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The rapid t = 0 convergence of the classic superconvergence relation pm~pm and its SU(6) generalizations

VM~ VM ( V = vector nonet, M = pseudoscalar or vector nonet) is reexamined. It is suggested that the rapid

convergence is due to a zero of the amplitude in t (crossed-channel. energy) rather than the rapid falloff of the

amplitude with s ("superconvergence" in s), as is usually assumed. In a separate investigation involving only

symmetry arguments, we find that the Melosh-transform parameterization for decays to VV states involves

only two undetermined scalar couplings, rather than the four (six) required in related processes involving

vector particles, B~~By (B~ i BV) decays, where B is a decuplet or octuplet baryon. A critical discussion

is given of the Gilman-Kugler-Meshkov and related prescriptions used to correct SU(6)-symmetric couplings
for the effects of mass splitting.

I. INTRODUCTION

One puzzling aspect of the very earliest work on

superconvergence relations is the special role
played by the point t =0.' The original p7t - pm re-
lations gave quite reasonable results at this point
if saturated with only a few resonances. Usually
this rapid convergence was attributed to a rapid
asymptotic falloff of the form

a(t)-2

[for a pv amplitude with A., —X, =2 and leading tra-
jectory n(t) in the crossed channel]. ' If conver-
gence were due to Eq. (1.1}, then one might antic-
ipate almost as good convergence in the neighbor-
hood of t =0 as at t=0 itself and perhaps even bet-
ter convergence for nega. tive t, where u(t) & o.(0);
but no such pattern of convergence has emerged
from later phenomenological work. Nor have
subsequent theoretical developments (duality,
Veneziano models) shed much light on the rapid
convergence at t =0." Sernilocal duality, for
example, predicts that direct-channel resonances
should average to a (small, but) finite quantity of
the same order as expression (1.1); but duality
does not single out the point t =0 especially. Sim-
ilarly, the Veneziano amplitude will obey sum
rules analogous to superconvergence relations.
[The spinless Veneziano amplitude goes only as
s (') but can be made to "superconverge" by taking
o, (t) sufficiently negative. ] However, the only
point singled out by these sum rules is the point
where they diverge. Clearly, that point will not
be a rapid superconvergence point, and in any case
that point depends on n(t), not t.

We believe the rapid t =0 superconvergence found
historically does not have to be dismissed as just
a fluke, but rather can be understood as follows:

ts(t)-2 (1.2)

and the rapid convergence at t =0 is due to the
factor t. This explanation preserves rapid con-
vergence at t =0 without requiring rapid (or more
rapid) convergence at points near t =0. If the
factor of t occurs inMV MV scattering at ver-
tices VV- (natural-parity Reggeons}, a.s seems
to be the case, then by factorization of Regge
residues the same factor of t should occur in B V
-BV scattering and should produce rapid conver-
gence only for those amplitudes dominated by
natural-parity trajectories. '

Since we are attributing rapid convergence more
to a factor of t than to a factor of s ', conceivably
a semilocal average over resonances could con-
verge rapidly to zero even when the amplitude it-
self does not superconverge, i.e. , even when the
s ' factor is missing from expression (1.2}. How-
ever, in all the cases we shall consider here, the
amplitude contains both a t and an s ' factor.

Evidently if our hypothesis is correct and we
wish to locate amplitudes which are good candi-
dates for semilocal averaging, we can no longer
simply look for those amplitudes which have rapid

Contributions from direct-channel resonances to
(say) VM- VM scattering will average especially
quickly to zero at t =0 if the crossed channel is
dominated by an MM or VV Reggeon coupling which
has a zero at t =0. We can sum up concisely the
difference between this explanation and the usual
one as follows. The usual explanation says that
the asymptotic behavior of (for example) the X, —W,
= 2 VM- VM amplitude is given by expression
(1.1), and the rapid convergence at t =0 is due to
the factor s '. The present explanation says that
the asymptotic behavior of the A,, —A., =2 amplitude
is given by
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falloff in s, i.e. , those which have large helicity
Qip in a crossed channel. We must locate Regge
residues which have zeros in t. Regge residues
are known to develop zeros when they pass through
"nonsense" values of angular momentum, but we
shall not exploit this source of zeros in the pres-
ent paper. Here we shall try to understand the
origin of the classic "superconvergence" zeros at
t=0. We show in Sec. II that these zeros have
nothing to do with nonsense values of J but are
rather consequences of symmetry. At t =0, res-
onance contributions to VII- VII scattering average
rapidly to zero if the resonance couplings obey the
version of SU(6) symmetry suggested by recent
work on the Melosh transformation. ' " If our
hypothesis is correct, this rapid averaging means
that the crossed VV- (Reggeon) couplings have a
zero. We then assume Regge residues factorize,
so that the zero propagates to VV- VV and VB- VB reactions, hence these become good candi-
dates for semilocal averaging. Thus we use sym-
metries to locate the zeros initially, then use
factorization to find additional amplitudes to be
semilocally averaged.

