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We develop a general formalism for describing the ev and p,v semileptonic decays of arbitrary unpolarized
particles, and apply it in a discussion of the dilepton events produced in neutrino experiments. The formalism

holds for mesons, baryons, or heavy leptons, with arbitrary spin and quantum numbers, decaying into
exclusive or inclusive channels. Results are obtained for single-particle decay distributions. Specific examples
of experimental interest are evaluated explicitly; in particular, for the decay Y4Kev, we calculate the Ke
invariant-mass distribution and all single-particle momentum distributions ltransverse to either a plane or a line.
To obtain the distributions of secondary leptons from the decaying Y particles in neutrino processes, we adopt
the current-fragmentation quark-parton model for Y-meson production. Distribution broadening from Y
transverse momentum is calculated. Estimates of the Y-particle mass are obtained from experimental
transverse-momentum distributions of the slow muon in neutrino dimuon events. The true dimuon rate is

estimated to be 2—3 times larger than the observed rate, because of the experimental acceptance cutoff at low

muon energy.

I. INTRODUCTION

The origin of p, p' and p e'K~ dilepton events
in neutrino experiments' is almost certainly the
production and subsequent weak decay of hadrons
with new quantum numbers, referred to as Y parti-
cles. ' In order to analyze these processes and
extract quantitative information about the masses,
decay properties, and production mechanisms of
Y, it is first necessary to have a sufficiently gen-
eral approach to the Y decay process.

In this paper we develop a general formalism
for the decay of an arbitrary unpolarized particle
(meson, baryon, or heavy lepton) into exclusive
or inclusive semileptonic ev or pv channels. From
this we calculate various decay distributions of
practical interest for specific choices of decay
matrix elements. For the meson decay Y-Kev,
we calculate the Ke invariant-mass distribution
and all single-particle momentum distributions,
transverse to either a plane or a line. We also
illustrate properties of the baryon decay Y-Aev.

For a quantitative discussion of the neutrino-
induced dilepton events, we adopt the current-
fragmentation quark-parton model" for Y-meson
production, and consider plausible models for Y
semileptonic decay. We also calculate the effect
of transverse Y momentum in broadening decay
distributions. By comparing with the experimental
transverse-momentum distributions of the slow
muon in dimuon events, ' we obtain the Y-meson
mass. The true dimuon rate is estimated to be
2-3 times larger than the observed rate because
of the experimental acceptance cutoff at low muon

energy. We also make predictions for comparison
with future distributions from p, e neutrino-in-
duced events in bubble chambers.

II. SEMILEPTONIC DECAY FORMALISM

We consider the semileptonic decay process

Y l+ pX,

where X can be any single-particle or multiparticle
system, and l+ denotes e' or p.'. We work always
in the approximation of zero e, p. , and p masses.
Particle Y can be a meson, baryon, or heavy lep-
ton of arbitrary spin; for example, Y could be a
charmed meson or baryon ground state. The decay
matrix element has the form

& =vvrp(&+r, ) ~, (&l~„'I &&.

For unpolarized Y, the relative decay rate has
the form

dN' =L u 8 Wa 8
d Pi d Pv

where L„8 and W 8 are tensors for the l p vertex
and the FX vertex, respectively, obtained from
averaging over initial spins and summing over
final spins and final momenta within the X system.
The explicit form of the L„8 tensor is

Lu8 ~ta~v8+PvaPt8 ~nSPi 'Pv ~n8y6Piy Pvb

(4)

We use the metric a ~ b = a. ~ 5 —a, b, We label the.
Y momentum by p~ =p and define the momentum
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transfer q =-p, -p, =px-p. The general form of
the W„~ tensor is then

1 1
W &=5 &W, + 2p„p&W2+ 2& B,ap, qzW,m

1 1
+ .e VsW4+ 2, (P.es+e Ps)W„

mg m
p

(5)

Equation (6) gives the most general allowed de-
pendence of the decay distributions on the leptonic
momenta p„p, . We limit our explicit illustrations
to two- and three-particle final states, but the
formalism above applies equally to inclusive or
exclusive multipar tie le channels.

III. TWO-BODY LEPTONIC DECAYS: Y~ lv

For two-body decays of unpolarized Y particles,
the distribution reduces to the trivial form

=5(m„'+2p, p„)
up to a constant normalization factor.

