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We present calculations of the low-energy mass spectrum and matrix elements of quantum chromodynamics.

We employ an isospin doublet of massless quarks and analyze the theory from the strong-coupling limit using

a particularly simple lattice Hamiltonian. In the strong-coupling limit the vacuum state has exact local color

symmetry, but spontaneously breaks those elements of chiral symmetry which are present in the lattice

Hamiltonian. Expansions for masses (m, p, eo, cr, Al, 3, f, and nucleon) and matrix elements (g„)in the

reciprocal coupling constant are analytically continued to the continuum limit using Pade approximants. The
results are in surprisingly good agreement with experiment except for the pion mass. This single failure is

traced to the lack of full chiral symmetry in the theory for large lattice spacing and the lack of significant

spin-spin forces in low orders of strong-coupling perturbation theory. Higher-order calculations should resolve

this problem, but a more realistic Hamiltonian suggested by renormalization-group analyses also looks

promising.

I. INTRODUCTION

Quantum chromodynamics' is a promising candi-
date for the theory of strong interactions. The
theory consists of several flavors of colored
quarks which interact with flavor-neutral colored
Yang-Mills gluons in a locally color-gauge-in-
variant fashion. The short-distance properties of
the theory are computable since the theory's in-
variant charge vanishes at short distances. ' In
addition, there are reasons to believe that the
theory is strongly coupled at large distances in
such a way that its low-energy spectrum consists
of only color-singlet hadrons. ' The hope is that
the spectrum of these field-theoretic bound states
reproduces the Rosenfeld tables. This paper ad-
dresses the strong-coupling problem and it reports
results on low-order calculations of the theory's
spectrum in a particularly simple lattice formula-
tion of the theory. Many of the results reported
here are quite realistic and encouraging, but con-
siderable work remains to be done.

In order to calculate masses and matrix ele-
ments of a field theory which is strongly coupled
at large distances we follow Wilson' and Polyakov'
(as interpreted by Kogut and Susskind'), and quan-
tize the theory on a discrete spatial lattice. This
method has been applied successfully to QED in
1+ 1 dimensions' and to the non-Abelian Thirring
model. ' The application of these methods to
(3+ 1)-dimensional theories has been previously
illustrated for a pure Yang-Mills field theory. '

In this paper we couple an isodoublet of massless
colored quarks to the Yang-Mills fields and cal-
culate various meson and baryon masses and
matrix elements. We choose to restrict ourselves
to the SU(2) flavor group for several reasons.
First, we are interested in the lowest-lying part
of the hadron spectrum. Heavy quarks are not
expected to be important here. In addition, the
success of current-algebra sum rules and partial
conservation of axial-vector current (PCAC)
strongly suggest that chiral symmetry is spon-
taneously broken and the pion appears as a Gold-
stone boson of strong interactions. It remains an
important challenge to theorists to see if this
physical picture can be obtained explicitly from a
field theory employing only quarks and gluons.
This challenge motivates our choice of degrees
of freedom and our lattice-fermion technique in
which the absence of a mechanical quark mass
follows from a natural symmetry of the lattice
theory (discrete chiral symmetry in this case).

Our calculations begin with a consideration of
the ground state for large coupling, g»1. The
ground state is found to be gauge invariant. No

Higgs phenomenon" occurs. This indicates that
there is quark confinement on the lattice for large
g.' Chiral symmetry is spontaneously broken via
a nonzero vacuum expectation value of qq (q is
the quark field).

Next we consider the masses of the m, p, co, 0,f„
8,A„nucleon and the nucleon's axial-vector
charge g„.In the strong-coupling limit the zeroth-
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order meson-nucleon mass ratios are all equal and

have the value

nucleon
(0) /, (0)

for a convenient choice of an irrelevant parameter
A (see later). In the same limit the nucleon's
axial-vector charge is

(1.2)

We next perturb in the parameter x —= I/g ' in the
strong-coupling limit and extrapolate to the con-
tinuum limit [lattice spacing a-0, g(a)-0] using
Pads approximants. Through fourth order in x we

find, for our mass ratios,

&xi~~ /nrem~'= 0.822 (0.820),

m &4'/m „'4'= 0.824 (0.834},
m&4'/m'„~'= 0.820 (0.14'I),

m&4'/m„"'=0.9V2 (0.820-1.10, broad), (1.3)

m' '/n&„''=1.05 (1.32),
n&&'&/m&"= I.IV (1.38),
m„&4'/m&4'= 1.12 (1.1'I),

1

while the fourth-order axial-vector charge is

g&4'=1.81 (1.24) .
The experimental values for these quantities are
the numbers listed above in parentheses,

With the exception of the pion, the fourth-order
results for the mass spectrum are very encour-
aging. The fourth-order mass ratios are substan-
tially more realistic than the zeroth-order static
values; all the p-wave mesons are more massive
than the s-wave mesons and the magnitudes of the
splittings are quite realistic. It is also true that
the fourth-order results are not sensitive to the
zeroth-order mass ratios whose values depend on
the details of the lattice Hamiltonian. This is an
important indication that our method for extracting
approximate continuum physics from the lattice
formulation of the theory is basically sound.

A particularly interesting feature of these cal-
culations is that the mass ratios of E&I. (1.3) and

the dimensionless matrix element g~ are free of
any parameters. This fact is a consequence of the
asymptotic freedom' of the continuum field theory
and the absence of any explicit mass scale in the
continuum Hamiltonian. It comes about in the
lattice theory because the isodoublet of quarks are
massless to all orders of perturbation theory, and
the bare coupling constant g(a) vanishes in the con-
tinuum limit a-0. Once higher-order calculations
are complete, the quantities of E&I. (1.3) and (1.4)
will, we hope approach the experimental numbers
to within several percent. In principle, the ac-

curacy of the method is limited only by our neglect
of electromagnetic effects, heavy quarks, explicit
chiral-symmetry breaking, etc.

Clearly the most notable failure of the fourth-
order calculations is the pion mass which, be-
cause of our approximation of zero quark mass
and the spontaneous breakdown of chiral sym-
metry, should be zero. We are confident that the
pion mass will decrease as higher-order calcula-
tions are completed. Since the strong-coupling
perturbation-theory methods used here are sim-
ple and systematic, high-order computer calcula-
tions are in progress. " At least two more orders
in the strong-coupling expansions will be available
in the near future. A survey of graphs indicates
the possibility of substantial 7l -p splitting in sixth-
and eighth-order expansion coefficients. It will be
interesting to see whether the good results of Eqs.
(1.3}and (1.4) will also improve in higher orders
while the 7t- p splitting becomes realistic.