In VII scattering, convergence of resonance av-
erages is extremely rapid. A zero is obtained if
one averages only resonances having a single val-
ue of 2 (= quark angular momentum). For VV and
VB scattering we shall demand that the conver-
gence is equally rapid. In the present paper, the
term "rapid" will always imply an average over
resonances having a single Z value.

In Sec. III we investigate the VV- VV amplitudes.
In a preliminary investigation of symmetry con-
straints on VV couplings, we obtain a result which
is of interest in its own right: An SU(6} paramet-
erization of VV couplings to resonances of a given
8 requires only two unknown scalars, rather than
the four (six) required in parameterizations of the
closely related couplings B*-By (B*-BV). Hav-
ing determined the symmetry constraints on the
VV couplings, we then demand that VV resonances
contributing to A., —

Ay 2 amplitudes average rapid-
ly to zero. Conceivably, imposing this require-
ment on the couplings could lead to relationships
between scalar coupling parameters (the two
scalars per 2 value mentioned above}. This does
not occur; the symmetry constraints are so strong
that by themselves they force the resonance con-
tributions to average rapidly to zero. This hap-
pens also in VB- VB reactions (which can be in-
vestigated using the same techniques as those de-
scribed in Secs. II and III). The symmetry con-
straints on VB couplings are considerably weaker,
since there are six undetermined scalars per 2
value rather than two; nevertheless, symmetry
by itself is enough to produce rapid convergence.

Since the masses observed in nature do not obey
an exact SU(6) symmetry, all calculations done
in the SU(6) limit involve assumptions as to how

mass splittings change coupling strengths. Getting
these assumptions correct is of course crucial if
contact with the real world is to be made success-
fully, and the present calculation is an excellent
"laboratory" in which to test out the effects of
various mass-splitting prese riptions. Usually
exact-SU(6)-limit calculations are corrected for
the effects of mass splitting by factoring out a
function f depending on the masses from each
scalar coupling C in the theory

C= C.

Then it is assumed that onlyf, but not C, changes
when the masses are split. Choosing f equal to a
threshold factor of 6» [see Eq. (2.4)] gives the 6»
prescription which we have investigated in a pre-
vious paper. " In the limit that one of the external
masses m, is a pion, much lighter than any other
mass in the problem, the 8» prescription reduces
to the ~M' prescription proposed by Gilman, Kug-
ler, and Meshkov (GKM) for pion decays. '

In Ref. 11 (which considered only the 2 =0 case)
the 8» prescription seemed favored because it
allowed residue zeros discovered in the SU(6) lim-
it to persist to the broken mass limit. However,
in Sec. III of the present paper we locate zeros
which do not persist, even when 8» is used. In
Sec. IV we present additional evidence that S]2
cannot be the correct mass-splitting presecrip-
tion for VV reactions. We also present less com-
pelling but still quite strong evidence that 8» can-
not be correct for BII reactions.

II. DUALITY CONSTRAINTS ON II V COUPLINGS

In constructing invariant helicity amplitudes
suitable for superconvergence relations or semi-
local averaging, we must cross direct- (s-) chan-
nel amplitudes to the t channel. " We must there-
fore investigate how the standard Melosh couplings
behave under such crossing. We shall find it con-
venient to write the Melosh couplings in a way
which makes their crossing behavior more explic-
it.

In this section and the next we shall construct
only the "st" part of the direct-channel couplings.
As explained in Ref. 11, we assume the direct-
channel resonance amplitude can be split up into
an "st" and an "sg" part, with only the st part
converging rapidly at t =0. (This splitup is moti-
vated by the Veneziano model and other dual mod-
els: The st part, for example, contains s-chan-
nel resonances dual to t-channel Reggeons. ) We
shall not need the su part here. In Ref. 11 we
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explain how to construct the su part when 8 =0 and
the procedure for 2 &0 is identical.

