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Supersymmetric Yang-Mills theory (including the Abelian case) is combined with supergravity so as to achieve
local supersymmetry. The Lagrangian, the supersymmetry transformation rules, and their commutator algebra
are presented.

I. INTRODUCTION II. THE LAGRANGIAN

A Lagrangian field theory of supergravity has
recently been constructed. ' It may be regarded
as a locally supersymmetric extension of Ein-
stein's general relativity which describes inter-
acting massless spin-2 and spin-~ fields. It is
now very natural to attempt to extend previous
globally supersymmetric field theories to include
local invariance by coupling them to the spin-2-
spin-2 gravitational multiplet. In this paper we
give results on the locally supersymmetric exten-
sion' of the Yang-Mills multiplet' with arbitrary
internal symmetry group. This multiple t con-
tains vector gauge fields and Majorana spin--,'

fields, transforming in the adjoint representation.
We were motivated to consider this multiplet
(rather than the chiral multiplet, » which might
seem simpler) because of the useful restrictions
of gauge and conformal invariance' and because of
a close parallel with the structure of the dual
fermion string model. ' It is known that the zero-
slope limit of the open-string sector of this dual
model gives globally supersymmetric Yang-Mills
theory, and it has been conjectured by J. H.
Schwarz that the zero-slope limit of the closed-
string sector gives supergravity.

The locally supersymmetric theory is construc-
ted by a two-stage method, using the first-order
formalism for gravitation which has already led
to a useful reformulation' of supergravity. In the
first stage, discussed in Sec. II, the Lagrangian
is determined by requiring the vanishing of leading
derivative terms in the consistency condition' for
the spin-& field equation. After the Lagrangian is
under good control it is easier to obtain the super-
symmetry transformation laws under which it is
invariant, and this is done by a systematic method
in Sec. II. The commutator algebra of the super-
symmetry variations and additional material are
discussed in Sec. III.

and matter kinetic term

»Vg'"g-"F „p„,+ 2i Vxdx,
with

(D x)'= (s + 2~,~")X'+gf"'&,'X',

(4)

where g is the gauge coupling, f'" are the struc-
ture constants of the internal symmetry group,
and ~ is the gravitational coupling. Except at one
point in the analysis below, it is totally unneces-
sary to distinguish between Abelian and non-Abe-
lian internal symmetry groups, and therefore we
adopt the notational convention that all bilinear
products among F,„, X, and D„X shall be under-
stood as the group-invariant product, e.g. ,

F„„X= F„„'X'~

The linear coupling of the spin-2 field to the
matter fields is of the form

where, as is to be expected in a theory where it)„

is the gauge field of supersymmetry, 8" is pro-
portional to the covariant generalization of the
Noether current of globally supersymmetric Yang-
Mills theory. "

The final term in the Lagrangian is bilinear in
P„and is given by

The action functional of the combined gravitation-
al and matter multiplets is written as

I = d»x(R, o + ZM+ Z, + 2,),
with the supergravity Lagrangian density"
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&, = ——.'«'(4, o'" r'X)(4. r. X)

,'v-x'[(xx)f„(g"" '-r"-r")0„(x-r,x)t.r, (g"" '-r-'r")4. '-(x-r r x)(&.r.»' 2—&.r"r.&"+'"""'&.r.V~

(6)

where the two forms are related by Fierz rear-
rangement.

The form of this Lagrangian was determined by
the following procedure. We started from a gen-
eral ansatz of the form

are required are the identity'

for products of any antisymmetric tensor and its
dual, and the result

SQ + M+ 1 1 ~o y
(7) o'"r'$(Xr„D„X)= ro'—"r gCXr r,D„X)

where the coefficient u, of the Noether current
term was a free parameter and Z,' was the most
general expression containing products of bilinears
in X and in P. This expression was similar to the
second form of (6), but involved seven arbitrary
parameters instead of the specific values given
above. The values of the eight parameters were
then determined by an examination of the consis-
tency condition' for the spin-~ wave operator

The consistency condition for the coupled system
of matter and gravltatlon ls

+o""r 4{x' PX)

which is required to relate terms of a vector
character in the consistency condition to terms of
an axial-vector character which cancel against
similar terms from Z,'.