This article is organized into seven sections.
In Sec. II we review the lattice-fermion method
introduced by one of us." In Sec. III the theory's
vacuum for large g is explored. We find that it is
locally color-gauge invariant but spontaneously
breaks a natural symmetry of the lattice Hamil-
tonian, discrete chiral transformations. One' s
freedom to add irrelevant operators to the Hamil-
tonian without affecting the physics of the con-
tinuum limit is discussed. The fourth-order cal-
culation of the vacuum energy is illustrated in
detail. In Sec. IV the wave functions of the mesons
and nucleon are obtained, second-order calcula-
tions of their energies are illustrated, and fourth-
order results are recorded. Section V discusses
mass ratios in the continuum limit, and contains
fourth-ox der numerical results. The calculation
of g„appears in Sec. VI. The article closes with

a discussion of results and directions for future
work in Sec. VII. Hamiltonian calculations em-
ploying the wisdom of Wilson's block spin analy-
ses" are briefly mentioned.

(X(r) X'(r')}=8--

(X(r), X(r')) =0 .
(2 1)

X carries a conventional color index but no spinor
or isospinor indices. The lattice sites are labeled
by a triplet of integers r = (x, y, z). A dimensional

II. LATTICE QUANTUM CHROMODYNAMICS

First let us review the Susskind approach" to
nonstrange quarks on a lattice. One can show that
it is possible to represent the two nonstrange
quark fields u and d by a single-component lattice
field X(r}. The X's obey the canonical anticom-
mutation relations
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lattice spacing a is required to connect ordinary
"laboratory" units with lattice units.

For the case of free, massless quarks the lattice
Hamiltonian is

H„&=2, Z X'(RX(r+u)n(u),2a r, a
(2.4)

where the sum is over the six directions n.
To make the connection between y and the con-

ventional quark fields u and d, it is helpful to in-
troduce an auxiliary field P:

z+3I+4

4(r) = (-f)""[(f)'' "+(-~)' ' "]

H,„,=
2, + [X'(~)X(r+2)(-I)'

r
+ X'(r)X(r+ «)(-I)'
+ X'(RX(r+y)(-I)*+H.c ], (2.2)

or, using the notation

n(~) = (-1)', n(«) = (-1)',

n(y) = (-1)", q(-u) = n(u),

we have

Now Eq. (2.'I) becomes

, sink~+f ' y(k+w„,).a

Now defining

2u, (k) = &f&(k)+ P(k+ w', }+P(k+ w„,)+ P(k+ w, ,),
2u, (k) = g (k) —P(k+ w', ) —P(k+ w„,) + p (k+ w„„),
2u, (k) = P(k) —P(k+ w, ) + P(k+ w„,) —p(k+ w,„,),
2u, (k) = y(k)+ y(k+ w, ) —y(k+ w„)—y(k+ w„„),

(2.10)

2'(k) = —p(k+ w', )+ Q(k+ w, ) —Q(k+ w, )+ p(k+ w„,),
2d2(k) = —4(k+ w„)—p(k+ w, ) —y(k+ w„,) y(k+ w,),
2d (k) = 0(k+w„} y(k+—w,) —y(k+ w„.)+ y(k+w .),
2d.) = 0(k+ w„)+p(k+ w, ) —y(k+ w„)—y(k+ w ),
then Eq. (2.9) is equivalent to

(k)
slllkg slllk„.s~

&& [(-I)"+ (-I)'- (-I)""+I]X(R
= S(~)g(r) . (2 .8)

clearly S(r) = si on each site. Substituting Eq. (2.5)
into Eq. (2.2) gives

s ink sink„.sink„'~+ "~+~
a 4 a ' a

sink, sink, . sink,
(dQ3(K) = — B + 8 -l 8a ' a ' a

(2.11)

k+ w„=(k, + w, k„k,),
k+w =(k„,k„+w, k,),
k+ w, = (0„,k„,k,+ w),

k+ w,„=(k+ w„)+ w, = (k+ w,)+ w„,
k+ w, = (k+ w )+w„
k+ w„=(k+w,}+w„
k+ w,„,= (k+ w„,)+ w, .

(2.8)

ff,„„=—' p gy'(~) y(r+ w) -H.c.](-1)"'"
E

+ [y'(~) y(r+ «) —H.c.]
+ f[y'(r) y(r+y)+ H.c.](-1)""}.

(2.6)

This gives the following equation of motion for P:

0(~) = —fit(r+ w) —A(r —w)](-I)*'"
2a

+ [y(r+ «) —y(r —«)]

+ f[y(r+y) —y(r-y)](-I)""'}. (2.'I)

In momentum space let p(k) (-w —&q —w, &=«y &)

be the "Fonrier transform" of p(~). For any wave
vector k, define modulo 27t,

sink, sink„.sink„&Ng(k)=- — 8 + Q +S 'N
a ' a ' a

and identical equations for the dys

Evidently if v is to remain finite as a -0 we
must require each component of k to be near 0 or
g. More precisely,

k —w, =aK, iv[1, 8], (2.12)

(uu, (K) =K~3+K,u4 —iK u~,

tuu2(K) = -K~4+K,u + iK„u~,

vu, (K) = K~, + K,u2 —iK u,
&uu4(K) = -K~2+K„u,+ iK,u, ,

(2.18)

and the same with g
These are the normal Dirac equations for u and

d in the representation

where K remains finite as a-0.
Let us consider those normal modes with k

small. Specifically set k=aK. Equation (2.11) for
small a takes the form
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7r 7r

Xy Py Z 2
(2.15)

The set of normal modes satisfying Eq. (2.13)
are complete for

i2q ~

i3q r

iraq ~

(2.22)

In fact, the eight fields u, (k) and d, (k) for k re-
stricted by Eq. (2.15) replace P(k) on the interval

-m~k ~m.
Xygt Z (2.16)

Hence for finite-energy modes, our system de-
scribes an isodoublet of massless quark fields.

We now examine the symmetries of the theory,
working in the y representation where they can
most easily be seen. They are as follows:

(a) Lattice translation by even integers,

X(x, y, z) —X(x+ 2l, y+ 2m, z+ 2n), (2.1'l)

(d) Cubic lattice rotation Th.ese rotate the lat-
tice by v/2 about any axis keeping one site,
x=y=z=0 say, fixed. If r-r' is such a rotation,
then g transforms thus

X(r}- -'[(-1)'+ (-1)'+ (-1)*—(-I)"""]X(r')

-=R(x, y, e)X(r') . (2.»)
These transformations are not identified as spatial
rotations by x/2 of the quark fields, but simulta-
neous space and isospin rotations by v/4, viz. ,

q(r) - exp i —(o, + r, ) q (r'),
I

with l, I, and n integers. This is identified as
discrete translation invariance.