Since explicit detail probably would be more con-
fusing than enlightening, we shall rely on a dia-
grammatic notation to explain the helicity struc-
ture of our amplitudes and shall write out explicit
Clebsch-Gordan coefficients (CGC's) only when
absolutely necessary. Figure 1 diagrams the
SU(2) (helicity and W-spin) structure of the IIV
vertices allowed by the Melosh analysis. %e post-
pone introduction of SU(3) for the moment. Each
vertex in the diagram represents an SU(2) CGC
coupling, the three angular momentum lines meet-
ing at that vertex. The lines forming the equilat-
eral triangle are spin-~ quarks. The wiggly lines
represent orbital angular momenta. The diagram
represents a special way of coupling the two ini-
tial spins S„S,plus three orbital angular momenta
L& to a resultant of J. This amplitude can be ex-
pressed in terms of the more familiar I.SJ ampli-
tudes using standard recoupling theory. In par-
ticular, if we recoupled Ly L2 and L» in all pos-
sible ways, we would find all the values of L (the
usual orbital angular momentum of the I.SJ cou-
pling) allowed by the vertex. We want orbital an-
gular momentum lines I., =L„=1 attached to the
quaxk loop, in order that the vertex exhibit W-

spin symmetry. " To see what I, and I, have to
do mith W spin, consider the two vertices involv-
ing I, and S, in Fig. j.. These vertices constitute
one possible way of coupling the four angular mo-
menta L„S„Qs, and Q». (Qs =the quark exiting
horizontally from the S, vertex; Q~ = the quark
exiting vertically from the L, vertex )Supp. ose
we recouple in the order L,&Sy Wy Wg QH+Qy.

g (-,'m —,'m„)s,x', }(L„,= 1 o —,'m(-,'m, )

=g c(w,}(-,'m„-,'~(w, w, .}(L,osp;~ww„).

(2.1}

C(W) is a recoupling coefficient, and we use a bra-
ket notation for the SU(2) CGC's. If the right-hand
side of Eq. (2.1} is computed explicitly, it becomes
(for S, a spin-1 meson)

(-,'m„-,'m,
~ W,W„)[(-I)6(W„O)

+X,5(w„ 1)]5(w~g, A.,)(-3 '~2)& (2.2)

where 6(a, h) is a Kronecker delta. Equations (2.1)
and (2.2) mean that the two CGC's involving I, , and

S, can be replaced by a single CGC coupling an
external spin W, to the two internal quarks. W,
may be identified with the usual W spin of S„since
the Kroneckex deltas impose the usual "W-S flip"
and W, =S, selection rules. In the square brackets
the factors of (-1) and X, =~1 are just the standard

S(.X)'

Sp, -Xp'

FIG. 1. Diagram showing the SU(2) Clebsch-Gordan
coefficients making up the coupling (S&, A, &) +(S2, -A.2)

P, V). All unlabeled internal lines are spin=~ quarks.

phase differences between S-spin and W-spin
states, » and the last factor in Eq. (2.2) may be
absorbed into a scalar coupling constant multiply-
ing the vertex. Thus the L, line in Fig. 1 converts
S, to W„' similarly the L, line converts S to W; the
SU(2) quark triangle then couples W, x W, = W. Now

imagine that this SU(2)~ quark triangle is multi-
plied by an SU(3) quark triangle with external legs
p, „p„and p (g =1 or 8). The loop in Fig. 1
would then become an SU(6)~ quark loop coupled
to three external SU(6)~ states g,I,F,W„pP,F,W„
and p.I1'W. By recoupling theory this loop is just
an SU(6)v CGC times a constant independent of the
p's I's, F's, and W's. Thus the quark loop in Fig.
1, if multiplied by an SU(3) loop, gives just the

SU(6)~ CGC required by the Melosh analysis.
Furthermorethe ,SU(2) CGC at the top of Fig. 1
is just (SZ,SS,(JX'}, also familiar from the Melosh
work. Finally, on the lower right-hand side of the
figure, if we take S,=0, W, =1 (values appropriate
to the pion), therefore T, =l, we find that I, » must
be 2 +1 or Z —1. (L„=2 is forbidden by parity
conservation. ) One linear combination of the I,»
= Z +1and I » =2 -1amplitudes will vanish unless',
equals zero; this linear combination is the classic
SU(6)v-symmetric amplitude. A second, orthogonal
linear combination will vanish unless 2, equals
+1; this linear combination is the new amplitude
suggested by Melosh. This completes the verifi-
cation that the coupling of Fig. 1 satisfies the
Melosh constraints.

In the exact-SU(6)v limit (no mass splittings) the
two tensors of Fig. 1 (I.»=2+1 andi. »=2 —1)
mould be multiplied by scalar coupling constants
C(L») not determined by the theory but indepen-
dent of J. To take care of mass-splitting effects
we shall replace C(L,g by scalar couplings
C(I », J) depending on 8 as well as I,»

%e now construct the imaginary part of the di-
rect-channel amplitude by squaring the coupling
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of Fig. j., multiplying by

w5(s —s~)d i„.(8,) =w5(s —s~)5(A.', p')