The examination of the consistency equation for
cancellation of leading derivative terms would not
reveal the presence in the Lagrangian of terms
independent of It)~ such as terms of higher order in
the matter fields. The second stage of our proce-
dure is sensitive to such terms, and it turns out
that none are required.

III. LOCAL SUPERSYMMETRY

and is required to vanish when the Euler-Lagrange
equations associated with (7) are substituted in the
right-hand side. It is sufficient to examine the
leading derivative terms of the form EEP, XDXP,
and XXBg which appear in (9). The first two

classes of terms are required to cancel {although
terms of the form g)x are ignored at this stage be-
cause they correspond to the equation of motion
for X), and this determines the values of the pa, —

rameters given in (S) and (6). As a critical con-
sistency check on these parameters, the XX'
terms are required to arrange themselves so that
they contain as a factor one of the several forms'
of the spin-& equation of motion, and this test is
satisfied. The rationale for this requirement is
that at the second state of our procedure, such
equation-of-motion terms also appear and induce
a change in the transformation rule ~g„, depending
on the matter fields.

The procedure at this stage is straightforward,
although moderately complicated Dirac algebra is
necessary. Two perhaps unfamiliar results which

Consistency of the spin-~ wave equation is close-
ly related to but not sufficient for local supersym-
metry. There is still work to do to determine the
transformation laws 6P& for the fields g„, V,„,
{d„,~, A„, and X—each linear in the supersymme-
try transformation parameter which is an arbitrary
Majorana spinor field e(x)-such that the action is
invariant. We assume that the variation of the
spin-& field is of the form ~g~=z 'D„E+4g~, where
ht)I„does not involve derivatives of e(x) and is of
higher order in v. Local supersymmetry then re-
quires that

d4~ ~ 1~ q)t g q)t+
)t

vanish for arbitrary e(x) and arbitrary field con-

figurationn.

We first give the field variations under which the
action of the previous section is invariant and then
discuss the procedure used to find them. The
supersymmetry transformation laws of the matter
fields are

(l4)
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and consist, as expected, of a covariant form of
the variations associated with the global supersym-
metric theory together with an order-K correction
involving g . The transformation rules of the grav-
itational fields consist of the expected terms of the
first-order form' of pure supergravity plus cor-
rections of higher order in K involving matter
fields, and are given by

5V,„=iKg„y,a,
&0, = ~ 'D, ~+ 'f~(x-r, v"x)r„v,r,~,

(17)

with

C „,=KV t„ fr5V S $ +&2fK &((T„„o"F gr„X

+ 2~'(&r, X)(Xr"o„,tj,)

+- f4~'V '~„(Xv,r'X)~r, r„(r„g,—r,4, )

f"'~r"x'x'r„x' (20)

appears from the variation of Xf)x with respect
to A, '. This same term appears in the variation
of the globally supersymmetric Yang-Mills La-
grangian' and is known to vanish because of the
antisymmetry of f"".

Terms involving the torsion tensor appear at
stage (b) because relations such as

(VFxxx i) + V+fx jag jF uxxk

= V(D F"" 2+$ 'F""—S, 'F"},
)tp

(21)

(a) terms essentially reflects the global supersym-
metry of the matter kinetic Lagrangian, although
the Noether-current term comes in to cancel ex-
pressions which would be total derivatives in the
global limit. Luckily, it is only at this early stage
that the non-Abelian internal symmetry has any
distinct effect. Namely, a term of the form

and

C",„+D„= =~'«'"F „r„X+~'(~r'X)(XV'o„tj, ) .
v'2

(19) ~ty)tg D F 2~ )tw g PF
)1 vv vp& (22)

where D„ is the combined relativistic and gauge-
covariant derivative, and

To determine (13)-(17)and establish local super-
symmetry we start from expressions for the
variations which are the expected terms from the
global matter supersymmetry and pure super-
gravity only, and then study carefully the various
independent terms in the variation (12). Some
terms, such as those involving purely g and g,
are already known to cancel from the pure-super-
gravity calculation, ' but we must study explicitly
terms of the forms

