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We prove the existence of a Foldy-Wouthuysen (FW) transformation which decouples the mass states of all
the Bhabha Poincaré generators and diagonalizes the Hamiltonian. Since the Bhabha fields operate in an
indefinite-metric space, such an existence is not a priori guaranteed. The FW-transformed generators are given
and satisfy the Poincaré Lie algebra. We observe that although the FW transformation expressed as a power
series in ¢ ' more clearly exhibits the physics of the situation, it is only in the Dirac and Duffin-Kemmer-
Petiau special cases of the Bhabha fields that the FW-transformation power series can easily be summed to
yield a closed-form expression. The general closed-form expression surrenders more readily to another
technique. Therefore, as a first calculation, in this paper we present a method of generating the FW
transformation as a power series in ¢ ~'. Our discussion concentrates on the indefinite metric, the physics
which is evident in the power-series form (such as size and types of Zitterbewegung), and on a detailed
examination of special cases up to spin 3/2. In all the above, a special handling of the built-in subsidiary
components of the integer-spin fields is once again necessary. We also comment on what the indefinite metric
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may be implying about the possibility of finding a totally consistent high-spin field theory.

I. INTRODUCTION

In our series of papers'™ on the first-order
fields for arbitrary spin discussed by Bhabha,>~*°
Lubéanski,'® and Madhavarao'* ™' (footnote 9 of
paper IV in Ref. 4 describes the work of the
above authors), we first directly confronted the
indefinite metric®'¢+’” associated with these fields
in IV.* There, in the g-number theory, the fields
had to be quantized with an indefinite metric in
order to properly obtain causality. Of course,
the indefinite metric also exists in the c-number
theory, as we first alluded to in III.

For a field described by the equation

(@+a+x)y=0, (1.1)

where the a, are again the so(5) generators J ,
then for a given so(5) representation (8, S) of the
a,, Eq. (1.1) describes fields of spin between 0
or ; and 8, and mass states +x/8, +x/(8 —1), to
£2x or +y, as 8 is half-integer or integer.? [We
are using the same notational conventions as in
I-1V, such as a,=(%,a,)=(3,ia,), p=1,2,8,4;
a*b=ayb, J

The metric of the fields implies that the ground
state +x/8 has a positive norm, the first excited
state +x/(8 — 1) has a negative norm, the norm
oscillating back and forth with each additional
excitation. The antiparticles have the same or
opposite norm as the respective particles for
half-integer- or integer-spin fields. Taking for
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definiteness the representation where «, is dia-
gonal, both the Hamiltonian and the boost genera-
tors K involve the matrices E, and the o couple
adjacent mass states. This means a scattering
matrix or boost can in principle couple different
normed states in a manner not conserving prob-
ability.

However, in the free c-number theory one can
show that this difficulty is avoided by demonstrat-
ing that there exists a Foldy -Wouthuysen (FW)
transformation'®~?° which decouples the mass
states, not only in the free Hamiltonian, but in all
the Poincaré generators. This would mean that
although in the standard representation probability
is leaking from the positive-normed states into
the negative-normed states, it is leaking back
just as fast. It is the purpose of this paper to
show that such a FW transformation does exist for
the Bhabha fields and it has the described proper-
ties.

Before continuing we emphasize that the term
“FW transformation” is used in three senses,
each more or less restrictive than the others. In
the original FW terminology, an operator is “odd”
if it couples the different mass states and it is
“even” if it does not. Thus (i) an FW transforma-
tion is any metric-unitary (see below) transforma-
tion which decouples the mass states for all the
Poincaré generators. Discussions in the literature
often define an FW transformation in an even
looser sense, demanding only that (ii) the Hamil-
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tonian be in “even” form, altogether ignoring the
other generators, in particular, the boost. Of
those FW transformations which decouple mass
states for all the Poincaré generators, there is
one (iii) which makes the Hamiltonian diagonal.
For the main part in this paper, we will choose
this FW transformation [(iii)] as the FW trans-
formation, although the reader should remember
that there is a metric-unitary equivalent class of
transformations which can leave the generators
even, but not leave the Hamiltonian diagonal.

FW transformations have been discussed in
numerous places. There is the work on?'~2% the
spin-3 Dirac field®” and on?®*"% the two-component
spin-0 and six-component spin-1 Sakata-Taket-
ani®!~3¢ yersions of the Duffin-3" Kemmer-38
Petiau®® fields. FW transformations of other
fields have also been discussed.*°"** Further,
other “unitary” transformations related to the
FW transformation have been investigated.*®~>!

It is the word ‘“unitary” that is critical. In an
indefinite-metric space, norm-preserving trans-
formations are no longer unitary and observables
are no longer Hermitian. As emphasized else-
where®?'%® the condition that a transformation U
preserve the norm is that it be “metric-unitary”,
ie.,

vtmMu=m, (1.2)

where M is the metric matrix operator. For the
Bhabha field (see Sec. II), the metric is

M=n,0,=M". (1.3)
An observable O is “metric-Hermitian” if
(MO)T=M0 . (1.4)

(Commonly the terminology “pseudounitary” and
“pseudo-Hermitian” is used, but we prefer our
more descriptive names.) In Refs. 52 and 53 we
proved theorems and lemmas about FW transform-
ations in general indefinite-metric spaces which
will be of particular value in this paper. We

refer the reader elsewhere for further readings
on indefinite metrics,**~™ covering mathematical
papers and general discussions®?7® and applica-
tions to the original QED problem® %" and to other
field theories.®®”™ (See Refs. 75-78 for discus-
sions involving nonlocal Hamiltonians and Ref.

79 for calculations with an extended Poincaré
algebra.)

In Sec. II we discuss the Bhabha indefinite metric
and the proof that there exists an FW transforma-
tion which diagonalized the Hamiltonian and also
decouples the different mass and normed states
in all the FW-transformed Poincaré generators.
We will do the above first for the half-integer-
spin Bhabha fields, and then separately for the

“particle components” of the integer-spin fields.
We will comment on the importance of this separ-
ate treatment of the particle components and the
connection of intrinsic parity with the metric.

Then, in Sec. III, we review the known FW re-
sults for the free Dirac field,'®"* and extend
previous results on DKP?®7%° to all the Poincaré
generators. We verify that these special cases
are included in the general results described in
Sec. II. They must be, of course, since the
Dirac and DKP fields are the simplest special
cases of Bhabha fields.

Our presentation of the arbitrary-spin Bhabha
FW transformations will proceed in two modes.
The first mode, given in this paper, describes
how to obtain the FW transformation order by
order in 1/¢.®® This is done by first (a) showing
what form the FW generators must have and (b)
demonstrating that in this form they satisfy the
associated Lie algebra

lp,,P;l=0, (1.5a)
lp,,H]=0, (1.5b)
l7,,H]=0, (1.5¢)
(i, d,1=i€;5, (1.5d)
[, P;l=i€ Py s (1.5e)
[7,,K,1=i€;, K, (1.5¢)
(K, P,)=i6,,H/c?, (1.5g)
k,,H]=iP,, (1.5h)
(K, K,]= i€, d,/c?. (1.51)

(In this paper we use #=1, but at least for now
keep c#1, since in part we will be dealing with
expansions in powers of ¢”'. See Ref. 81 for a
discussion on the dimensions of the Poincaré€ gen-
erators.) Then we (c) explicitly obtain the FW
transformation to order ¢~3, and (d) show that the
original Poincaré generators agree with the FW-
transformed generators to this order. The above
program will be carried out in Sec. IV for both
the half-integer-spin generators and the particle
components of the integer-spin generators, with
emphasis on the differences and similarities be-
tween them.

