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A manifestly gauge-invariant theory of direct interaction between strings is presented. The equations of motion
found have no constraints in the type of interaction. The field theory associated with a large class of direct
interactions is presented. We also discuss a “two-body” type of interaction between particles and strings.

I. INTRODUCTION

The purpose of this paper is to cast the theory
of direct interaction between strings' in a mani-
festly gauge-invariant (“general-covariant”) and
Poincaré-covariant form. The main reason for
carrying out this program is that the “general-
covariant” approach® provides us with the most
natural language to describe surfaces (“world
sheets”). Thus, this approach will deepen our in-
sight into the structure of the string theory. It is
also important to know which objects are gauge in-
variant because these objects represent the “ob-
servables” of the theory. The requirement of
gauge invariance will give us a clue to find the
equations of motion for interacting strings without
constraints on the types of interaction. The above-
mentioned requirement leads us to the interesting
result that the strings’ end points are not slowed
down by interactions, i.e., they move with the
speed of light.

In Sec. II we present a summary of the “gauge-
invariant” theory of direct interactions between
particles.** We also discuss the class of field
theories associated with a class of direct interac-
tions between particles.®

In Sec. III we develop the gauge-invariant theory
of direct interstring interaction following the lines
given in Sec. II.

In Sec. IV we present the class of associated field
theories that can be extracted from a class of di-
rect interactions between strings.

In Sec. V we study a “two-body” type of interac-
tion between particles and strings. We conclude by
giving as an example the equations of motions that
govern the gravitational interaction between a par-
ticle and an open string.

II. DIRECT INTERACTION BETWEEN PARTICLES

In this section we will study the “gauge-invariant”
and Poincaré-covariant formalism that describes
action-at-a-distance interactions between parti-
cles.** In the present section, “gauge invariance”
means invariance with respect to a change in the
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parameter that describes the world line of each
particle.

The metric of the space-time is the Minkowski
metric

nplI:O? if p#v (2.1)
Moo= =M1 == M2 =—"N3=1.

The world line of the jth particle of proper mass
m; will be denoted by zf,‘(t,). t; is a parameter that
describes the world line; it may or may not be
identical to the proper time s,. Moreover, we do
not assume that #; has any particular property of
invariance.

The action A of a system of N particles interac-
ting through two-body forces is®

A=I,+ Iy, (2.2a)
where

L=Y jm,v,dt‘, (2.2b)
]

L= S f dtdt,vyR,,, (2.2¢)

i<y

Ry, =Ry, (vf/v;, vi/v,, 24, 24), (2.2d)
dzt A

v“‘EE.i’ v, = (vhy; )% (2.3)

t

The interaction has been restricted to be depen-
dent only on the first derivatives of z{ in order
that we may end up with a second-order differential
equation for z§. Note that the quantities v}/v,,
z¥, and v;dt; are invariants under the transforma-
tion

t =t =t](t,). (2.4)

Thus A is gauge invariant and will be Poincaré in-
variant if its dependence on the indicated varia-
bles is through Poincaré invariants® formed with
/v, v}/v,, 24, and 24,

From the variational principle we obtain the equa-
tion of motion
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my 4 % gy 2.5
'U‘ dt‘ 'U‘ A‘V‘, ( : a)

where
<~ 9 1d{ 2
AM:—_—-— ——

Ploz,, v diy 16(1)‘“/1),)
+£“L [1———-—‘—-—”"3 ] R
v, ;8(v;,/v;)
(2.5b)
V=Y [atur e X [ atR, (2.5¢)
i<t i>i

The multiplication of (2.5a) by ¥ gives 0=0, i.e.,
we do not need further restrictions on R;, to ob-
tain a Minkowski force perpendicular to the veloci-
ty.

Usually one parametrizes the world line of each
particle with its proper time s;. In this case

u(s;)=vj(t;=s;),

(2.6)
vt =5)=1,
and Eqgs. (2.5) take the simple form
dulf
m,— = AV,
i ds,- i (2.73.)

