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We prove the existence of a Foldy-Wouthuysen (FW) transformation which decouples the mass states of all

the Bhabha Poincare generators and diagonalizes the Hamiltonian. Since the Bhabha fields operate in an

indefinite-metric space, such an existence is not a priori guaranteed. The FW-transformed generators are given

and satisfy the Poincare I.ie algebra. We observe that although the FW transformation expressed as a power
series in c ' more clearly exhibits the physics of the situation, it is only in the Dirac and Duffin-Kemmer-

Petiau special cases of the Bhabha fields that the FW-transformation power series can easily be summed to
yield a closed-form expression. The general closed-form expression surrenders more readily to another
technique. Therefore, as a first calculation, in this paper we present a method of generating the FW
transformation as a power series in c '. Our discussion concentrates on the indefinite metric, the physics
which is evident in the power-series form (such as size and types of Zitterbewegung), and on a detailed

examination of special cases up to spin 3/2. In all the above, a special handling of the built-in subsidiary

components of the integer-spin fields is once again necessary. We also comment on what the indefinite metric

may be implying about the possibility of finding a totally consistent high-spin field theory.

I. INTRODUCTION

In our series of papers' ' on the first-order
fields for arbitrary spin discussed by Bhabha, ' '
Lubanski, "and Madhavarao" " (footnote 9 of
paper IV in Ref. 4 describes the work of the
above authors), we first directly confronted the
indefinite metric""" associated with these fields
in IV.4 There, in the q-number theory, the fields
had to be quantized with an indefinite metric in
order to properly obtain causality. Of course,
the indefinite metric also exists in the c-number
theory, as we first alluded to in III.

For a field described by the equation

(s ~ a+)()g= 0,
where the a„are again the so(5) generators J»,
then for a given so(5) representation (S, S) of the
o.„, Eg. (1.1) describes fields of spin between 0
or —,

' and S, and mass states +y/S, +y/(S —1), to
+2y or +y, as S is half-integer or integer. ' [We
are using the same notational conventions as in
I-IV, such as a& = ( a, a, ) = ( a, ia, ), p, = 1, 2, 3, 4;
a b =a„b„.]

The metric of the fields implies that the ground
state + y/S has a positive norm, the first excited
state +y/(S —1) has a negative norm, the norm
oscillating back and forth with each additional
excitation. The antiparticles have the same or
opposite norm as the respective particles for
half-integer- or integer-spin fields. Taking for

definiteness the representation where n4 is dia-
gonal, both the Hamiltonian and the boost genera-
tors K involve the matrices a, and the n couple
adjacent mass states. This means a scattering
matrix or boost can in principle couple different
normed states in a manner not conserving prob-
ability.

However, in the free c number theo-ry one can
show that this difficulty is avoided by demonstrat-
ing that there exists a Foldy-Wouthuysen (FW)
transformation" "which decouples the mass
states, not only in the free Hamiltonian, but in all
the Poincare generators. This would mean that
although in the standard representation probability
is leaking from the positive-normed states into
the negative-normed states, it is leaking back
just as fast. It is the purpose of this paper to
show that such a FW transformation does exist for
the Bhabha fields and it has the described proper-
ties.

Before continuing we emphasize that the term
"FW transformation" is used in three senses,
each more or less restrictive than the others. In
the original FW terminology, an operator is "odd"
if it couples the different mass states and it is
"even" if it does not. Thus (i) an FW transforma-
tion is any metric-unitary (see below) transforma-
tion which decouples the mass states for all the
Poincare generators. Discussions in the literature
often define an FW transformation in an even
looser sense, demanding only that (ii) the Hamil-
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tonian be in "even" form, altogether ignoring the
other generators, in particular, the boost. Of
those FW transformations which decouple mass
states for all the Poincare generators, there is
one (iii) which makes the Hamiltonian diagonal.
For the main part in this paper, we will choose
this FW transformation [(iii)] as the FW trans-
formation, although the reader should remember
that there is a metric-unitary equivalent class of
transformations which can leave the generators
even, but not leave the Hamiltonian diagonal.

FW transformations have been discussed in
numerous places. There is the work on" "the
spin- —,

' Dirac field" and on" "the two-component
spin-0 and six-component spin-1 Sakata- Taket-
ani" "versions of the Duffin-" Kemmer-"
Petiau" fields. FW transformations of other
fields have also been discussed. "" Further,
other "unitary" transformations related to the
FW transformation have been investigated. ""

It is the word "unitary" that is critical. In an
indefinite-metric space, norm-preserving trans-
formations are no longer unitary and observables
are no longer Hermitian. As emphasized else-
where"'" the condition that a transformation U

preserve the norm is that it be "metric-unitary",
l.e. ,

U~MU = M, (1.2)

where M is the metric matrix operator. For the
Bhabha field (see Sec. II), the metric is

M = q4n4 = Mt.

An observable 6 is "metric-Hermitian" if

(M8)i=M8 .

(1.3)

(1.4)

(Commonly the terminology "pseudounitary" and
"pseudo-Hermitian" is used, but we prefer our
more descriptive names. ) In Refs. 52 and 53 we
proved theorems and lemmas about FW transform-
ations in general indefinite-metric spaces which
will be of particular value in this paper. We
refer the reader elsewhere for further readings
on indefinite metrics, ""covering mathematical
papers and general discussions" "and applica-
tions to the original @ED problem" "and to other
field theories. "" (See Refs. 75-78 for discus-
sions involving nonlocal Hamiltonians and Ref.
79 for calculations with an extended Poincare
algebra. )

In Sec. II we discuss the Bhabha indefinite metric
and the proof that there exists an FW transforma-
tion which diagonalized the Hamiltonian and also
decouples the different mass and normed states
in all the FW-transformed Poincare generators.
We will do the above first for the half-integer-
spin Bhabha fields, and then separately for the

"particle components" of the integer-spin fields.
We will comment on the importance of this separ-
ate treatment of the particle components and the
connection of intrinsic parity with the metric.

Then, in Sec. III, we review the known FW re-
sults for the free Dirac field, " "and extend
previous results on DKP" "to all the Poincare
generators. We verify that these special cases
are included in the general results described in
Sec. II. They must be, of course, since the
Dirac and DKP fields are the simplest special
cases of Bhabha fields.

Our presentation of the arbitrary-spin Bhabha
FW transformations will proceed in two modes.
The first mode, given in this paper, describes
how to obtain the FW transformation order by
order in 1/c." This is done by first (a} showing
what form the FW generators must have and (b)
demonstrating that in this form they satisfy the
associated Lie algebra

Ip, , p,.j=o,
[P;,Hj=o,

[z„,H]=o,

[J(,p,.J = ie(, (. P~,

[J(,K, J = ie(„K, , .

[K(, P(] =i 5(,H/c',

[K„HJ=iP;,

[K„K,.]= —ie„.,Z„/c'.

(l.5a)

(1.5b)

(1.5c)

(1.5d)

(1.5e)

(1.5f)

(1.58)

(l.5h}

(l.5i)

(In this paper we use if= 1, but at least for now

keep c& 1, since in part we will be dealing with

expansions in powers of c '. See Ref. 81 for a
discussion on the dimensions of the Poincare gen-
erators. ) Then we (c) explicitly obtain the FW
transformation to order c ', and (d) show that the
original Poincare generators agree with the FW-
transformed generators to this order. The above
program will be carried out in Sec. IV for both
the half-integer-spin generators and the particle
components of the integer-spin generators, with

emphasis on the differences and similarities be-
tween them.

This emphasis will be generalized in Sec. V,
where we will demonstrate how the order-by-
order and exact integer-spin particle-components
generators, FW generators, and FW transforma-
tions can be functionally related to their half-
integer -spin counterparts.

In Sec. VI we will discuss the physical implica-
tions of our results. We will point out the relation
of the FW transformation to the indefinite metric
and the intrinsic parity of oppositely normed
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states. We also include an explanation, based on
the structure of the so(5) matrices a„, of the
different types of Zitterbewegung obtained from,
for example, the minimally coupled Dirae and
DKP special cases. We finally will exhibit the
special 5 = —,

' case as a high-spin example.
The second mode of our presentation of the

arbitrary-spin Bhabha FW transformations, ob-
taining the exact, closed-form expressions, will
involve the development of dUferent techniques.
We shall defer this to a later paper" (VI of our
series on solutions and exact HV transforma-
tions), and will end our series of papers with the
conclusions we have come to on Bhabha fields"
(VII of our series). We simply note here that,
contrary to the Dirac and DKP special case, the
Bhabha arbitrary-spin FW transformations, when

expressed as a power-series expansion in c ',
cannot easily be summed to yield an exact, closed-
form expression. The reason for this is the com-
plicated nature of the higher-spin algebras. This
is important, since the "physics" is more trans-
parent in the power-series form. For example,

the power-series expansion directly gives the
relativistic corrections to the nonrelativistic
generators.

Before continuing, we wish to mention work on

FW transformations for nonminimal coupling, '~ "
and discussions" "of other fields and/or inter-
actions which have come to our attention.