(sharp resonance approximation at t =8, =0) and
summing over the L», L,~ (from the final state),
and J quantum numbers. We cross to the t chan-
nel using a helicity crossing matrix gd„.„,(-w/2).
(All crossing angles &(; reduce to -s/2 for elastic
scattering at t =0.) We set A., = -A., = 1 and divide
by a factor sin28, to remove kinematic s and t
singularities. ' At t = 0,

S+, -gy'

sin'8, = (const)S». (2.3)

%e use standard abbreviations for the threshold
and pseudothreshold kinematic factors S„S,and

2

3, = s —(m, s rnid',

S2 =S S =4sP,
(2.4)

FIG. 2. Helicity structure of the direct-channel ampli-
tude after the sums over $ and 4 have been carried out.

where P is the c.m. momentum. The s in S» gets
replaced by s~ when we semilocal average the /-
channel amplitude by integrating J5(s —sz)ds. We
can remove this S'„ factor altogether by defining
reduced couplings C,

c„(L,„z)=3„c(L„,„z), (2.6)

C(L,„Z)=C(L„,Z} =C(L,g. (2.6)

The entire J, 2, and S dependence of the couplings
is therefore given explicitly by the CGC's in Fig. 1,
and we can use CG completeness to carry out sums
over J and S. The amplitude then opens up into
the box form shown in Fig. 2. [The figure shows
only the helicity structure of the direct-channel
amplitude; additional factors, the crossing ma-
trices d&iz (-v/2) and the reduced couplings
C(L,JC(L,~), are not indica. ted in the diagram. ]

%'e can now delete the line I., thru 1.4 from the
diagram because two adjacent orbital-angular-
momentum lines on the same quark line reduce to
a Kronecker delta. E.g. , the two CGC's at the
adjacent I, and I., vertices,

g(L„,O—'m
~

—,
' ~&(L,O-.

' m' ~-,'m, &,
%y

reduce to 5(m, rn')/3, by inspection of a standard
table of SU(2) CGC's. The left-hand edge of Fig.
2 now involves only two CGC's (those coupling the
internal quarks to S, and Sg plus two crossing ma-

and similarly for the C(L„,J). Since the C's occur
squared in the amplitude, the numerator will con-
tain two factors of S» which just cancel the S» in
the denominator coming from Eq. (2.3). There is
now no more explicit mass dependence in the in-
variant amplitude. We now assume that the C's
are the constants which obey the SU(6)~ symmetry
after the masses are broken:

trix factors

g (', m ', m-„~-Sp', &('. m ,'m-„'~-S,~', &

m, )',

"d,'g, (-v/2)dg g, (-v/2) (2 7)

Using the rotation properties of CGC coefficients,
we move the d's in Eq. (2.7) through to the quark
indices, then use some standard identities to
prove that the two d's on the vertical quark line
equal d(X, -y,), a Kronecker delta, and therefore
cancel each other. The left-hand edge of Fig. 2
then becomes

d'~„'„„(-v/2)d.'~'„, (-v/2)(-,'m-,'N„~SP, &(-.'m-.'n„~s,~,&.

(2.8)

For A., = -1, X, = + 1, this expression must vanish
because m cannot equal ——,

' in the first CGC and
+ ~ in the second. Hence the couplings of Fig. 1
produce a zero at I; =0 in the crossed t-channel
amplitude having A., —A., =2, Q.E.D. Notice that
no restrictions were placed on L, » or L, 34, so that
both types of Melosh couplings (those with 2, =0
and those with 2, =+1) average rapidly to zero and
do so independently. "

III. DUALITY CONSTRAINTS QN VV COUPLINGS

Again, Fig. 1 gives the most general structure
for the VV- (36, Z) vertex allowed by the Melosh
analysis, provided we now take S, = 1 rather than
0. We must allow 8'„T„and I.„to range over
all possible values allowed by conservation of
angular momentum and parity (W, & 1, 1 & T, & 2,
L» = 2 +1}, giving six possible amplitudes in all.

However, these six amplitudes are not linearly
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independent. Just as the matrix elements for pion
decays are obtained by studying matrix elements
of the axial-vector current and then assuming par-
tial conservation of axial-vector current (PCAC),
so also the matrix elements for vector-meson de-
cays are obtained by studying matrix elements of
the electromagnetic current and then assuming
the vector-dominance model (VDM). Since both
external particles are vector mesons, we can
analyze either (ZX'lJ',~lS, X,') (obtaining the structure

shown in Fig. 1 or (JX'lZ', lS, —A') (obtaining a
structure identical to Fig. 1 but with T, , W, re-
labeled T, , W, and the T, line attached to S,). Of
course both analyses must yield the same helicity
couplings. This will not be automatically true un-
less we impose constraints.

