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w-¢-y current-mixing angles and mass formulas from SU(4) spectral-function sum rules
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Spectral-function sum rules for broken SU(4) symmetry are used to obtain the current-mixing angles for the
vector mesons , ¢, and Y(3095) and the mass relations among the 16 vector mesons, from which the masses
of the F* and D* mesons are determined. In addition, the electron-pair partial widths of the neutral vector

mesons are given.

I. INTRODUCTION

It is popularly believed that the new narrow
resonances’ discovered recently are bound states

of the “charmed” quark and its antimatter partner.

Several authors?® have already studied the 1615
representation of SU(4) to obtain the hadron mass
spectrum by assuming the SU(4)-symmetry-
breaking interaction

—_ ’
H =€Xg+e'r;.

In the case of SU(3), the nonet vector-meson
mass spectrum, the w-¢ mixing, and the leptonic
decay widths of p° w, ¢ can be successfully ex-

plained® by the two spectral sum rules* of Weinberg

for which SU(3)-symmetry breaking (particularly
for the second sum rule) is assumed to be of the
form (Xg);;. Within the context of the gauge-field
algebra,® one can show that® the first sum rule
must take a diagonal form so long as a current-
mixing model is employed, because the “bare”
mass term of the gauge-field Lagrangian density
is diagonal in current-mixing models.” Also, the

—J

f atxeme =0 r(simsyon |0)=i [ —2

m2+ q® —ie

Eliminating the unknown coefficients A,B,C,D
in (1) and (2), we then obtain

J=dg=de =d s =d g5 =J 15 15 =J o0 » (3a)
Jos=T015=J515=0, (3b)
K; —~Ks=Kgo —Kog=3(K; —Kgg) = (3)?Kyg,  (4a)
K =Kos=20(3) "2 Kog+ (3)Y%K, 15l (4b)

14

algebra of the gauge fields gives equal c-number
Schwinger terms both for vector and axial-vector
currents, but it yields the current-algebra rela-
tions only in current-mixing models.®

In this paper, we extend the discussions of Ref.
3 to the SU(4) spectral sum rules with symmetry
breaking (), ; + €’(A,,);; and with current mixing
in mind. We then obtain mass relations among
the 16 vector mesons, the w-¢-y mixing angles,
and the leptonic decay widths of p°, w, ¢, ) mesons.

II. SPECTRAL-FUNCTION SUM RULES

We postulate the ij dependence of the two sum
rules as?

J(,E[ dmAm =% m? + o) (md]=A0,;, (1)

K‘,.El dm?p{)(m?) =Bo,;+Cdgy;+Dd 5;;, (2)

where p) and p) are the spin-1 and spin-0 spec-

tral functions of the SU(4) currents g} (i=0,1,...,
15) defined as

(m 2)(gu,,+ ‘;‘;;“) +pQ (m g, q,,] + Schwinger terms.

2
Koo—Ks 15=WK0 157 (4c)
K08=\/§_K“5, (4d)
K;+Kos=Ks+Kc = 2Koq (4e)

where the subscripts I, S,C,CS denote i=j=1, 2, 3,
i=5=4,5,6,7, 1=§=9,10,11,12, and i=j=13, 14,
respectively.
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In what follows, we consider only the case of
vector currents, and we shall use the convention
that the electromagnetic current is given as in the
fractional-charge assignment of the quarks:

1 2 2
=gt g Yo g gy, ®)

Also, we introduce the hypercharge, baryon,
and charm currents by

2 2v2
e K .