This emphasis will be generalized in Sec. V,
where we will demonstrate how the order-by-
order and exact integer-spin particle-components
generators, FW generators, and FW transforma-
tions can be functionally related to their half-
integer-spin counterparts.

In Sec. VI we will discuss the physical implica-
tions of our results. We will point out the relation
of the FW transformation to the indefinite metric
and the intrinsic parity of oppositely normed
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states. We also include an explanation, based on
the structure of the so(5) matrices a,, of the
different types of Zitterbewegung obtained from,
for example, the minimally coupled Dirac and
DKP special cases. We finally will exhibit the
special 8 =% case as a high-spin example.

The second mode of our presentation of the
arbitrary-spin Bhabha FW transformations, ob-
taining the exact, closed-form expressions, will
involve the development of different techniques.
We shall defer this to a later paper®® (VI of our
series on solutions and exact FW transforma-
tions), and will end our series of papers with the
conclusions we have come to on Bhabha fields®
(VII of our series). We simply note here that,
contrary to the Dirac and DKP special case, the
Bhabha arbitrary-spin FW transformations, when
expressed as a power-series expansion in ¢!,
cannot easily be summed to yield an exact, closed-
form expression. The reason for this is the com-
plicated nature of the higher-spin algebras. This
is important, since the “physics” is more trans-

parent in the power-series form. For example,
J

the power-series expansion directly gives the
relativistic corrections to the nonrelativistic
generators.

Before continuing, we wish to mention work on
FW transformations for nonminimal coupling,8~*
and discussions®>~" of other fields and/or inter-
actions which have come to our attention.

II. INDEFINITE METRIC AND FW EXISTENCE PROOF
A. The Bhabha metric
The Bhabha-field metric
M=n404 (2.1)

was discussed by us in Sec. II of paper III. We
further investigated it in Sec. IV of paper IV,
since we had to understand its nature in detail to
show causality for the second-quantized fields.
There we pointed out that from the defining equa-
tions [(1A18)] for 7, and the characteristic equa-
tion [(12.31)] for a, with o, diagonal, 1, and o,
have the forms

n4(8 =n +3) =Dblock diagonal[d;, -95_,,+95_,, ..., (1)°7%9F,,, (-1¥**/287,, ..., + 95, - 95], (2.2)
14(8 =n) =block diagonal [8], —9;_,+ 95, ..., (1)**19], (~1)%* 24, (=1)** 497, ..., 85, +95], (2.3)
@, =block diagonal [88%, (8 -1)g5_,,...,(8 -1)9;_,, -895], (2.4)
meaning M has the form
M(8 =n +%)=block diagonal[+895, (8 ~1)9;_,,+ (8 =2)85_,, ...,
(-1)374248},, (=1)°7Y2487,,, ..., =(8 =1)d5_,, +885 ], (2.5)
M(8 =n) =block diagonal[+89%, -8 —1)95_,,+(8 - 2)83_,, ...,
(-1)3297, 08y, — (- 1)**197, ..., + (8 - 1)85_,, =885 ]. (2.6)

The 9;(8) are the mass state +x/j projection
operators and 4,(8) is the subsidary-components
projection operator discussed in Secs. IIIB and
HIC of paper II. [The matrix M is the A=4 case
of matrices £, =7, @, (no sum) defined by Madha-
varao, Thiruvenkatachar, and Venkatachaliengar.']

For half-integer spin, Eq. (2.5) shows that the
particle and antiparticle ground states +yx/$ have
positive norms, the first excited states :l:)(/ (8 -1)
have negative norms, and so on. The simplest
case (8 =3) is the Dirac equation which has only
positive-normed states.

For integer spin, Eq. (2.6), there is an extra
minus sign. From Eq. (IA18) this is due to the
extra minus sign in 7, caused by the extra sub-
sidiary components block projected by 9,. Thus
for DKP, where 8§ =1, although the particle state
has a positive norm, the antiparticle state has a
negative norm. The standard resolution of this
most simple negative norm is the Pauli-Weiss-

—
kopf® device of saying that this is a charge prob-
ability density instead of the particle probability
density of the Dirac case.

However, for 8§ >1, this resolution is not obvi-
ously applicable for either integer or half-integer
spin, since the first excited state of a particle
necessarily has the opposite norm, oscillating
back and forth with each further excitation, with
an added minus sign for the antiparticle normal-
ization of integer-spin particles. This extra
minus sign is important in the proper handling of
the FW transformations of integer-spin fields.

We pointed out in Ref. 52 that it is not neces-
sarily true that a metric-Hermitian operator in
an indefinite-metric space can be diagonalized.
Thus even the question of the existence of an FW
transformation in an indefinite-metric space is
open. The existence of such a transformation de-
pends on the particular space and the operators
under consideration. However, we will show that
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for the Bhabha generators such a transformation
exists.

The crucial result needed to show this is the
theorem®? that there exists an FW transformation
which will diagonalize a metric-Hermitian matrix
O on a nonsingular indefinite-metric space if and
only if all the eigenvalues of © are real and all
the eigenvectors of © have nonzero norm. (The
point is that these conditions are not always
satisfied in an indefinite-metric space.) Under
these conditions, the metric-unitary matrix U
which will diagonalize © to D is given by

voU~'=p, U '=la,,d,,...,1,],
;= MM, U=M (UM,

(2.7)

where the u; are the »n independent eigenvectors
of ©, normedto +1. This reduces to the standard
answer in a Hilbert space.

Before continuing, note that the form (2.2) and
(2.3) for n,, which used the projection operators
developed in III, clearly shows the intrinsic
parities of the particles. (Recall from I that 7, is
the parity operator.) For half-integer-spin fields,
the antiparticles have the opposite parity as the
particles, and for integer-spin fields the anti-
particles have the same parity as the particles.
Further, observing that the ground state +x/8 has
its parity determined by 7, only to a minus sign,

one sees that the first excited state +x/(8 —1) has the

the opposite parity of the ground state +x/8, and
that each further excited state has the opposite
parity to the previous one.

B. FW existence for half-integer-spin fields

First consider the Poincaré generators of half-
integer-spin Bhabha fields given in Egs. (III1.5)-
(I111.9):

P,=p;=-13,, (2.8)
Jp=—1€;;,(x;9;,+ @)= L, +S,, (2.9)
HS=n+%=0a,""cba+yxc?, (2.10)
K;=x;Hc 2 =tp;+t,;c™", (2.11)
ty; = lay, o)l (2.12)

Observe that in the rest system the eigenvalues

of H are the rest masses, the eigenvectors i; are
just 1 in a particular row with zeros elsewhere,
and the norm of #, is never zero. A Lorentz trans-
formation will take any one of these states to an
arbitrary energy, and in particular the norm will
never be zero. (From the discussion in Ref. 52

a zero norm would only ensue from some sort of
binding which would take the total energy to zero.)
Thus from the above theorem there does exist an
FW transformation which will diagonalize the Ham-

iltonian H of Eq. (2.10).

The next question is whether the FW transforma-
tion which diagonalizes H will decouple the com-
ponents of the different mass states (and hence
different normed states) for all the Poincaré gen-
erators. That is, will this FW transformation
leave all the generators in a form which has zeros
outside of the mass blocks defined by the operators
9%(8)? The answer is “yes,” as can be seen by
the following argument.