These constraints may be computed as follows.
We first write down the CGC's making up the bot-
tom half of Fig. 1, i.e., those involving S„%'2, T„
and I,2:

(S,X, l
—,m„, ~m„)(-1)' &(W, W2, l2mv~ —,

' -m„)
x [C~(1,0)+ (-1')C2(0, 1)+C2(0, 0)+ (-L')C2(111)—Z,C2(110)+ (-X')C~(2, 1)]5(Z + W~ -A'). (3.1)

The first two CQC s couple S, and 8', to the two
vertical quark lines and one horizontal quark line
(azimuthal quantum numbers mv„m~, and m»,
respectively). The square brackets contains six
terms, each a scalar coupling constant C,(le), W, )
or C2(l~, l, Wa, lgl) multiplied by linear combina-
tions of the CGC's involving T, and L'»2 The lin-
ear combinations allow each term only the l&,l, W„
and lL'l values occurring in the argument of the C, be-
longing to that term. Wherever there is no danger
of ambiguity, we have dropped the lA'l argument of
the C, 's. Certain constants occurring in the T, and
I» CGC's (W3, ~10, etc.) have been absorbed into
the C, 's. In short we have chosen our basis set of
amplitudes to have definite lA,'l and lSJ rather than
definite T, and I». This choice facilities com-
parison with the work of Cashmore et al. on
B*-BVdecays. ' If S» and J were baryons, then
the six scalar couplings in Eq. (3.1) would be (in
order of their appearance) just the A, B, a„C,
a„and D parameters of Ref. 8. Equation (3.1) is
the Melosh expansion when the T line occurs at-
tached to S,. We can relabel Eq. (3.1) to obtain
the Melosh expansion when the T line is attached
to S,: Replace S„V„W„W„byW„W„,S, —g in
the first two CGC's; elsewhere in Eq. (3.1), re-
place each subscript 2 by subscript 1 and (-k„')
by X» . We now demand that the T, and T, expan-
sions shaQ be identically equal, for all values of
m«, X&, and Z, . Setting the lower halves of the
T» and T, coupling diagrams equal in this man-
ner is enough to guarantee that the T» and T2 cou-
plings as a whole will be equal, because the CGC's
in the upper half are common to both coupling dia-
grams and will cancel out when we set the two
coupling expressions equal. More precisely,
CGC's involving I„I„and SU(3) variables will
cancel out. The (ZZ,SS,lZX) CGC constitutes a
unitary transformation from ZS to JA. coupling and
may be removed by using CGC completeness, and
similarly for the CGC linking 8 to the two vertical

C(2, 1)=0,

C(l, 0)= C(111)= -C(110),

C(0, 1)= -C(00).

(3.2)

We have omitted subscripts 1 or 2; the equations
are understood to hold for eithex choice of sub-
script. The first line implies there is no lZ, l

=2
coupling. The second and third lines allow both
SU(6)~-breaking (lZ, l

= 1) and SU(6)v-conserving
(Z, =O) terms to be present. The various lZ, l=l
and 0 contributions occur in just the proportions
demanded by the 'P, model. " In fact the con-
straints (3.2) allow Fig. 2 to be recoupled to the
structure shown in Fig. 3. Figure 3 brings out
the 'Po structure and makes it explicit that the
coupling now treats S, and S, symmetrically.
(Note: The 'P, duality diagrams usually drawn
in the literature are for baryon-meson rather
than meson-meson decays. The former diagrams
look a bit different because they are lacking I,
and I, lines. These lines would "8'-S flip" the
lines S, and S, as explained in Sec. II, and are not
needed in the baryon case. )

We now square these couplings, cross to the t
channel, divide out kinematical singularities, and
check for rapid convergence at t =0, exactly as

quarks. In carrying out these unitary transforma-
tions, we assume no J or 8 dependence in the C, 's.
I.e., we derive the constaints in the limit of exact
SU(6)v symmetry, then assume that the constraints
continue to hold after the masses are broken (at
least, for C, 's with appropriate kinematic factors
removed) .

We now choose various values of m~„A.,' and 2„
evaluate Eq. (3.1) involving C, 's as well as the re-
labeled Eq. (3.1) involving C, 's, and set the two
expressions equal. In this way we obtain relations
between the C, 's and C,'s. We can then eliminate
(say) the C, 's and obtain the following equations
involving the C, 's alone:
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Sp

FIG. 3. Helicity structure for meson-meson decay
couplings in the ~E'0 model. All unlabeled internal lines
are spin-2 quarks.

for the S4 = S,= 0 case discussed in Sec. II. We
must verify convergence for six different ampli-
tudes, those having

(a„g)=(+1,+1), (0, 0), (~I, +I), (+1,0). (3.3)

All other amplitudes having ~k —AJ= 2 are related
to these six by P or CP symmetries.