(6)

It should be noted that the symmetry is broken,
in the current-mixing model, by certain current-
operator terms, so that there are in general dif-
ferent mixing angles associated with different
current operators.” Within the context of the field-
current identity, we must then write the vacuum-
to-single-vector-meson matrix elements of Y,,
B,, and C, as

<01Y |¢)- f Tuep((p)

(0IY I“’)‘ T21€( ), (7

Iy

(0] Y, l ¢)=%‘L T31€u(¢') s

(0|B, I¢>—-—— T12€,(9),

<0pr1<»>— Tzze (@), )
(0| B, |w>— T32€ @,
<Olcu|¢>——Tlaeu<¢>

(olc, |w>— T23€ (w), (9)
(0lc, lw)-——Tgae @,

where the matrix elements T;; are given by

cosfy sinfzcosyg sing sing.
(T;;)=| -sinbycosyy (cosfzcosgycosy, —singysiny,)  (cos6, singscosy, + cosgesind,) |. (10)
sinfysinyy (- cosfzcos @ysinyy — singzcosy,) (-~ cosb, singg siny, + cosg, cosy,)

By saturating the relation (3.2) with single vector
mesons, we obtain

=M _me =
tan m¢tan9, motaneﬂ, 6c = 6y (11)
tany = atanyy=a~'tany,, Yo =Y, (12)
cotg, = LrBtangs (13)
B+vytang,
where

2 1/4
mozmw(l;a_ztin_zﬂb_) ,
1+a"%tan®y

B (1 + a%an?y)*2
a=1+a’tan’y+ (1+a ’tany)'7? tan®e,

B=ab(a? -1)tany,
y=a*?%/cos?y,

2
b2=1+ 2o_tan2g
m
[

a=—%.
mUJ

Note that, in the limit where the angle y -0, the
¥(3.095) meson gets decoupled from the w and ¢
mesons, i.e., my=m,, and (11) becomes the usual
mixing angle®” of the SU(3) symmetry. By satu-
rating the rest of the relations in (3) and (4) again
by vector dominance, i.e., by using (7)-(9) and®

(0183 1p%= f e(p)

%

(o|s;
<0 ng

we obtain

KX+ K*\  my? .
ﬁ >' fK* €p(K );

o~
(=]

*
D*°+D*° mp x>
) =T e ),

V2 Ip*

Fxt , F*~ >_ Mg s?

ﬂ - fF* €H(F*)’
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2 2402
2_ . 2_ 2 Mg +m,"tan®g
dmy** =m,°=3m, myi+m,tan’6 ’ (15)
2 _ ) 2= 2 _ 2_ (3)1/2 mwXBtane
Myx" =M " =Mpy" =Mpx (2) (m02+m12tan26)‘/2(1+a‘ztanzzp)”2(a+26tancp5+7ta.n2¢pB)“2 , (16)
2b3%7
2 2_ . 2 2_ 5
My " +Mpx"=M 5"+ Mpx a+2ﬁta.n<pa+ytan2<ps ’ (17)
Xe\*_1 ycotp, = i,
Xs) 3 ytangy+B8 "’
8XoZ 5/Xp =X pZ /X = 2Uge a9)
where

Xg=(mg*-m,?) - (my®-m, abtanytang, — (m,* —m 47)a’tan®yp,
X =Xg(tang, - - cotge ) ,

Zg=m+ 2mw2a—(a" - Dtanytang, + m’tan’p, ,

Z =Z g(tang, - —cotgc) ,

Upe =m 2+ mwzg- (a? - 1)tany(coty, —tangy) —mcoty tangy ,

1+ tan? 1 :
m,2=m 2 Tﬂaﬁ%}' , myi= Eg[mw"’(l+a6tan21p)+m¢2(a -1 -a“tanzzp)J ,
my®=m,*(a®+ tan®y), mf:% [m 2a®=1)+(m 2 -m4?)(a -1 -a'tan?y)] ,

and
mg?=m *a® - L)tan®p.

Note that in the limit where the angle i goes to zero, both m, and m, approach m,, and (15) reduces to
the usual Gell-Mann-Okubo mass relation in SU(3) with the “mass-mixing” angle 6. Also, (16) and (17)
show the familiar spacing of the vector mesons in SU(4).

