1707

For the nontopological soliton, ¢,=0 at both lim-
its: x=+4« and —-». Consequently, ¥, diverges at
x == and §_diverges at x=+e. As a result,
€#0.

On the other hand, as is well known,®'*1% ¢ can
be 0 for the topological soliton, provided that the
two limiting values of (m +g¢,) at x =+ and -
areof opposite sign. For example, if whenx -+,
(m+gp,)~m, >0, and if when x = —eo, (m +g¢,)
—-m_<0, then y=3,u, is a good solution of (A1)
with € =0.

Next, we consider the three-space-dimensional
case. For simplicity, we assume

M=(m+g¢.)=M(7) (A3)

to be radially symmetric. If in (1.11), the eigen-
value €, =0, then the corresponding eigenvector i
satisfies (in the representation o =p,0 and 8=p,)

(G )y =-Mp . (A4)

Let us examine the S, ,, solution. (Generalizations
to other angular-momentum solutions are straight-
forward.) We may write

Zlb = d)-x-ua. + d)-u-
and (A5)
b, =A,(n)+ @ T)B (),

where A,(r), B,(r) are c-number functions, u,
satisfies

pout, =xu, and ou, =Au, ,

with the same X for both «, and #_. (A can be either
1 or —1.) By using (A4) and (A5), we find that 4,
and B, satisty

’
A;’+<%—%)A;—M2A*=O

and (A6)

’ ’
B;’+<% - %)B;- <M2+%%>B*=O ,
where a prime denotes d/dr.

For the nontopological soliton, when » —, ¢,
-0, and therefore M -m >0. Thus, at infinity,
A, and B, have each a regular solution ~e™" and
an irregular solution ~e™ . Near the origin, let
us assume that M - const X7 %, where s=0; then
it follows that, as v -0, A, —const X»* and B,
—~const X8 where

a=0, or =1+s
and (A7)
B=s, or =3 .

One of these independent solutions, 8=-3, is al-
ways singular at the origin. Thus, in general, ¥
cannot be regular at both limits: =0 and «; con-
sequently, in (1.11) the eigenvalue €, #0.

In contrast, as shown by Jackiw and Rebbi,'* in
the case of the topological soliton, zero-eigen-
value fermion solutions can be found in three
space dimensions, just as in one space dimension.

APPENDIX B: WHEN THE MINIMUM OF U(¢) IS
DEGENERATE

In this case, the parameters a, b, and ¢ in
(1.4) satisfy b2=3ac. Thus, U(¢) becomes

U(6) =5y €6(6+2LY, (B1)

where L =(3a/c)*/2. The minimum U(¢)=0 now
occurs at both ¢ =0 and -2L. There is, of course,
a choice (at least on the quasiclassical level) in
defining which minimum should be the vacuum
state. For definiteness, we choose ¢ =0 to be the
vacuum state. Let us define, as in Appendix A,

M=m+g¢ . (B2)

In the following, for convenience of notation, we
shall omit the subscript ¢ for the quasiclassical
solution, and denote simply

¢ =~(.bc and lp:lpc M

We first consider the case that the values of M
at these two minima are of opposite signs; i.e.,

m >0, but m —2gL<0 . (B3)

For arbitrary values of a, ¢, m, and g, if N is
sufficiently large [though =n, in accordance with
(1.18)], the minimum-energy solution of (1.19) is
similar to that of the SLAC bag model.? [Though,
in the SLAC bag model, N is ~1.] We can divide
the soliton solution into three regions: the inside
region ¥=R - [, the shell region R+!=7r=R -1,
and the outside region =R +1, where [ is O(a™’?).
In the inside region ¢ is =-2L, while in the out-
side region ¢ is =0. When N is >1, R becomes
>>[. Therefore, in the shell region, ¢ is approx-
imately determined by the one-space-dimensional
solution:

¢ =Ltanh[3a'/3(r-R)]- L+O(R™) . (B4)

It will be verified later [through the discussion
following (B12)], that if one neglects O(R™), the
solution ¢ thus constructed does satisfy (1.20); i.e.,

%d_dy <yz Z_f>_3_1! ch(d+L)b+2L) =g No'Bb
(B5)

For the moment, we shall assume ¢(7) to be
given, and proceed to examine the solution for the
fermion field :

[~ia - V+pM( =€ . (B6)

For the S, ,, state, we define
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y= ¢S (B7)

i(G*7)F

where #=T/7, and s denotes the eigenstate of o,;
i.e.,

(o) o (3

In the representation a= pla and B=p,, the radial
functions F(7) and G(7) satisfy
(242 )r=(c-mp,
(B8)
d 1
<E’; - ;>G ——-(E +M)F .