(b) Lattice translation by a single link,

X(r)- X(r +x)(-1)',

x(r) —x(r ~y)(-I)',

q(r)- exp i (a,+r ) q(r—'),

q(r) - exp i (o,+ v', ) q(r'—)

(2.24)

(2.16)

X(r) -X(r +2)(-1)".

In momentum space we see that the last of these
can be written as

efkzy i q (2.19}

In the continuum limit where k, is infinitesimal,
this becomes x(r) - x(-R . (2.25)

for rotations about the x, y, and z axes, respec-
tively.

(e) Rotations by x about a body center. These
are rotations about the geometrical center of a
given lattice cube about any of the three axes and
they represent ordinary spatial rotations by m.

(f) Parity. This is simply reflection through the
origin

q &5i3q ~ (2.20a) (g) G parity This is j.ust complex conjugation

while the other two transformations become x(r) —x'(r) . (2.26)

q f5i2q (2.20b)

/5ilq (2.20c)

or

x(r) —(-1)"'x(r+x+ e),

X(r) —(-1)"'X(r+y+ x),

X(r) - (-1)"'X(r+2+ y),

(2.21)

which define the discrete isospin rotations

This discrete chiral invariance is an extremely
important feature of our formalism. Without it
we would have no control over induced (divergent}
quark masses when interactions are turned on. At
the present time there it no other formalism which
satisfies this requirement and which is simple
enough to use in strong-coupling calculations.

(c) Shift along a "face" diagonal,

The symmetries (a)-(g) are not a priori suffi-
cient to guarantee continuous isospin and rotational
invariance in the long-wavelength behavior of an
interacting theory. However, if the dimensionless
couplings are small, any asymmetries must ma-
nifest themselves as induced renormalizable or
superrenormalizable counterterms. In our case
there are no such terms consistent with the dis-
crete symmetries of the lattice theory. For
example, a quark mass term is superrenormali-
zable, but it is not invariant under the discrete
chiral transformation q —i;y,q. Therefore, if
the bare lattice Hamiltonian is written for mass-
less quarks, the quarks will remain massless
order by order in perturbation theory. This fact
is the central motivation for the lattice-fermion
method discussed here.

Now consider the introduction of the gauge fields.
Following Refs. 4 —6 the gauge field is defined on
the links of the lattice. We restrict ourselves to
that limited class of gauges for which A'=-0. ' A
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U(r, n) = U (r+ n, —n) .

In terms of the more familiar gauge field A',

(2.27)

directed link is specified by a site r and a unit
vector n. Each site is the origin of six directed
links, and each pair of neighboring sites define
two directed links. For each link a degree of
freedom U(r, n) is defined. U is a matrix of the
fundamental representation of the SU(3) color
group. The two gauge fields occupying the "same"
link are related by

Then

W= W, +xW, -2x W

with

W, = E' r, n n=x, y, z only
r, n

W, = g 1t ( r }U( r, n)}t( r+ n)t}(n)
P, n

(n=x, y, z, -x, -y, -z)

(3.2)

(3.3)

U(r, n) = exp(fgaA' X n'/2) . (2.26}

The gauge-invariant form of the quark Hamiltonian
is now

H, = —g }it(r)U(r, n)}t(r+ n) (7(n),2a
(2.29)

to which must be added the two pure-gauge-field
terms

Helectric
r, n

(2.3o)

H „,,= — g, Tr[U(1) U(2) U(3) U(4)]
8quaxe8

+ H.c. , (2.31)

III. THE STRONG-COUPLING VACUUM

The behavior of the theory for large g can be
studied in strong-coupling perturbation theory. It
is convenient to rescale our Hamiltonian defining

where g is the coupling constnat, E is the electric
part of the Yang-Mills field, and

Tr[U(1)U(2) U(3) U(4)] is the trace around a unit
lattice square.

Given the Hamiltonian in Eqs. (2.29}-(2.31), we
are now ready to calculate various low-energy
properties of quantum chromodynamics (QCD}. At
this stage in the program, however, we must
make some working hypotheses to extract physical
results from the lattice theory. We assume that
conventional and lattice QCD agree if a goes to
zero with g vanishing like (ln a) ' (asymptotic free-
dom) 2 In addition, we assume that no phase tran-
sitions or critical points are encountered in vary-
ing g between ~ and zero. High-order calculations
of the mass spectrum of lattice QCD will eventually
allow us to compute g as a function of a. Then we
should explicitly confirm the asymptotic freedom
of the theory and check that g- ~ as a- ~ (we
hope). In the simpler Gross-Neveu model similar
hypotheses were confirmed by explicit lattice cal-
culations. '

x2 04 W, W, OC
1

'
(do —W,

(3 5)

where (d, is the unperturbed energy of the ground
state. It follows from Eq. (3.4) that ~, =0. Con-
sider the possible intermediate states which can
contribute to Eq. (3.5). W, creates an excited link
with electric flux satisfying E = -'. It also creates
a qq pair, but this costs no unperturbed energy
so Eq. (3.5) educes to

—-,'x'(0, @i W, W, io, 0}

= ——'x' 0, 4 gt r Ur, n
- F, n

2

xx( ~ )c() c, e) (3.6)

This expression can be simplified by recalling'

(0, 4
~
Ut~(r, n)U„,(s, nt) ~0, q}

= e6~ s6me6((6~e ~. ,

W = — g Tr[ U(1) U(2)U(3)U(4)] + H.c.,
squares

where x= 1/g'. We now perturb about x=0. Thus
to zeroth order only the "electric Yang-Mills"
term W, contributes, and the theory exists in a
static limit. Hence, to zeroth order the ground
state satisfies

w, io& =o . (3.4)

So, ~0) is a state of zero flux. Since W, is in-
dependent of the fermion degrees of freedom, there
is a large degeneracy of ground states to zeroth
order. We label the degenerate family of ground
states ~0, 4), where the zero indicates E(r) =0
and 4 represents an arbitrary configuration of the
fermion field.