In this section we want to investigate critically
our choice of the mass-splitting prescription. Ac-
cordingly, we shall not specialize at once to the
choice f= S» [f defined at Eq. (1.1)], as we did in
Sec. II; also, we shall work initially in the SU(6)-
symmetric limit (masses dependent on Z but in-
dependent of S and J). In this limit Wang kinemat-
ic-singularity-removing (KSR) factors will be in-
dependent of 8 and J, so that we may carry out
sums over these variables (required in the proof
of rapid convergence; see Sec. II); SU(6) symme-
try guarantees that f is also independent of 8 and
J and dependent only on I and S. Therefore, any

f will allow rapid convergence in the SU(6)-sym-
metric limit. Once we have established what the
results are in this limit, then we can introduce the

f = 8» prescription and see if it preserves those
results to the mass-split limit, as it did for the
2=0 case studied in Ref. 11.

The KSR factor occurring in the denominator of
the first four amplitudes (3.3) is

(sin8, /2) '" " ' (cos8)/2) '""'

where A, = A, —X, and p, = X4 —A, . The first two am-
plitudes in the list (3.3}have p, =0, and for these
the factor (3.4) reduces to 82» at t=0. Therefore,
the contribution from each resonance will have a
mass dependence f'/S2» or f'/(3, )'. Provided only

f is independent of S, J, and X,', this dependence
can be factored out and the proof of convergence
for the VII case, Eqs. (2.3) thru (2.8), goes
through unchanged for the first four VV cases.

Next we consider the last two amplitudes on list
(3.3), which have p, = sl. These amplitudes must

be divided by not only the KSR factor (3.4) but also
an additional KSR factor of t' '. That is, these
amplitudes have a kinematic zero at t= 0. Since
we are only interested in dynamical zeros, we
should expand the p. = +1 amplitudes near t =0, and
look for a factor t' times a, power series in t
with no constant term. If there is a dynamical
zero, the p, =~1 amplitudes should start off as
t3 ' rather than P '

However, when we actually perform the expan-
sions we find the leading t'~' terms do not vanish
and there is no dynamical zero. The proof of this
statement involves straightforward algebra and we
sketch only the highlights. In the sharp-resonance
approximation each resonance contributes

(X,'X,'P~dt ')d „', (8,)(X,'qgP~')v6(s —s,) (3.6)

to the imaginary part of the direct-channel ampli-
tude. After crossing Eq. (3.6) to the s channel and

averaging over s, we obtain the p, = +1 amplitudes

(1,'x,'P~ Jii')d, „,(A.,'A,'g~d'A. ') Ild, „(g,)( s„s,) '.

(3.6)

The last factor is the KSR term, Eq. (3.4), evalu-
ated at t=0; also k =+1, X, =-l, k, =0, ).,=el.
Since we are interested in only the leading t' ' be-
havior, we expand each d function about t =0:

d„...(8,) = 6(X' p, ') —t(J,), , sin 8„

d, , ,(X) =g d; (-ii/2)d x(X+ ii/2)

(3.7)

=—g d, .( v/2}[6(m, l)-t(Z,}.„cos~].

J', is the usual rotation-group generator, and we
have used the fact that both sin&, and cosx are of
order t'~' at t=0. If we insert expansions (3.7) and

(3.8) into Eq. (3.6), the terms involving only Kro-
necker deltas vanish, as expected, while the terms
linear in 8, give us the leading term we wish to
examine. We can carry out the sum over J and 8
and open the amplitude up into the box form, Fig.
3, just as we did in the VII case, Sec. II, provided
we take the precaution of rotating the d~(8, ) func-
tion off the J and 8 lines before inserting expan-
sion (3."t). (That is, by repeated use of the rota-
tion property of CG| 's, we can remove the d~

from the 8 line and replace it by three d(8,)'s lo-
cated on the 2 line and the two vertical quark lines
of Fig. 3; these d's will not interfere with the sum
over 8 and S.) All the terms linear in J, then van-
ish except the three where the J, occurs on the
external lines X,' or A,

' or the vertical quark line
connecting those two lines. These three J, terms
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sum to a quantity which is highly f-dependent, but
it we consider the simplest case for purposes of
illustration and choose f independent of I. and he-
licities, we obtain

PC, ~'[2S ' ~'+ (2m) '](f/8„)' (3.9)

[PC, I' —, I'][2 ' '/6, + /2 S,]{f/8»)'. (3.10)

Equations (3.9) and (3.10) are the surviving 8,
terms contributing to the p. = -1 and p, =+1 ampli-
tudes, respectively. KSR factors (3.4) and f'~'
have been divided out, and C„ is a scalar coupling
for decay of resonances with ~ZJ=n. Evidently
if we demand that these terms vanish, we obtain
only the trivial solution C, =C, =0.