II. INDEFINITE METRIC AND FW EXISTENCE PROOF

A. The Bhabha metric

The Bhabha-field metric

(2 1)

was discussed by us in See. II of paper III. We
further investigated it in Sec. IV of paper IV,
since we had to understand its nature in detail to
show causality for the second-quantized fields.
There we pointed out that from the defining equa-
tions [(IA18)] for q, and the characteristic equa-
tion [(I2.31)]for o, with o., diagonal, q, and a,
have the forms

q, (S=n '+) =block diagonal[8~, -8,' „+8,' „.. . , (1)~ "'8+„,(-Ip+'~'8;„, . . . , +8- „8-]
q, (S =n) =block diagonal [8~, —8~ „+8~ „.. . , (1)~+'8', , ( 1)3"8„( I)~+'8-, 8- +8-]

o.,=block diagonal [S8~, (S —I)8~ „.. . , (S —1)8 „-S8~],
meaning M has the form

M(S =n+ ~) = block diagonal [+S8~, -(S —l)8~+ „+(S —2)83, , . . . ,

M(S =n) =block diagonal[+S8~, -(S -1)8,' „+(S —2)s~, , . . . ,

(-1)~"8,', 08„—(-1)~"8,, . . . , +(S —l)8g „-S8g ].

(2.2)

(2.3)

(2 4)

(2.5)

(2.5)

The 8&(S) are the mass state +){/j projection
operators and 8,(S) is the subsidary-components
projection operator discussed in Secs. IIIB and
III C of paper II. [The matrix M is the il = 4 case
of matrices $„=q~u„(no sum) defined by NIadha-
varao, Thiruvenkatacharand V,enkatachaliengar. "]

For half-integer spin, Eq. (2.5) shows that the
particle and antiparticle ground states +){/S have
positive norms, the first excited states ay/(S -1)
have negative norms, and so on. The simplest
case (S =-,') is the Dirac equation which has only
positive-normed states.

For integer spin, Eq. (2.6), there is an extra
minus sign. From Eq. (IA18) this is due to the
extra minus sign in g, caused by the extra sub-
sidiary components block projected by 8,. Thus
for DKP, where 8 =1, although the particle state
has a positive norm, the antiparticle state has a
negative norm. The standard resolution of this
most simple negative norm is the Pauli-Weiss-

kopf" device of saying that this is a charge prob-
ability density instead of the particle probability
density of the Dirac ease.

However, for 8 & 1, this resolution is not obvi-
ously applicable for either integer or half-integer
spin, since the first excited state of a particle
necessarily has the opposite norm, oscillating
back and forth with each further excitation, with
an added minus sign for the antiparticle normal-
ization of integer-spin particles. This extra
minus sign is important in the proper handling of
the FW transformations of integer-spin fields.

We pointed out in Ref. 52 that it is not neces-
sarily true that a metric-Hermitian operator in
an indefinite-metric space can be diagonalized.
Thus even the question of the existence of an FW
transformation in an indefinite-metric space is
open. The existence of such a transformation de-
pends on the particular space and the operators
under consideration. However, we will show that
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for the Bhabha generators such a transformation
exists.

The crucial result needed to show this is the
theorem" that there exists an F% transformation
which will diagonalize a metric-Hermitian matrix
6 on a nonsingular indefinite-metric space if and

only if all the eigenvalues of 6 are real and all
the eigenvectors of 8 have nonzero norm. (The
point is that these conditions are not always
satisfied in an indefinite-metric space. ) Under
these conditions, the metric-unitary matrix U

which will diagonalize 6 to D is given by

U6U '=D, U '=[jj„u„.. . , jj„],

jjj= iMjji' jjj, U=M '(U ')tM,
(2.V)

B. FW existence for half-integer-spin fields

First consider the Poincare generators of half-
integer-spin Bhabha fields given in Ejls. (III1.5)-
(1111.9):

(2 8)

cT« = —1 e j j«(xj 8j + tx jojj)= L«+ S«q

H(S = jj+-,') = o, '(ca ~ j«+pc')

K~ =x~Hc —tp, +I4 c

fgj= [jxjp &j] ~

(2.9)

(2.10)

Observe that in the rest system the eigenvalues
of 0 are the rest masses, the eigenvectors u,. are
just 1 in a particular row mith zeros elsewhere,
and the norm of u& is never zero. A Lorentz trans-
forrnation will take any one of these states to an
arbitrary energy, and in particular the norm mill
never be zero. (From the discussion in Ref. 52

a zero norm would only ensue from some sort of
binding which would take the total energy to zero. )
Thus from the above theorem there does exist an
FW transformation which will diagonalize the Ham-

where the u~ are the n independent eigenvectors
of 6, normedto +1. This reduces to the standard
answer in a Hilbert space.

Before continuing, note that the form (2.2) and

(2.3) for 17„which used the projection operators
developed in III, clearly shows the intrinsic
parities of the particles. (Recall from I that 1), is
the parity operator. ) For half-integer-spin fields,
the antiparticles have the opposite parity as the
particles, and for integer-spin fields the anti-
particles have the same parity as the particles.
Further, observing that the ground state +X/S has
its parity determined by q4 only to a minus sign,
one sees that the first excited state +X/(S —1) has the
the opposite parity of the ground state + )(/S, and

that each further excited state has the opposite
parity to the previous one.

iltonian H of Ejl. (2.10).
The next question is whether the FW transforma-

tion which diagonalizes H will decouple the com-
ponents of the different mass states (and hence
different normed states} for all the Poincare gen-
erators. That is, mill this FW transformation
leave all the generators in a form which has zeros
outside of the mass blocks defined by the operators
8j(S)'? The answer is "yes, " as can be seen by
the following argument.

Since the Hamiltonian involves only p, X, c, and
the n „, the transformation which will diagonalize
it needs only to involve these quantities. They all
commute with p&, so the generators p& trivially
remain diagonal. Kith regard to the generators
Z«, in the form (2.9) they already are mass-block
diagonal. This follows since [see Ejl. (III 5.1V)]

[~, [&j,&j]1=«1,7) &4 (2.13)

That the J«remain mass-block diagonal (in fact
the same) would follow immediately from correctly
assuming that the transformation is a space-scalar
function of p, X, c, and the a„. However, it is
useful to make the folloming, more general argu-
ment. First observe. that the transformed genera-
tors still satisfy the Lie algebra defined by Eqs.
(1.5). Also, the diagonal Hamiltonian will have
diagonal matrix elements of the form (see Sec. IV A}

(2.14}

This means Ejl. (1.5c) will have matrix elements

0 —[gFW IfFW]

(gFW) P E (gWW)

Ij E1)(~«)1j (~«) j1

mher'e

(2.15)

(xrw)jj=x 6„+&x (p, jx„g,c)jj,

nx =-U[x, U '],
8

77i
QP

(2.1Va)

(2.1'7b)

(2.18)

Thus only the first term of (2.1'7a} contributes to
(2.16), so using (2.18) yields

(2.19)

(W«)jj—= [(J«)jj,Ej]=e „«[(x )jjp„,Ej]. (2.16)

The last ejluality of (2.16) comes about because
from the form (2.9) of (J«)jj, only (x "),j will not
commute with Ez. However, because of our pre-
vious comment that the F% transformation mill
only be a function of p, n „, y, and c, one has
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Putting (2.19) into (2.15) implies that Jzvv only has
nonzero matrix elements when Ez =E„ i.e. , within
the diagonal mass blocks, so we have shown that

J,"is mass-block diagonal.
Finally, one can show that K, is mass-block

diagonal. Starting from Eq. (1.5h), one has that

z(P, )»-zP, 5„
= (ff,'")„(E„-E,)+ (Z,)„,

( z)il =[(fez )iz i].
(2.20)

(2.21)

C. FW existence for integer-spin fields

For integer-spin fields we must first decide what
to do about the built-in subsidiary components
[those projected out by the 8,(S)]. Since these
components have zero norm, their remaining in
the theory would rule out a metric-unitary trans-
formation. However, in III we showed how to pro-
ject out the particle components of the Poincare
generators, these then algebraically satisfying the
Lie algebra (1.5). (The reader will recall that as
long as the subsidiary components remain, the
entire Lie algebra is satisfied only as an operator
algebra on the fields themselves. ) The integer-
spin particle- components Poincare generators
were shown in III to be metric-Hermitian and, as
the half-integer-spin generators, they have a com-
plete set of nonzero-normed eigenstates. Thus
they are the appropriate generators upon which to
perform FW transformations. These particle-
components generators were found in Eqs. (III5.28)-
(III5.31) to be

'=Pi(1 —8,),
J,'~' = g,.(1 —8,),
&' '= [Q(cs'o'+ Xc')

—Q(ce zz)8, (yc') '(ce zz)](1 —8,)

(2.23)

(2.24)

=Q(ce'o'+Xc ) —Q(ce o)8,[I+(yc')-'(ce o)],
(2.25)

Then, as before, the only contribution to (Zz)» will
come from the FW-transformed piece of K, which
is (xz)5 Ez. Thus, using (2.18),

(Z, )iz = [x,5izEz, Ei) =iP, 5iz, (2.22)

so the first term in the second line of Eq. (2.20) is
zero. This, as before, implies that the only pieces
of K, "which are nonzero are when E~=E&, i.e.,
within the diagonal mass blocks. Thus we have
shown that K, " is also mass-block diagonal, com-
pleting our demonstration that all FW Poineare
generators for half-integer-spin fields are mass-
block diagonal and thus do not couple the different
normed or mass states.

K '=x H' —tP f

+ c '(1 —8,)[u„ni](1-8,)

—c '(n, &,)8,(yc') '(cs n)(l —8,), (2.26)

=M. (2.27)

Further, when discussing the operators, the fact
that the subsidiary components have been removed
will sometimes be implicit. For example, the
metric (2.6) is already zero in the subsidiary com-
ponents. From (2.27) it is to be understood that the
rows and columns of the subsidiary components
of these operators are deleted from the matrix
representation. In particular, the particle- com-
ponents operators are no longer singular and so
inverses exist. (Remember, there is a metric-
unitary FW transformation for such nonsingular
operators. )

where Q is defined in Eq. (II3.22) and has the
numerical values of (nz '), i in the particle compon-
ents.