Interesting lepton observables are the energy E,
and the momentum transverse to a plane p~, or
transverse to a line p„. When the plane or the
line includes the Y momentum vector, these trans-
verse-momentum distributions are invariant under
the Lorentz transformation from the laboratory to
the Y rest frame, and are given by

dN/dP~g =&/mr, (8)

dN/dp„= 2'„/ [m „(m„'-4p, ')'~'], (9)

where 0-(~p«~, p„) &m„/2. The lepton energy
distribution is given by

dN/dE I
=

s5(E, —mr/2) for Er =m„,

v/Pr for E„)m„, (10)

where (Er -pr)/2 &E, &(E„+p„)/2.

in close analogy to the formalism of inelastic lep-
ton scattering. ' The structure functions S; depend
only on the variables q' and q p. In the zero-lep-
ton-mass approximation, the W~ and W, contribu-
tions to dN vanish and we obtain

f.sW.s=-2Pg P.% I2(P, P)(P. P)/m„+P, P, IW,

+[(p, ~ q)(p, p)/m„'-(p, p)(p„~ q)/m ] W, .

3
4 d PxWq„=W„, 5 (P -P, -P, -Pr)

x

where W„, has a representation in terms of W,
analogous to Eq. (5).

The invariant single-particle distributions have
the general form

dN
3 =k"i(s «)

t

where i,j,k are any permutation of l, v, X, and

(pg +p«)

(12)

(13)

is the invariant jk mass squared. The functions

g,. (s) are given by

I O.a ~~8~ ~ ~r ~If ~X
j

(14)

General expressions for p~, p, , and F. distribu-
tions, in terms of the functionsg, , are given in
Appendix A. Explicit forms of g,. are a,iso given
there for some simple cases of immediate practi-
cal interest, namely W„W„W, all constant, and

W, =-p ~ (p ~)
Although our formalism permits a general dis-

cussion of Y» decays, specific Lagrangian models
provide a useful quide to what forms of W„, are
most reasonable. We therefore consider the fol-
lowing models (see Appendix B for detailed forms
of the corresponding decay distributions).

Model I: Y-Kev. The existence of p. e'K~ neu-
trino events" motivates us to consider first the
mode Y+-K e+v, closely analogous to K„decay.
For a spin-0 Y meson, with no hadronic form fac-
tor q' dependence, the W,. are given by

W, =constant, W, =W, =O. (15)

The corresponding forms of g,. (s) for this and sub-
sequent models are given in Appendix B.

Model II: V-A quark decay. In the charm
scheme, ' the favored charm-quark decay mode is
c-klv, with V-A couplings, which could be the
mechanism underlying Y-Xlv decay. If Y is heavy,
the free-quark decay of c might well simulate the
inclusive semileptonic decay process, as advocated
by Sehgal and Zerwas. ' Our simplistic approach i~
to use the free-quark decay matrix, but assign
physical masses m~ and mx to c and X quarks,
respectively, to ensure correct kinematic bounds
for observables (the m„mass constraint was ig-
nored in Ref. 6). In this model the W, are given
within an overall normalization by

IV. THREE-BODY SEMILEPTONIC DECAYS: Y I 3

In this section we treat Y-l'vX with X a single
particle. The W„„ tensor takes the form

W&=-P -P 'qr2

W2 —W3 = 2m

(16)
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Ne can take this model as a prototype for a wide
variety of decay processes, e.g. , for mesons
F Klp K*/p Q/p with V of almost any spin Rnd

for baryons Y-A/p, Z/p, etc. However, it does
not satisfy the special constraints of spin-0-spin-
0 decay, incorporated in model I.

Mode/ III: V+A qum k decay. Recent theoretical
speculations' introduce V+A, weak currents with
one or more new quarks. To represent this pos-
sibility, we again use quark decay but with a V+A
interaction at the quark vertex. e This gives the
same W, as in Eq. (18), except that W, has opposite
sign.

Model IV: vecto~-meson decay. Diffractive
production of new spin-1 mesons could provide a
clear experimental signal, with little or no ex-
citation of the nucleon target. For this reason it
ls interesting to consider separRtely the decRy

Klp with F of spin 1. The minimal hadronic
matrix element (X ~ Z „'

~
I') = e„ leads to the constant

structure func tions

Rq = j., W2=1, TV~=0.

This model might equally well be used for I'-K*g p,
wltll spill-0 y and spill-I K+ (ol' Q, etc ), re.plaelIlg

W2 by Mr /Mr .
It is interesting to note the parallels with in-

elastic lepton scattering properties. In model I,
the condition 8', =0 is equivalent to the Callan-
Gross relation&0 for a spinless target. In models II
and III, the condition 2m„'W, =-p ~ (p+t/) W, cor-
responds to the ballan-Gross relation for a spin- —,

'
parton carrying the full momentum; the relations
g', = +g'3 correspond to familiar quark-parton model
results with no antiquarks, for V+A couplings.

V, MODEL CALCULATIONS OF THREE-PARTICLE
DECAY DISTRIBUTIONS

For the purpose of later comparisons with ex-
periment, we have evaluated the observable dis-
tributions for models I-III, with various choices
of m~ and mx. Ne discuss each observable in
turn. The relevant equations are tabulated in
Appendixes A Rnd B.

p„distribution. This is the electron (or muon)
momentum transverse to any plane containing the
Y momentum vector. Figures 1-3 show dN/dp~,
for various eases of physical interest: (a) 1'-K/v
with mr =2 and 4 GeV; (b) I'-K*/v with m„=2 and

mr~ =0.89; (e) y-A/v with m„=2.425 correspond-
ing to the particle mass reported in Ref. 11.