Before we examine more complex choices for
the f 's, let us ask whether the p, =+1 amplitudes
should vanish. Conceivably, there could exist a
class of trajectories having nonzero residues at
t = 0 and contributing only to these two amplitudes
because of selection rules. If so, the p, = +1 ampli-
tudes need not vanish. In fact the J=Z, 5=1 un-
natural-parity trajectories (A„etc.) contribute
only to p. = ~1, provided that these trajectories
have Toiler quantum numbers M 41. It is well
known that unnatural-parity trajectories cannot
contribute to the p =0 amplitude with g = X, = 0,"
and additionally unnatural-par ity trajectories will
not contribute to any X=2, p=0 or +2 amplitudes
because of a zero required by O(4) symmetry if
M 0 1." The phenomenological evidence (especial-
ly, the absence of a parity-doublet partner for the
A, ) is consistent with the assignment M =0 for the
A, trajectory. " An assignment M = 1 has been sug-
gested for the unnatural-parity trajectories with
8=0 (v, B, etc.), but these have odd CP and cannot
couple to the A. =2 VV channel we are now consider-
ing. It is therefore reasonable to assume M 1
for unnatural-parity trajectories, and when this
is done there is no longer any reason to expect
the p, = +1 amplitudes to vanish. Since we have al-
ready examined all the other amplitudes in list
(3.3), our examination of the SU(6) limit is now
eoneluded.

%'e now break the masses but choose the exter-
nal mesons so that for the moment the reaction
remains elastic. Then the Toiler symmetry con-
straints at t=0 should continue to hold, and in
particular unnatural-parity contributions to p, = +2
should continue to vanish. %e should again get
rapid convergence of all amplitudes except the
p. = +1 ones; but we do not, at least we do not if
we use the 8» prescription. Each resonance con-
tx ibution to the p. = a2 amplitudes is proportional
to a factor (8»/6, )' which does not factor out or
cancel out, so that the proof of convergence no

longer goes through for these two amplitudes.
Thus the 8» prescription does not allow the zeros
found in the SU(6) limit to survive mass splitting.
We shall discuss the implications of this result in
Sec. IV.

At the beginning of this section we found that the
VV couplings have the structure of the 'Po model.
Furthermore, it is well known that IIV couplings
obtained from a Melosh analysis also have the
structure of the 'Po model. " Historically, the 'I'0
model was derived and motivated entirely in a
symmetry context, and in such a context it is nat-
ural to go one step further and assume that VV
and IIV scalar couplings are identical. Lest there
be confusion, we emphasize we have not derived
nor do we assume identical scalar couplings for
VV and IIV. Of course our 3PO results for VV cou-
plings are derived using only symmetry argu-
ments, rather than the duality arguments employed
throughout the rest of the paper. Nevertheless,
duality considerations supply the context, and in
this context it would be unnatural for us to assume
identity of VV and IIV scalar eouplings. The two
sets of couplings are dual to two quite different set
sets of Regge residues having quite different spin
and energy dependences.

IV. SUMMARY

With benefit of hindsight, we conclude that the
pioneering workers on wp- np superconvergence
relations got the right answer using the wrong
logic. They could have assumed that the A. =2 nat-
ural-parity Reggeon coupling had a zero at t =0,
then used semilocal duality to deduce relations be-
tween s-channel couplings. Or they could have re-
versed this logic, starting out with symmetry con-
straints on s-channel couplings and deducing zeros
in crossed Regge residues (as we did here). About
the only logic that should not have been used was
the logic actually used (the only logic available at
the time): Assume that rapid falloff in s will bring
about rapid convergence of sums over resonances.

%e would like to believe that zeros in t will bring
about rapid convergence where falloffs in s would
not. Certainly all the zeros investigated here
(zeros at t=0 and symmetry-related) are asso-
ciated with rapid convergence; but this rapidity
could be symmetry-related, not caused by the
zeros as such. Further work on zeros not so
closely related to symmetry should clarify the
situation.

In Secs. II and III we used the following simple
prescription for correcting exact-SU(6)-limit cal-
culations for the effects of mass splitting: Factor
out a threshold function 6» [Eq. (2.4)] from each
scalar coupling constant, then assume that only
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the S» factor changes when masses are split. The
initial argument in favor of 8» [that it allowed
SU(6)-limit residue predictions to persist un-
changed to the broken mass limit] evaporated at
the end of Sec. III, when we found that the zeros
of the p, = a2 amplitudes did not persist.