(a) DFX and FDX,

(b) SFx,

(c) ~F'P,

(d) ~XDX|j,

(e) ~xx&|j,

(f} aSXXp,

(g) ~'Fx',

(h) K F)(th)

(i) ~'x'0,

and

(j) ~'x'lt'.

Each type of term must either vanish or determine
the corrections to the starting expression for the
variations.

We now discuss the salient features of the vari-
ous stages of calculation. The cancellation of type-

X ~)tpg v+ + (23)

Because this term involves as a factor the leading
part of the spin-~ wave operator, it can be
canceled by the modification of &g~ given in (16).
If a combination of derivatives of P, occurred in
(23) which were not of the form of the spin-2 wave
operator, the Lagrangian could not be locally
supersymmetric. The correction term just deter-
mined also contributes to terms (f}, (g), and (i)
because it multiplies subsidiary terms in the
spin-~ Euler variation Q'.

The terms (g) receive contributions due to the
order-v corrections to &g„(as just described) and

which is the gauge-field Bianchi identity in first-
order gravitation, are used at the earlier stage.
These terms are canceled by adding the order-K'
correction to 5&v„,~ in (17). Similar remarks apply
to the torsion terms of type (f).

The calculations a,t stages (c), (d), and (e) are,
in large part, identical to those described in Sec.
II, where the Lagrangian was determined. How-
ever, terms involving Px, which were previously
ignored, must be studied here, and to cancel them
we make the order-w modification of &X in (14).

As a more detailed example, we describe the
determination of the order-K correction to the
transformation law of P, . We note that the terms
of type (e) turn out after some algebra to be of the
form

fd (xxxx)xx'xx, , , ,
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to the ~' corrections to ~v„„and these contribu-
tions cancel exactly. If the v'Ex' term did not
cancel at this point, one could introduce an order-
X.
' term into the Lagrangian, whose variation with

respect to X would cause cancellation. It is fortu-
nate that this complication does not occur.

Terms of the types (h), (i), and (j) must vanish
because there is no further freedom to modify the
previously determined Lagrangian and transforma-
tion laws. The calculations require Fierz rear-
rangement and a steady hand at Dirac algebra.
We have verified that the «'I")(g' and «'y. 'g terms
vanish. We have not studied the x'g'g' terms,
which seem to require a particularly tedious cal-
culation, because we are confident that the pre-
viously determined structure is correct.

IV. THE COMMUTATOR ALGEBRA AND
SUPERCOVARIANT DERIVATIVES

Before discussing commutators of the supersym-
metry variations (13)-(17), we note that it is pos-
sible to simplify some of the previous expressions
by introducing a supercovariant derivative" D„
defined by

D~„=-s.&„-—«q, r„X,
v'2

(24)

D„X=D.X —
~2

o-"+,p„

with

Using (24) and (25), we can write the supersym-
metry variation (14) of the field )( as

The supercovariant derivative is defined (in
analogy to covariant derivatives for an ordinary
internal symmetry) by subtracting from an ordi-
nary derivative the supersymmetry variation of
the field with e(x) replaced by «g, (x). This de-
rivative enjoys some, but not all, of the prop-
erties of covariant derivatives for internal sym-
metry and general covariance. For example, the
matter-field interaction terms are not given by
the "minimal replacement" ~ „A„-D„A„and
D„x-D„x. However, one tantalizing fact which
could lead to a simplification ot the theory is that
the form (but not the precise coefficients) of the
interaction terms Z, and Z, is suggested by the
replacement D„x-D X in the spin-& kinetic La-
grangian.