These figures illustrate the following observa-
tions.

(i) Three-body decay peaks at small p~„ in
marked contrast to the rectangular distribution of
two-body decay: See Eq. (8).

0 0.5 1.0 1.5 2.0

p„(GeV)
0.5

p (GeV)

1.Q

FIG. 1. Lepton momentum distribution dN/dp~~ trans-
verse to a plane, for the eases (a) F-meson decay F
—E/ t with ~z = 2 and 4 GeV and ~& = 0.495. (b) F-bar-
yon decay T A/ & with mz =2.425 and mA= 1.115. Solid
lines for models I and II, dashed lines for model III.

&
=2, f/l ~.495

y
=2, fAX=.890

~'4, NX=.495

5

dN

dp
2

I I

0 0.5 1.0 1.5 2.0 Q 0.2 Q.4 0.6 0.8 1.0

p„ (GeV)

FIG. 2. Comparison of shapes of dN/dp~t distribu-
tions for F-meson decays in model I, with ~&=2 and
4 GeV, mx=0. 495 (K) and 0.890 (K*), plotted versus
(a) pj and (b) pz/p~(max).

(ii) There is some model dependence in the shape,
but very high experimental statistics are required
to resolve the differences between models, if the
masses are unknown a prion. Models I and II
give identical p~, predictions.

(iii) The end point of the distribution is

p~(max) =(mr'-m„')/(2mr).

To a first approximation the overall shape of the
distribution, within a given model, is controlled
by this parameter also. Therefore, if the identity
of X is ullknown (e.g. , K, K*, etc.), the quantity
determined by fitting an experimental distribution
is not directly m „but rather mr -mx'/mr.

(iv) If more than one 1' particle with different
quantum numbers is present, the superposition
of p~ distributions will look quite different from a
single-particle case, if the Y masses differ suf-
ficiently, as illustrated in Fig. 3.

From an experimental distribution, the average
value (p~) is better determined than the end point

p, (max). In the models we have studied, (p„) can
be empirically related to mr (for a given mz) by a
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FIG. 4. Slow-muon pA distributions from v and v

dimuon events, compared with models I, II (~&= 2.6)j

GeV, and model III (~z = 2.3) .

linear formula

&p„& =a+5m„. (19)

The coefficients a and b are given in Table I for the
cases mx = 0.495 (IC) and mz = 0.890 (K*). Hence
from an experimental value of (p«& we deduce

m, =(&p„& a)/5-. (20)

A similar relation holds for mean values of other
distributions, and the corresponding model values
of a and b are also listed in Table I.

We use this approach to estimate m~ from the
p«distributions of the slow muon in dimuon
events, ' measured transverse to the plane de-
fined by the incident neutrino and the fast muon.
According to the current-fragmentation parton

TABLE I. Coefficients for empirical mean-value
formula (0) =a+bmz, fitted to the range 1.5 ~my —5 GeV,
for cases m~=0. 495 (K) and m~=0. 890 (K*).

Observable (0) X, model

p„(Gev)
FIG. 3. Superposition of d+/dP» distributions for two

Y mesons (mI, =2.GeV and mI =4) with different quantum
numbers decaying into Kl v.

p- = —(p. i +p.r) . (21)

For our models I-III, the predictions for pA, and

p„are related as follows:

(22)

The remarks about pA, distributions above apply
here also.

p» distributions. In this case the only single
identifiable particle X of current practical interest
is the kaon. Figure 5 shows dN/dp~z for the same
physical cases as studied above for the lepton

model, the Y momentum vector lies in this plane:
See Sec. VI. The value (p~„+& =0.35 from neutrino
dimuons' leads to the estimates m~ =2.6 for mod-
els I, II and m~=2. 3 for model III. Figure 4 shows
a comparison with the slow-muon pA distributions
for p and p dimuons. These estimates take no
account of broadening of the distribution due to
experimental resolution or transverse motion of
Y, and hence can be regarded as upper limits on
the true mass. We make a quantitative study of
broadening due to p» in Sec. VII.
p, distribution. Experimentally p» can be de-

duced from the other two decay particles:

(PA1) -0.037
-0.054
-0.100
—0.134

0.001
—0.039
—0.064
-0.059
—0.025
-0.021
—0.097
-0.116

0.133
0.229

0.154
0.181
0.161
0.189
0.169
0 ~ 173
0.178
0.175
0.204
0.178
0.183
0.188
0.593
0.484

KI, II
K III
K*I, II
K* III
KI, II
K III
K*I, II
K* III
KI
K II, III
Kl
K Ir, rll
KI, III
K II

5

\
4

dN

PA K2-

1- mY

0 0.5 1.0 1.5 2.0

p „(GeV)