For the above generators the same arguments
hold which showed that there exists an FW trans-
formation which decouples the mass states in the

half-integer- spin generators. In particular, there
exists a complete set of eigenstates of nc'nzero
norm for the particle-components Hamiltonian,
and so there exists a metric-unitary transforma-
tion which diagonalizes the particle-components
Hamiltonian. Thus from the form of the Lie al-
gebra, the metric-unitary transformation which
diagonalizes the Hamiltonian also makes the rest
of the Poincare generators mass-block diagonal,
meaning a complete FW transformation is possible
here, too.

The device of considering only the particle corn-
ponents wa, s used in the DKP investigations'
we referred to, either by directly using" "what
we called in II the particle components of the
Sakata- Taketani DKP equations, or by what amount-
ed to such a projection. " Thus, even if our gener-
al indefinite-metric rationale was not the basis,
the proper method was followed completely in
Refs. 28 and 30, and essentially in Ref. 29.

In the succeeding sections, when we deal with
integer spin, we sometimes use the superscript
"P" for particle components, and sometimes use
a caret. The two notations are for convenience.
Also, when listing the metric, it will be under-
stood to be the "surrounded" metric which alge-
braically still has the same form g,+4, since

M' ' = (1 —8,)z)~oz[1 —80(yc') '(ce'n)](1 —80)
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III. SPECIAL CASE RESULTS ~2=&()2(&P) —'~'c() }= &-2+s2

(s.5)
A. The Dirac CaSe@,$}=(21.,2}

n„=y„/2, y=m/2, (3.1}

The FW transformation was originally devel
pedes-2O for the Dirac system. It is useful to give

a review of those results for comparison with the
general case. To obtain the Dirac Poincare gener-
ators in the usual FW notation, first substitute into
Eqs. (2.8)-(2.12)

Q=cp ~ + pDmc2,

EC) =x)H/c —tp)+ t2)/c s

1
K) —

2 (X)sH] —tP) s

(3.6}

(3.7a)

(3.7b)

2 PD[PD O( D] (3.8)

Then, as described in the literature, 99' the
transf ormation which diagonalizes the Hamiltonian
(3.4) is

which, from Eq. (12.32), corresponds to the Dirac
algebra

U-l —~-5 s {3.9a)

r„~„+r„~„=2&„„~

Next use the matrices p and a.D defined by

to obtain the Dirac Poincare generators

(3 2)

(3.3)

(3.4)

U e'fs

= exp[P'p ~'8(p)1

= cos(p8) + sin{t(8),
p

where the last equality comes from a power-series
expansion. Explicitly, one obtains (p=—~p ~)

HFw UH U-1

PpaD». D pD», DPpaeos(e ~ sio(S [eii oil me') cos(e — sio(S)
p p

2

(cp'& + p mc ) cosp8 — slnp8
P

(cp (2 +PDmc2) exp(-2pDp nD8)

(3.10}

mc
=cp & cos2pe — sin2p8 + pD mc'cos2p8+pc sjn2p6])

p
= PD(m2c4+p2c2)1/2

(3.11}

(3.12)

{3.13)

where (3.12) follows from (3.11) by using standard
trigonometry and defining 8(p) as

I

Given (3.15) and (3.16) one can calculate the rest
of the FW-transformed generators as' '

tan[2p 8(p)]=- (3.14)

With U defined by Eqs. (3.9) and (3.14), it is an
algebraic exercise to verify that"'

S~ = USU-'

pF% p

J =UJ;U '=J

KF~=UKU '

{3.17)

(3.18)

ip ((2D xp) c p x (8x p)c 2

2E E (E +m) '

and, with the aid of (2.18),
x~ = UxU-'

tP'D('c tP'(P (2')Pc'
2E) 2E)2(E)+mc2)

(Sxp)c'
E,(E,+mc')

(3.15)

3.16)

(x~FwHFw +HFwxFw)
2C

pD

2c2 (xE)+E)x) —t p— P (Sxp}
E)+mc')

(xE ) —tp ~P — ~ —P}, . (3.20)
2E) (EF+m c') '

It is straightforward'" to verify that the trans-
formed generators (3.13) and (3.17)—(3.20) satisfy
the Lie algebra (1.5).
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B. The DKP case (g,S)= (I'1,1 ) or (1,0)

As emphasized in the Introduction, because one
wants metric-unitary FW transformations, when
discussing integer-spin systems one should deal
with the particle-components generators. For the
special DKP ease, the particle-components
Poincard generators are obtained by substituting

(3.21)

~(7 )

X(') = (r x p) + S,

(V2+i22), i~,H"=mc'r2+ ' ' P' ——'(p S)',

(3.34)

(3 36)

(3.36)

-(,)
xa" 2(r, +is, }

(3.27) gives the Pauli form of the DKP particle-
components generators

into Eqs. (2.23)-(2.26), to yield, as in Eqs.
(III 4.11)—(III 4.14),

g(J') p p
2

g(P )

8 =mC'Pn+P~(P ~ P)(P ~ P)m ',

=~c P~+P4 p p —P~gpl ' p

(3.22)

(3.23}

(3.24)

(3.25)

r2(p S)S v2(Sxp}
2' c 2' c

1
( ( )) T2(S Xp)

=2c' "' p 2mc' ' (3.38)

To diagonalize the Hamiltonian, " "we note
that ~, is the even operator and 7, is the odd op-
erator, meaning, as in the magnetic field analogy
of Ref. 99, we expect the F% transformation to be
of the form

K'I"=c-'x,a( )-tP,'"-2)3,p, (p C)(~c') ',
(3.26}

n
K'( '= '

&x e( ))-tP("+ "'
[P )3 P ]

(3.27)

= exp(- i2. ,y/2) 8 exp(ir, y /2),

e"= g(--. } ~, ([.„)"8(])",

(3.39a)

(3.39b)

where the speeifie DKP algebra is

0 (Iy%4 y 7x

(1 —So) =Pn 1 Sn= 2e(lnt (f j .
(3.29)

(3.30)

if ~ hfkTk'

Also, since (1—82) commutes with the Sn of (3.30)
and because of the DKP algebra (3.28), the Pauli
form Sk retains the commutation relations

S;S,S„+S„SfS;= S)6fk+ Sk5;f . (3.33)

As pointed out for the Hamiltonian by Sakata and

Taketani, ""the above operators can be put into
"Pauli form. " This is discussed in Refs. 31-36
and Sec. IVA of I.' Essentially it is the observa-
tion that with a Pauli (r} space for particle-anti-
particle and an orthogonal spin space, one has
the required 2(2S+ 1) equals 2 or 6 components
for the spin-0 and spin-1 DKP systems. The
Pauli space is given by the association

(I- &,)- I, (I @,)( 2P.)(I--6.}-')7(I -~n)-&2,

(1 —@n)2)(I —@,) &„(1—@n)P,(I —~n)

(3.31)

The operators in (3.31) satisfy the Pauli algebra

t( ' = cos(p/2) + i7, sin(1))/2). (3.40)

Equation (3.39b) is a special case of theorem I of
Ref. 53, and we are using the notation that the
quantities in the parentheses are to be written out
the number of times indicated in the superscripts.
For example,

([ „)'8(l)'=-[ „[„[„8]]l (3.41)

Using (3.32) and the derivative results

([2.„)'""r„(])'""= (2)'"[r„T,], n = 0, 1,2, . . .

(3.42)

( )
n+21~ 2 +n1

2 r2 Q 22n+l(2 1) ( ( } [ lit 2]
ff =Q

( )2n+1@2n+2
+ P 22n + 2(2n+ 2) )

(2} [~1& [~l& 2]l
fl =Q

( y)2n + I
( y)2n+2-"-'~(2..1)." ~(2..2). "

([)„)'""7,(])'""=(2)'"[)„[T.„r,]], n = 0, 1,2, . . .

(3.43)

Putting (3.31)-(3.33) into the generators (3.22)- =~, cosP+ v, sing. (3.44)
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Similarly,

7 3
= 7 3 COSQ —T2 slnfdt). (3.45)

and also, of course,

(3.55)

Thus

2
( .f)28 = 7., me' + cosft) + j — sing

2m 2m m

+ T2 g — cos/ — m c'+ sin(IJ)
. P' (PS)' 2

P'
2m m

The FW generators (3.49) and (3.52)-(3.55) are
all even and satisfy the Lie algebra (1.5). Thus
the transformation of (3.49) and (3.47) has com-
pletely decoupled the positive- and negative-ener-
gy mass states of the DKP system. To see that it
is a metric unitary transformation, note that in the
Pauli form

Letting

i[p'/2m —(p. 5)'/m] sing
(m c'+p'/2m) cosg

(3.46)

(3.47)

M =q4P4= P4

This means that

U~M U=M,

(3.56)

(3.57}

means implying U is metric-unitary, or equivalently

+ (mc'+p'/2m)
Ep

({fs)'=Ms,

implying S is metric-Hermitian.