On the other hand, the photon-V couplings (V denotes vector mesons p°, w, ¢, ¥) as defined by em,*/f,
can be related through Egs. (3a), (5), (7), (8), (9), (11), (12), and (14) by

<I£>2 —l mpz < metan29 )1/2 +[2(b2_1)} 1/2 M( 1+a2ta112¢ >1/2
fo! 3 mg? | \m,®+m *tan6 3 m, \a+2Btang, +vtan®p,

l+a2ta‘nzzp 1/2 2
<a - 2B cotg, + v cot?p. ) {7 (20)

_ [2(b2 _ 1)]1/21”.2
my

2 2 2, 2 1/2
o\ _1mp [( m*tan®9 > oy 2\=1/2 1 + ab tany coty,
(fw> 3 m 2 L\my2+m, *tan®g (1 +a™"an%) +V2 (a = 2B coty, + ¥ cot?py )2

_(g)"z 1 —gb tanytang, ]2 (21)
3/ (a+2Btangg+ytanipy)'? |

ala tany+ b tang,)
(a+2Btang, + ytanpy)/?

(ﬁ)zzl mp? 3 a(atany —b cotg,) _(g)“z
Sy 3 m* (a — 2B cotyg + yeot? )% \3

tany m,,"tan’g “2}2
" +a " %tan%y)"/? (m02+m,2tan29> : (22)

—

III. NUMERICAL RESULTS

In all, we have seven relations, namely, (13),
(15), (16), (17), (18), and (19) at our disposal.
These seven relations are the constraints for the
six unknowns 6, §, ¢, @c, Mpx>, Mmps® When m,,

Myxs Mg, M, and m, are taken from experiment.
Relation (15) alone restricts the values of tané
and tany to the region where [tang|=> 0.82 and
[tany| < 0.17 (see Fig. 1).°
A systematic search for the four angles 6, ¥, ¢y,
¢@c which must satisfy simultaneously relations
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tan 6 (13), (15), (16), (18), and (19) reveals that (see
5 Fig. 2)

tang|=0.83, tany=+0.001,
tanp, =¥0.16, cotyp,=-0.46,

or
161=39°7", |65]=1601=31°9", |6,]=47°3"
@p=79°10", @, =-65°3 (23)
Up= Yo =+0°16", yy=0°,

from which (17) gives

tan ¥ mex=2.28 GeV and mp«=2.23 GeV. (24)

-0.17 -01 or o017 Notice that the seven relations are invariant

under the interchange of (y, ¢ ) and (-3, —¢;) and
determine only tan®¢. It is impressive that the
angle ¢ is so small and consistent with that of
other work.'® In addition, |tan#|=0.83 is remark-
ably close to the experimental mixing angle tané,,,
=0.81. Also, the masses of F* and D* are quite
consistent with other theoretical estimates.!®

Having determined the mixing angles, we can
calculate the lepton-pair particle widths of the
neutral vector mesons. The results are

mpl(p—~e‘e”) mp <&>2 B
m o L(¢ =’ 5= 7, =4.85, (25)
FIG. 1. Domain of variation for the (tan 6, tan ¥) con- mpT(p~e'e ) mpz <L‘,>2 -7.56 (26)
straint from Eq. (15). m,C(w-e‘e”) m, fo! T
|
!
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FIG. 2. Plots in the plane (tan ¥, tan ¢z) of the three relations (16), (18), and (19). The dotted-dashed curves are
values of (tan ¢, tan ¢g) for which relation (16) is satisfied. The solid curves are values of (tany, tan ¢g) for which
relation (18) is satisfied. The slashed lines are values of (tan ¥, tan ¢g) for which relation (19) is satisfied.
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mpT(p~e’e”) _mp® <ﬂ>2 _
TG TmT (T 1.03. (27)

The ratios (25) and (26) are in good agreement
with the experimental values'* 3.61+0.8 and 8.50
+2.85, respectively. However, (27) is larger than
the experimental value 0.35+ 0.084 (see Ref. 12).