For definiteness, we first consider the region
r>3R. (Here, the factor 3 is arbitrary; it can be
any constant <1.) According to (B3) and (B4),
M(7) varies from a negative value, near m - 2gL
at r=%R, to a positive value m at »=w. It is con-
venient to introduce A(r») and B(¥), defined by

F=Cye®(1+A) ,

(B9)
G=C,e®(1+B),
where C, is a constant, and
r
6=- [ Mear . (B10)
R
Because of (B8), A(») and B(7) satisfy
2 om)@ B)—<l )(2+A B)
~ar BRI T
(B11)

_d_‘i (A+B)=<%+€>(A—B) .

By comparing (B9) with the corresponding one-
space-dimensional solution, one sees that for »
large 2 O(R), A and B are both small, O(R™).
Therefore, AP =0(R™), and (B4) satisfies (B5).

Because of (B4), M(7) changes rapidly only with-
in the transition region»=R + O(a™/2). For»=0(R),
but outside the transition region, by using the up-
per equation of (B11) and regarding d/d» as O(R™),
we obtain

A-B=(rM)*(1-€7)+O(R™) .

For R> a™/?, we may interpolate this solution
across the transition region, thus, 1-e€»=0 when
M(¥)=0, and consequently,

€=R*[1+0(a*/2R™Y)] .

The above argument is essentially the same as
that given in Ref. 8 for the SLAC bag model.
[Note, however, here the values of M(7) at the
two minima of U(¢) need not be of equal magni-

tude.]

In the inside region, =< 3R, the amplitudes of
F and G are exponentially small. In the approxi-
mation that M is a constant (M =m - 2gL <0), the
r dependence of F and G is given by

D
= (-2 A -1 ginh\
F €+M( coshAy + 7 sinhAy)

and (B12)
G=DsinhAr ,

where D is a constant, A= (M?-¢?)!/? and e =R
as before.
Neglecting higher-order terms in O(R?), we

obtain the energy of the quasiclassical solution

E=N/R+1i8ma'/2L%R? . (B13)
Thus, the mimimum E occurs at R =3[3N/
(2ma'/2L?) /3, and its value is

E =N?/3(18ma*/2L2)'/3 | (B14)

which reduces to (2.11), because L =(3a/c)*/2.
Next, we consider the case that the minimum of
U(¢) remains degenerate at ¢ =0 and -2L, but,
unlike (B3), at one of the minima ¢ =-2L,
M=m-2gL =0,

whereas at the other minimum ¢=0, M=m>0 as
before. In this case, an upper bound of E can be
obtained by assuming a trial function in which,
as in (B4),

¢ =Ltanh[3a*2(» = R)]- L+O(R™) , (B15)
but

{(27R)™/2(u/) siner for ¥=R
o for »=0 ,
as in (2.5). This leads to

E<7N/R+%8ma'2L2R%+ O(Ra) .

p= (B16)

The minimum of this upper bound now occurs at
R=3%[3N/(2¢"2L*)]'/3. We find then, instead of
(B14),

E=nN?%/3(18a/2L?)'/3 . (B17)

Lastly, we consider the case that the minimum
of U(¢) remains degenerate at ¢ =0 and —-2L, but
M is >0 at both minima. In this case, by following
the argument given in Sec. II A, one sees that
(2.1) remains valid.

APPENDIX C: SOLUTIONS IN ONE SPACE DIMENSION

In this appendix, we discuss the quasiclassical
soliton solutions in one space dimension. As in
Appendix B, we shall omit the subscript ¢, and
simply denote ¢ =¢_ and Pp=1,.
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1. Basic equations

In one space dimension, (1.20) becomes
d'.'
-3 0+U(¢)= -gNYtT
and
. d
(-i‘r;a‘;’f‘rsM b=€y, (c1)

where, as before, 7,, 7,, and 7, are the three
(2 x2) anticommuting Pauli matrices,

€e>0and M=m+g¢ . (c2)

The energy of the system is

“f1/dp\?
E-Nes [[5(22) +U(9)|d . (c3)
In accordance with (2.14),
dE/dN=¢ . (C4)

As we shall see, (C1) possesses a simple integra-
tion constant; by using this integration constant,
one can reduce the above set of coupled equations
to a single second-order differential equation,
which is given by (C14) below.

Let u, and u_ be the two eigenvectors of 7,:

T, =xU, , (C5)
with the normalization

wlu, =u'u_=1.

»

It is convenient to introduce two c-number func-
tions ¥(x) and 7(x), defined by

€\1/2
v=(zg)  Gmem) . (c6)
Thus, v and 71 satisfy
d
('d—x +M>7 =€n
and (cn)

(G -)n=~<
dx— n=-€vy .

We may eliminate 7; (C1) can then be written as
da? , d
-5z ¢+U (¢)=—g'y<a; +M)7
and (Cc8)
d? 2 dM> _ 2
<—a;2' +M —"d—'x‘ Y =€7Y .

