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cs+Q current-mixing angles and mass formulas from SU(4) spectral-function sum rules
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Spectral-function sum rules for broken SU(4} symmetry are used to obtain the current-mixing angles for the
vector mesons co, P, and Q(3095} and the mass relations among the 16 vector mesons, from which the masses
of the F» and D» mesons are determined. In addition, the electron-pair partial widths of the neutral vector
mesons are given.

I. INTRODUCTION

It is popularly believed that the new narrow
resonances' discovered recently are bound states
of the "charmed" quark and its antimatter partner.
Several authors' have already studied the 115
representation of SU(4) to obtain the hadron mass
spectrum by assuming the SU(4)-symmetry-
breaking interaction

= fA&+ Q %15,

In the case of SU(3), the nonet vector-meson
mass spectrum, the &u-P mixing, and the leptonic
decay widths of p', ~, p can be successfully ex-
plained' by the two spectral sum rules4 of steinberg
for which SU(3)-symmetry breaking (particularly
for the second sum rule) is assumed to be of the
form (X,)„.. Within the context of the gauge-field
algebra, ' one can show that' the first sum rule
must take a diagonal form so long as a current-
mixing model is employed, because the "bare"
mass term of the gauge-field Lagrangian density
is diagonal in current-mixing models. ' Also, the

algebra of the gauge fields gives equal c-number
Schwinger terms both for vector and axial-vector
currents, but it yields the current-algebra rela-
tions only in current-mixing models. '

In this paper, we extend the discussions of Ref.
3 to the SU(4) spectral sum rules with symmetry
breaking e(&,)„.+ e'(X»), , and with current mixing
in mind. %e then obtain mass relations among
the 16 vector mesons, the &u-P-g mixing angles,
and the leptonic decay widths of p', ~, (It), lI) mesons.

II. SPECTRAL-FUNCTION SUM RULES

%e postulate the ij dependence of the two sum
rules as'

d~, (,,~ m =a~„..Cd„,.Dd„,, ,
0

where p,.',. and p,.',. are the spin-1 and spin-0 spec-
tral functions of the SU(4) currents J„' (i=0, 1, . . . ,
16) defined as

oo

*(01&(&I(&)8&0))I 6) = & 2 2 p; (~') g„,+ ",' + p'p(m')q&q„+ Schwinger terms.

Eliminating the unknown coefficients A. ,B,C, D
in (1) and (3), we then obtain

2
+00 &s5»= ~3&ozsr (4c)

I S C CS ~88 ~15 15 ~00 & (3a) +0& ~+815 & (4d)

~08 =~0 15 =J& 15
= 0 r (3b) Zr+Zcs=Zs+Zc = 31''o0 (4e)

(4b)

where the subscripts I, S, C, CS denote i = j=1,2, 3,
i =j =4, 5, 6, 7, i =j =9, 10, 11,12, andi =j =13,14,
respectively.
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In what follows, we consider only the case of
vector currents, and we shall use the convention
that the electromagnetic current is given as in the
fractional-charge assignment of the quarks:

(
Y

2

( 0
I YP I ~& = T81eP(~) (7)

e} em e}8+ e}8+ e}0 (z)1/2 e}16
~3 (5)

2

&oil'P lq&= f' T.,eP(g)
Y

Also, we introduce the hypercharge, baryon,
and charm currents by

2 8 2~2 o z 1/2 15
yp ~3 ~v' Bp 3 e)p' C„=—2(

(6)

It should be noted that the symmetry is broken,
in the current-mixing model, by certain current-
operator terms, so that there are in general dif-
ferent mixing angles associated with different
current operators. ' Within the context of the field-
current identity, we must then write the vacuum-
to-single-vector-meson matrix elements of 7&,
B» and C„as

&0IBP I y&=
' T .e„(y},

2

(0 IBP I ~& = T8ze0(~)

2

&0IB„ I 0) = '
T88eP(0),

B

T e„(4)

2

(Ol CP I (d) = T88eP((d},

(oIc I4&=

where the matrix elements T,, are given by

(9)

Cosgy sin ga cosy~

(T,~}= —sin 8„c os 1)1„(eos8Beos@Beos gB
—sinqB sin gB)

sin8Ysin&Y (-cos8BcosrpBsin(B —sinyBcos&B)

sin g~ sing~

(cos8c singe cosQ + cosmic singe)

(- cos8c singe singe + cosmic cosmic))

(10)

By saturating the relation (3.2) with single vector
mesons, we obtain

tang=- ' tang = tang, gc=g~
mQ mo

tang =- a tang„=a 'tang„

n+ P tanq
P+ ytan(p~

'

where

i+~'t~'q»4
1+0 tan g

(1+ taaron)' '
n= 1+@ tan g+ ~. . 2 1/2 tani+a -tan'g)' '

(12)

(13)

Note that, in the limit where the angle tt)-0, the
g(3.095) meson gets decoupled from the 60 and p
mesons, i.e. , m0=m, and (11) becomes the usual
mixing angle" of the SU(3) symmetry. By satu-
rating the rest of the relations in (3) and (4) again
by vector dominance, i.e. , by using (7)-(9) and'

(o I
&'„

I
p'& =

P

K~0+ Kgo
0 J6 K (ffe)

(14)

48 = ab(a' —1)tang,

y = a'5 '/cos't),

rn 2
b'= 1+ ', tan'g

mQ

D 6)6 0 +D 1' 0

0 g„

F* +F*
u ~2

2'
e (D*)

m 2

e (&*)

we obtain
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m~ ™,tan 82 2 2

4m~* -mp = 3mo
mo + m1tan 8

(15)

c
Xc ' 1 y coty —P

3 ytany + P

(m, '+ m, 'tan'6)"'(1+ a 'tan'g)"'(u+ 2P tanye + y tan'ys)"' '