(3.5&)

sin~t) = +i(p'/2m —(p &)'/m]
Ep

(3.48)
IV. ORDER-BY-ORDER FW TRANSFORMATIONS

A. Half-integer spin

With a, little algebra, (3.46) and (3.47} imply

H = T3E~ = T,(m 'c'-+p 'c')'~'. (3.49)

ipc' 2p(p 4)'c' i{s,p &j
2E&' m E~'(E&+m c') m E~

(3.50)

and, with the aid of the spin algebra (3.33), one
also finds that

-(mc'+p'/2m) (E, -mc')(p S)p
E2 2mE2(E~+mc )

+ ' {(px5},p S}.
2m Ep

(3.51)

With the aid of these results one can calculate the
Poincare generators J~ and K~,

J~ =7'i = (xxp}+5, (3.52)

K = {x,E32) —tn — ', , (3.53)

Pqr ~ 2 2P3 (EXP)K =T3XEp/c tp T3 + I 2,

(3.54)

In both the equalities of (3.48) there is an overall
minus sign which is arbitrary, but once chosen
must be consistently held to."' Given Eqs. (3.39)
and (3.47), one can determine

x~= UxU '

(E, -m )c(px5)
2m E&(E&+m c')

The FW transformation (3.9) and (3.14) for the
Dirac system was obtained in closed form with the
aid of the specific Dirac algebra. In particular,
because of the algebra (3.2}, the FW transforma-
tion (3.9) could be expressed as two terms. For
the arbitrary Bhabha field this is no longer true.
The algebra is of order (28+ 1), meaning more
terms are involved before they begin to close with
multiplicative coefficients. Although such a method
is in principle doable, the exact transformation
turns out to be elegantly calculable from a study of
the eigenvectors, as we will show in VI." How-

ever, it still is informative to obtain the trans-
formation for arbitrary Bhabha fields as a power-
series expansion to some order; the physics is
more transparent in the power-series expansion.

From Sec. II the FW transformation which di-
agonalizes the Hamiltonian will also transform the
other Poincare generators to mass-block diagonal
form. Further, one knows what the form of the
diagonal Hamiltonian H" is.l™For all the mass
states, it will be the particular energy (in terms
of the three-momentum and mass) times a diagonal
matrix which will be unity, S,'. (8), for that partic-
ular particle mass-block state and minus unity,
-a,. (8), for the antiparticle state. Thus the idea
will be to first find the transformation which di-
agonalizes H to H~ to a particular order. Then,
since we can also show' what the other FW gener-
ators are, we will show that the U which diag-
onalizes H will also transform all the generators
(2.8)-(2.12) to the mass-block diagonal FW gen-
erators to order c '.

The general half-integer-spin FW generators
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should reduce to the Dirac case and have the same
properties. Specifically looking at the Dirac F%'
generators (3.13) and (3.17)-(3.20), one first wants
a Hamiltonian which is diagona, l and has the prop-
erties enunciated in the last paragraph. Further,
the momentum and angular momentum should re-
main in the ordinary mass-block diagonal form,
and the boost generators should have the type of
relation to the spin and momentum as in (3.19) and
(3.20). First defining

n4 HFW( 0)
2X

= i[S„n, 'X]+ i[S„a, 'ip a]
~2

+ 2, [S„[S,a. 'x)]

0 H w(»)

= i[S„a, 'x]c ' + i[S„a, 'ip n]c '

(4.13)

gp =- (c'-p'a, '+ X'c')'~, (4.1)
~2

+ 2, [S., [S„n. 'X]]c '

these properties are maintained by the following
set of generators'~' '~: 2

+ 2, [S„[S„n,'X))c '

HFw -»( 2p2 2 2 4)l/2 —n

J =xxp+Q ~A — set jo Qj

(4.2)

(4.3)

(4.4)

'2

+ —'[S„[S„n,'ip a]]c '

~3.—,', [S„[S„[S„n.'X))] ' (4.14)

=Hl / * —»p» ' ~ »
.,')(». »)

28~ Sp+ Xc2

1
( ~) (6xp)n,

2c' '
gp+ Xc' (4.6)

U &$8 (4.7)

meaning S (not to be confused with the spin) is
metric-Hermitian, we have from lemma I of
Ref. 53 that

n

P6U I g {[S )»»f)(])»» QFw

nW
(4.8)

S=- QS„c ", So—= 0
n=0

(4.9)

where the S„should not be confused with the com-
ponents of the spin, then from the form of II,

H= (u, 'X)c'+ (n, 'ip * a)c = ec'+ oc, (4.10)

where "e"and "0"signify the generalization of
*'even" and "odd, "one obtains to third order in
c ' that

{a.'X)c'= &'"{c')= {a.'X}c',

0= a'~(c)
= (n, 'ip ~ u)c+i[S„n, 'X]c,

(4.11)

(4.12}

The generators (4.2)-(4.6) do reduce to the Dirac
FW generators (3.13) and (3.17)-(3.20) in the (-,', )
representation and they satisfy the Lie algebra
(1.5). To help see that they are the FW-trans-
formed generators, we now perform an expansion
in c to third order. Taking the metric-unitary
transformation U a,s

The metric-Hermitian solutions to the above equa-
tions are

[p ' a» a4]nc
1

x
» 2 2

SPS2=
2

2p'a[p'n»nJn4+ 4 2
2X 4X

(4.15)

(4.16)

Ss= —
24 s[8{p a)'[p a, a.]+2[p a, a,)'3 24 3

~ D D-iPf n8
2m.

(4.18)

(4.19)

iP (a P)p'
6~' {4.20)

Given the above transformation to order c ', one
can check to see how it transforms the other Poin-
cafe generators. First, since from (4.2), {4.8),
and (4.10) U will only be a, function of p', p ~ n,
O„y, and c, one can say to all orders in c ' that

+ 5n~ [P ' a» &4)p — 3[P ' a» a,]a4 p ]n~ .
(4.17)

We emphasize metric-Hermitian solutions because
of the following: The S, of Eq. (4.15) is the (al-
ready metric-Hermitian) solution of Eg. (4.1 2}.
But given that S„ then just the first term of (4.16)
would be a solution to (4.13). However, that term
by itself would not give a metric-Hermitian $2.
The second term is needed for that, and then S2
also reduces to the Dirac special case solution.
The above S» 8» and 8, all, as they should, re-
duce to the power-series expansion of the Dirac
transformation (3.9),
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pFW UpU 1 p (4.21} &S„=—M„x p, all n. (4.36)

be 66 66
U6U ~=6+ ~+ 2p 3+a ~ ~

c c c

», = i[s„e],

(4.22)

(4.23)

In general, if 6 is of a definite order of c ', Finally, for the transformation of the boost gen-
erators, we have in terms of (t, )~ =t, ~

Kvw Fwffrw/c2 y~+ t Fw/ (4.37)

meaning that we need a(t4)„ for n = 1, 2. Direct
calculation yields», = i[s„e]+—,[s„[s„e]],

», = i[s„e]+—,'i[s„»,]+—,'gs„»,]
+ —,'.[s„[s„»,l]

From the above,

[a& n4]n4&x, =
X

(4.24)

(4.25)

(4.26)

n(t4)g =

+[p n, a,]n, 'p -[n, n,]n,'p'

(4.39)

-(i, .( +I~,»(~,I,
(4.38)

&((,).=
& . I I&, .('(, J ~ ((& &)*,&.I&
2X

&x, = ', fa, [p ~ a, n,])a,+, a,', (4.27)

~x =-2 ~N'a n4] [a n4]n. +[(p a)', n.]«.
2

+[p n, n] n'p}-, [n, a,]n„4X'

(4.28)
+ -5k +—5k +—6kc ' c' ' c' (4.40)

Combining Eqs. (4.11)-(4.14), (4.26)-(4.28), and (4.37)-
(4.39) gives to order c '

FW ~ ~ -g 2 P 2

K =—x o 'XC+—a -tp4
2X

4

which again agrees with the Dirac results 5k, —4x, n4 'X+ t4= 0, (4.41)

~ D D
&x'

2m
(4.29)

5k2= nx, n, '}i+n(t, ),

(8 xp)+ip
2X

(4.42)

(4.30) 4x *2m
5k, = * '+ ax, n, 'X+ a(t,),=0. (4.43)

iP (a p)p iP (a )p'
4m' ' 4m' (4.31)

&S„=-4x„xp, n = 1, 2, 3. (4.32)

In fact, (4.32) is true in general, as can be
seen from the following argument. Consider the
transformation of the angular momentum genera-
tor. We have with (4.21) that

J w=x wxp+S" (4.33)

However, as stated above, from the set of equa-
tions (4.2) and (4.7)- (4.10) which define the solu-
tions to the transformations S„, the S„will only
be functions of p', ~ p, z4, and X. That is, the
S„are scalar functions in three-space. Thus

[i,s„]=0 (4.34)

to all orders so that

By explicit calculation one can find that the trans-
formation of the spin operator is given by

The above agrees with the exact KF" up to third
order in c '.

Thus we have explicitly verified up to third or-
der in c ' that the FW transformation which diag-
onalizes the Hamiltonian (2.10}to the form (4.2)
also mass-block diagonalizes the rest of the Poin-
ca.re generators (2.8), (2.9), and (2.11) to the
forms (4.3}-(4.5).

B. Integer spin

For the particle components of the integer-spin
case, the discussion proceeds as for the half-in-
teger-spin case, modulo the complications of the
removal of the subsidiary components with the aid
of the particle-components projection operators
8' ' =—(1 —80(S)) and the fact that in place of n, '
one deals with the operators Q =QH' '. The FW-
transformed generators must then have the same
set of properties as for half-integer spin, and this
leads to the set of FW generators'~

JMW

which also means that

(4.35) ' "=q(p'c'n '+X'c')'~'(I —8 )—= qg 8'

(4.44)
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P&P& w-P(1 —8 )=p(1 —8 }=p8( &

J' 'F" = J(1 —8,) = (r x p+ S)(1 8,),
~&

K(P) FW ~~(P) FW

c 2$~

(4.45)

(4.46)

(1-8 )Sp+ Xc2 (4.47}

As they should, the generators (4.44)-(4.47) re-
duce to the DKP FW generators (3.49) and (3.52)-
(3.55) in the (S,S)= (1,1) and (1, 0) representations
(P 4-F„P,'-(1-8,}-I), and they also satisfy the
Lie algebra (1.5). The projection operator (1 —8,)
is the continual reminder that we are working with
the particle components, the subsidiary compo-
nents having now been removed. With the excep-
tion of the operators (1 —8,) and Q, which is the
particle-components analog of a4 ', the above
generators are functionally the same as the FW
half-integer-spin generators. This functional
similarity will continue below.