5 I

MODELS

----II III'I4-

\

m
Y

= 2.425
1-

m~= 1.115

0 1.0

dN

d
AA 2-

I
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FIG. 5. K, A momentum distributions transverse to
a plane, for the same physical cases as in Fig. 1.
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do' der'

dx dy dz dxdy
(24)

where doe/dxdy is the cross section for production
of a new quark Q with energy v, and D(z) is the
probability that F is a fragment of Q with energy
zv. The scaling variables are

x = q'/(2M v),

y=v/E,

z = Er/v~

(25)

where E is the incident neutrino energy, while v

and Q' are the lab energy and the invariant momen-
tum transfer squared transmitted by the current,
respectively.

For our subsequent calculations we take the stan-
dard 4-quark model with Q as the charm quark,
so that""

do'~ G ME [xy+x'(1 —y)jdx dy

X[X„,(x') + sin'8 lIjr„„(x')]8(W- W, „).

(26)

Here N„, and N„, are sea- and valence-quaxk dis-
tributions, W'=2MEy(1 —x)+M' is the invariant
hadron mass squared, and W,„~mY+M is the
charm threshold. The variable x' can either be
chosen to equal x {fast rescaling), or chosen to
give slow rescaling, for example' ''~

x' = {q'+m, ')/(2Mv) =x+ m, '/(2MEy),

where m is the charm-quark mass. With fast re-
sca.ling, an effective 8',„is chosen some way above
the lowest physical threshold. " The calculations
illustrated in this paper are based on the fast-re-
scaling parameterization of Ref. 12, with W,„=4.
We have checked that the slow-rescaling paramet-
erization of Ref. 13 with m+=1.5 leads to essen-
tially the same results for the Y-production spec-
trum do/dE„,

VI. PARTON MODEL FOR Y PRODUCTION IN CURRENT-
FRAGMENTATION REGION

A model for the Y-production mechanism is
needed befoxe we can compare our decay distribu-
tions with experiment. In order to compare with

p~ or p, decay distributions, we need to know
which planes or which line the Y momentum vec-
tor lies in; to calculate E distributions of decay
particles we need the EY distribution.

In this paper we focus our attention on Y-par-
ticle production in neutrino and antineutrino exper-
iments. We adopt the quark-parton model ansatz
for F-meson production in the current-fragmenta-
tion region, namely,

D(z) = C(1 —z)/z, (29)

at least for z &0.1, as shown in Fig. 9. Here C is
an unknown constant. Since D(z) for F particles is
unknown, we also considered some other extreme
possibilities, namely D(z) = 1/z and D(z) = (1+1/z),
but found very little difference in the final E, spec-
trum. Consequently, we restrict our attention to
Eq. (29).

The current-fragmentation picture is not expec-
ted to apply at very small z. In our calculations
we impose a lower bound z ~z„with z, in the
range 0.1-0.2. The results are not too sensitive
to the precise choice of zo relative to the present
experimental uncertainties.

I-
4J
LL1~ lo.o.&
l4

l.o-
C3

Cl
Cf

to.o

O. l

0.&-

0
I I I I

0.2 0.4 0.6 0.8 l.o
z P~AB /v

0 0.2 0.4 0.6 0.8 I.O
Z =PiAB /"

l-
LLl

LLI

lo.o-
I-

l.O-

lL

x

J
(c ) POSITIVES

00 GeV

l.o-

) NEGATlVES
E = 30-200 GeV

PP +

N 0~- a
CI

2.' I 4

0 0.2 0.4 0,6 0.8 l.o
~ = PLAe/"

I

0 0.2 0.4 0.6 0.8 l.o
z=p /v

FIG. 9. Comparxson of experimental &p and ep deep
inelastic data on hadron fragmentation with an assumed
behavior D (z) =C (1-z }/z . Data compilation taken from
Ref. 15.

P E dE dxdy — D z=E yE
Y Ey dxdy

(28)

where P(E) is the incident neutrino spectrum. For
comparison with neutrino dimuon events, we use
the spectrum of Ref. 1.

The fragmentation function D(z) is expected to
behave like z ' at small z. The experimental neu-
trino and electron deep-inelastic data" "for had-
ron fragments (mainly pions and kaons) are con-
sistent with a behavior'
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fast rescalinq x

dEY
10

10

10 50 100

E„{GeV)
150

'I

200

FIG. 10. The Y-production spectrum dN/dE z cal-
culated with the v spectrum of Ref. 1, for D(z) = (1-z)/z
and zp= 0 ~ 1 ~ Solid curve is fast rescaling result; dashed
curve shows slow rescaling with the x ' variable of Eq.
(27).

Figure 10 shows the Y-production spectrum for
both fast- and slow-rescaling assumptions, which
give remarkably similar results. The spectrum
peaks near E~=5 GeV.