]ds,Ru, (2.7c)
>4

Equations (2.7) can also be obtained from a non-
manifestly gauge-invariant action if instead of taking
m, to be the proper mass we regardm; as a
“mass” depending on the parameter s;. In this
case a multiplication of the equation of motion by
uf will give us a differential equation for m;. This
differential equation can be easily solved, and the
constant of integration corresponds to the proper
mass.® In addition, the differential equations that
m(s;) obeys can be found by demanding that the
corresponding action be invariant under the trans-
formation s; - s; + 6s;.

If one takes anon-manifestly gauge-invariant ac-
tion with a constant mass, the multiplication of the
equation of motion by u{ or the requirement of in-
variance of the action under s; - s; + §s; will give
us a constraint™® on R,,.

Now let us take the particular case of interaction
given by

Ryy=q:q,(u,)"Gy((2; — 2 Mz, - 2),),

where n is an integer, and g, and g, are coupling
constants. G, is a Green’s function that satisfies

(2.8)
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the second-order linear partial-differential equa-
tion
DG, ((x = 2,),(x = z,*)=4n8*(x" - 25).

When R,, is given by (2.8), we can easily extract
the field theory associated with this irteraction as

(2.9)

follows: From (2.7c) and (2.8) we have
Vi=quhy ot g * 4y, 03807, (2.10)
where
aB---ux) ZQnJ“n“u'“uk
R*i
X Gy((%; = %,)°)ds,. (2.11)

In this case we can regard the equations (2.7a),
(2.7b), and (2.10) as the description of the motion
of a particle in the presence of a field @8 * *¥(x)
created by the other particles, which obeys the
field equation

D(p;xs...y(x)=47rJ:xB---V(x)’ (212)
“5"'”x) quf ...ul;
J#i
x 6%(x? — z0)ds,. (2.13)

Special cases of theories of direct particle inter-
action with associated field theories are the Fokker
principle of electrodynamics’ (r=1, G,=6) and the
principles of scalar and vector mesodynamics®
(n=0 or 1). The expression (2.8) is not the most
general interaction that has an associated field
theory. For a discussion of this point see Ref. 4.

III. DIRECT INTERACTION BETWEEN STRINGS

The motion of a string sweeps a two-dimensional
curved timelike surface (“world sheet”), embedded
in the physical Minkowski space with metric (2.1).
We represent this surface as x*=x#(14), where
14=(7° 7). 7° is related to the timelike and 7' to
the spacelike extensions of the world sheet.

In this section we will study the action-at-a-dis-
tance formalism for interaction between strings,
stressing the gauge invariance and Poincaré co-
variance of the theory. By gauge invariance we
mean invariance under the transformation

o’
8((1 )T ))

- (3.1a)

TAerA'=74'(18), J=
The range of the parameter 7° is — w0 <7<+, The
range of 7' is @ < T'<pBfor a closed string and

a < 1'<pBfor an open string. For closed strings
we will have (7%, a) = #*(7°, 8). In the case of open
strings, a and B will denote the end points, and in
this case we will require that
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a7’ A -

-g_r—o(-r ) #:E.E_O’ (3.1b)
in order that under the transformation (3.1a) the
boundaries of the world sheet remain the bound-
aries.? Also (3.1) must satisfy some “physical
conditions, ” e.g. (a) that a, 8, a, B transform into
finite quantities and — 0 <7<+ 0= —0< 1% <+

and (b) that the timelike and the spacelike char-
acter of 7° and 7! be preserved, except at the end
points.

In general we will not require that 7°and 7' be Lor-
entz-invariant quantities. The general covariance
(invariance) under the transformation (3.1) will be
referred to as g covariance (g invariance).

To obtain a g-invariant action analogous to (2.2)
we must start studying the g-invariant quantities
that can be formed with “geometrical objects” as-
sociated with one string. We will limit ourselves
to objects that contain at most first derivatives in
x*, because we want an action that gives us sec-
ond-order differential equations.