We apply degenerate perturbation theory to
determine the ground state for small x. Since
(0, 4

~
W, ~0, 4) =0, the splitting between states of

no flux but different fermion content does not oc-
cur until second order. We consider

2aW'= —H .
g2

(3.1) so that Eq. (3.6) becomes an effective Hamiltonian



involving only the fermion degrees of freedom

II'.«= -'~'Q p(r )p(r+8),
P, n

where

p(r) = [X'(r), X(r)]

(3.8)

(3.9)

x, I-»=0, (3.10)

Thus, W,« is the sum of nearest-neighbor cou-
plings involving products of the local fermion
numbers. The true ground state must minimize

W,«and be fluxless.
The space of fermion states is a tensor product

with a finite-dimensional factor for each site. At

each site we define a color-singlet state
I

—3)
satisfying

and G'(r) annihilates the vacuum since it is flux-
less and the fermion states

I
+ 3) are color

singlets.
The vacuum is also invariant undex' the flavor-

space transformation a, c, d, and e, since these
take even (odd) sites into even (odd) sites. Only
the chiral transfoxmations b take even sites into
odd sites. Therefore chiral symmetry is spon-
taneously broken by the effects of the interaction
between gauge and quark fields. To better under-
stand the nature of the breakdown let us consider
the scalar operator [q, q]. In the continuum
theory,

[q(r), q(r)] = [»»,'(r), u, (r)]+[u (2r), u, (r)]
— u,' r, u, r — u,' r, u, r

where the index i denotes color. The notation —3
refers to the eigenvalue of p in this state

+(»»= d),
which can be written in momentum space,

{3.16)

(3.11)

Applying y»» to
I
—3) creates a color triplet satis-

fying

(3.12)

Another application of gt, creates an antitx'iplet

x';xt I-3& = II,7&,

Finally, a color singlet is obtained by applying
g~ three times

(3.13)

-', ~;;,xt x', xl I- » = I»,
(3.14)

G (r)=QE (r, n)+X'(r)& X(r), (3.15)

Returning to E»I. (3.8) it is evident that the
lowest energy a link can have is —,'(3){-3)x'=—,

' x',
which occurs when one end of the link has p= 3 and

the other has p= —3. There are two states of the
entire system which satisfy this criterion for every
link. To define these states we will divide the
sites into a pair of sublattices. The even (odd)
sublattice consists of sites having x+y+ z even
(odd). Ii we choose the state for which p=+ 3 on

odd sites and -3 on even sites, every link will
terminate on a I3) and a

I
-3). The only other

state is obtained by interchanging odd and even
sites. This twofold degeneracy is connected with
chiral symmetry [see E»I. (2.18)] and is not lifted
in higher order.

The vacuum is evidently both locally and globaQy
color symmetric. This follows formally from the
observation that the generator of local color-gauge
transf ormations is'

Using K= k/»» and E»I. (2.10), we have

q(r)q(r)= yt(k)y(I)e»»k I)'r

~ e"""'"d'kd'l

= ~'(r)e(r)(-1)""".
Therefore,

[q(r ), q(r )] = [ X'(r ), X(r )]{-1)"""

(3.18)

= p(r)(-1)""".
Since p(r)=+3(-I)"'"' in the two degenerate
ground states, we have in one vacuum,

&oI[q(r), q(r)] Io) =+3,

(3.19)

(3.20a)

and in the other,

&oI[q(r), q(r)] Io&= —3. (3.20h)

These properties of the strongly coupled vacuum
are important. It is generally believed that the
real vacuum of the hadron world is both color and
flavor symmetric, and that it spontaneously vio-
lates chiral invaxiance. Suppose for a moment
that the strongly coupled theory behaved dif-
ferently; e.g., some flavor symmetries might
have been spontaneously bxoken. This would have
been a disaster for our program since a phase
transition would then separate the strongly cou-
pled theory from the real hadron world. Then a,

smooth singularity-free extrapolation from g = ~
to g=o would have been impossible.

Befoxe turning to illustrative calculations, we
shall consider a modification of the Hamiltonian

q(r)q(r)= »»'(K)»», (L)e» K L ' "d Kd'I, + ~

(3.17)
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W'=A+ [ p(r)p(r +n)+ 9], (3.21)

where A is a dimensionless (irrelevant) param-
eter. That 8" satisfies the first and second con-
ditions above should be clear. Condition 3 is, how-
ever, more subtle. W is a four-fermion operator
and, when written in terms of continuum variables
with conventional units, it is multiplied by a cou-
pling constant Ag2a'. Since the continuum limit is
defined by g '-0, the four-fermion coupling tends
to zero faster than a'. Under these conditions a
nonrenormalizable interaction is ir relevant. '4 In
other words, although this interaction term exists
on the finite lattice, it does not affect renor-
malized physical quantities in the continuum limit
of the theory. In fact, cutoff Hamiltonians are al-
ways defined only up to the addition of irrelevant
operators which are consistent with the sym-
metries of the physical system. Even if we wrote
the lattice Hamiltonian without the 8" term, we
know that higher-order processes build up ef-
fective vertices which are four-fermion [ Eg. (3.8)
illustrates this point]. Adding W' to W is, there-
fore, just a convenience —in an adequate cal-
culational scheme of the low-energy properties of
8', the dependence on TV' should disappear in the
continuum limit. Later we shall study the depen-
dence of our approximate results on the irrelevant
parameter A. %'e shall find that in the g - 0 limit
the dependence on A becomes numerically insigni-
ficant for many low-energy quantities. This fact
represents a useful check on the convergence of
our approximate methods.

Now let us calculate the vacuum energy (d0 in
perturbation theory which incorporates TV' in the
unperturbed Hamiltonian.

In zeroth order clearly we have defined H such
that

which is convenient when computing the meson
spectrum. The modification of B renders the vac-
uum well determined by the unperturbed Hamil-
tonian itself. We place the following three demands
on the new term. First, it must remove the un-
desired degeneracies in zeroth order. In this
case the zeroth-order energy of nucleons and

antinucleons is zero. Since degenerate perturba-
tion theory is quite complicated when carried to
high order, we want to add a static operator to
B which lifts this degeneracy. Second, it must
preserve the symmetries of the original Hamil-
tonian and again lead to a vacuum state which spon-
taneously breaks ehiral symmetry. Third, it
should have no effect on the continuum limit of the
lattice theory; i.e., it should be an irrelevant
operator. '4

An operator with these properties is

~(0)
0 (3.22)

There is no first-order or any odd-order con-
tribution. To second order

1
(u0( )=X2 0 W', (0)

— W 0—W0

where

(3.23)

(3.24)

Diagrammatically we ean represent this by Fig. 1.
This figure is interpreted as follows. The lower
horizontal line represents the action of W, creating
a qq pair on adjacent sites with a flux link between
them. This amplitude is clearly q(n). We then
sample the energy of the intermediate state which
is —,'+ 68A (dashed horizontal line). The term 68A
is the AZ& „-[p(r)p(r+n)+9] energy due to the
presence of the q and q in- the intermediate state.
(Eleven links are affected by the qq. Since p=+3
on vacuum sites and p=+1 (- 1) on sites with a
q (q), the eleven links contribute (-3x10 —1)A
= —31'. But in the vacuum the value of
AX[ p(r)p(r+7i)+ 9] for these eleven links is

9 x 11A = 99A. The difference is (-31+99)A
= 68A. } Finally the qq pair and their flux line are
annihilated by the action of 8", with amplitude
g(- n) Afact.or of N (number of links on the lat-
tice} is required since W, can act on any link of
the lattice. Thus

(2) —3'
-4+68& '3+

where the factor of 3 comes from

(3.25)

Now let us consider the two graphs of I'ig. 2
which contribute to

0 TV, (0) 8' 0 (3.27)

FIG. 1. Second-order vacuum graph. The horizontal
dashed line indicates the energy denominator.

where Q projects onto the subspace orthogonal to
IO). This figure represents that contribution where
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FIG. 2. Two fourth-order contributions to the vacuum

energJJ. The dashed vertical line means that the quarks
belonging to different connected pieces are not nearest
neighbors.