Thus we get'* m,T'(p~e’e”):m T(w—~e'e”):
mgl(¢p~e‘e”):mI'(p~e'e”)=7.56:1:1.56:7.34
instead of the SU(4)-symmetry limit 9:1:2:8.
Experimental ratios are 8.50+2.85:1:2.35+0.65:
24.96 + 8.58.

IV. CONCLUSIONS
We have determined the w-¢-y mixing angles,
the masses of F* and D* mesons, and the lepton-
pair decay widths of the neutral vector mesons.
The results are reasonable when compared to
experiment or other theoretical work.

ACKNOWLEDGMENT
One of us (K. K.) would like to thank Professor
R. Vinh Mau for the kind hospitality at the Univer-
sité P. et M. Curie during part of the 1975 summer,
where this work had been initiated.

*Laboratory associated with C.N.R.S.

tPostal address: Tour 16, 1°f etage—4, Place Jussieu
75230 Paris Cedex 05, France.

IWork supported in part by U.S.E.R.D.A.

13, J. Aubert ef al., Phys. Rev. Lett. 33, 1404 (1974);
J.-E. Augustin et al ., ibid. 33, 1406 (1974); W. Braun-
schweig et al., Phys. Lett. 57B, 407 (1975); G. J.
Feldman et al ., Phys. Rev. Lett. 35, 821 (1975).

%3, Borchardt, V. S. Mathur, and S. Okubo, Phys. Rev.
Lett. 34, 38 (1975); S. Okubo, V. S. Mathur, and
S. Borchardt ibid. 34, 236 (1975); M. K. Gaillard, B. W.
Lee, and J. L. Rosner, Rev. Mod. Phys. 47, 277
(1975); M. Gourdin, in Proceedings of the X Rencontre
de Moviond, Mevible-les-Allues, 1975, edited by
J. Tran Thanh Van (Université de Paris—Sud, Orsay,
1975), Vol. II, p. 229.

3T. Akiba and K. Kang, Phys. Rev. 172, 1551 (1968);

T. Das, V. S. Mathur, and S. Okubo, Phys. Rev. Lett.
19, 470 (1967).

“S. Weinberg, Phys. Rev. Lett. 18, 507 (1967).

5T. D. Lee, S. Weinberg, and B. Zumino, Phys. Rev.
Lett. 18, 1029 (1967).

®K. Kang, Phys. Rev. 177, 2439 (1969).

'™N. M. Kroll, T. D. Lee, and B. Zumino, Phys. Rev.
157, 1376 (1967).

8We use the convention that

px_ 1 (411, . g1 pxo_ 1 9, q10
% ‘ﬁ<3“+’3“>’3“ ‘ﬁ(“ﬂu*w‘*)'
1
Fx+_ 18,;q14
07"*+—\/—_2_—<g“ +1é]u), etc.
®Equation (15) can be written in the form

Bm g2 +my2—dmy D) m4d
m 2 @my ¢ —my? —3m

tan% =

and the fact that tan2 =0 implies
tan?y =< dmg’ —3m2—my? _

2
= ST Tt - 010

For example, S. Borchardt et al. of Ref. 2, M. Gourdin
of Ref. 2.

HThe lepton-pair partial widths can be found, for ex-
ample, in Particle Data Group, Rev. Mod. Phys. 47,
535 (1975), and in M. L. Perl, SLAC Report No. SLAC-
Pub-1614, 1975 (unpublished).

127, Hagiwara and R. N. Mohapatra, Phys. Rev. D 13,
150 (1976).

31t appears that neither f,72: f ,72: f¢72: f, ™% nor
mytfy "t m2f Y mgtf o2 myf 72 but rather
myfp 2 myf, "t myfo™t: myf "t satisfies the
SU@4)-symmetry limit 9:1:2 :8.