The E, distribution from Y decay is given by

dN der~ dN
dE Q(E) dxdy dz D(z) (Er=yzE),

(30)

where the expression for (dN/dE, )(Er) at given E„
is given in Eq. (A3). A similar form holds for dN/

dE~. Technical details of the integration are de-
scribed in Appendix C.

Figure 11 shows the E, distribution from Y-Klv,
for model I with the choices m ~ = 2 and 4, and
thresholds 8',„=4 and 6, respectively. The slow-
muon distribution from the neutrino-induced di-

200—
100

— mY=2
-m

Y

z =01

200

100 mY=2

z0= 0.1

-z =0.20

10 10

dN

CIEp+ L

.2'
0 10 20

E„.(GeV)

.2
0 10 20

E++ (GeV)

FIG. 11. Slow-muon energy distribution dN/dE, for
model I, calcuLated with the neutrino spectrum of Ref.
1: (a) for z

p
= 0.1, »f g = 2 and 4 GeV (solid and dashed

lines, respectiveLy); (b) for ~&=2, zp=0. 1 and 0.2
(solid and dashed lines, respectively). The p,

" distri-
bution from the neutrino dimuon events of Ref. 1 is shown
for comparison.

muon events of Ref. 1 is shown for comparison. Our
studies show that the lepton spectrum dN/dE, is
dominated by the incident neutrino spectrum and
the fragmentation function D(z): This distribution
is not sensitive to the Y mass, and cannot be used
to determine m~. The effect of changing m~ is
hard to distinguish from the effect of changing z, .

However, the shape of the E, distribution is very
important in determining the net cross section for
Y production from experiment. The spectrum
peaks at very low values around E, = 1 GeV, where
the acceptance of the dimuon experiment goes to
zero. For m~=2 and z, =0.1—0.2, the predicted
fraction of events above the experimental accep-
tance cutoff at E = 4 GeV is

N(E & 4)/N(all E) = 0.3-0.4 (31)

(o„,/v, ) (true) = (2.4 + 1.2) x 10 '. (33)

Calculations" with the standard 4-quark charm
model require a mean muonic branching ratio B„of
charmed particles of order B =10% to account for
the experimental dimuon rate Eq. (32). Equation
(33) indicates values B, =15-40% instead. This is
to be compared with the theoretical estimate B,
=20% from equal couplings to quarks and leptons"
and the upper bound B ~ 50% for purely semilep-
tonic decay with p. -e universality. However, mod-
els with enhanced charm production, or with more
than one new quark, ' require smaller branching
ratios. "

We expect the p, e' events" to have the same Y-
particle origin and branching ratio as the v-induced
p, p,

' events. "Within our model we can then use
the p. p.

' rate to predict the p, e' rate for the neu-
trino spectrum of the Fermilab bubble-chamber
experiment. For the same angular acceptance as
the dimuon experiment, we calculate from Eq. (32)
a total p.e rate for E &30 GeV of

(v~, /v~)(Fermilab Expt. No. E.28A)

= (2.2 + 1.1) x 10 '. (34)

VII. DISTRIBUTION BROADENING FROM Y

TRANSVERSE MOMENTUM

The current-fragmentation parton model of Sec.
VI assumes that Y particles are produced exactly

with the neutrino spectrum of Ref. 1. Assuming
that our three-body decay models approximate the
physical decay mechanism, and that our Y-produc-
tion model is reasonable, Eq. (31) indicates tha. t
the observed ratio of dimuon to single-muon events'
for E & 30 GeV,

(v, /v, ) (exp er im ental) = (0.8 + 0.3) x 10 ', (32)

reflects a true ratio,
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along the axis of momentum transfer q. Although

the dominance of longitudinal momenta is a com-
mon feature of hadron production, there is also
a spread of momenta P, transverse to the longi-
tudinal axis, which is approximately independent
of the longitudinal momentum. Thus we expect
that a more correct description of F production
would be given by

dp, =f(p~y}tl(pl'),
LF tF

(35)

where P~ is the longitudinal I' momentum, f(P1}
is given by the current-fragmentation model as
before, and Il(P,2) is an empirical P, dependence

&(Pl') =&exp(-&Pl'). (38)

For inclusive p and ~ production by hadrons, the
experimental value is 6 =6 GeV ', whereas
6 = I.3 GeV ' for inclusive g production. '9 For
inclusive hadron production by neutrinos, a value
6 =4.1 GeV ' is measured. " We do not know
what value of b to assume for F production, but if
it depends primarily on the mass of the produced
particle, we would expect a value somewhere be-
tween 6 =1 and b =6 GeV

The practical effect of this added P, „dependence
is to smear and broaden the predicted P~ and P,
distributions somewhat. The m, „distributions
are absolutely unaffected. The F. distributions too
are unchanged, neglecting P«' compared to E„'.
We illustrate this broadening effect for the P~
distributions below.