Since the Hamiltonian involves only P, x, c, and
the a,, the transformation which will diagonalize
it needs only to involve these quantities. They all
commute with p,, so the generators p, trivially
remain diagonal. With regard to the generators
dJ,, in the form (2.9) they already are mass-block
diagonal. This follows since [see Eq. (Il 5.17)]

[, [a;,a;]1=0 @@,5)#4. (2.13)

That the J, remain mass-block diagonal (in fact
the same) would follow immediately from correctly
assuming that the transformation is a space-scalar
function of P, x, ¢, and the o ,. However, it is
useful to make the following, more general argu-
ment. First observe.that the transformed genera-
tors still satisfy the Lie algebra defined by Egs.
(1.5). Also, the diagonal Hamiltonian will have
diagonal matrix elements of the form (see Sec. IV A)

H™);=E ()0,
=2(c®B2+x%/q,2) %6, a,= ().
(2.14)
This means Eq. (1.5¢) will have matrix elements
0=[JF¥, H*Y],,
=" E; = E 5 ")y
=(E;-E)IM;+ (W, (2.15)
where
W)= (05 M5B }1= €l (0 m™) s 00, E ] -

The last equality of (2.16) comes about because
from the form (2.9) of (J,),,, only (x;"),, will not
commute with E,. However, because of our pre-
vious comment that the FW transformation will
only be a function of §, @, x, and ¢, one has

(2.16)

(E¥) ;=20 Ax, B, ,,%,6)yy, (2.17a)

AXp =U[%p, U], (2.17b)
.9

X, =1 %, (2.18)

Thus only the first term of (2.17a) contributes to
(2.16), so using (2.18) yields

(Wk)ij=€mﬂk[xm6up">Ej]=0' (2.19)
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Putting (2.19) into (2.15) implies that JF¥ only has
nonzero matrix elements when E,=E, i.e., within
the diagonal mass blocks, so we have shown that
J¥¥ is mass-block diagonal.

Finally, one can show that K[V is mass-block
diagonal. Starting from Eq. (1.5h), one has that

i(PFY),;,=1p,0,,
=(Ki™) B = E )+ (Z )0 (2.20)
(Z )50 =[ET") 1o E,] (2.21)

Then, as before, the only contribution to (Z Py Will
come from the FW-transformed piece of K, which
is (x;)6,,E,. Thus, using (2.18),

(Z);2=[%,0,4E ,,E,]=ip,5,,,

so the first term in the second line of Eq. (2.20) is
zero. This, as before, implies that the only pieces
of K} ¥ which are nonzero are when E,=E, i.e.,
within the diagonal mass blocks. Thus we have
shown that KTV is also mass-block diagonal, com-
pleting our demonstration that all FW Poincaré
generators for half-integer-spin fields are mass-
block diagonal and thus do not couple the different
normed or mass states.

(2.22)

C. FW existence for integer-spin fields

For integer-spin fields we must first decide what
to do about the built-in subsidiary components
[those projected out by the 9,(8)]. Since these
components have zero norm, their remaining in
the theory would rule out a metric-unitary trans-
formation. However, in III we showed how to pro-
ject out the particle components of the Poincaré
generators, these then algebraically satisfying the
Lie algebra (1.5). (The reader will recall that as
long as the subsidiary components remain, the
entire Lie algebra is satisfied only as an operator
algebra on the fields themselves.) The integer-
spin particle-components Poincaré generators
were shown in III to be metric-Hermitian and, as
the half-integer-spin generators, they have a com-
plete set of nonzero-normed eigenstates. Thus
they are the appropriate generators upon which to
perform FW transformations. These particle-
components generators were found in Egs. (I115.28)~
(1115.31) to be
P;P)=P](1_ 50) 3
J](P) =Jj(1 - so) ’
HP=[Q(cd d +xc?)

~ Q(cd° A)8,(xc?) M (cd @))(1 - 8,)

(2.23)
(2.24)

=Q(cd a +xc®) - Q(cd Q)9 [1+ (xc?)(cd- @)],
(2.25)

K;P) __.xjH(P) - tP;P)
+cM(1-9)[a,,a,](1-4,)

- c M@ )8 (xc?) Hed a)(1-9,), (2.26)
where @ is defined in Eq. (II3.22) and has the
numerical values of (a,?), ; in the particle compon-
ents.

For the above generators the same arguments
hold which showed that there exists an FW trans-
formation which decouples the mass states in the
half-integer-spin generators. In particular, there
exists a complete set of eigenstates of ncnzero
norm for the particle-components Hamiltonian,
and so there exists a metric-unitary transforma-
tion which diagonalizes the particle-components
Hamiltonian. Thus from the form of the Lie al-
gebra, the metric-unitary transformation which
diagonalizes the Hamiltonian also makes the rest
of the Poincaré generators mass-block diagonal,
meaning a complete FW transformation is possible
here, too.

The device of considering only the particle com-
ponents was used in the DKP investigations?®-%
we referred to, either by directly using?:%° what
we called in II the particle components of the
Sakata-Taketani DKP equations, or by what amount-
ed to such a projection.?®* Thus, even if our gener-
al indefinite-metric rationale was not the basis,
the proper method was followed completely in
Refs. 28 and 30, and essentially in Ref. 29.

In the succeeding sections, when we deal with
integer spin, we sometimes use the superscript
“p” for particle components, and sometimes use
a caret. The two notations are for convenience.
Also, when listing the metric, it will be under-
stood to be the “surrounded” metric which alge-
braically still has the same form 7,a,, since

MP = (1= g)n,0,[1- 9 (xc®) ™ e @)](1-4,)
N0y
=M. (2.27)

Further, when discussing the operators, the fact
that the subsidiary components have been removed
will sometimes be implicit. For example, the
metric (2.6) is already zero in the subsidiary com-
ponents. From (2.27) it is to be understood that the
rows and columns of the subsidiary components

of these operators are deleted from the matrix
representation. In particular, the particle-com-
ponents operators are no longer singular and so
inverses exist. (Remember, there is a metric-
unitary FW transformation for such nonsingular
operators.)
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III. SPECIAL CASE RESULTS
A. The Dirac case (8,5)= (1.3

The FW transformation was originally devel-
oped'®?° for the Dirac system. It is useful to give
a review of those results for comparison with the
general case. To obtain the Dirac Poincaré gener-

ators in the usual FW notation, first substitute into

Egs. (2.8)-(2.12)
a,=y,/2, x=m/2, (3.1)

which, from Eq. (I12.32), corresponds to the Dirac

-l = ,-iS
algebra U™=e?", (3.92)
=,is
Yot VoY u =20, . (3.2) U=e
- = D=, 3 DO(
Next use the matrices P and a? defined by exp[°5- 2”0()]
- D, v D
By, =y, @P=ivF (3.3) = cos(p6) + £ pp & sin(ph) , (3.9b)
to obtain the Dirac Poincaré generators where the last equality comes from a power-series
P,=p,, (3.4) expansion. Explicitly, one obtains (p=|§5|)
HFW= UHU-l (3.10)
D=, =D - D=, =D
= <cosp9+ Fp-a sinp9> (cpral+ Bbmcz)<cosp9 - E—%ﬁl— sian)
- DX, > D 2
= (cﬁ°aD+/3Dmcz)(cosp9— Fpa sinpe)
= (cB* a®+ pPmc?) exp(-2p°p- aP0)
=cp-a® <cosZp9 -m?c— sianG) + BP(mc® cos2pf + pc sin2p6) (3.11)
= BP(mPct + pPCP) /2 (3.12)
= BDEP , (3.13)

where (3.12) follows from (3.11) by using standard
trigonometry and defining 6(p) as

tan[2p 6(5)] = ;n"—c. (3.14)

With U defined by Egs. (3.9) and (3.14), it is an
algebraic exercise to verify that'®!

§ev = Syt
N .AD{=*D > -»x du=\ .2
-5, B2(@xPc  Bx(Sxp)c* (3.15)
2E, E,(E,+m)
and, with the aid of (2.18),
VY =pxut
%o iB°a’c B - a”)pc’
2E, 2E2(E, +mc?)
= .,
(SxPle (3.16)

E,(E,+mc?)’