The internal metric tensor of the string world
sheet is

Yap=NuwX4 %8, (3.2)
axH
= .
Yy (3.3)

We also have the second-rank contravariant ten-
sor density e4? with components

€%=-¢!0=1, %=¢!=0. (3.4)

From (3.2)-(3.4) we can build the g-invariant
quantities®

V=yd’t, (3.5)
THY =y ABxbxb (3.6)
eAB
S‘“’E\/___Yx“Ax',’,, (3.7)
where
y=dety,g, dr=dr%dr’. (3.8)

Note that (3.5) is a Poincaré scalar and (3.6) and
(3.7) are Poincaré tensors even if the parameters
74 are not Lorentz invariants. We will not con-
sider in the action objects formed with the Rie-
mann-Christoffel tensor formed with (3.2) because
they produce in the equations of motion terms con-
taining at least third derivatives of x*. It is im-
portant to realize that quantities formed with ob-
jects belonging to two different strings are in gen-
eral not g invariants, e.g., (—y,)"'/ %484, xV,,
because each string in general will be parametrized
in a different way. The tensor T*V is the energy-
momentum tensor”® and $*? spans the world sheet.
From (3.6) and (3.7) we get the useful identities?®

THYT N = THY, (3.92)
sHrg N = T, (3.9b)
ST N =8kA, (3.9¢)
SU¥S,, =TH*'T,,=2. (3.90)
Now the analog of (2.2) for strings is
@=1°+1'™, (3.10a)
where
(3.10p)

eSS [ M i,
a

IimE Z E J’ d27‘ad2‘rb(—Yn)l/z(—yb)l/zRab’

a<d

(3.10c)

Rab=Rab(Tgu! jgyﬂsgu!sgu’xz,x:)' (310d)
The indices a and b run from 1 to S, S being the
number of strings. M, is a set of constants. Note
that despite the identity (3.9b) we have included T*Y
in the dependence of (3.10d). The reason is that
T*Y has a clear physical meaning and when parti-
cular cases are studied it is easier to handle only
one symbol than S**s,”.

The action (3.10) is manifestly g invariant and it
will be Poincaré invariant if the dependence of R,,
on the indicated variables is through Poincare-in-
variant quantities® built with T#Y, T§", St¥ Sp”,
x4, and x¥.

The equations of motion of the strings are ob-
tained by demanding that the action @ be stationary
under the variation

xB(rd) = x8(13) + 6xh(TH), (3.11a)
6x4(T, =+ ,7,) =0, (3.11b)
6x4(7q, Ta = 0g) = 8x4i(73, 75 = B), (3.11c)
6x4(15, 7o =, B) # 0. (3.11d)

The variations 6x(1%, 7l =a,), 6x¥(12,752=5,), and
5x#(12) in general are independent. Furthermore
we will assume that the closed strings are smooth,

ie.,

" !
a_x{l =a_x+ (3.12)
97, T =a, 9T, 74 = Bg

From (3.10), (3.11c), and (3.12) we find
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51° fd'z‘r M {—;[( o)/ 2x A 0x8] - (O,%x ")5x5}, (3.13)
o' = ZGOZ ffr &yl ")1/2<axu arA azm> [(=72)"/*Rey]

+ 220 fdzfadf {a TRl 7a)' 'R, ]} b , (3.14)
a<b Ti=dq

where >’ denotes summation only over open strings : SxM(S, T =a,, 0,,B,,B,) =0 (3.17b)

and

O,2x5= (—y,) /2ve ve4xk

a”"a

—oal(=70" A5t

2
P (3.15)

Thus the variational principle, Egs. (3.11), (3.13),
and (3.14), give us the equations of motion

) (v *®,],

(3.16a)

3 3 3
axkt ot axk,

MaDazx ap ™= <

;u '5%[(—74)1/2‘#4]} =0,

TA=EQ..5¢1

(3.16b)

{ )1/2

where

b0= 2 [ Er(=7) Ry,

b<a

V5 [ enenrn,,
b>a

Equation (3.16b) applies only to open strings and
tells us that the end points of the string have their
proper interactions. Equations (3.16) can also be
obtained by assuming instead of (3.11b)—(3.11d)

(3.16¢)

and demanding that the part of the “canonical” mo-
mentum®® that crosses the edges of the world sheet
be zero at the edges.

Now we will use the fact that R, is given by
(3.10d) to cast (3.16) in a form similar to (2.5).