We consider P~, distr ibutions transverse to a
plane containing the initial neutrino and fast final

The longitudinal axis q of Y production in our
model lies in this plane, and both p, and P«are
invariant under any I.orentz boost in this plane.
For each initial F momentum, we can therefore
make a I.orentz transformation without altering
p to a frame where F has only its original trans-
verse-momentum component P«, with distribu-
tion

where n = (my2 —m»2)/(2my2). The formula for
p „ is similar. The expression for P x is the
same as Eq. (38) but with g»(s) in place of g, (s)
and with

s(min) =0,

s(Illax) = 221 y + lyl» + 2Pg yPg»
2 +~ 2}1/2{p 2 + m 2)1/2

P~y(mtn) =Ppi» Y(pi» '™»}
p~y(max) = pp, » + y(p, »2 + m»2)'/2,

(42)

where P = (m, '+m»')/(2m»') and y = (m„' —m»')/
(2m„'). The expressions for smeared p, distribu-
tions (transverse to the q axis) are more com-
plicated and will not be given here.

The case of two-body decay is reached by taking
ln» =0 and g{s)= &(s); cf. Eq. ('I). In Eq. (38) the
integral J g(s}ds is 1, and the P» limits become

p~ y(min) = (4P, 12 —m y2)/(4P, 1 ),
p, „(max}=~.

(43)

~& ~ ~ %%eteeeO ~

Quantitative calculations of spectrum broadening,
based on Eq. (38), are illustrated in Figs. 12-14.
An important feature of the results is that the
changes in shape due to smearing are relatively
minor, even for such a wide P, „distribution as
the extreme 6 = I case. The principal modification
is the extension of the tails of the distributions to
higher P~. Our exact method and calculations
bear little resemblance to the claimed approxima-
tion and results of Ref. 20.

For the three-body model, the peak width at
mid-height is almost unchanged. Qualitatively
this can be understood as follows: At intermediate
p~, values, the enhancement from F particles
moving parallel to the lepton momentum is offset

dN/dP ~ „=exP(-b~ y2) (37)

up to an overall normalization. The resulting
smeared P» distribution obtained from Eq. (12) is

dN

dp

dN dp~yexp( tlp~y ) d ( -) (38)
dp (221

2 p 2)1/2

where the integration limits are

s(min) =m„',
(39)

8 (max ) - lyl y —2P „,(P j y +Iy ) +2P, P y.
p„{Gev)

P, „(min) = (P„'— m1»2)/y( 2aP2„),
p, y(max) =~,

(40)
FIG. 12. Broadening of p&& distribution in F 1& decay

due to 7' transverse momentum, arith ~z = 2 GeV and
smearing parameter values 5 = 1,2, 6, ~.
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FIG. 13. Broadening of P «distribution in Y Kl v de-

cay for model I with mz =2.3 GeV and smearing param-
eter b =1,2, 6, ~ (dotted, dash-dotted, dashed, and solid
curves, respectively). For comparison the slow-muon
distributions from the v and v dimuon events of Ref. 1
are shown.

= s(p„(m~) —
I p.,l),dN

ip
(44)

by a depletion from Y particles moving antiparal-
lel.

The broadening effect is somewhat stronger for
the kaon distribution, but is still not a big correc-
tion. Because of its large mass the kaon moves
more slowly in the Y rest frame, and is therefore
more affected by the P~ ~ Lorentz boost.

We conclude that distortions from the Y rest
frame P«and P,~ distributions caused by the
transverse Y motion are relatively minor and that
ignoring them will not lead to significant Y mass
overestimates. The quantitative effect on (P~)
values for model I with m„=2 and m„=0.495(K}
is illustrated by the following values:

-0.026+0.153m~ for 6 =6

(p~, ) = -0.006+ 0.150m„ for b = 2

0.020 + 0.146m ~ for 6 = 1,
-0.003+0.200m~ for b =6

(p~r) = 0.038+0.193rnr for b =2

0.086+0.187m~ for b =1.
The distribution-broadening approach can also

be used to calculate lepton P~ distributions from
sequential decays. As an illustration, a chain
decay mode of pseudoscalar Y particles through the
heavy lepton presumably discovered at SPEAR"
has been suggested

Y'- U vU, U'- l'v, vU.

The two-body decay of Y has the effect of smear-
ing the subsequent three-body decay of U. The
smearing function of Eq. (37) gets replaced by the
uniform distribution

FIG. 14. Broadening of Pj z distributions in Y -Kl & de-
cays for model I with m& = 2.3 GeV and smearing para-
meters b =1,2, 6, ~ (dotted, dash-dotted, dashed, and
solid curves, respectively).

where P~U(max) =(m„' —mU')/(2mr). For typical
masses m~=2. 3 and m~ =1.8, the allowed P«
range in Eq. (44) is small, and the resulting P«
distribution differs little from that of the decay
of a U at rest.