Jo= € plx - iafalb) =L, +S,

=L,+30,, (3.5)
H=cpa?+pPmc?, (3.6)
K,=x,H/c*=tp,+t,,/c, (3.7a)
K,=§1-c;{x,,11}- tp;, (3.7b)
ty;==ip"[B°, ). (3.8)

Then, as described in the literature,®1%° the
transformation which diagonalizes the Hamiltonian
(3.4) is

r

Given (3.15) and (3.16) one can calculate the rest
of the FW -transformed generators as'®

P¥=p, (3.17)
JV=UJ, U =d,, (3.18)
KF¥ = yRU-!

= Zlcz_(iFwHFw +HFW§FW) - lﬁ

D DSy
- B GE, e 15~ ERL (3.19)

(Ey+mc?)
D «AD> DS =
- 2 @E,) - 18- B _ B7OXP)_ (3.0

2E, (E,+mc?)

It is straightforward!® to verify that the trans-
formed generators (3.13) and (3.17)-(3.20) satisfy
the Lie algebra (1.5).
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B. The DKP case (8,5)=(1,1) or (1,0)

As emphasized in the Introduction, because one
wants metric-unitary FW transformations, when
discussing integer-spin systems one should deal
with the particle-components generators. For the
special DKP case, the particle-components
Poincaré generators are obtained by substituting

a,=B,, x=m (3.21)

into Eqs. (2.23)~(2.26), to yield, as in Egs.
(IT1 4.11)— (111 4.14),

PP =ppz2, (3.22)
I =02, (3.23)
HP =mc?B,+B8,B-B)H-Bm™*, (3.24)
1 -
H(P) ‘m0234+64< +n> ﬁ4nm 1(§ p)2
(3.25)
K §P) = C-inH(P) - tPEP) - 164[31(‘5 . B)(mCZ)—J. ,
(3.26)
K(P)z_{an(P)} tP(P)+ 164 [ﬁ'é;ﬁ{]y
(3.27)
where the specific DKP algebra is
BuﬁvBX"’BXBuﬁp:ﬁuﬁu)\'*'ﬁxéuu ’ (3-28)
N=MmmnMs, M=28\"-1, (3.29)
(1-9,)=B72, Sy=—i€;,BB;- (3.30)

As pointed out for the Hamiltonian by Sakata and
Taketani,?' 73 the above operators can be put into
“Pauli form.” This is discussed in Refs. 31-36
and Sec. IVA of I.! Essentially it is the observa-
tion that with a Pauli () space for particle-anti-
particle and an orthogonal spin space, one has
the required 2(2S+1) equals 2 or 6 components
for the spin-0 and spin-1 DKP systems. The
Pauli space is given by the association

(1-90)~1, (L=9)(=iB)(1 —9oFn(l -9o)~T,,
(1=8n(1 =8)~7,, (1-90)By(1=9)~T,.
(3.31)
The operators in (3.31) satisfy the Pauli algebra
TyT; =0, +1€;,T,. (3.32)

Also, since (1-9,) commutes with the S, of (3.30)
and because of the DKP algebra (3.28), the Pauli
form S, retains the commutation relations

S:S,;Sy +5,5,5; = 5,04+ 5,01, - (3.33)
Putting (3.31)-(83.33) into the generators (3.22)-

(3.27) gives the Pauli form of the DKP particle-
components generators

pi=p,, (3.34)
T = (Fxp)+8§, (3.35)

(7, +17,) 5

(r) 2 iT, = &
H' " =mcr,+ —2—2p* - 2
3 2m p

2(-57,  (3.36)

=7, (1) . .
z_ XH T o i(T3+iT,)
K e L‘p+———-2mc2 P
72(p -5)§ 73(§><§)
2mE | 2mc (3.37)
D S PO S Ta(SXp)
=5 &H b= th- S (3.38)
To diagonalize the Hamiltonian,?® ~*° we note

that 7, is the even operator and 7, is the odd op-
erator, meaning, as in the magnetic field analogy
of Ref. 99, we expect the FW transformation to be
of the form

o™=vou
=exp(—iT,¢/2)0 exp(it,¢/2), (3.392)
M S (=1 S (i, o) (3.390)
U-'=cos(¢/2) +it, sin(¢/2). (3.40)

Equation (3.39b) is a special case of theorem I of
Ref. 53, and we are using the notation that the
quantities in the parentheses are to be written out
the number of times indicated in the superscripts.
For example,

([ry, Yo()=[ry,[r1, [y, 0111 (8.41)
Using (8.32) and the derivative results

([TIJ )2"+17k(])2"+1= (2)2"[71’7'»]’ n=0,1,2,...

(3.42)
([717)2"+27k(])2"+2:(2)2"[T17[TI,Tk]]_7 n=0,1,2,...
(3.43)
yields
3 =Ty Z m @)*[r,,7.]
( )ll+l 2n +2 on
Z 227 2(2 1 2) 1 @yt [11,7,]]
(Z¢)2"+1 (l¢)2n+2
Z (2n + 1)' Z(2n+2)'
=T,COS¢ + T, Sing. (3.44)
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Similarly,
TEW =7, cos¢ - T, sing. (3.45)
Thus
2 2 7.3 )2
HY =1, [(mc2 * +‘§7) cose +i<p% _(pTS)_> sin¢]
2 >.8)2 2
) - ) ]
(3.46)
Letting
_i[p*/2m - 3-8)%m] _sing
tan¢g = [ +p2/2m) =COS¢ (3.47)
means
cos¢ S N tnc?+p’/2m) s
E,
il 52 (.32
sing = -iLp"/2m g’ S)*/m]. (3.48)
14
With a little algebra, (3.46) and (3.47) imply
H™ =7 E, =7 m*c*+pc®)'/>. (3.49)

In both the equalities of (3.48) there is an overall
minus sign which is arbitrary, but once chosen
must be consistently held to.’°® Given Egs. (3.39)
and (3.47), one can determine

XY= UR U

% (E, -mc®)(HxS)
- 2mE,(E,+mc®)

. [iﬁcz ,_B08)c® S ,frﬁ}}
'L2E,* mEE,+mc’)  mE, 1’
(3.50)

and, with the aid of the spin algebra (3.33), one
also finds that

SV _3 (mc®+p*/2m) (E,—m )@+ 8)p
E, 2mE,(E,+mc®)

+2—;1}15—p{(§x§),§-§}. (3.51)

With the aid of these results one can calculate the
Poincaré generators J*¥ and KV,

JV=F) = (xxP) + 8, (3.52)
wFW_T3 = = _ T (sxﬁ)
K™ =0 {%, B} - 1D _3—(E,+mc2)’ (3.53)

TFW_ . 3 2 _ g Dy Sxp) ]
K TXE,/c® -1 T3[2E,+(E,+mc2) ,

(3.54)

and also, of course,
PV =p(T=p . (3.55)

The FW generators (3.49) and (3.52)-(3.55) are
all even and satisfy the Lie algebra (1.5). Thus
the transformation of (3.49) and (3.47) has com-
pletely decoupled the positive- and negative-ener-
gy mass states of the DKP system. To see that it
is a metric unitary transformation, note that in the
Pauli form

M =1,8,=B4~T5 (3.56)
This means that

UMu=Mm, (3.57)
implying U is metric-unitary, or equivalently

M) =ms, (3.58)

implying S is metric-Hermitian.