From (3.6), (3.7), and (3.9) we get
as*f
o =~ SPxg v 2(=y) T B Ap o ], (3.18)
E
197%8
3 oxk =— T“ﬂxf+x5(°‘6:) + (—Y)_I/ZEEAJL(A"‘SS),
(3.19)
where
altp?l= L(a"b” - a¥bH), 20)
3.20
a*b?) =5 (a* bY + a¥b¥). (

The identities (3.18) and (3.19) can easily be ob-
tained if one uses the fact that in a two-dimension-
al Riemannian space we have?®

_1_AC_BD,
Y =2€7 €Y apYcD>

(8.21)
__,y—leAC BD'YCD (3.22)

Hence from (3.16), (3.10d), (3.18), and (3.19) we
obtain

M,O2 3.23
the relations a—a %ay . Labar (3.232)
2
(M, (- n) X +® 50,01 58,20, (3.23b)
Gx‘n‘(‘rf:::too,‘r;)=0, (3173') where
= 1/2_ 9 1/2 aB aB 9 - 1/2 AB
L= -1V g oz | (7 ety (1 -8 50 =272 ) 2 ot i
] 3
+2€A8xd <asua+sapaTaB>] (3.23C)
9
(Bf“E( )1/2 E(l 3“55&'5 2Ta8__o(6> 2(- ,y)x/z EB'—q—-—E+2€EA a (BS"a Sﬂu—-——g) (3.23d)
a
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The equations of motion (3.23) are manifestly
invariant under the gauge transformation (3.1) and
they will be Poincaré covariant if ¢, is a Poincaré
scalar.

The multiplication of Eq. (3.23a) by x,. gives the
identity 0=0 (see Appendix A). The multiplication
of (3.23b) by x . gives

Yo(T9,7T5= 00, By) =0 (3.24)

(see Appendix B). Thus we have that Eqgs. (3.23)
are valid for all R, of the form (3.10d).

From Eq. (3.24) one concludes that the end points
of open strings are not slowed down by interactions,
i.e., they move with the speed of light (see Appen-
dix B). Also (3.24) tells us that Eqs. (3.16b) and
(3.23b) do not have a clear meaning as they are
written. We must understand them as limits (see
Appendix B).

An equivalent set of equations to Egs. (3.23) can
be obtained by setting M,=M,(72) in (3.10b) and
replacing

Rab" (YaYb)-l/zR;b((_70)1/282“17 (—Yb)l/zs’b“}’ Xf:, xg)
(3.25)

in (3.10c). The equation of motion obtained in this
case, when multiplied by x,., gives a differential
equation for M (12) that can be easily solved; the
constant of integration corresponds to the constant
that appears in Eqs. (3.23). Also the differential
equation that Ma(‘r,f) obeys can be found by demand-
ing that the corresponding action be invariant un-
der the transformation 72 -72+ 672, If one uses

a constant M, and a noninvariant action, the multi-
plication of the corresponding equation of motion
by x,c gives a constraint on the interaction.' In
summary, each different possibility to derive the
equations of motion of particles that we discussed
in Sec. II has an analog in the string case.

IV. THE FIELD THEORY ASSOCIATED WITH
A GIVEN INTERACTION

As we have seen in Sec. II, to extract the field
theory associated with a given interaction between
particles we must restrict the type of interaction.
The situation in the string case will be richer, be-
cause we can form a larger class of interactions
that have associated field theories. To ensure
Poincaré invariance of the theory the dependence
of R, on its arguments must be through Poincareé
scalars. Examples of Poincarée scalars construc-
ted with objects belonging to two different strings
are

(x4 = 2)°= (xh = xf) (x4, = x4,), (4.1)

S8 Spuus (4.2)

€*298, ,Soros (4.3)
T gy (4.4)
ST Ty Spops (4.5)
ST 43S P T poys (4.6)
T V(% 4= %) (%4 = %), (4.7)

The scalars (4.1)-(4.5) are symmetric under the
interchange of @ and . Obviously the relations
(4.5) and (4.6) can be generalized to an arbitrary
number of “elements.”

Now we will consider the particular interaction
formed with powers of Poincare scalar quantities
similar to (4.2)—(4.6) and its generalizations, i.e.,

Ruv=04, (85,88 T,) » (c'l'afs,, ®é T,) G((x, - x,)%),
(4.8)
where ¢, and ¢, are coupling constants,
G%JA:A®A®“-®A (n factors), (4.9)

and the asterisk denotes the “total scalar product”
of the tensors formed by the tensorial products
indicated. G is the Green’s function that satisfies
Eq. (2.9). Note that n, I, n’, and I’ by construction
are such that it is always possible to perform the
“total contraction” *, And it can be done in several
ways, as (4.2)—(4.6) indicate, which give rise to
different interactions.