8', acts twice to produce qq pairs joined by flux
links, but such that those quarks joined by different
links are not on the same or adjacent sites. The
contribution is therefore

—9 x 2 x N(N 57)- (3.28}
2(-', + 6&A)'

The factor (N —57) counts the number of places
the second qq pair can be placed on the lattice
such that neither of these fermions lie on the same
sites or on sites adjacent to those occupied by the
first qq pair. Next consider the contributions of
Figs. 3(a) and 3(b). In Fig. 3(a) a quark on one
link is on a site adjacent to an antiquark on the
other. Hence W acts to alter the central inter-
mediate-state energy. In Fig. 3(b) the quarks on
both links are adjacent to the antiquarks on the
other link. The contribution of Fig. 3(a) is then

FIG. 4. Fourth-order vacuum graphs in vthich bvo
quarks occupy one site.

6x2x10&
(~4+ 68A)'(-,'+12&A) (3.31}

The last graph contributing is that of Fig. 5. Here
explicit calculation of the contractions of U's and
g's yields a factor of 12. Antisymmetry of the
quark wave functions tells us that the central flux
state is in the 3 representation. Hence the con-
tribution of this graph is

—12 xN
(-', + 6&A)'('-, +12&A) (3.32)

9x 2x4~
(-, +6&A)'(-,'+ 12&A)

Consider now the graphs of Fig. 4 where the second
interaction produces a quark (antiquark) on the
same lattice site as the first. Here the previous
factor of 9 is reduced to 6 because the second
quark on the middle lattice site can only be in
one of two color states instead of three. Clearly
these graphs yield a contribution

gx 2x42Pf
( 4 + 6&A)'(-,'+ 132A)

while that of Fig. 3(b) ls

(3.29)
Next we should consider the contributions from

1
(0)

COo —8'0 (3.33)

Here the first W„creates a flux loop producing a
state of energy 4x -', . This loop is annihilated by
the second W„. Such a process is depicted in Fig.
6. The contribution is

FIG. 3. (a) A fourth-order vacuum graph. The dashed
horizontal line connects nearest-neighbor quarks. (b)
The takeo dashed lines connect nearest neighbors.

FIG. 5. A fourth-order vacuum graph occupying one
link.
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2N 4
4x4 (3.34)

where the factor 2N is just the number of oriented
squares on the lattice.

Finally, we must include a term

0 8' (0)
W' '0

X 0 W ~ (0) y2 W+ 0 (3 35)
FIG. 6. A fourth-order pure gauge-invariant-excita-

tion graph.

to compensate for using vo~o' instead of vo in the
energy denominators. ~' This contribution is just

SNAB 3'
~ + 68A ( 4 + 68A)' (3.36)
3 3+

Collecting all these terms, our fourth-order
vacuum energy is just

I w, & -if';,' r, P I0&,

M3 Iw, & =i Q (-1)"x (r)U(r, n,)x(r+n, )

—H.c. I0),

(4.2a)

~(4)
(

~ + 68A)'

513 756 204
4 + 68A 8 + 132A

~
+ 128A

(4.2b)

~3 I~,&
=i g(- 1)'x (r)U(r, n,)x(r+n.)

r

Note that (d,'4' is proportional to N—the vacuum
energy is an extensive quantity. Thus the N' de-
pendence of Eq. (3.28) was precisely canceled by
Eq. (3.36).

IV. THE LOW-MASS HADRON STATES

—H.c. I0& ,

I p,.& 4'~„'&,-II0&,-
I

~3 lp~. &= g(-1Vx(r)U(»n„»(r+n, )

(4.2c)

(4.1)

In the strong-coupling limit the lowest-lying

qq states are those consisting of a quark and anti-
quark at opposite ends of a single link. If the
quark is at r and the antiquark at r+Pv we get a
basis for such states Ir, n& as

Ir, n&=x'(r)U(r, n)x(r+n) IO& .

+ H.c.

Io& iqxfqI-0&,

~18 Ic& = g x'(r)U(r, 6)x(r+n)n(n) Io&,

(4.2d)

For a zero-momentum state we require transla-
tional invariance, i.e., invariance under trans-
lating by two lattice sites in any direction. This
still leaves us with the problem of determining
the combination of Ir, n&'s to use on the unit cube.
For a given meson this "wave function" may be
determined by its transformation properties under
the discrete transformations of the theory. Alter-
natively, we can determine these states by taking
the quark bilinear with the desired transformation
properties and writing it in point-separated lattice
form and applying it to the vacuum. For example,
the pion state can be obtained (up to normaliza-
tions) by identifying

In& -iPy, ,'7 $I0& . —

~3
I B„&= g (- 1)"x ( r )U( r, n,)x( r+ n, )

+ Hc. I0),

I f» &
-if' (n,s,+ n, s, —2n„s,)g IO&, (4.2f)

+ (-1)'X'(r)U(r, n.)X(r+ n.)l

+ H.c. IO&,

2v"3
If„„)= Q[(-1) x'(r)U(r, n.)x(r+n.)

This yields the strong-coupling wave functions
for w, p, ur, v, j3, f„andA, listed below: IA„&-ill'(a„s„-o.„s,)r, q Io&, (4.2g)
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MG IA„&= Q [(-I)"xt (r)U(r, n,)x(r+ n„)

—(- I)*X'(r )II(r, n.)X(r+ n.)l

+H.c. Io& .