~(P)F% U~(P)U l
7

U= 8( &e~(8)8"&

(4.48}

8(P&exp i g S„c-0 8&P&

n=l

then with the aid of (4.8) and the H' P' in (2.25) we

obtain, similarly to the half-integer-spin case,
the equations

(4.49)

We will now derive to order c ' the transforma-
tion from the particle-components generators
(2.23)-(2.26) to the FW generators (4.44)-(4.47).
For now we simply note that this transformation
will have a close functional resemblance to the
half-integer-spin transformation. In the next sec-
tion we will show that this functional dependence
is true to all orders, and in fact one can use this
dependence to derive the exact particle-compo-
nents integer-spin transformation in terms of the
exact half -integer-spin transformation results.

Defining the particle-components FW transfor-
mation as

(1 —8,)(QX)c'= H' ""(c')= (QX)c'(I —8,),
0 = H' 'F (c) = 8 ((Qzp ' o)((1 - 80) c+i[S„QX(1- 80)] c}8

(4.50)

(4.51)

p 4( 80} H(P&Fw(co)
2X

'2
=8 & i S„Q 1-8 X +i S„Q 1-8oip a 1 —8, +—S„Sl,Q 1 —8, X

0 H(P Fw&( - )c&

+(1-8,)Q(p ~)8,(p ~)(1-8.)X ' 8"', (4.52}

8 i $3&@ 1 80 Xc+i S2,@1—80

ipse

1 —8, c
~ 2

g A 2—[S„[S„Q(1-8,)x]]c '+ [S„[S„Q(l-8,)x]]c '+
2j [S„Ã„Q(I-8,)&p' &(I -8.)]l

~ 3

+x([&(&(&0((-x.)x((I~'+(Ix„((-x.)0(F')4.(i&')((-x.hlx'Ix'" (4.53)

The apparent differences between these equa-
tions and Eqs. (4.11)-(4.14) for half-integer spin
are the last terms in Eqs. (4.52) and (4.53).
These extra terms are due to the elimination of
the subsidiary components, but can be accounted
for by the projection operators 8( ' —= (1 —8,). In
fact, when one explicitly solves the equations, one
finds that the metric-Hermitian solutions to
(4.50)-(4.53) are, up to a phase,

S.(0, ~, o., X) = (1 —8.)S.(0, ~, o., X)(1 —8,),
(4.54}

where the S„are functionals with the exact form
as the half-integer-spin transformations S„ofEqs.
(4.15)-(4.16). In the next section we will show
that (4.54) holds for all n. As is necessary, the
results (4.54) are equal to the first three terms
in the power-series expansion of the DKP FW
transformation (3.39) and (3.47),
SDKP 0 (4.55)

-»„F i P' (p ~ P)', i q P' (p S)'
m 2m m 4 2m 2m m

(4.56)
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&t) =g &i)„c ", (4.57)

gDKP 0 (4.56)

(4.59)

then the power-series expansion of 8,

It will be shown in the next section that if the
particle components of an operator in an integer-
spin representation are designated by 8=8' ' and
in a half-integer-spin representation by 8, and if

[e&",n, ]-=[e, n, ] =o, [e, n, ] =o,

c (t,)(P) =(%,(c '))'P'+ i[S„(7,(c'))&P)],

&(t )' '=&[s»(4(c '))'

+i[S„(74(c))' ']

(4.70)

(4.71)

them, one finds that

~N S(» ~ft S(P)
(t }(P)FW ( t ( 0))&P) 1 4)1 &'4}2

C c
(4.69)

U8U '=8+ '+ +'
C C

(4.60}

=ne„(1-8,}, ail n.

This implies that

nx„& ' =Lx„(1—8 ), all n

(4.61}

(4.62)

and in particular for the n =1, 2, 3 of E&ls. (4.26)-
(4.28}. Similarly, following the discussion leading
up to E&l. (4.36), one can exactly say that

can be functionally related to the power-series ex-
pansion (4.22)-(4.25) of e as

n.e„=(1—8 )ne„(1 —8 )

Calculating these quantities in terms of the half-
integer-spin functionals, one obtains after some
algebra that

( t4(c'))"' = (1 -80) t4(1 - 80} (4.72)

~(t,),(P) = (1 -8.)~(t.},(1 -8.), (4.73)

t (t.)."' =(1 -8.) nR. ),(1 -8,). (4.74)

Combining all these results, we finally have to
order c ' that

p'
K( '~ = —x ygc2+ e 1 -8 —&p 1 -8

b, S' '=-bx„' 'xp, all n

which yields the exact results

+S(P) ~x( P) x p

g(P)FW 1 (P) J(1 8 )

along with the trivial result

P(P)FW P(P) p(1 8 )

(4.63)

(4.64)

(4.65)

(4.66)

+ —5k,'P'+ —,5k'P) + —,5k,'P', (4.75)

6kI ' =(1 —80}(n,x2Qy+t4)(1 —8,) =0,
5k' ' =(1-8 ) [n,x Qy+n(t, ), ](1 -8 )

= -(1 -8.) „.(1 -8.),Rxp+ip

(4.'76)

(4.77)

5k,& ' =(1 —80} 2
+Ax, Qy+6(t4)2 (1 —80}

2X

Now it just remains to obtain K' '~. From K' '

of (2.26}we have in terms of (t4)&
=t4&—

K(P)FW
(

(P)FWH(P)FW)
2c

tp(P)FW+ c-1(t )(P)FW

where (t,)'P' can be written as

( t4)"' = [(1 —8.)[n„n 1(1 —8.)]

(4.67}

+ (1 —8,}n,n(-8, ) (1-8,)

( t (CO)) (P) + C 1( t (C 1))(P) (4.66)

Already having x' '~ and 0' '~~ to order c ', to
finish obtaining all the terms of (4.67) to order
c ' we need to calculate 6(t4))P' and t).(t, ),' '.
This calculation is more complicated than for the
half-integer-spin case because, from the second
line of (4.68), (t, )'P' has terms of order co and
c '. Thus, the n expansion similar to E&ls. (4.22)-
(4.25) has two sets of terms. Keeping t;rack of

=0 (4.76)

V. FUNCTIONAL RELATIONSHIP OF PARTICLE-
COMPONENTS INTEGER-SPIN OPERATORS TO

HALF-INTEGER- SPIN OPERATORS

In Sec. IV we gave emphasis to the functional
relationships encountered between the order-by-
order particle-components integer-spin FW gen-
erators and the half-integer-spin operators. In
fact, this relationship is general. If we take a
half-integer- spin operator

which agrees with (4.47) to order c '.
Thus we have again explicitly verified up to

third order in c ' that the FW transformation
which diagonalizes the particle-components Hamil-
tonian (2.25) to the form (4.44) also mass-block
diagonalizes the rest of the particle-components
Poincar8 generators (2.23), (2.24), and (2.26) to
the forms (4.45)- (4.47).
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6) =8(a, ', a„), (5.1)

then the analogous particle-components integer-
spin operatox is directly functionally obtained as

The operation (5.2) is a combination of two simul-
taneous things, changing a4"' to Q in 6, and "sur-
rounding" the operator 8 with thageneralized
Sakata-Taketani operators [as described in Eqs.
(II6.12) and (III5.25)] to yield the integer-spin
particle components.

Previously in this series, we obtained the par-
ticle components in two steps. First the entire
integer-spin quantities were obtained, which in-
clude the integer- spin subsidiary components.
Then the generalized Sakata-Taketani (ST) re-
duction was done on the entire integer-spin op-
erators to obtain the particle-components integer-
spin operators. Recall that the first step of ob-
taining the entire integer-spin quantities was non-
trivial since o.'4 does not have an inverse in integer-
spin representations, owing to its zero eigenvalues
ln the subsldlary components. However, as dis-
cussed in II, by using the "decoupling equations"
one could obtain the entire integer-spin quantities
in terms of Q, which is the integer-spin analog of
n4

' in the particle components but remains zero
in the subsidiary components. These entire in-
teger-spin quantities then had the subsidiary com-
ponents removed by the generalized ST reduction,
yielding the particle components.

The single operation (5.2) is equivalent to the
above two-step procedure. In II and III, where
we were interested in the properties of both the
entire integer-spin operators and the particle-
components integer-spin operators, it was ad-
vantageous to use the two-step procedure. How-

ever, for FW transformations we need to work in
a nonsingular metric space 53'~ meaning with the
particle components, and so the procedure of
(5.2) is more direct and transparent.

The procedure (5.2) is intuitively understandable
by remembering that once one has disregarded the
subsidiary components, the two sets of operators
should be functionally related since, after all, the
difference between the half-integer-spin and the
integer-spin fields is algebraically just that they
are different representations of the so(5) algebra.