Now the equations of motion (3.23) read

n 1
M, 0% 0, =, S 95,89 T ) xdy(x,)],

{‘Ma(—' Ya) ! /2x ;ll

(4.10a)

n !
+4, (B;u[( ? Sa ®? Ta)*wa(xa)]}‘ré =0g,Bg " 0,
(4.10b)
where

n’ 1’
Po(x,)= Zq,, j d%,,(—y,,)’“@ S ®® T,

b#a

XG((x4~ x)%). (4.11)

Because G satisfies (2.9) we get the field equa-
tion
DY (x) = 47 (%),

where

(4.12a)

14 ‘I
J,(x) = Z a J dz-rb(-—y,,)‘/zé $®® T,0%(x* = xh).

b=a
(4.12p)

We can interpret the set of equations (4.10) as
the equations of motion of a string that interacts
with the tensorial field y, produced by the other
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strings and obeying the field equation (4.12). The
study of the field theory associated with the inter-
action (4.2) can be found in Ref. 1.

Also, associated field theories can be extracted
from interactions that are formed with terms like
powers of (4.7), but in this case we will not have
a single field equation like (4.12); instead we will
have to look for the field equation case by case.

V. DIRECT INTERACTION BETWEEN
PARTICLES AND STRINGS
TLet us consider the action
R =1+ I+ 10"+ I, (5.1)

where I, I;,, I°, and I'™ are given by (2.2b),
(2.2¢), (3.10b), and (3.10c), respectively, and

Iirr::: Z Z J dtidzfaui(_)/a)l/zRai} (52&)
=Ra (T HUoSEY v/ v, xh,28). (5.2b)

The indices a,b run from 1 to S, S being the num-
ber of strings. i,j run from 1to N, N being the
number of particles. The interaction (5.2) repre-
sents a “two-body” type of interaction between
strings and particles, i.e., the simplest one that
can be considered. The action (5.1) is g invariant
and it will be Poincaré invariant if the dependence
of Ryy, Ry, and R,; on their arguments is through
Poincareé- mvanant quantities.

When the variational principle is applied to (5.1)
and the condition v‘i‘viu=1 is used, one finds

LETELIER 15

where

U= Zfdz —y /2R, (5.6)

=Z fds,.Ra,.. (5.7)

Equatlons (5.3)-(5.7) give a complete description
of the interaction between particles and strings.
Note that no further restrictions on R ;, R ,, and
R,; come from the equations of motion.

To have an acceptable physical description of the
system of particles and strings, one must add some
conditions on R ;, e.g., that when the particles
and strings are far apart the interaction be zero.
This condition can be satisfied by requiring that
the dependence of R,; on x, and z; be through a
Green’s function that produces the wanted property,

g., 6((x,-z;)*). Also, the “separability con-
dition” mentioned above must be imposed when we
are dealing with direct interactions between either
particles or strings. The separability condition
in these cases can be implemented in a similar way.

As before, by considering particular cases of
interactions between particles and strings one can
extract field theories associated with a given in-
teraction between particles and strings. As an ex-
ample we will consider the case of one particle in-
teracting with one open string when the interac-
tion is given by

R=kTHy u 8([2(s) = x(14)]?), (5.8)

n“v

du# where & is a constant.

QU Ay LT
i st AV + Uy, (5.3) From (5.3)=(5.7) we obtain
] *x = + . du
‘V[aDa Xap £a (¢’ Xa)! (5 4) 1—3 u® uB‘é‘H d (u “tuchB_ ZuBHB ),

1/2.1 ds xH dS " W

M (=) x5, +® (D0 + Xa) 11 5 55,8, = 0 (5.5) (5.9)
Msz == h“ﬂ—x%ﬂ-éT(Z\/ x""h -V=y Taﬂh"‘ﬁx;?'rZeAB ”S‘fhaﬂ), (5.10)
MV=y xp+2V=y 2By = V=5 TP px  ~ 245 SEhyp) 3,50, (5.11)

where

Has(z)=kfdZTF?TaBG([x(TA)—z]Z), (5.12)

hga(x kf ds u ugb{[z(s) - xJ°). (5.13)