Finally let us consider the nucleon. The lowest-
energy three-quark state is obtained by putting
three quarks on one lattice site. The correct
combination for a spin-down neutron is

24
I
n 4& = Q [1+(- 1)'+ (- 1}*"+(- 1)"' "']

~&(r)~;; xt(r)x', (r)xt(r) I0&

(4.3a)

the spin-up neutron,

24
I
n4& =Q [ 1 —(- 1)'- (- 1)*'"+(- 1)"' ""]

x$(r}g,, x,. (r)x,.(r)x„(r)I0&,

(4.3b)
the spin-down proton,

24 la& = g [ —(- I)*+(-I)'- (-I)"'+(- I)""]

x~(r)~;;,xI(r)x~&(r)xt(r) Io&

(4.3c)

and the spin-up proton,

241~&& = g[-(-I)"-(-I)'-(-»""-(-I)"']
xs(r}~;;,x';(r)x', (r)xt(r) lo&,

(4.3d)

where the quantity S(r}was discussed in Sec. II.
Now we discuss the calculation of the energies

of these states. In zeroth order (effectively g
= ~) the 1-link meson states all have "mass"

(4.4)

while the nucleon has "mass"

such a calculation to order x' for the m, p, and
The other 1-link meson states behave similar-

ly. First, however, we should observe that such
a calculation should only be valid for A & -'/112,
since below this value, there exists an NN bound
state with the same quantum numbers and lower
energy at g= . The point is that a state con-
sisting of an N and an N separated by one link
has static energy of (S x 10)A —(- 9 x 10)A = 180A.
The NN state can be constructed to have the same
quantum numbers as a "q-flux-q" meson state
which has a static energy of —, + 68A. Qnly for
A & 4 /112 will the q-flux-q state be less massive
than the NÃ state in the static limit. For A & ~ /3
112 one should use the lighter NN state to find the
mass of the lightest meson of those quantum num-
bers. In this article we will present nondegener-
ate-perturbation-theory calculations for A & 4/112
and the results of a degenerate-perturbation-
theory calculations at A = -', /112.

Each component of v, p (six off-diagonal com-
ponents), and ur consists of a linear combination of
similarly dir ected links on the lattice. The phases
[see Eq. (4.3)] are such that, if a link is annihi-
lated by W', and recreated but displaced longitu-
dinally by a single unit, the amplitude acquires
a negative sign. If the link is recreated after a
transverse displacement by one link, the sign
depends on whether it is a m, p, or (d. For m we
get a positive sign for both transverse displace-
ments, for e we get a negative sign for both trans-
verse displacements, while for the p we get a
positive sign for one transverse direction and a
negative for the other.

Now to the actual graphs which contribute to the
second-order perturbation

(4 6)

The first is shown in Fig. V. Here the single-link
state is unaffected by the perturbation which mere-
ly produces and annihilates a qq pair with at-

~)),~=1082 .
Therefore, in this static limit (fixed and large a)
the meson-to-nucleon mass ratios have strong
dependence on the parameter A. Since states
cannot propagate in this limit, all the single-link
mesons have the same mass regardless of the
character (e.g. , s-wave or p-wave) of their con-
tinuum wave functions. The fourth-order calcula-
tions will cure these unphysical reflections of the
static lattice approximation.

For large but not infinite g, we perturb in x= 1/
g~ as for the vacuum energy. %e first illustrate

FIG. 7. A second-order contribution to the mass of a
meson. The dashed line has the same meaning as in
Fig. 2.



15 STRONG-COUPLING CALCULATIONS OF THE HADRON. . . 1121

(o)

FIG. 10. A second-order single-link graph.

FIG. 8. Second-order contributions to a meson mass.
The dashed lines connect nearest neighbors. 60A

(4.11)

-3(X-87)
~+ 68A

(4.7}

for each of m, p, and ~.
Next we have those graphs in which the qq pair

is produced such that TV' gives an interaction be-
tween them and the single-link state. These are
shown in Fig. 8. The contributions of Figs. 8(a)
and 8(b) are

3 x42
4+ 64A

(4.8)

tendant flux link on sites that do not interact with
the initial qq pair. The contribution is clearly

We are now left with those graphs where the per-
turbation W, annihilates the initial meson and re-
creates it (earlier or later), not usually on the
same link. Clearly such graphs can distinguish
7Ty py and (d.

First we consider the case where the meson is
created after annihilation (Fig. 11). Clearly all
such contributions cancel since W, cannot create
a m, p, or (d out of the vacuum. Now we move on
to graphs of Figs. 12, 13, 14, and 15. For the
pion the contributions are

3x3 +3x6 3x4 2x2
—+ 68A —+ 64A 4 + 60A -+ 60A

(4.12}

respectively. For the p they give

3x4
—:+60A' (4.9)

—3x2 2x2
4+68A' ~+ 64A' ' 4+60A '
3+ 3+ 3+

(4.13)

respectively.
Now consider the case where the q (or q) created

by W, lies on the same site as the q (or q) of the
initial state (Fig. 9). This gives a contribution

respectively. Finally, for the co we have

3x5 3x]0 3x4 2x2
~4+ 68A 4+ 64A ~+60A 4+60A

—2 x10
4+60A ' (4.10)

(4.14)

Thus the second-order contribution to the (d energy

Next we have that graph where F', acts on the
same link as the initial state, giving the graph
of Fig. 10. The contribution is clearly

FIG. 9. A second-order graph in which one site is
doubly occupied in the intermediate state.

FIG. 11. A second-order graph in which the meson
can propagate. Summing the later vertex over the entire
lattice gives zero for the ~, p, and u'.



T. BANKS ei ol.

I

1

I

I

I

I

I

I

I

I

l

FIG. 12. A different tim. e ordering of the graph in
Fig. 11. The vertical dashed line has the usual inter-
pretation.

FIG. 14. All quarks in the intermediate state are
nearest neighbors.

Thus the second-order contribution to the nucleon
(d energy is

for p p and h) ls (2) 108 90
E 4 + 68' 4 + 56A3' 3+

(4.18)

4+ 68' -'+ 6W -', + 60& 60~ '
3 3

( ) 174 132 28 4
-'+6m -', +6m ~+ 60& 60~ '

(4.15a)

(4.151)

These results and those for the other mesons
have been calculated to fourth order. Results for
the series for (d, calculated to fourth order are
given below for the single-link mesons for the
value 4 = -', /112, where we had to do degenerate
perturbation theory for the qq and NN states.

( ) 186 156 16 4
&+ 68& 4+ 6m ~+ 60' 60&

(4.15c)

—3 (E —36)
~ + 6W.

(4.16)

The other graph is that of Fig. 17 which gives

after subtracting the vacuum energy.
As a further example we look at the second-

order contribution to the nucleon. There are only
two types of graph which contribute. The first is
depicted in Fig. 16. Its contribution is clearly

(d, = 2.143 —3.516x '+ 66.173x~,

ru„=2.143 —3.507x' w 66.435x4,

ep = 2.143 —3.512x ~+ 66.222x~,

~, = 2.143 —0.880x'+ 48.134x',

w~ = 2.143 —1.821x + 55.891x~,

(d& = 2.143 —3.516x ""+ 167.315x~,

(d„=2,143 —9.88x '+ 49.109x~ .
1

The nucleon series for this value of A is

(d„=1.296+ 5.368x' —15.029x 4 .