One will note that all our results are in agree-
ment with (5.2). For example: (i) The particle-
components integer-spin Poincare generators
(2.23)-(2.26) are functionally related to the half-
integer-spin Poincare generators (2.8)-(2.12) by
Eq. (5.2); (ii) the particle-components integer-
spin FW Poincare generators (4.44)-(4.4V) are

0&"& = (1 8.)4—&, (5.4)

the matrix of the particle-components eigenvectors
U will be related to the matrix U' of the entire
integer-spin eigenvectors by [see Eq. (2.V)]

U ' = (1 —8,)[u„u„.. . , u„](l —8,)
= (I -8.)(U') '(1 —8.). (5.5}

Since from (2.1), (2.7), and (5.8) below U ', like
U, is not a functional of n4 ', this means one would

expect that (U') ' has the same functional form as
U ' so that the functional relation of (5.5) should

hold with (U') '-U', and hence with U'-U.
To see that this is true, consider the expansions

of U and U given in Sec. IV. We know that

U =-8(~&[exp(f S)]8'~&

=-8' ' exp QS c 8' '
n=l

=(( —p, )U() — ' )((-p,),

p=p p(a)=exp Qp„").
n=1

(5.6)

(5.'I)

Now, from Eqs. (4.15)-(4.17) S„S„and S, have
solutions of the form

S„=A„n4, n =1,2, 3. (5.8)

In fact, by looking at (4.11)-(4.14) one sees that
the set of equations an arbitrary S„must satisfy
implies all the S„must be of the form

S„=g„a4, all ~. (5.9)

(This is because the commutators in these equa-
tions always involve some combination of commu-

functionally related to the half-integer-spin FW
Poincare generators (4.2)-(4.6} by Eq. (5.2); and

(iii) of course, the same result holds for the
order-by-order FW Poincare generators. Finally,
(iv) the exact integer-spin FW transformation is
functionally related to the half-integer-spin FW
transformation by (5.2). In fact, the second term
in the large parentheses of (5.2) vanishes in this
case, so that

U(n „,P„X,0 = (1 —8.)U(u. ,P.,X, c)(1 —8.),
(5.3)

as we will now show.
First observe that (5.3) is to be intuitively ex-

pected. The FW transformations U ' can be ex-
pressed either as the matrix whose columns are
all of the independent eigenvectors of IJ or as a
particular functional of the n„. However, since
for integer spin the particle- components eigen-
vectors are given by
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c(,8, = 0, {1—8,)8, = 0, (5.10)

one has that the second term in the large paren-

tators of the S„commuting with an object that has
an n, ' on the left. ) Thus if one makes an expan-
sion in powers of the exponent of U in E(l. (5.7),
then since Further, since

o,(l —8,) = n„(1—8,)' = (1 —8,),
one can make the algebraic relation

{5.12)

theses on the right of (5.6) is zero, leaving one with

U = (1 —8o)U(1 —8,). (5.11)

ao f ao 9

=(1—8o) 1+ QS„c + — QS„c +' ~ ' (1 —8 )
n=l tfaI

(5.13)

where the exterior (1 —8,)'s are the built-in unity
operator of the particle-components space. Thus

S„=(1-8}S„(1—8 }, all n (5.14)

or

S = (1—8,)S(1—8,). (5.15)

Finally, the result (4.61) that if

[6,n, ]= 0 and [6,n, ]= 0, (5.16)

then the powers-series expansion

dg 58UGU-'=8+ '+ '+ ~ ~

c (5.17}

can be functionally related to the analogous expan-
sion for 6,

8„=(1-8,)ne„(1-8,), aU n (5.16)

now follows trivially. Since 8, is a function of 0.„
it will commute with 6 and 8, meaning the second
term in the large parentheses of (5.2) is zero by
(5.10). This directly implies (5.16).

VI. DISCUSSION

In this paper we have shown the existence of
an ~ transformation for arbitrary-spin Bhabha
fields, discussed its properties, and have demon-

strated how to obtain the power-series expansion
inc '.

The question of the existence of the F% trans-
formation was due to the Bhabha indefinite metric,
as was discussed in Sec. II. It is to be observed
that the Bhabha indefinite metric tells us that it
is the second excited state which has the same
norm as the gxound state. Also, since the "in-
trinsic parity" operator is q„ the intrinsic parity
operator has a direct relation to the norm of a
state.

For half-integer spin, given that the ground
state has positive norm and positive intrinsic
parity, the first excited state will have negative
norm and intrinsic parity, the second excited
state will have positive noxm and intrinsic parity,
and so forth. Thus, in the (

—„—,) representation,
one sees from Table I of paper II that the ground
state with spin & has positive norm and parity,
the first excited states, since they are spin & and
-', particles, have negative norm and parity, and
the second excited states, since they are spin--,',
—,', and —,

' paxticles, have positive norm and parity.
For half-integer spin, the antiparticles have the same
norm but opposite intrinsic parity as the pax'ticles.

In the saxne way, for integer spin, if the ground
state has positive norm with, for definiteness,
positive parity (take negative parity for the usual
pseudoscalar mesons if one will), then with each
further excited state, the norm and intrinsic par-
ity change by a minus sign. However, this time,
given the noxm and intrinsic parity of a particle,
the antiparticle has Opposite norm but the same in-
tzinsi c Parity. This extra change of sign compared
to the half-integer-spin case is due to the zero
eigenvalue block of n„and hence the extra minus
sign in that block for q, . q„which is itself the
intrinsic parity operator, is contained in the
metric M=q~n .

It is this same extra zero eigenvalue block of
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a, which allows an algebraic understanding of
why the Zitfetbeseegung term is of the order of
P/mc for Dirac, but of the order of P jm~c2 for
the DKP (or KG) case of minimal electromag-
netic coupling. Recall that the FW transformation
diagonalizes the Hamil. tonian with respect to mass
states. For the (~, ~) Dirac case with o.'~ diagonal,
the term (p ) (o.)c is nonzero only in the upper
right and lower left (2 &&2) blocks of the (4&4) o.

matrices. Thus the particle fields are coupled
directly to the antiparticle fields. On the other
hand, because of the built-in subsidiary com-
ponents for integer spin, the particle fields are
connected to the antiparticle fields by first being
coupl. ed to the subsidiary components, and then
from the subsidiary components to the antiparticle
fields. Thus a tmo-step coupling is involved, and

technically that is why the Zittexbesoegung term,
which comes from the decoupl. ing of the particle
fields from the antiparticle fields, is of different
order in (P/mc} for the Dirac and DKP cases.
This also means that for high-spin fields there
will be many kinds of Zitteebesvegung terms,
owing to the off-diagonal couplings among the
different mass states of the multimass fields and/
or the corresponding antiparticle states. Further,
this different-strength coupling will be evident
in the nonzero components of high-spin eigen-
vectors. There the different components mill be
of the order of (P/mc) to some power with respect
to the nonzero component of the rest state eigen-
vector, as we mill. see exactly in VI" and ap-
proximately in our power series (g, S) = (&, &)

special case example below. [This same argu-
ment explains why the Iachello first-order equa-
tion" for spin-0 mesons has a Zitterbesoegung
term of order (P/mc). His algebra matrices con-
tain no subsidiary components, and so the par-
ticle and antiparticle states are coupled directly. j

Given the fact that the FW transformation ex-
ists, then it follows by the same arguments that
it also exists as a matter of principle with min-
imal. electromagnetic coupling. Then the question
arises if one could not simply take the FW rep-
resentation, meaning the Poincarb generators
are mass-state diagonal, and have a perfectly ac-
ceptable q-number field theory by removing the
negative-normed states from the space. After
all, the FW generators tel. l us that the original
representation had the probability coming back
into the positive-normed states as fast as it was
leaking out, and so the positive probability mas
preserved.

The trouble is that although me can solve the
"indefinite-metric problem" by using the FW
representation, in doing so another problem has
arisen. The Poincare generators, and in par-

ticular the Hamiltonian, ean no longer be ex-
pressed as a simple first-order polynomial in

p. (In fact, even in the free case the generators
are an infinite power series in p. ) This destroys
all the nice causality features demonstrated in

the ordinary representation in IV.
Thus the Bhabha fields appear of necessity to

have the indefinite metric, with whatever implica-
tions this has for high-spin fields, which have
not as yet been properly understood in any form-
alism. Note that this built-in or "kinematic" in-
definite metric appears to be necessary. This
is contrary to the case of "dynamic" indefinite
metrics where the conclusions of certain stud-
ies'o'~ argue that those can be removed in a
quantized formalism.

We know that high-spin particles exist in nature
which are stable under electromagnetic inter-
actions. The Q is such a particle. Why, then,
can we not find a single-mass, single-spin, high-

spin field theory which is devoid of problems'
One can answer this fundamental question by de-
claring as a matter of faith that the explanation
is either that (a) the answer lies in a unified field
theory of weak and electromagnetic interactions,
meaning the weak decay of the 0 is the solution,
or that (b) the fundamental fields we must deal
with are quarks and gluons, so that no fundament-
al high-spin field is required. But if one chooses
not to believe either of the above two ansmers,
then the question remains open.

It is the implication of this series of papers
that the answer ngay lie in accepting a multimass
multispin field theory, svith an indefinite metric.
Perhaps me need a nem interpretation of physics
with respect to metrics and probability. We are
not arguing that the Bhabha system is the answer,
but rather that it may be an indication of the di-
rection where the answer could be found. For
example, certain uses of the exceptional. groups
in physics'o' would change the present probability
interpretation.

As a final point, me wish to exhibit an exampl. e
of a high-spin power-series FW transformation
to third order in (c '). Specifically this is the
(g, S) =(-,', —,) representation. From Table I of Ii, '
this is a 16-dimensional representation with a
spin-& ground state of mass 2g/3, and two ex-
cited states of mass 2X, one of spin 2, the other
of spin &.