Note that (5.12) and (5.13) represent the gravita-
tional field in the weak-field approximation of one
string' and one particle,' respectively. There-
fore the interaction (5.8) represents a gravitation-
al interaction between one particle and one string.
Also note that (5.9) is the well-known equation of

r

motion of a particle in the presence of an external
gravitational field.'?
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APPENDIX A

In this appendix we will show that a multiplication
of the equation of motion (3.23a) by x% does not
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give any constraint on the interaction. For sim-
plicity we will drop the subscript a in this appen-
dix.

From (3.21) and (3.2) one finds

y _ A
W-Z—yxu. (Al)

Using the previous identity and the definition (3.15)
we have

ax Bx"‘
X, =V=y (6‘3){53-& + X 0E )
9
=V=vy aTBGC 0, (A2)

in the next-to-last step the identity x%x 7 =6 has
been used.

To prove that x'¢£ ¢ =0 we will use the form of
x“cJ:u that one obtains from (3.16a) and (3.23a),
i.e.,

9 o
XeLyd = xu(ax“ aT4 ax“)‘/_¢)
- (= ), (a3)
A

where in the last step (A1) has been used.
Now from (3.16¢) and (3.10d) we get

ap aT*?
3T %P axk

aB
2¢ 8S Xk, (A4)

x%: xc+asa53xi c

m
axh

Using the identities (3.18) and (3.19) after some
work one finds

aTaB

o *670, (A5)
asaﬂ
Y x%=0. (AB)

Therefore from (A3)-(A6) we have
*e£,6=0 Q.E.D. (A7)
The last relation has a nice geometrical meaning;
it says that the “force” £,¢ is always perpendicu-
lar to the world sheet.
APPENDIX B

In this appendix we will show that the end points

of open strings are not slowed down by interactions.

We will have interchange of momentum through
the edges of the world sheets, but the tangent vec-
tors to the edges are null vectors. In this appendix
all quantities that appear are supposed to be eval -
uated at the stving end points,

The equation of motion of the end points is

9
My=y x} - =0. 1
MY Ay V=y¢)=0 (B1)
Let us assume that y # 0 at the end points; hence
we can always choose a gauge'® where y=y =1,
Thus

9
1 + =
Mx) s Pk 0. (B2)
From the definition of y we have that y # 0 implies
x4#0. Hence a multiplication of (B2) by x¥ yields

7 =0. (B3)

To obtain the above result we have used the fact
that a y #0 ensures that x, is finite and also en-
sures that (A4)-(A5) holds. But M is a nonzero
constant; therefore

y=0. (B4)

In general x; and 8¢ /dx4 are going to be singular
when y =0. Thus we must understand Eq. (B1) as
an equation that holds in the limit, i.e

el ] ) (B5)

Equations (3.16b) and (3.23b) must also be under-
stood in the same way.
We have that

xb%,> 0, xhx, < 0, (B6)

where the equal sign is valid only as a limit at the
end points. Therefore (B4) can be fulfilled by
either one of the two possibilities

- - ”
x8xo, = x8x,,=0, xfx, <0 (B")

xhxy, =xhx,=0, xfx,>0. (B8)

The first possibility, when x{x,,<0, tells us that
the boundaries of the world sheets described by
an open string are tangent to null planes (planes
formed with a null vector and a spacelike vector
perpendicular to the first). When x{x, =0 the two
vectors that describe the world sheet collapse at
the boundaries to a single null vector. The second
possibility (B8) can only be fulfilled when xx,,=0,
because we cannot have a null vector perpendicu-
lar to a timelike one. We have not considered the
possibility x#=0 at the edges, because that con-
dition is gauge dependent, i.e., we can always do
a gauge transformation and have x4 #0.

In summary, we have that x‘o‘xo“: 0 at the edges,
i.e., the end points of open strings travel with the
speed of light. Note that this property of the end
points does not depend on the type of interaction.
Also note that the same is true for “free
strings,”1+2:15
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