(4.19a)

(4.19b)

(4.19c)

(4.191)

(4.19e)

(4.19f)

(4.19g)

—3x30
~+ 564 (4.17)

The series results for more general values of A.

are presented in Tables I and II.

FIG. 13. The meson propagates in second order, and
tvvo quarks in the intermediate state are nearest neigh-
bors.

FIG. 15. Two quar1 s in the intermediate state occupy
a single site.



15 STRONG-COUPLING CALCULATIONS OF THE HADRON. . .

TABLE I. Expansion coefficients and continuum mass-
es measured relative to the nucleon for various hadrons
at difference choices of the irrelevant parameter (.
The expansion coefficients occur in the expressions u;
= v,' '+ v; '~ + v,' x, where i denotes the hadron of in-
terest. At $ = 0.61 degenerate perturbation theory must
be applied. Nondegenerate perturbation theory gives the
results at $ = 1.02 and 1.43. Quasidegenerate perturba-
tion theory lowers the $ =1.02 results to those shown in
the graphs. At $ =1.43 the nondegenerate results are
very accurate.

FIG. 16. A second-order contribution to the nucleon

mass.
0.61 2 ~ 143 -3.512
1.02 2.693 -0.292
1.43 3.237 -0.161

(d (4)

66.222
12.483
4.075

m/m„

0.822
0.894
0.824

—C

lna
(5.1)

V. MASS RATIOS IN THE CONTINUUM LIMIT

The series given in the preceding section are
only valid for g' large. Since from renormaliza-
tion-group arguments for an asymptotically free
theory

0.61 2.143 -3.507

0.61 2.143 -3.516

0.61 2.143 -0.880
1.02 2.693 1.955
1.43 3.237 1.391

0.61 2.143 -1.821
1.02 2.693 1.560
1.43 3.237 1.433

41.963
6.994
1.132

0.989
1.11
0.995

55.891 0.95
11.109 1.10
3.623 1.02

66.435 0.824

66.173 0.821

for small a, then clearly the above series are
valid only for large lattice spacings. Hence we
need some method of continuing our series to g
=0, i.e., x= , which is the continuum limit.

First we note that since we are really interested
in eigenvalues of

A(

0.61 2.143 -3.516
1.02 2.693 -0.301
1.43 3.237 -0.171

0.61 2.143 -0.988
1.02 2.693 2.303
1.43 3.237 1.943

165.708
76.698
41.436

47.502
8 ~ 541
1.943

1.17
1.14
1.02

1.00
1.15
1.07

H= —Wg
2Q

Nucleon 0.61 1.296
1.02 2.160
1.43 3.024

5.368 -15.029
3.414 -6.015
2.341 -3.194

all our series must be multiplied by g '/2a = e"*/x.
This makes continuation difficult. However, if we
consider only mass ratios these factors cancel
and the result can be expanded as a power series
in x.

We now use the method of Pade approximants,
long used with success in statistical mechanics,
to continue these series to large x. We take our
polynomial (to this order quadratic) in y=x' and

write it in the form

1+Qy
1+Py

where n and P are determined by expanding this
to order y' and equating coefficients. We can now
take the continuum y —~ limit yielding o./P.

We now present the resultS obtained in this man-
ner for the ratios m/m„ for the single-link mesons

TABLE II. Expansion coefficients and the continuum
value of g~ for various choices of $.

(0) (2) (4)

FIG. 17. One quark of the loop is a nearest neighbor
of the nucleon.

0
0.31
0.61
0.92
1.22
1.53

3.00
3.00
3.00
3.00
3.00
3.00

-14.58
-7.22
-4.42
-2.96
-2.11
-1.58

178.89
55.02
15.76
6.47
3.62
2.49

1.81
2.10
2.04
1.91
1.70
1.31
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FIG. 18. The continuum ratio mP'/m~(ll, lj Padd of
the mass ratio, x has passed to infinity) vs the irrele-
vant parameter $.

at.4 = -'/112,

r&1'/m „=0.822,

n~ "/m „=0.824,
m'/»~ „=0.820,
»v'/»~ „=1.01,
»r e/»~ „=0.95,
»1 /»7 N

= 1.17

»~"'/»i „=I 00 . .

(5.4a)

(5.4b)

(5.4c)

{5.4d)

(5.4e)

(5.4f)

l6"
l,4

1, 2

,8

.6

4

I

l.5

FIG. 19. Same as Fig. 18, except for n~~/m~.

The results for more general A are given in the
tables and the graphs of Figs. 18, 19, and 20.

We discuss briefly several interesting features
of these calculations. For each mass ratio con-
sidered here, the [1,1] Pads approximant exists
with positive values for o and P. Thexefore, an
extrapolation from y =0 to y = ~ is singularity-
free in this approximation. This result gives us
some confidence that the only phase of @CD is one
which is strongly coupled at large distances. Of
course, higher-order calculations are essential
to really argue this point.

Observe from the tables that the expansion co-
efficients for ~ „,„and z~ depend strongly on the
irrelevant parameter A, while the mass ratios do
not. A meaningful measure of the size of A is con-

1.5 1.5

FIG. 20. Same as Fig. 19, except for m /~z.

talned in the parameter j= 682/-, which pa
rametrizes the graphs. E measures the amount
of irrelevant energy on the scale of flux energy
(-', ) in the unperturbed meson states. In the
graphs E varies from 0.61 to 1.43 {more than a
factor of 2) and»~'/»:„, for example, varies only
a few percent over this range. This is a good
indication that the calculational and extrapolation
method is respecting some general field-theoretic
principles. Note that the p-wave meson-to-nu-
cleon mass ratios have more dependence on E.
Since p-wave wave functions have more spatial
variation than s-wave wave functions, this tr end
in the results is not unexpected. Higher-order
ca3.culations will be necessary to approximate ac-
curately the wave functions of excited states using
lattice methods. The fact that the Taylor-series
coefficients depend significantly on A while the
mass ratios do not can be understood in the follow-
ing way. Since the irrelevant operator W' is gen-
erated naturally by perturbative effects in the
theory with nonzero lattice spacing, the presence
of W in the original W energy expression ean be
compensated for by a rescaling of the lattice
spacing. Such a rescaling, however, can be com-
pensated for by a. multiplicative change in the
lattice coupling constant g(a). Since g(a) is taken
to zero in the continuum limit, a multiplicative
change in g(a) must have no effect on the calcula-
tion of mass ratios. Therefore, the large changes
in the coefficients presented in the tables for
various values of A. can, to good approximation,
be removed by rescaling the expansion parameter
X e