VIII. SUMMARY

We have developed a general formalism for dis-
cussing Y- lvX decays, and have applied it using
specific decay modes and matrix elements as fol-
lows:

(i) to illustrate the shapes of decay distributions
and their dependence on the masses of X and Y;

(ii) to find empirical formulas for average quan-
tities, such as (P~) =a+bm„, for given m»;

(iii) to estimate the Y-particle mass from (p, )
for the slow muon in neutrino dimuon events, ob-
taining m ~ = 2.3 GeV.

We use the quark-parton current-fragmentation
model for Y production by neutrinos to calculate
the E„spectrum and the E, distribution resulting
from Y-Klv decay. We find the following:

(iv) The shape of dN/dEr is dominated by the
incident neutrino spectrum and the fragmentatiori
function D(z). It is not very sensitive to m„and
does not provide a good way to determine the lat-
ter.

(v) A substantial part of the decay lepton distribu-
tion falls below E, =4 GeV, the lower acceptance
limit in the dimuon experiment of Ref. 1. The true
dimuon rate may therefore be 2 —3 times larger
than the rate observed in that experiment.

(vi} The ratio of p e events to single p events
in the Fermilab bubble-chamber experiment is
estimated to be 2X10 '.

Finally, we use an exact method to calculate the
distribution-broadening effect of transverse Y
motion. For the likely physical range of Y trans-
verse-momentum spreads we find the following:
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(vii) Transverse I' motion adds a tail to P, de-
cay distributions, but otherwise gives rather small
corrections.
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APPENDIX A: THREE-BODY SEMILEPTONIC DECAY

The observable distributions for F- lvX decay
can be expressed in terms of the functions g,- of
Eq. (12}:

dN/dP„= (v/m„) ds g, (s),

E? 2 (mr m» )/(Er+ p») (Al 1)

the lower limits become identical, and we can
write the two distr ibutions in terms of a common
function

fft+ (}-f }2

ss(()= J, ps((, (s)
X

S~ = IIIaX ]m» s m I —2E?(E?s + P r)]' s

s = m„' —2E, (zr —Pr),
~x:

s I = In ax I 0, m»2 + m „2 —2E» E„—2 p» p „),
(A10)

Sm~ Plx + PB jp' 2' Eg + 2PXP g e

Equations (A7) and (Ae) also describe the P„.
cases, when P, is substituted for P .

We note that dN/dP» and dN/dz( from Eqs. (Al)
and (AS) are described by the same basic integral,
with different functional forms arising from the
different limits of integration (AV) and (A9). If

—4m „'(p„'+m,. ')]

(A2)
dN/dP „=m, -?If(2P„/m „),
dN/dz, =P H(2Z, /(Z„+P, )).

(Al 3)

(A14}

pss/pp, . =( Pp, ) J ps p, (s),

dN/Pfm?» =2??m?» (m„'/m, ' —1)g„(m?»') . (A4)

Here m» is the invariant mass of the lX system.
The integration limits on the variable

s = —(pr —p, } =m»P +m, P —2zr E,. +2p„p,. cos 8

(Ae)

are determined from the constraints

An approximate form of this result was stated in

Ref. e. Equation (A14) is strictly valid only for
lepton energies satisfying Eq. (Al 1). Similar equa-
tions apply to neutrino distributions. For X dis-
tributions an analogous result holds if

E») ,'mr '[Er(m-„'+m»') —Pr(mr' —m»')].

(Ale)

The corresponding relations are

S ~PBy 2

8 ~ (mp+m), )

s & s(cos 8 =+1),

s )s(cos 8 = -I),

(Ae)

mx +m+ (y- f }
K(&) = I? dSg»(S), (Ale)

dN/dp, =m„-?fr{2(p,„'+m»')?+/mr), (AI'I)

dN/d Z» = p I 'K(2 (E» E„p»p „}/m r ) .— (Al e)

2~ mjn (A7)

plus the condition that the quantity (p«, p„., etc. )
for which we are computing the distribution is
held fixed. The appropriate integration. limits for
Eqs. (Al}-(AS) are (for positive p, )

~1.1 Or ~~ Il: P, (n?in) =0,

p, (n?ax) = —pi (nIin) = p, (Inax)

= (m „'—m„')/(2m») .

(A19)

The limits for the other variables are as follows:

The complexity in this case comes from the non-
vanishing X mass.

The kinematic ranges of Pi and P, are the same
for l, v, and X, namely

~III

sm~ =m» +mr —2mr(m» + pp» )

E, (min) = 0,
Z, (nIax) = (mr' —m»')(Er + P „)/(2m»'),

(A20)
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m» for Zr((m„'+m„'}/(2m„),

E (min} = [Zr(m„'+m»') —Pr(m„' —m»2)]/(2m»')

for Z„~ (m»' +mr')/(2 m»),
(A21)

Z»(max) =[E„(mr'+m»')+P„(m„' —m„')]/(2m„'),

m, »(min) =m»,

mi»(max) = mr .