IV. ORDER-BY-ORDER FW TRANSFORMATIONS
A. Half-integer spin

The FW transformation (3.9) and (3.14) for the
Dirac system was obtained in closed form with the
aid of the specific Dirac algebra. In particular,
because of the algebra (3.2), the FW transforma-
tion (3.9) could be expressed as two terms. For
the arbitrary Bhabha field this is no longer true.
The algebra is of order (28 + 1), meaning more
terms are involved before they begin to close with
multiplicative coefficients. Although such a method
is in principle doable, the exact transformation
turns out to be elegantly calculable from a study of
the eigenvectors, as we will show in VI.** How-
ever, it still is informative to obtain the trans-
formation for arbitrary Bhabha fields as a power-
series expansion to some order; the physics is
more transparent in the power-series expansion.

From Sec. II the FW transformation which di-
agonalizes the Hamiltonian will also transform the
other Poincare generators to mass-block diagonal
form. Further, one knows what the form of the
diagonal Hamiltonian H¥ is.’® For all the mass
states, it will be the particular energy (in terms
of the three-momentum and mass) times a diagonal
matrix which will be unity, 4;(8), for that partic-
ular particle mass-block state and minus unity,
—97(8), for the antiparticle state. Thus the idea
will be to first find the transformation which di-
agonalizes H to HFY to a particular order. Then,
since we can also show'™ what the other FW gener-
ators are, we will show that the U which diag-
onalizes H will also transform all the generators
(2.8)—(2.12) to the mass-block diagonal FW gen-
erators to order c~3,

The general half-integer-spin FW generators
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should reduce tothe Dirac case and have the same
properties. Specifically looking at the Dirac FW
generators (3.13) and (3.17)-(3.20), one first wants
a Hamiltonian which is diagonal and has the prop-
erties enunciated in the last paragraph. Further,
the momentum and angular momentum should re-
main in the ordinary mass-block diagonal form,
and the boost generators should have the type of
relation to the spin and momentum as in (3.19) and
(3.20). First defining

8,=(cP*a+x*cH?, (4.1)

these properties are maintained by the following
set of generators!® 10,

HY =a Y(cPal+Xc) *=a,'8,, (4.2)
PY=p, (4.3)
3Fw=)’:><}’)+§, Sp=—ie a0 , (4.4)
WFV_ZgFW / 2 "if)aq _(§X§)04
KFV=%H"/c ff)+< 2, >+< 5 xc (4.5)
1 . BxP)a
== %, HV) = fp — D)%y 4.6
202 {X, } tp gp + xcz ( )

The generators (4.2)-(4.6) do reduce to the Dirac
FW generators (3.13) and (3.17)-(83.20) in the (3, %
representation and they satisfy the Lie algebra
(1.5). To help see that they are the FW-trans-
formed generators, we now perform an expansion
in ¢~! to third order. Taking the metric-unitary
transformation U as

U=¢'S, 4.7

meaning S (not to be confused with the spin) is
metric-Hermitian, we have from lemma I of
Ref. 53 that

© n
vou=3 ] (s, yo() =0 4.8)
n=0 "
Thus if
S=9.S,c™, 5,20 4.9)
n=0

where the S, should not be confused with the com-
ponents of the spin, then from the form of H,

H=(a,"x)c*+ (@D ~a)e=ec®+oc, (4.10)

where “e” and “o” signify the generalization of
“even” and “odd, ” one obtains to third order in

¢ that
(a;‘x)cz = HFW (CZ) = (a4-1x)cz R

0= H"(¢)

(4.11)

=(a; B @c+iS,, a,X]e, (4.12)

P2a4 _ yFW/ 0
o =HF%(c%)
=4[S,, @, x]+ilS,, a, "D &)

:2

+'2£T[Su[su axll, (4.13)

0=H""(c™)

=i[S,, a, " X]e™ +i[S,, @i e a)c™
i “1,77 .1
+2—![Sza[su ay X]]C

i® - .
+§T[Su[sz9 Q4 1X]]C !

i2

+ E—I[S“ [SU (14-11'5 * -&]]C-l

i3

+§!‘[S1’ [Sn[su a, ' x]e. (4.14)

The metric-Hermitian solutions to the above equa-
tions are

[3-a,ala,

§ =i—rale (4.15)
X
i e =~ ip*a,’?
SZ:Wp'a[p'a» ad“q"‘#, (4.186)

3

1 - - - - -
Si= - 5ge(86 315+, )+ 453, )

+50, D a,a,lp?- 3D a, a,]apla, .
(4.17)

We emphasize metric-Hermitian solutions because
of the following: The S, of Eq. (4.15) is the (al-
ready metric-Hermitian) solution of Eq. (4.12).
But given that S;, then just the first term of (4.16)
would be a solution to (4.13). However, that term
by itself would not give a metric-Hermitian S,,.
The second term is needed for that, and then S,
also reduces to the Dirac special case solution.
The above S, S,, and S; all, as they should, re-
duce to the power -series expansion of the Dirac
transformation (3.9),

D _ —iﬁpﬁ'au
SP= — 5> (4.18)
sP=0, (4.19)
o_ B (@ B’
sP= o . (4.20)

Given the above transformation to order ¢3, one
can check toc see how it transforms the other Poin-
cafe generators. First, since from (4.2), (4.8),
and (4.10) U will only be a function of p%, P*a,
a4, X, and ¢, one can say to all orders in ¢~ that
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PV-yPu=B=5. (4.21)
In general, if O is of a definite order of c™,

A0, A0, A0,

Uou'=0+ tE ot AT (4.22)
a0,=4s,,0], (4.23)
-2

A0, = i[szr 0] + ;—![su [Su 0]] s (4.24)

Aes: i[sss 0] + %i[szy AGJ + %i[sn Aez]
+5[S,,[S,,20,1]. (4.25)

From the above,
Aiﬁ———[a’ a“]a“, (4.26)
X
- -1 et - §xﬁ 2
Ax2=2—xz-{a,[p°a, 04]}Q4+Txg—a4 , (4.27)

- 1 - - - - pet
AXy= — ZXS{Ip.\Ol; 014]2[0" aJa,+ (- a)?, a4]aa4

2
+[p ‘a, a4]a4aﬁ} —%('3"[(1, a4]a4 ’

(4.28)
which again agrees with the Dirac results
- —ifPa®
A = ——— °

%P Y (4.29)
_-3xB

=T (4.30)

;gD (D A= oD Dy,2
agp- B DD | i@ (4.31)

4m® 4m?3

By explicit calculation one can find that the trans-
formation of the spin operator is given by

AS,= -A%, XD, n=1,2,3. (4.32)

In fact, (4.32) is true in general, as can be
seen from the following argument. Consider the
transformation of the angular momentum genera-
tor. We have with (4.21) that

JFV = XFW x B + STV, (4.33)
However, as stated above, from the set of equa-
tions (4.2) and (4.7)- (4.10) which define the solu-
tions to the transformations S,, the S, will only
be functions of p?, @, @,, and x. That is, the
S, are scalar functions in three-space. Thus

[3,s,]=0 (4.34)
to all orders so that
F¥=7, (4.35)

which also means that
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A8, = - A%, x P, alln. (4.36)

Finally, for the transformation of the boost gen-
erators, we have in terms of (Tq), =l

KV =" /c2 _ 5 +TV /e, (4.37)
meaning that we need A(t:),, for n=1,2. Direct
calculation yields
- -3 - - - . -
A(t4)1= X_{—[p. a,a4]a+[a,p- 0]04},
(4.38)
- 1§ - - . - -
A(t 4)2= 2)(—2 { [P' a ’ c!41]2[a ’ aq] + [(p * a)zy aq]a
+[p- a’ ‘)‘4]0‘425 - [-&’ 0[4]0[42[)2
+ép2[3,a4]}. (4.39)

Combining Eqgs. (4.11)-(4.14), (4.26)—(4.28), and (4.37)-
(4.39) gives to order c™®

A (a -1 c2+£a )—t’

cZ 4 X 2)( 4 p

1 - 1 -

+ 56k1+?6k2+—§6k3, (4.40)
61?1=A)’:1a4'1x+{4=0, (4.41)
61-‘Ez= AX,0,7x + A(El)l

_ [Exp) +i'13]
__[ DR g, (4.42)
5k, = —"12;& + A%, 0,7y + A®,),=0. (4.43)

The above agrees with the exact K¥¥ up to third
order in c™.