In Eg. (5.4) we measure the meson masses rela-
tive to the nucleon mass in every case. These
ratios are expected to be more reliable at low
orders than ratios involving two mesons. The
reason for this is that all the mesons are degen-
erate in zeroth order so small differences of
second and fourth Taylor-series coefficients con-
trol the [1,1] Pads approximants, and a con-
siderable amount of information in the series is
lost. When more Ta.ylor-series coefficients are
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VI. CALCULATION OF g4

Static and near-static properties of hadrons are
also accessible in the strong-coupling calculational
scheme discussed here. Consider the axial charge
of the nucleon@„,

g„= N gyy ~gd'x N (6.1)

Our first task is to write the operator,

6„= g y, y,7', 4 d'x

computed, however, all the ratio calculations
should be consistent. Even at fourth order the

p, 0, and N series are consistent in the sense
that the Padd approximants for m'/m„, m'/m„,
and m'/m' all exist and give almost (within 201o)
the same estimates of the particle masses.

It is clear that, with the exception of the pion,
these mass ratios are encouraging. The fact that
the m-p splitting is so tiny can be traced, we
believe, to the lack of spin-spin forces in the
first four orders of 1/g' perturbation theory. A

survey of graphs shows that magnetic field ef-
fects, loops of flux, are just not important through
this order. However, at sixth and eighth order
such effects appear to be important, so we hope to
do better in the near future. Related to this
problem is the fact that lattice-fermion methods
do not allow one to formulate the theory with con-
tinuous chiral symmetry for a 40—the fermion
method discussed here has only discrete pieces
of the flavor symmetries for a+0. In the con-
tinuum limit the asymptotic freedom of the theory
assures us that the continuous symmetries are
restored when a-0 since they are present in the
long wavelengths of the lattice free fields. Ac-
cording to the Goldstone theorem, it is continuous
chiral symmetry and the presence of an order
parameter (qq) vO (spontaneous symmetry breaking)
which guarantee a massless pion triplet. If con-
tinuous chiral symmetry is retrieved very slowly
order by order in 1/g' perturbation theory, then
our calculational scheme may be impractical.

g„=(N
~
8& ~N) = —&u~(x) (6.5)

Now we shall sketch the calculation of &u„(X)
through O(x'). In zeroth order the only graph
which contributes is shown in Fig. 21,

(u„'o'(x)= 3x .
So, the zeroth-order approximation to g„is

g(0) 3

(6.6)

(6.7)

We shall see below that strong-coupling perturba-
tion theory improves this result considerably.

The graphs which contribute to ~„(X)in second
order are shown in Figs. 16 and 17. The A.-de-
pendent terms coming from Fig. 16 are, after the
vacuum subtraction,

24 48
4+ 68 —2A. 4+68A+2X ' (6.8a)

and from Fig. 17,

24 36
4 + 56A —2A. 4 + 56A + 2 A.

'

Equations (6.8a) and (6.8b) sum to u„"'(X). Dif-
ferentiating with respect to X we obtain

(6.8b)

(2) 48 24

(-, + 68A)' (a, + 56A)' (6.9)

The fourth-order calculation proceeds straight-
forwardly. The results are shown in the ap-
propriate table and the graph of g„vsthe ir-
relevant parameter $ (Fig. 22).

we can formulate a useful rule for calculating Eq.
(6.1): Quarks (or antiquarks) at z-even sites con-
tribute+1 to g„,and quarks (or antiquarks) at @-
odd sites contribute —1 to g~.

A convenient way to organize the calculation of

g~ is to apply the Feynman-Hellmann theorem. "
We add to W, the operator X6„,where A. is a use-
ful dimensionless parameter, and treat the sum as
the unperturbed 8'. Then perturbation theory in x
is done in a conventional fashion. The energy
denominators now have X dependence. If we cal-
culate the v„(X)now, then"

Sp3 (6 2)

in terms of the lattice fermions. Using the
methods of Sec. II, we compute

8, = g (-1)*X'(r)X(r)

Comparing this to the mass operator,

(6.3)

44d~- g (-1)""X'(r)X(r), (6.4)

FIG. 21. The zeroth-order nucleon.
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FIG. 22. The continuum gz vs g. The x at (=0 is the
result of a degenerate-perturbation-theory calculation.
The solid line is a nondegenerate-perturbation-theory
calculation. The dashed line is an educated guess at a
quasidegenerate-perturbation-theory calculation which
should smoothly connect the two calculations actually
done in detail and discussed in the text.

Finally, g„was calculated at $ = 0 using de-
generate perturbation theory. Setting A = 0 allows
NN pairs to mix with the single nucleon state in
O(x'), and these effects can be computed using
standard methods. The resulting expansion for
gg reads

g~ = 3 —14.58x '+ 178.89x4 .
Forming the [1,1] Pade approximant, we have

(6.10)

1+7.410x~

1+ 12.270x' " (6.11)

We conclude that strong-coupling perturbation
theory improves g„significantly from its static
value. It will be interesting to see how closely
the eighth-order calculation comes to the experi-
mental value of 1.24 +0.02.

VII. DISCUSSION

We have performed a perturbative calculation of
the masses of the nucleon and low-lying mesons on
a spatial lattice in the strong-coupling region.

Since we assume that the continuum limit obtains
without any phase transitions, we analytically
continue the series using Pads approximants,
limiting ourselves to mass ratios where the known

singularities of the a =0 limit cancel.
With the exception of the pion, which is nearly

degenerate with the p in mass, the results are in
good agreement with the measured masses. The
difficulty with the pion is most easily understood
by noting that it is only the A term which we added

by hand that splits the m, p, and ~ to this order.
Natural mass splitting of this system relies on
"magnetic Yang-Mills" and induced "magnetic
Yang-Mills" flux terms and arises first at sixth
order.

The value of gz, i.e., g„=1.81, is not very good
although the fact that it is well below the zeroth-
order value of 3 is encouraging. However, it is
probably to be expected that g~ will not settle
down to a better value until the pion mass im-
proves.

Thus we see that our results, while encouraging,
need extending to higher orders. This requires
computerization of the graph counting and calcula-
tion and has already been started. Alternatively,
one can try to start with a lattice Hamiltonian,
constructed using renormalization-group tech-
niques, which more closely represents the con-
tinuum theory. Work on this approach is also in
progress. Calculations have begun which use
Hamiltonians having significant ~-p splitting in
O(x').
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