A calculational aid is to rotate the coordinate
system until. the momentum is only in the z di-
rection. Then we can conveniently write the u4
and a, matrices in what amounts to an 8&8 form
which is reminiscent of the p matrix representa-
tion of the y matrices which Dirac has de-
scribed. " Specifically, one can write
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000
0 p 0 0

0 0 2 0

000
0 0 0 0 1

2 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
Sl(2 x 2),

X

(3

O O00000 1
2 0 0

0 0 0 0 0 0 —p 0

0 0 0 0 0 0 0 —2

(6.1)

0 0
' 00 0 00
2

0 0 0 0 ~ 0 0 0

0000100
2

0 0 0 0 0 0 2 0
(2 2)

0 —, 0 00 0 00
001. 0000

2

0 0 0 —.'0 0 00

o
I

I

I

I

o

0 0 0 0 0 0 0
2

(6.2)

~
f

cu

C)
l

where I (2x 2) is a two-dimensional unit matrix
which multipl. ies each element of the 8x 8 matrix
to yield the full (16x16)-dimensional representa-
tion. If we were to have p not parallel to z, then
the use of the n, and a, matrices in our discussion
would prevent us from using the convenient 8x 8
form.

Continuing, from (4.7) and (4.9) we have that

U (c )=I+(-z )Sc +(-zS — S )c

+ (- iS~ —2 S,S2 —g S2S, + 'i S, )c-
(6.3)

O O MICg

I

CO

O

O O ~ g) CD

e co

I

Then combining (6.1)-(6.3) with the definitions
(4.15)-(4.17) of S„S„andS, one obtains after
matrix multiplication that, in terms of

(6.4)

II

I
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When we describe the closed-form FW trans-
formation in VI, 82 the reader will see that (6.5) is
indeed the expansion to order (c ')' of the exact
expression. However, already in (6.5) the physics
of the situation is clear. Remember that the columns
of (6.5) must be properly normalized eigenvectors
u, , expanded to order c '. The first column is the
ground state of mass 2y/3, spin ~. The second and
fourth columns correspond to the excited state of
mass 2y, spin —,'. The third column corresponds to
the excited state of mass 2y, spin z. Similarly,
one has the antiparticle states in columns five
to eight.

Observe that all the spin-& states are coupled in
the FW matrix. The spin-& states are coupled in
two groups of two. Also, the diagonal elements of
the matrix correspond to the nonzero elements in
the rest system (p= 0). As one goes away from the
diagonal element in a pa. rticular column (or row
for that matter), each additional nonzero matrix
element is of order R, i.e. , (S/yc), with respect to
the previous one. These are properties which we
said would occur.

Now that we understand the physics of the situa-

tion, we will proceed in VI" to describe how,
starting from the eigensolutions of the Hamiltonian,
the use of certain theorems will allow an analytic,
closed form, to be given for the exact FW trans-
formation for arbitrary-spin Bhabha fields. We
will also discuss the relationship to other
work. 47 49, 11Q ~ 111

ACKNOWLEDGMENTS

Once again there are numerous people to whom

we owe a debt of gratitude for imparting their
wisdom on many matters. Among them are James
Corones, K. J. Le Couteur, Bernice Durand,
Mitchell Feigenbaum, Terry Goldman, James D.
Louck, Ralph Menikoff, David Peaslee, Fritz
Rohrlich, David Sharp, Richard Slansky, Arthur S.
Wightman, and Daniel Zwanziger.

We would also like to express our thanks to the
Aspen Center for Physics where„during the sum-
mer of 1975, part of the work for this paper was
completed. Finally, we wish to acknowledge the
use of the MACSYMA'" system of the MIT Mathlab
in calculating the matrix of Eq. (6.5).

"-Work supported by the United States Energy Research
and Development Administration.

f Present address.
R. A. Krajcik and M. M. Nieto, Phys. Rev. D 10, 4049
(1974), paper I of this series on C, P, and T.

B. A. Krajcik and M. M. Nieto, Phys. Qev. D 11, 1442
i', 1975), paper II of this series on the mass and spin
composition, the Hamiltonians, and the general Sakata-
Taketani reductions of Bhabha fields.

B. A. Krajcik and M. M. Nieto, Phys. Rev. D 11, 1459
(1975), paper III of this series on the Poincare gener-
ators.

~R. A. Krajcik and M. M. Nieto, Phys. Rev. D 13, 924
(1976), paper IV of this series on causality with mini-
mal. electromagnetic interaction.

"H. J. Bhabha, Curr. Sci. 14, 89 (1945).
H. J. Bhabha, Rev. Mod. Phys. 17, 200 (1945).

'H. J. Bhabha, Proc. Indian Sci. Acad. A21, 241 (1945).
H. J. Bhabha, in Proceedings of the International Con-
ference on Fundamental Particles and I.ou& Ternpe«-
tures, Cambridge, England, (Physical Society, London,
1947), Vol. I, p. 22.

"«. -"- Bhab&~, Bev. Mod. Phys. 21, 451 (1949).
"J. K. Lube, nski, Physica (The Hague) 9, 310 (1942); 9,
325 (1942),
Acad. A15, 139 ti:)~2).

'~B. S. Madhava Rao (7&Taclhavarao), J. Mysore Univ. ,
Sec. B, 3, 59 (1942).

'~B. S. Madhava Bao (Madhavarao), J. Mysore Univ. ,
Sec. B, 6, 57 (1945).

'4B. S. Madhavarao, V. R. Thiruvenkatachar, and
K. Uenkatachaliengar, Proc. R. Soc. London A187, 385
(1946).

'"B. S. Madhavaro, Proc. Indian Sci. Acad. A26, 221
{1947).
K. J. Le Couteur, Proc. Cambridge Philos. Soc. 44, 63
(1948) .

'K. J. I.e Couteur, Proc. R. Soc. London A196, 251 (1949).
18L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29

(1950).
1~S. Tani, Prog. Theor. Phys. 6, 267 (1951).
~0M. H. L. Pryce, Proc. R. Soc. London A150, 166 (1935);

R. Becker, Nachr. Akad. Wiss. Gottingen, Math.
Physik Kl. II, No. 1, 39 (1945), preceded some of the
results of Ref. 18.

'M. E. Rose and R. H. Good, Jr. , Nuovo Cimento 22,
565 (1961).

2~E. Eriksen, Phys. Rev. 111, 1011 (1958).
A. Chakrabarti, J. Math. Phys. 4, 1215 (1963).
"E. de Vries, Fortschr. Phys. 18, 149 (1970).

25W'. -y. Tsai, Phys. Rev. D 7, 1945 (1973).
'-6J. E. Johnson and K. K. Chang, Phys. Rev. D 10, 2421

(1974).
'P. A. M. Dirac, Proc. R. Soc. London A117, 610 (1928);
A118, 341 (1928).
K. M. Case, Phys. Rev. 95, 1323 (1954).

~~L. M. Garrido and P. Pascual, Nuovo Cimento 12, 181
(1959).

~ F. Strocchi, Nuovo Cimento 26, 955 (1962).
~~S. Sakata and M. Taketani, Sci. Pap. Inst. Phys. Chem

Res. (Jpn. ) 38, 1 (1940).
3~M. Taketa, ni and S. Sakata, Proc. Phys. Math. Soc.

Jpn. 22, 757 (1940).
~~References 31 and 32 have been reprinted in Prog.

Theor. Phys. Suppl. No. 1, 84, 98 (1955).
34W. Heitler, Proc. R. Irish Acad. 49, 1 (1943).



BHABHA FIRST-ORDER WAVE EQUATIONS. V. INDEFINITE. . 435

~ E. Fischbach, M. M. Nieto, and C ~ K. Scott, Prog.
Theor. Phys. 48, 574 (1972).

~6Discussions of the Sakata- Taketani Hamiltonians have
been obtained starting from the second-order wave
equations by Ig. Tamm, Compt. Rend. (Doklady) URSS
29, 551 (1940), for spin 0 and spin 1, and by H. Fesh-
bach and F. Villars, Rev. Mod. Phys. 30, 24 (1958),
for spin 0.
R. J. Duffin, Phys. Rev. 54, 114 (1938).

~ N. Kemmer, Proc. R. Soc. London A173, 91 (1939).
~G. Petiau, Acad. R. Belg. Cl. Sci. , Mem. Coll. 8 16,
No. 2 (1936). Preliminary results appeared in Compt.
Rend. 200, 374 (1935); 200, 1829 (1935).
D. L. Weaver, C. L. Hammer, and R. H. Good, Jr. ,
Phys. Rev. 135, B241 (1964).

4~S.A. Williams, J.P. Draayer, and T. A. Weber,
Phys. Rev. 152, 1207 (1966).

2P. M. Mathews, Phys. Rev. 143, 985 (1966).
43D. L. Weaver, Nuovo Cimento 53, 665 (1968).
44G. Alagar Ramanujam, Nuovo Cimento A20, 27 (1974);

I. Saavedra, Nucl. Phys. 74, 677 (1965).
45A. K. Nagpal and R. S. Kaushal, Lett. Nuovo Cimento

9, 391 (1974).
46M. Cini and B. Touschek, Nuovo Cimento 7, 422 (1958).
J. J. Giambiagi, Nuovo Cimento 16, 202 (1960); C. G.
Bollini and J. J. Giambiagi, ibid. 21, 107 (1961).
M. E. Rose and R. H. Good, Jr. , in Ref. 21, made
observations similar to those in Ref. 47.