For the case that W,. =constant, we find

(A22)

g, (s) = »s (m „'—s)(s —m»')' [W, + W2 s/(2m„') + W, (2m„mm „'+smr'+ sm»2 —4s')/(12smr')],

g. (s) =a(W, —-W, ),

g, (s) =2»sW, +»W [s'- 2s(m„'+m„')+ (m, '- m ')']/(6m, ').

(A23)

(A24)

(A26)

& [2s' +s (m»'+ m„') + 2m»'m „'],
g„(s)=g, (s),

g„(s)= »C, s(m»'+mr' —s) .

(A26)

(A27}

(A28)

APPENDIX 8: DECAY FUNCTIONS OF MODELS

In fact this form for g»(s} holds independent of any
assumptions about the 8', . The sign change of 8',
between Eqs. (A23) and (A24) reflects the fact that
8', is a V-A interference term.

Another case of interest is W = -C p (p +q)
with 8', =S', =0, for which

g, (s) =—,'»C, s '(m„' —s)(s —m»')'

g„(s) =g, (s),

g (s)=g, (s)-

(Ba)

g, (s) ds = ——,'s'+-,'(mr'+2m»'}s'

—m» (2m» +m» )s +m» mr lns i

(Bio)

Note that this is the same as model II with / and v

interchanged.
The expressions for dN/dP and dN/dE involve

integrals of the g, that can be evaluated explicitly:
A list of these follows.

The invariant single-particle decay distributions
are described in terms of functions g, (s,.~): See
Eq. (12) and Appendix A. The functional forms of

g, in the models considered are as follows, within
overall constants.

Mode/ I.
g, (s)ds =-—', s'+-,'(m„'+3m ')s'

(B1 1)

g, (s) =s '(mr' —s)(s —m»')'-=g, (s), (Bl)

g. (s) =gi(s), (B2)

a;(s) =g, (s),

g„(s}=s '(m„' —s)(s —m»')'

(B4)

x [2s +s(mr + m» ) +2m» m» ]= g~(s),

g„(s) =s' —2s(m„'+m»') + (mr' —m„')'=-g, (s) .
(B3)

Mode/ II.

+ m „'(m „'—3m»')s +m»'(3m»' —m ') lns

+mr m» (3'mr +m»2)s —m»~mr~s

(B12)

(B13)

These expressions simplify greatly in the limit of
m» =0 (see, e.g, .he dN/dp„ formulas in Ref. 6),
but this approximation is unjustified for the had-
ronic decays of interest.

g»(s) = (mr' —m„')'+s(mr'+ m»') —2s' =—g, (s) . APPENDIX C: CURRENT-FRAGMENTATION KINEMATICS

Model III.

g, (s) =g, (s),

(B6)

(BV)

In order to carry out the multiple integral over
», y, z in Eq. (30), the following kinematic bounds
must be obeyed.

Decay kinematics For E, & c»m. „=(m„2—m»')/
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(2m „), there is a lower bound on E„=zyE that
leads to the following bound on z:

and

y = (mr' —mz')/(2m'') .
z - (E,'+ n'm„')/(2nyEE, ) .

In the kaon case, if Ez ~ (mr'+ mr')/(2m„),
Y-pxoducti on kinematics. The invariant mass

squared of the final hadrons excluding the Y parti-
cle is

and for all E~

where

p = (mr2 + mx')/(2mx')

(Cs)

m„' = [v(1 —z) +M]'

[(v2 ~ Q2)1/2 (v2~2 m 2)1/2]2

The requirement m„'~M' gives the following
bound on z:

(C4)

(v+M)(2Mv —Q'+m ')+ (v'+Q')''[(2Mv —Q' —m ')' —4M'm ']''
2v(2Mv+Mz —Qz) (c5)

To order E ' this bound reduces to hadronic invariant mass exceed m ~+M leads to

Mx'/[2Ey(1 x)]. (c6) y(1 —x)& (mr'+2mrM)/(2ME). (c9)

z -z, =0.1-0.2. (c8)

Tkxeshold kinematics. The requirement that the

There is also a minimum z for Y produced at rest:

z -m„/(Ey).

Current fragmantat-ion region In ord.er to avoid
the target-fragmentation region, for which our Y-
production model is not appropriate, we impose the
restriction

DeeP-inelastic kinematics. The boundary of the
deep-inelastic region to order E is

0 ~y ~1 —Mx/(2E),
O&x

(C10)

By integrating first over z, then p, then x, taking
into account the various boundaries listed above,
all integrations can be performed without recourse
to Monte Carlo techniques, including a final spec-
trum average over E.
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