2b'ZB
Qf+ 2p tan(pB + ytan'yB

(16)

(17)

(18)

3XcZe/Xe -XeZc/Xc 2Uac ~

where

Xe = ( m~'-m ') —(m&' —m„')ab tangtanye —(m&'-m~')a'tan'g,

Xc = Xe(tanya —cotyc },
Zs = m, '+ 2m —(a' —1)tan( tanye+ m, 'tan'ye,

Zc =Ze(tRllye —coty )c,

U = m4~+ m ' —(a' —1)tang(cotyc —tanye) —m, 'cotyc tanyi,

(19)

1 + tan'
1 + a 'tan'y

m, '= m q'(a'+ tan'q),

and

1
m, ' = —, [m '(a' —1) + (m &' -m ~')(u —1 —a tan'()] ,

m, '= m &'(a' —1)tan'g.

Note that in the limit where the angle g goes to zero, both m, and m, approach m, and (15) reduces to
the usual Gell-Mann-Okubo mass relation in SU(3) with the "mass-mixing" angle 8. Also, (16) and (17)
show the familiar spacing of the vector mesons in SU(4).

On the other hand, the photon-V couplings (V denotes vector mesons p', cu, p, g) as defined by em„'/f„
can be related through Egs. (3a), (5), (7), (8), (9), (11), (12), and (14) by

f ' 1 m ' m tan'8 '' 2(b' —1) ''m 1 + a'tan'q

f& 3 me' m, '+m, tan'6 3 m u+ 2Ptanye+ ytan'ye

1+ 1/2 2

[2(b2 1)]»2
m~ e —2P cotyc + y cot'yc (20)

(
f ' 1 m ' m 'tan'6 ''. . . , ,~, 1+~tan~cof„3m ' mo'+m, 'tan'8 (u —2P cotyc+ ycot'yc)'~'

2 '~' 1 - gb tan/tang
3 (u+ 2P tanye+ y tan'ye}"' (21)

(
~f

' 1 m~' '~ a(atang —bcotyc) 2 '~' a(stan/+ tban y)

f& 3 m &' (u —2P cotyc+ ycot'yc)'~' 3 (u+ 2P tanya+ y tan'y~)'~'

tang m 'tan'8
+ (1+a 'tan'q)"' m, '+ m, 'tan'e (22)

III. NUMERiCAL RESULTS

In all, we have seven relations, namely, (13),
(15), (16), (17), (18), and (19) at our disposal.
These seven relations are the constraints for the

+B Vc F+ mDg when mp,

I

m~„m &, m, and m
&

are taken from experiment.
Relation (15) alone restricts the values of tane

and tang to the region where ~tane
~

~ 0.82 and

~tang~- 0.17 (see Fig. 1).'
A systematic search for the four angles 8, g, yB,

cpc which must satisfy simultaneously relations
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fan 9
5

(13), (15), (16), (18), and (19) reveals that (see
Fig. 2)

ltan6~ = 0.83, tang= +0.001,

tanyB = +0.16, cotyc = -0.46,

or

I& 1=47 3'

VB +9 10' Vc = 65

qB= qc =~0016', y, =0',
from which (17) gives

(23)

I I

-0.17 -0.1 0.1 0.17

tan )" m~+ = 2.28 GeV and m~, = 2.23 GeV. (24)

Notice that the seven relations are invariant
under the interchange of (g, y~) and (-g, -ys) and
determine only tan'6). It is impressive that the
angle g is so small and consistent with that of
other work. " In addition, ~tang~=0. 83 is remark-
ably close to the experimental mixing angle tan6), „,
=0.81. Also, the masses of I"* and D* are quite
consistent with other theoretical estimates. "

Having determined the mixing angles, we can
calculate the lepton-pair particle widths of the
neutral vector mesons. The results are

-5

FIG. 1. Domain of variation for the (tan (9, tan f) con-
straint from Eq. (15).

mpI'(p-e'e ) m p' fy
m&I'(P-e'e ) m&' fp

mpI'(p-e'e ) mp' ~f
m„r(ur-e'e ) m '

fp

(25)

(26)

tC)ll fg
1

-0&2 -010
0.05

~ -003 " -..+
L

0.'l0 0.12

tanl

FIG. 2. Plots in the plane (tan g, tan yB) of the three relations (16), (18), and (19). The dotted-dashed curves are
values of (tan g, tan yB) for which relation (16) is satisfied. The solid curves are values of (tang, tan yB) for which
relation (18) is satisfied. The slashed lines are values of (tan g, tan yB) for which relation (19) is satisfied.
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mpl'(p-e+e ) mq' ~f
m&I'(g-e'e ) m&' f~

(27)

The ratios (25) and (26) are in good agreement
with the experimental values" 3.61 + 0.8 and 8.50
+2.85, respectively. However, (27) is larger than
the experimental value 0.35+ 0.084 (see Ref. 12).

Thus we get" m~1'(p-e'e ):m I'(u&-e'e ):
m &I'(Q -e'e ):m&I'(g-e'e ) = 7.56: 1:1.56:'l.34
instead of the SU(4)-symmetry limit 9:1:2: 8.
Experimental ratios are 8.50+ 2.85:1:2.35~ 0.65:
24.96 + 8.58.

IV. CONCLUSIONS

We have determined the u-p-g mixing angles,
the masses of F* and D* mesons, and the lepton-
pair decay widths of the neutral vector mesons.
The results are reasonable when compared to
experiment or other theoretical work.
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