Thus we have explicitly verified up to third or-
der in ¢™ that the FW transformation which diag-
onalizes the Hamiltonian (2.10) to the form (4.2)
also mass-block diagonalizes the rest of the Poin-
caré generators (2.8), (2.9), and (2.11) to the
forms (4.3)-(4.5).

B. Integer spin

For the particle components of the integer-spin
case, the discussion proceeds as for the half-in-
teger-spin case, modulo the complications of the
removal of the subsidiary components with the aid
of the particle-components projection operators
9P =(1 -9,(8)) and the fact that in place of o,
one deals with the operators Q =Q9‘®’, The FW-
transformed generators must then have the same
set of properties as for half-integer spin, and this
leads to the set of FW generators'®

H{PIFW Q(p262a42+ x2c)t /2(1 — 90) = Qgpgu’)’
(4.44)
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PPV B(1-9)=P(1-9,)=p9P, (4.45)
FPR=3(1-9)=(FxF+H1-9),  (4.46)
= 1. = [ -iba
(PYFW _ ) _© $1(PYFW _ 4
K {sz-H tp+< 28»)
-<§x5>a4]}
+[ &,+xc? ’(1—90) (@40

As they should, the generators (4.44)—(4.47) re-
duce to the DKP FW generators (3.49) and (3.52)-
(3.55) in the (8,S)=(1,1) and (1,0) representations
(B~ T, B,2~ (1 -9,)~1), and they also satisfy the
Lie algebra (1.5). The projection operator (1 -4,)
is the continual reminder that we are working with
the particle components, the subsidiary compo-
nents having now been removed. With the excep-
tion of the operators (1 -9,) and @, which is the
particle-components analog of a,™, the above
generators are functionally the same as the FW
half-integer-spin generators. This functional
similarity will continue below.

We will now derive to order ¢ the transforma-
tion from the particle-components generators
(2.23)-(2.26) to the FW generators (4.44)-(4.47).
For now we simply note that this transformation
will have a close functional resemblance to the
half-integer-spin transformation. In the next sec-
tion we will show that this functional dependence
is true to all orders, and in fact one can use this
dependence to derive the exact particle-compo-
nents integer-spin transformation in terms of the
exact half-integer-spin transformation results.

Defining the particle-components FW transfor-
mation as

HPPY = g (4.48)
ﬁ:g(P)exp(ig)S(P)
=g(P)exp<i Y § c-n>g(1’), (4.49)

then with the aid of (4.8) and the A% in (2.25) we
obtain, similarly to the half-integer-spin case,
the equations

(1 -9)@x)c*=HP' T (c?)= (@x)c*(1 - 9,), (4.50)
0= HPF¥(c) =g P{(QiP+ a)(1 -9,)c+i[S,,Qx (1 -9,)]c}8 P, (4.51)
Pt
=9m{i[§2,Q(1 ~9x]+i[5,,@(1 —8,)iB+ a(l -4,)] +;;21[§1,[§1,Q(1 -9,
+(1-8.Q(" 29,6+ D)1 -so>x-l}s“°>, ®.52)
0=HPF¥(c)
= S‘P’{i[§3,Q(1 g x]c+i[8,,Q(1 - 8,)ife a(l - 4,)]c™
+ 80 8, @01 =80l + 8,18, Q0 ~ 8 xIle + 58, 8,,0(1 ~ 8035 - 3(1 -]
208,08, 18,,0(1 -8 0dllet + 5, (1 - 8,00 - Do (B- BNt - so)x]x"}S””- (4.53)

The apparent differences between these equa-
tions and Eqs. (4.11)-(4.14) for half-integer spin
are the last terms in Eqs. (4.52) and (4.53).
These extra terms are due to the elimination of
the subsidiary components, but can be accounted
for by the projection operators 97’ =(1-4,). In
fact, when one explicitly solves the equations, one
finds that the metric-Hermitian solutions to
(4.50)-(4.53) are, up to a phase,

$.(B, @, ay, x) = (1 =9,)S,(B, @, a,, X)(1 - 9,),
(4.54)

n=1,2,3

r
where the S, are functionals with the exact form
as the half-integer-spin transformations S, of Egs.
(4.15)-(4.16). In the next section we will show
that (4.54) holds for all n. As is necessary, the
results (4.54) are equal to the first three terms

in the power-series expansion of the DKP FW
transformation (3.39) and (3.47),

§KP =0, (4.55)

goxe_ & (D7 _ (5'3)2>Bz_,_ijl(ﬁ_ (5-5)2)

2 T m\2m m 4 2m \ 2m m
= (4.56)
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¢>EZ; Pnc™", (4.57)
SDKP_Q, (4.58)

It will be shown in the next section that if the
particle components of an operator in an integer-
spin representation are designated by =0 and
in a half-integer-spin representation by ©, and if

[0® 0,]=[0, a,]=0, [0, a,]=0, (4.59)
then the power-series expansion of (7),

Aaa 4 A AD

UoU™ =8+ 28 A6, , 26 (4.60)

CZ ’

can be functionally related to the power-series ex-
pansion (4.22)-(4.25) of O as

A0,=(1-4,)80,(1 -4,)

=40,(1-9,), alln. (4.61)
This implies that
AXP =A%,(1-4,), alln (4.62)

and in particular for the n=1,2,3 of Eqs. (4.26)-
(4.28). Similarly, following the discussion leading
up to Eq. (4.36), one can exactly say that

ASP) =—AXP XP, alln (4.63)
which yields the exact results

A8P = AT P X (4.64)

Fer 3 _F(q -4,), (4.65)
along with the trivial result

B _BP _5(1 -g,). (4.66)

Now it just remains to obtain K®’F¥, From K‘P
of (2.26) we have in terms of (t,),;=¢,;

R(PFW _ 1 (x(P)FWH(P)FW)

— (PP, c—l(_Eq)(P)FW , (4.67)
where (*t,,)"” can be written as
E)® =[(1-9,)a,, @)1 -9,)]
[(1 ~8,)0,8(-8,) 22 "’ 2 - so)]
= (1,(c*NP? +c7Y( t4(c‘1))”'” . (4.68)

Already having ‘P’ and H‘®FV to order c~3, to
finish obtaining all the terms of (4.67) to order

c”3 we need to calculate A(t,){" and A (£,){7.

This calculation is more complicated than for the
half-integer-spin case because, from the second
line of (4.68), (t,)'™ has terms of order c® and
¢~1, Thus, the A expansion similar to Eqs. (4.22)-
(4.25) has two sets of terms. Keeping track of

them, one finds that

(AT CIRECVRECY S
(4.69)
AP = NP +if§,, (FNP],  (4.70)
AP =if8,, (B~ NP
. i[§2,(I ()]
s BB Ge®l. @)

Calculating these quantities in terms of the half-
integer-spin functionals, one obtains after some
algebra that

(GNP = (1 -9,)L,1 -4,), 4.72)
AP =(1-9)a(t),1-4,), (4.73)
At)P =1 -9,)a(,),0-9,). 4.74)

Combining all these results, we finally have to
order ¢~ 3 that

(Qxc +-§—xa4)(l 9,)-tp(1-9,)

K(P)FW

b2 ORP Lok LR, (0.75)

6k{P = (1 - 9,)(a%,Qx +T,)(1 -9,) =0, (4.76)
GE;P) =(1-9,)[a%,Qx +A(I4)1](1 -94,)
-—( -90)(————§ng+ iﬁ>a4(1 -4, @)

AX, p? -
kP =(1-9,) [—xléi—ai +AX,QX +A(f4)2jl 1-4,)

=0, (4.78)

which agrees with (4.47) to order c~3.