Another useful property of the supercovariant
derivative is the simple transformation rule (for
local Lorentz indices)

&E., =~ (~~.D, - y,D, )X [&,,'+ .f «'g,-r '0, + ,'«-'V-'e. ,"(Xr,-y'X)](ey p) .

The second term vanishes when one substitutes the
value of the torsion for the Lagrangian of our sys-
tem (obtained by solution of the equation 5X/5~„,
=0), which is [8„8,]X = 5 "D,X, (31)

S„„,= —2,i w'tt)„y, g,

+ l«'V'~, „„(Xr,y'X). (28)

It is also noteworthy that the Euler variation of
with respect to X can be written as

iV-'« =y" DX (8+„,'- ai«'4 yg„)Y "I (2S)

and that the second term again vanishes if (28) is
used. The Euler-Lagrange equation for X is there-
fore essentially given by the free Dirac equation
with minimal substitution of the supercovariant
derivative.

The commutator of two supersymmetry trans-
formations of the matter fields is given by [where
&, and &, denote variations with spinor parame-
ters e, (x) and «, (x), respectively].

where ("= i&,y"E„and where terms vanishing as
a consequence of the equations of motion (28) and
(29) are neglected in {31). The calculation of (31)
is facilitated by use of (27). Both commutators
have a uniform interpretation as the sum of (i) a
general coordinate transformation with parameter

(ii) a local Lorentz transformation with field-
dependent parameter A.,~(x) = $"&u„,~, (iii) a super-
symmetry transformation with field-dependent
parameter e'(x) =-«('P, and (iv) a local gauge
transformation with parameter e(x) = -g$'A. This
is completely consistent with the interpretation of
the commutators in pure supergravity' and in
globally supersymmetric Yang-Mills theory. "' It
is therefore to be expected that the commutators
[&„&,]V,„and [&„5,]tt „will continue to have that
same interpretation when the effect of the matter-
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D = pVD (32)

is added to the Lagrangian (1), a.nd local super-
symmetry is maintained if one takes

1
6X =~ (o""E„„e+iDy, e), (33)

i~D=—zy, V' —+—&Ey PD
6X

(34)

field correction terms in (16) and {17)is included
in the previous calculation. If this is to be true,
then the equation-of-motion terms of pure super-
gravity which appeared in the previous calculation
must now become equations of motion of the
coupled gravity-matter theory. This has been
verified exactly for [&„6,]V„and verified to one
nontrivial order in the matter-field terms for
[6„6.]t,

The presence of matter fields in the transfor-
mations {16)and (17) of the gravitational variables
is a signal that it may be possible to linearize the
transformation rules and simplify the Lagrangian
by introducing auxiliary fields which would be re-
garded as part of the gravitational multiplet. The
superspace formulation"" implicitly contains
such auxiliary variables, but it appears difficult
to make contact" with explicit forms of locally
supersymmetric theories.

One auxiliary field which can be discussed quite
easily is the dimension-2 pseudoscalar field D'(r),
which has a natural place in the globally super-
symmetric theory. This field vanishes as a con-
sequence of its equation of motion in both global
and local theories, but it can be restored in the
Lagrangian and transformation rules as follows.
The term

with no other change in the transformation laws
given previously. This choice, which may not be
unique, has the property that the equation of mo-
tion for X no longer appears in the calculation (31)
of [6„6,]y. The introduction of the field D should
be useful for the extension of field theories of in-
teracting gauge and chiral multiplets to local
supersymmetry.

As in the initial construction of pure super-
gravity, the present extensions (we include here
Ref. 2) to include matter fields involve very com-
plicated calculations. A set of procedural rules
to enable straightforward constructions of locally
supersymmetric theories would be very useful.
Superspace methods" "may be able to provide
the necessary systematic procedures, but it may
also be useful to attempt to simplify the present
theory. It is possible that some simplification
may be achieved by a combination of techniques,
such as the introduction of first-order variables
for the Yang-Mills field, further development of
the concept of supercovariant derivative, or an
attempt to find convenient auxiliary fields.
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