49R.-K. R. Loide, Teor. Mat. Fiz. 23, 42 (1975) [Theor.
Math. Phys. 23, 336 (1975)];Acad. Sci. Estonian
SSR Report No. FAI-8, 1971 (unpublished); I. Saavedra,
Nucl. Phys. B1, 690 (1967).

5 P. M. Mathews and A. Sankaranarayanan, Nuovo Ci-
mento 34, 101 (1964).

5'J. E. Johnson and K. K. Chang, in Ref. 26, discuss
different types of unitary transformations of the Dirac
equation. In particular, they claim the equivalence of
the equation of R. P. Feynman and M. Gell-Mann,
Phys. Rev. 109, 193 (1958), to their form of the Dirac
equation, and emphasize the work of E. de Vries and
A. J. van Zanten, Phys. Rev. D 8, 1924 (1973), re-
lating the above to the two two-component equations
of L. C. Biedenharn, M. Y. Han, and H. van Dam, ibid.
6, 500 (1972).
R. A. Krajcik and M. M. Nieto, Phys. Rev. D 13, 2245
(1976), paper FW-I (see Ref. 104 below).
R. A. Krajcik and M. M. Nieto, Phys. Rev. D 13, 2250
(1976), paper FW-II (see Ref. 104 below).

54H. C. Lee, Proc. London Math. Soc. 50, 230 (1949).
~~R. Nevanlinna, Ann. Ac. Sci. Fenn. Ser. A1

Math. —Phys. , No. 108 (1952); No. 113 (1952); No. 115
(1952); No. 163 (1954); No. 222 (1956).
L. K. Pandit, Nuovo Cimento Suppl. . 11, No. 2, 157
(1959).
K. L. Nagy, Nuovo Cimento Suppl. 17, No. 1, 92
(1960).

~ Yu. P. Ginzburg and I. S. Iokhvidov, Russ. Math. Sur-
veys 17, No. 4, 1 (1962) [Usp. Math. Nauk. 17, No. 4, 3
(1962)].
K. L. Nagy, State Vector Spaces with Indefinite Metric
in Quantum Field Theory (Akademaiai Kiad6, Buda-
pest, 1966).
J. G ~ Taylor, in Lectures on Particles and Fields,
edited by H. H. Aly (Gordon and Breach, New York,
1970), p. 213.

6'P. A. M. Dirac, Proc. R. Soc. London A180, 1 (1942).
P. A. M. Dirac, Commun. Dublin Inst. Adv. Studies,
Series A, No. 1 (1943); Series A, No. 3 (1946).

6~W. Pauli, Rev. Mod. Phys. 15, 175 (1943).
64S. N. Gupta, Proc. Phys. Soc. 63, 681 (1950).

S. N. Gupta, Proc. Phys. Soc. 64, 850 (1951).
K. Bleuler, Helv. Phys. Acta 23, 567 (1950).
K. Bl.euler and W. Heitler, Prog. Theor. Phys. 5, 600
(1950).

@T.D. Lee, Phys. Rev. 95, 1329 (1954).
G. Fallen and W. Pauli, D. Kgl. Danske Vidensk.
Selskab, Math. —fys. Medd. 30, No. 7 (1955).

' W. Heisenberg, Nucl. Phys. 4, 532 (1957).
"T.D. Lee and G. C. Wick, Nucl. Phys. B9, 209 (1969).

T. D. Lee and G. C. Wick, Phys. Rev. D 2, 1033 (1970).
' H. P. Durr and E. Rudolph, Nuovo Cimento 65A, 423

(1970).
' R. Palmer a&d Y. Takahashi, Can. J. Phys. 52, 1988

(1974).
'~We mention that I. Saavedra, Prog. Theor. Phys. 50,

1006 (1973), partially discussed FW transformations
for Bhabha fields, but looking at Hamiltonians in-
volving the absolute magnitude of the three momenta,
not the Hamiltonians we derived in II of this series.
Such Hamiltonians are nonlocal, and run into trouble
when minimal electromagnetic couplings are introduced.
More detailed studies of Hamiltonians involving such
absolute values are found in Refs. 76-78.

' F. Iachello, Niels Bohr Institute report, 1970 (unpub-
lished); Rend. Semin. Fac. Sci. Univ. Cagliari 44, 115
(1974).

'V. I. Fuschich, A. L. Grischenko, and A. G. Nikitin,
Teor. Mat. Fiz. 8, 192 (1971) [Theor. Math. Phys. 8,
766 (1971)].' R. F. Guertin, Ann. Phys. (N. Y.) 88, 504 (1974).

' B. Durand, J. Math. Phys. 14, 921 (1973).
R. A. Krajcik and M. M. Nieto, Bull. Am. Phys. Soc.
20, 71 (1975), included a description of the results
of Sec. IV.
L. L. Foldy, Phys. Rev. 122, 275 (1961), footnote 11.
R. A. Krajcik and M. M. Nieto (in preparation), paper
VI of our series, on the solutions and exact, closed-
form, FW transformations.

~R. A. Krajcik and M. M. Nieto (in preparation), paper
VII of our series, with our general conclusions.
S. D. Drell and E. M. Henley, Phys. Rev. 88, 1053
(1952).

5I1-T. Cheon, Prog. Theor. Phys. Suppl. , Extra No. , 146
(1968).
M. V. Barnhill III, Nucl. Phys. A131, 106 (1969).
J. M. Eisenberg, R. Guy, J. V. Noble, and H. J ~ Weber,
Phys. Lett. 45B, 93 (1973).
G. A. Miller, Nucl. Phys. A224, 269 (1974).
J. L. Friar, Phys. Rev. C 10, 955 (1974).
M. Bolsterli, W. R. Gibbs, B. F. Gibson, and G. J.
Stephenson, Jr. , Phys. Rev. C 10, 1225 (1974).

~'H. W. Ho, M. Alberg, and E. M. Henley, Phys. Rev.
C 12, 217 (1975).

~~P. S. Chandrasekaran, N. B. Menon, and T. S. San-
thanam, Prog. Theor. Phys. 47, 671 (1972).

~3N. B. Menon, Prog. Theor. Phys. 50, 987 (1973).
~4A. R. Tekumalla and T. S. Santhanam, Prog. Theor.

Phys. 50, 992 (1973).
95T. S. Santhanam and A. R. Tekumalla, Fortschr. Phys.

22, 431 (1974).



436 R. A. KRAJCIK AND MICHAEL MARTIN NIETO 14

96M. Koiv, Eesti NSV Tead. Akad. , Fuus. —Mat. 19, 109
(1970)~

9'R. V. Tevikian, Nucl. Phys. B64, 397 (1973); B93, 74
(1975).
W. Pauli and V. Weisskopf, Helv. Phys. Acta 7, 709
(1934).

~9J. D. Bjorken and S. D. Drell, Relativistic Quantum
Mechanics (McGraw-Hill, New York, 1964), p. 47.
Note that the boost generators of Ref. 93 are not ours.

This is because they transform g(x) to g' (x'), where-
as we transform g(x) to g'(x). The difference is the
added space-time pieces in our boost generators.
In Ref. 18, the following misprints should be noted:

Corresponding to our Eq. (3.15), the last term in Eq.
(26), and in the last column of the sixth row of Tabl. e
I, should have the opposite sign. Corresponding to
our Eq. (3.16), in the last term of the last column of
row 1 of Table I, the p in both the numerator and the
denominator should be E&, and the minus sign in the
middl. e of the numerator of that term should be plus.
L. L. Foldy, Phys. Rev. 102, 568 (1956).
In Ref. 28, the Q of Eqs. (3.48) was used to obtain

H", but —Q was used to obtainx'; and S& . Thus a
consistent set of Poincare generators cannot be ob-
tained with those x",. and $& .
4R. A. Krajcik and M. M. Nieto, two papers (in prepara-
tion, which will be the third (FW-III) and fourth (FW-
IV) of the series of Refs. 52 and 53. In FW-III a meth-
od is developed which shows that in principle there
exists an FW transformation for a wide class of first-
order wave equations, of which the Bhabbha system is
a special case. With this method one can then derive
the explicit form of the Poincare generators, these

being for the Bhabha case the generators of Eqs. (4.2)-
(4.6) and Eqs. (4.44)-(4.47). In FW-IV the FW trans-
formation for this class of equations is derived in ex-
plicit, closed form.

' 5The functional similarity between our FW generators
and those of R. F. Guertin, Ann. Phys. (N. Y.) 91, 386
(1975), should be noted. The difference, of course,
is contained in the algebra of the matrices and the
associated multiple spin and mass states.
60ne should always be aware that there is an overall
arbitrary sign to all the parity designations within an
algebra and even for particular representations of an
algebra. For example, the DKP conventions discussed
in footnote 9 of A. S. Goldhaber and M. M. Nieto, Rev.
Mod. Phys. 43, 227 (1971), although standard, were
arrived at by de Broglie and Petiau from the arbitrary
relative conventions taken with respect to de Broglie's
earlier work.

&0'tR. Palmer and Y. Takahashi, Can. J. Phys. 52, 1988
(1974) .

&0"F. Gursey, in Kyoto Symposium on Mathematical
Problems in Theoretical Physics, edited by H. Araki
(Springer, New York, 1975).
P. A. M. Dirac, The PrinciPles of Quantum Mechan-

ics, 4th edition (Clarendon Press, Oxford, 1958),
p. 257.
W. A. Hepner, Phys. Rev. 81, 290 (1951); 82, 451

(1951).
W. A. Hepner, Phys. Rev. 84, 744 (1951).

' The MAcsYMA system of the MIT Mathlab group is
supported by the Defense Advanced Research Projects
Agency work order 2095, under Office of Naval Re-
search Contract No. N00014-75-C-0661.