Thus we have again explicitly verified up to
third order in c~! that the FW transformation
which diagonalizes the particle-components Hamil-
tonian (2.25) to the form (4.44) also mass-block
diagonalizes the rest of the particle-components
Poincaré generators (2.23), (2.24), and (2.26) to
the forms (4.45)-(4.47).

V. FUNCTIONAL RELATIONSHIP OF PARTICLE-
COMPONENTS INTEGER-SPIN OPERATORS TO
HALF-INTEGER-SPIN OPERATORS

In Sec. IV we gave emphasis to the functional
relationships encountered between the order-by-
order particle-components integer-spin FW gen-
erators and the half-integer-spin operators. In
fact, this relationship is general. If we take a
half-integer-spin operator
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0=0(a,*,a,), (5.1)

then the analogous particle-components integer-
spin operator is directly functionally obtained as

0P =(1-9,)0(Q, a,,)(l - E’%—"5)(1 = %)-
(5.2)

The operation (5.2) is a combination of two simul-
taneous things, changing o, to @ in ©, and “sur-
rounding” the operator O with the.generalized
Sakata-Taketani operators [as described in Egs.
(116.12) and (I15.25)] to yield the integer-spin
particle components.

Previously in this series, we obtained the par-
ticle components in two steps. First the entire
integer-spin quantities were obtained, which in-
clude the integer-spin subsidiary components.
Then the generalized Sakata-Taketani (ST) re-
duction was done on the entire integer-spin op-
erators to obtain the particle-components integer-
spin operators. Recall that the first step of ob-
taining the entire integer-spin quantities was non-
trivial since a, does not have an inverse in integer-
spin representations, owing to its zero eigenvalues
in the subsidiary components. However, as dis-
cussed in II, by using the “decoupling equations”
one could obtain the entire integer-spin quantities
in terms of @, which is the integer-spin analog of
a,” in the particle components but remains zero
in the subsidiary components. These entire in-
teger-spin quantities then had the subsidiary com-
ponents removed by the generalized ST reduction,
yielding the particle components.

The single operation (5.2) is equivalent to the
above two-step procedure. In II and III, where
we were interested in the properties of both the
entire integer-spin operators and the particle-
components integer-spin operators, it was ad-
vantageous to use the two-step procedure. How-
ever, for FW transformations we need to work in
a nonsingular metric space,’? % meaning with the
particle components, and so the procedure of
(5.2) is more direct and transparent.

The procedure (5.2) is intuitively understandable
by remembering that once one has disregarded the
subsidiary components, the two sets of operators
should be functionally related since, after all, the
difference between the half-integer-spin and the
integer-spin fields is algebraically just that they
are different representations of the so(5) algebra.

One will note that all our results are in agree-
ment with (5.2). For example: (i) The particle-
components integer-spin Poincaré generators
(2.23)-(2.26) are functionally related to the half-
integer-spin Poincaré generators (2.8)-(2.12) by
Eq. (5.2); (ii) the particle-components integer-
spin FW Poincaré generators (4.44)-(4.47) are

functionally related to the half-integer-spin FW
Poincaré generators (4.2)-(4.6) by Eq. (5.2); and
(iii) of course, the same result holds for the
order-by-order FW Poincaré generators. Finally,
(iv) the exact integer-spin FW transformation is
functionally related to the half-integer-spin FW
transformation by (5.2). In fact, the second term
in the large parentheses of (5.2) vanishes in this
case, so that

ﬁ(au)puJX)c):(l - gO)U(au)puJX,c)(l _50)’
(5.3)

as we will now show.

First observe that (5.3) is to be intuitively ex-
pected. The FW transformations U™ can be ex-
pressed either as the matrix whose columns are
all of the independent eigenvectors of H or as a
particular functional of the a,. However, since
for integer spin the particle-components eigen-
vectors are given by

B =(1- 805, (5.4)

the matrix of the particle-components eigenvectors
U will be related to the matrix U’ of the entire
integer-spin eigenvectors by [see Eq. (2.7)]
(j“l = (1 _90)[121,122, o rﬁn](l - 90)

=(1-9.)UN(1-9,). (5.5)
Since from (2.1), (2.7), and (5.8) below U™, like
U, is not a functional of &,™, this means one would
expect that (U’)™ has the same functional form as
U™ so that the functional relation of (5.5) should
hold with (U’)™ - U™, and hence with U’ - U.

To see that this is true, consider the expansions
of U and U given in Sec. IV. We know that

U=9®[exp(i§) ‘P

=g [exp(Z §,,c"’>]9””
n=1

~(1- 90)U<1 - i’*%’-‘-"-) (1-4,), (5.6)
U=exp(iS)= exp(i S,,c"'> . (5.7

Now, from Egs. (4.15)-(4.17) S,, S,, and S, have
solutions of the form

S,=A,a,, n=1,23. (5.8)

In fact, by looking at (4.11)-(4.14) one sees that
the set of equations an arbitrary S, must satisfy
implies all the S, must be of the form

S,=A,a,, alln. (5.9)

(This is because the commutators in these equa-
tions always involve some combination of commu-
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tators of the S, commuting with an object that has
an a;‘ on the left.) Thus if one makes an expan-

sion in powers of the exponent of U in Eq. (5.7),

then since
0490=O, (1_ go)gozoy (5.10)

one has that the second term in the large paren-

J
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theses on the right of (5.6) is zero, leaving one with

(1-8,)U(1-8,)=(1 _90)%1 +(1-8,) }jA,,%u —g)+ % [(1 _8) 3 Al - 90)]2+. . .}(1 _4,)

=(1_90)[1+ is?,,c‘u —;-<§i§,,c‘">2+"'](1—90),

where the exterior (1 -9,)’s are the built-in unity
operator of the particle-components space. Thus

8,=(1-4,)S,(1-9,), alln (5.14)
or

S=(1-9)S(1-9,). (5.15)
Finally, the result (4.61) that if

[0,a,]=0 and [8,a,]=0, (5.16)
then the powers-series expansion

060 =8+ —A—%a-%-}-'“ (5.17)

can be functionally related to the analogous expan-
sion for O,

8,=(1-9,)80,(1-9;), alln (5.18)

now follows trivially. Since 4, is a function of a,,
it will commute with © and 6, meaning the second
term in the large parentheses of (5.2) is zero by
(5.10). This directly implies (5.18).

VI. DISCUSSION

In this paper we have shown the existence of
an FW transformation for arbitrary-spin Bhabha
fields, discussed its properties, and have demon-

U=(1-9)U(1-9,). (5.11)
Further, since
a,(l1-9)=a, (1-9)=(1-9,), (5.12)
one can make the algebraic relation
(5.13)

strated how to obtain the power-series expansion
in ¢7L.

The question of the existence of the FW trans-
formation was due to the Bhabha indefinite metric,
as was discussed in Sec. II. It is to be observed
that the Bhabha indefinite metric tells us that it
is the second excited state which has the same
norm as the ground state. Also, since the “in-
trinsic parity” operator is n,, the intrinsic parity
operator has a direct relation to the norm of a
state.

For half-integer spin, given that the ground
state has positive norm and positive intrinsic
parity, the first excited state will have negative
norm and intrinsic parity, the second excited
state will have positive norm and intrinsic parity,
and so forth. Thus, in the (3, ) representation,
one sees from Table I of paper II that the ground
state with spin 3 has positive norm and parity,
the first excited states, since they are spin 3 and
3 particles, have negative norm and parity, and
the second excited states, since they are spin-3,

2, and 2 particles, have positive norm and parity.
For half-integer spin, the antiparticles have the same
norm but opposite intrinsic parity as the particles.