As pointed out in Sec. III, a wide class of pre-
scriptions will yield residue zeros in the SU(6)
limit. We have not explored all these possibilities,
so that conceivably an f other than 8» exists which
would allow zeros to persist. For the moment,
however, the rapid convergence must be viewed
as an SU(6)-limit effect. Even if this is the case,
the rapid convergence should still be useful phe-
nomenologically. Had the zeros at t=0 yielded
constraints on BV resonance couplings (for exam-
ple), we would have written these constraints in
terms of the SU(6)-limit couplings C defined in Eq.
(1.3), then tested the constraints using C's ex-
tracted from a Melosh fit to the data.

We shall not suggest an alternative to S». How-

ever, we can show why S» is not the correct pre-
scription, and in doing so we shall uncover some
of the requirements that a correct prescription
must satisfy.

Firstly, the couplings cannot vary as S» near
the zeros s = (m, +m, )' of 8». At these values of
s and for t=0, each invariant helicity amplitude
is of the form

(sum over s-channel resonances)/(KSR factor).

(4 I)

The KSR (kinematic-singularity-removing) factor
reduces to a product of S, and S» factors at t=0.
If the S» prescription is taken seriously not just
at s = (resonance mass)', but also down to
s = (m, +m2)2, then the numerator in Eq. (4.1) con-
tains only two factors of S» times constants, and
some of the invariant and supposedly singularity-
free helicity amplitudes will diverge at s = (m. ,
+m, )', an impossibility. The sums over reso-
nances in Eq. (4.1) must obey constraints so as to
avoid these divergences (compare the eva, sion and

conspiracy constraints of standard Regge theo-
ry) 20, 21

It might be argued that we need not take into ac-
count s = (m, +m, )' constraints in a duality approx-
imation because these constraints are the mani-
festation of threshold cut behavior which appears
only when we consider the presumably small uni-
tarity corrections to our basic dual "Born term. "
Qn the contrary, improper threshold behavior de-
stroys properties which even a Born term arnpli-
tude ought to possess, namely superconvergence.
In Eqs. (3.8) and (3.9) we ca.lculated the contribu-
tion of the 2th level of resonances to the arnpli-

tudes p, = +1, assuming a mass-splitting factor f
independent of helicities. We then stressed that
each of these contributions need not vanish indi-
vidually. However, the sum of all such contribu-
tions certainly must vanish. From superconver-
gence theory, Eq. (3.8) is just the contribution of
the th level to the usual superconvergence rela-
tion (SCR) for the p = —1 X=2 amplitude. Hence
this SCR is the sum over all such contributions
(3.8), and ought to vanish. Similarly, a sum over
all contributions (3.9) ought to vanish. But if

f= 3» each contribution (3.8) is positive-definite,
so that the only solution to these two SCR's would

be the trivial one. Furthermore, note the peculiar
kinematic singularities at s = S = 0 multiplying
each supposedly invariant contribution. Presum-
ably the lack of superconvergence and the bizarre
kinematic behavior are two effects of the same
cause, a too simple choice for the mass-splitting
function f. Even a dual Born term will have
threshold singularities, simply because it is a he-
licity amplitude, and these must be removed prop-
erly.

There are also indications that S» is not the cor-
rect prescription for BII scattering. For B= spin 2,
X=3, the KSR factor at t=0 reduces to S». The
numerator in Eq. (4.1) turns out to vanish, exactly
at t =0, so that to check whether f= S„would re-
move the possible pole at S» = 0, strictly speaking,
we should compute the A. =3 amplitude slightly
away from t =0. We have not had the courage to
attempt this algebraically very difficult calcula-
tion. However, we can make an educated guess
as to its outcome from experience with similar
calculations done in Ref. 11. The KSR factor re-
duces to S» at t =0, while away from t =0 it is
P'~' (aside from irrelevant t-dependent factors),
where P is the Kibble polynomial. The numerator
in Eq. (4.1) will contain rotation matrices with a
p dependence just right to cancel the p dependence
coming from the KSR factor. However, since the
rotation matrices are dimensionless and P is not,

p always occurs in these matrices divided by fac-
tors such as S». When the factor P' ' cancels
out, it gets replaced by a factor of S». Thus we
expect the denominator of the X= 3 amplitude to
remain S» even away from t=0, and the choice
f=8» probably will not be enough to remove a
pole at S» = 0.

For VII scattering the power of S» in the KSR
factor never gets higher than quadratic, so that

8» could be correct for this case .
We conclude with a final remark on mass-split-

ting prescriptions for decays to final states in-
volving pions. As mentioned in the Introduction,
the ~' mass-splitting prescription for pion de-
cays is the rn, 0 limit of the S» prescription. It
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follows that factoring out both a 4M' and a p an-
gular momentum barrier term from the couplings
would amount to double counting. And in fact,

Cashmore et al. tried using both factors and got
worse fits to the data. '
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