By using (C2) and (C8), we find

LA e o

where

V=3~ U(¢) - z(m+g ¢)*»* . (C10)
Since ¢ =y =0 at x =+, (C9) leads to

1/de\? 1 <dy)"’ _

3 <dx> +5\ 7 +V=0. (C11)

If one wishes, one may eliminate ¥ instead of 7.
This would lead to a discussion completely equi-
valent to the one above, since (C1) is symmetric
under the usual parity operation: x—=-x, ¢ =~ ¢,

and § - 7,9; therefore, y—-nand n —-v.

2. Mechanical analog

There is a simple mechanical analog for
this problem. We may consider the planar
motion of a point particle of unit mass, at
“time” x and “position” T=(¢,7,0), moving in
a static “potential” V and a “magnetic field” #
=(0,0,7); its equation of motion is

F-_¥vigExi, (C12)

where g is the “charge”, ¥ is the gradient opera-
tor with respect to F, and the overdot denotes the
“time derivative” d/dx. In this mechanical analog,
the “energy-conservation” law is (C9). Because
of (C11), the “trajectory” that we are interested
in has a zero total “energy”; i.e.,

F24v=0. (C13)

Furthermore, at both “time limits” x =+ <and ~,
the trajectory approaches r=0.

By using (C13), one may eliminate the “time
variable” x; the trajectory ¢ =¢(y) is then deter-
mined by a single second-order differential equa-
tion:

—2Vo " =(1+¢"){-V,+V,0’

gy[-2V(1+72}/2} | (C14)

where ¢’ =d¢/dy, ¢" =d3¢p/dy?, V,=8V/d¢, V,
=39V /9y, and the + sign is equal to the sign of
dy/dx.

[It is of interest to note that in the case of the
scalar-field soliton problem discussed in Ref. 2,
in one space dimension, there exists an identical
mechanical analog, in which the point particle
moves in the same “potential” V, but without the
“magnetic field” fi. Instead of (C12), the equation
of motion is simply T=-¥V, and therefore, the
same energy-conservation law (C13) holds.]

3. Solution when € >m -

When ¢ approaches m—, it is convenient to in-
troduce several dimensionless variables, &, 7, X,
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and y, similar to (2.21):

E=(m? -2 /m, ¢=-3£Xm/g,
(C15)
T=Etmx, and y = (3a/g%)"/ 2ty .

By substituting (C15) into (C14), we may deter-
mine the dependence of X on y. In powers of §,
X(y) is given by

X=y2+£%(1- 32+ 0(8?) , (C16)

where the + sign is for dy/d7>0, and the - sign
for dy/dt<0. By using (C8) and neglecting O(£),
we find

d?y/dt? —=y+93=0 . (c1m)
The solution that satisfies y =0 at 7=+ is
y=v2 sechr . (c18)

Both (C16) and (C18) are valid for an arbitrary
U(¢), provided a>0.
Because of (C6) and fzp*zpdx=1, we have

N=3¢ f (Y2 +n?)dx.

As £-0, n—v, and consequently
N-%(a£/g2)fy2d‘r .

By using (C18), we derive

N—~2at/g?~0as e -m— . (C19)
According to (C4), the derivative of the soliton
energy E with respect to N is €, which is <m;
therefore,

-N
E-Nm=j (€ = m)dN <0 . (C20)
(s]

We find then, in the quasiclassical approximation,

for arbitrary N and U(¢), the lowest one-space-
dimensional soliton energy E(N) is always less
than that of the plane-wave solutions.

From (C16) and (C18), one sees that for arbi-
trary U(¢), when € —m—, the soliton solution cor-
responds to one in which the fermion density p
=Ny'p is maximum at the center of the soliton,
say x =0. By following an argument similar to the
one given in Sec. IT A for the proof of theorem 1,
one expects as € -0 (i.e., N —«) that the soliton
energy E = 2[nU(-m/g)]'/2N*/2, provided that the
absolute minimum of U(¢) is not degenerate; the
maximum of the fermion density p in such a solu-
tion is also at the center of the soliton. A sche-
matic drawing of E(N) is given in Fig. 1(b).

On the other hand, in one space dimension, if

U(p) =41 cop*(dp+2L)*

where

L=(3a/c)'2=m/g ,

so that the condition of the SLAC bag model® applies, it
can be shown that for N sufficiently large, the
lowest-energy soliton solution is of the form of a
kink-antikink bound state,'® whose energy E is
<4a'/2L%, independent of N. Thus, one expects
that, in this case, there is a “cusp,” say at N=N,,
on the curve of the lowest nontopological soliton
energy E vs N: for N<N,, the solution corres-
ponds to one in which the maximum of the fermion
density p is at the center of the soliton, while for
N>N,, the maximum of p appears at the two ends
of the soliton, similar to the SLAC bag model.
This particular “cusp” is purely a one-space-di-
mensional phenomenon, since it depends on the
existence of topological solitons and the corres-
ponding soliton-antisoliton bound states.
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