In the same way, for integer spin, if the ground
state has positive norm with, for definiteness,
positive parity (take negative parity for the usual
pseudoscalar mesons if one will), then with each
further excited state, the norm and intrinsic par-
ity change by a minus sign. However, this time,
given the norm and intrinsic parity of a particle,
the antiparticle has opposite norm but the same in-
trinsic parity. This extra change of sign compared
to the half-integer-spin case is due to the zero
eigenvalue block of a,, and hence the extra minus
sign in that block for n,. n,, which is itself the
intrinsic parity operator, is contained in the
metric M =n,a,.

It is this same extra zero eigenvalue block of
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a, which allows an algebraic understanding of

why the Zitterbewegung term is of the order of
p/mc for Dirac, but of the order of p?/m?c? for
the DKP (or KG) case of minimal electromag-
netic coupling. Recall that the FW transformation
diagonalizes the Hamiltonian with respect to mass
states. For the (3, 3) Dirac case with @, diagonal,
the term (p~)* (@)c is nonzero only in the upper
right and lower left (2x2) blocks of the (4x4) @
matrices. Thus the particle fields are coupled
directly to the antiparticle fields. On the other
hand, because of the built-in subsidiary com-
ponents for integer spin, the particle fields are
connected to the antiparticle fields by first being
coupled to the subsidiary components, and then
from the subsidiary components to the antiparticle
fields. Thus a two-step coupling is involved, and
technically that is why the Zitferbewegung term,
which comes from the decoupling of the particle
fields from the antiparticle fields, is of different
order in (p/mc) for the Dirac and DKP cases.
This also means that for high-spin fields there
will be many kinds of Zifterbewegung terms,
owing to the off-diagonal couplings among the
different mass states of the multimass fields and/
or the corresponding antiparticle states. Further,
this different-strength coupling will be evident

in the nonzero components of high-spin eigen-
vectors. There the different components will be
of the order of (p/mc) to some power with respect
to the nonzero component of the rest state eigen-
vector, as we will see exactly in VI® and ap-
proximately in our power series (8, S)=(3, 2
special case example below. [This same argu-
ment explains why the Iachello first-order equa-
tion™ for spin-0 mesons has a Zitterbewegung
term of order (p/mc). His algebra matrices con-
tain #o subsidiary components, and so the par-
ticle and antiparticle states are coupled directly.]

Given the fact that the FW transformation ex-
ists, then it follows by the same arguments that
it also exists as a matter of principle with min-
imal electromagnetic coupling. Then the question
arises if one could not simply take the FW rep-
resentation, meaning the Poincaré generators
are mass-state diagonal, and have a perfectly ac-
ceptable g-number field theory by removing the
negative-normed states from the space. After
all, the FW generators tell us that the original
representation had the probability coming back
into the positive-normed states as fast as it was
leaking out, and so the positive probability was
preserved.

The trouble is that although we can solve the
“indefinite-metric problem’” by using the FW
representation, in doing so another problem has
arisen. The Poincaré generators, and in par-

ticular the Hamiltonian, can no longer be ex-
pressed as a simple first-order polynomial in
ﬁ. (Infact, even in the free case the generators
are an infinite power series in p.) Thisdestroys
all the nice causality features demonstrated in
the ordinary representation in IV.

Thus the Bhabha fields appear of necessity to
have the indefinite metric, with whatever implica-
tions this has for high-spin fields, which have
not as yet been properly understood in any form-
alism. Note that this built-in or “kinematic” in-
definite metric appears to be necessary. This
is contrary to the case of “dynamic” indefinite
metrics where the conclusions of certain stud-
ies®®'!Y argue that those can be removed in a
quantized formalism.

We know that high-spin particles exist in nature
which are stable under electromagnetic inter-
actions. The Q7 is such a particle. Why, then,
can we not find a single-mass, single-spin, high-
spin field theory which is devoid of problems?
One can answer this fundamental question by de-
claring as a matter of faith that the explanation
is either that (a) the answer lies in a unified field
theory of weak and electromagnetic interactions,
meaning the weak decay of the Q7 is the solution,
or that (b) the fundamental fields we must deal
with are quarks and gluons, so that no fundament-
al high-spin field is required. But if one chooses
not to believe either of the above two answers,
then the question remains open.

It is the implication of this series of papers
that the answer may lie in accepting a multimass
multispin field theory, with an indefinite metric.
Perhaps we need a new interpretation of physics
with respect to metrics and probability. We are
not arguing that the Bhabha system is the answer,
but rather that it may be an indication of the di-
rection where the answer could be found. For
example, certain uses of the exceptional groups
in physics!® would change the present probability
interpretation.

As a final point, we wish to exhibit an example
of a high-spin power-series FW transformation
to third order in (¢™'). Specifically this is the
(8,8)=(3, 3) representation. From Table I of II,2
this is a 16-dimensional representation with a
spin-3 ground state of mass 2x/3, and two ex-
cited states of mass 2x, one of spin %, the other
of spin %.

A calculational aid is to rotate the coordinate
system until the momentum is only in the z di-
rection. Then we can conveniently write the a,
and @, matrices in what amounts to an 8 X8 form
which is reminiscent of the p matrix representa-
tion of the y matrices which Dirac has de-
scribed.'%® Specifically, one can write
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where I(2X2) is a two-dimensional unit matrix | ° ol o o = ° @ Io
which multiplies each element of the 8 X8 matrix & + | IF‘
to yield the full (16 X1 6)-dimensional representa- @ -
tion. If we were to have D not parallel to z, then 2
the use of the @, and @, matrices in our discussion N —
would prevent us from using the convenient 8x8 D:N & X
form. ) ”'i"’ ) ) AR ) )
Continuing, from (4.7) and (4.9) we have that - &l
Ut(c™3) =I+ (- iS))c™t + (= iS, - 35,%)c™2 Py T
. L L 1:Q 3),=3 E g
+(=18;-325,5,- 25,5, + £ 5,%)c. ~ > |18 «
i | | g
> |8 [\
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Then cambining (6.1)-(6.3) with the definitions «
(4.15)-(4.17) of S, S,, and S, one obtains after L [ )
matrix multiplication that, in terms of ;
'S
_(DP g
R=({—), 4 '
) b
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When we describe the closed-form FW trans-
formation in VI,®? the reader will see that (6.5) is
indeed the expansion to order (c1)? of the exact
expression. However, already in (6.5) the physics
of the situation is clear. Remember thatthe columns
of (6.5) must be properly normalized eigenvectors
#;, expanded to order c™. The first column is the
ground state of mass 2y/3, spin 3. The second and
fourth columns correspond to the excited state of
mass 2y, spin 3. The third column corresponds to
the excited state of mass 2y, spin 3. Similarly,
one has the antiparticle states in columns five
to eight.

Observe that all the spin-3 states are coupled in
the FW matrix. The spin-3 states are coupled in
two groups of two. Also, the diagonal elements of
the matrix correspond to the nonzero elements in
the rest system (=0). As one goes away from the
diagonal element in a particular column (or row
for that matter), each additional nonzero matrix
element is of order R, i.e., (p/xc), with respect to
the previous one. These are properties which we
said would occur.

Now that we understand the physics of the situa-

tion, we will proceed in VI®® to describe how,
starting from the eigensolutions of the Hamiltonian,
the use of certain theorems will allow an analytic,
closed form, to be given for the exact FW trans-
formation for arbitrary-spin Bhabha fields. We

will also discuss the relationship to other
WOrk.47-49’ 110, 111
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