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Extended hadron model based on the modified sine-Gordon equation
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A baglike potential is proposed which is based on a slight modification of the sine-Gordon equation, The
potential has one absolute minimum and one slightly high local minimum for a period. On the basis of this

potential, an extended hadron model is obtained in one space dimension and the views of MIT and SLAC bag
models are unified. The exact solution has two kinks and is obtained for the scalar field equation which obeys our
potential. The quark field is confined between these two kinks. The scalar and quark field solutions are
analytic with respect to the one-dimensional space variable. Stability is proved classically for the two-kink

solution.

I. INTRODUCTION

There have been several attempts to give the
extended domain on elementary particles. In the
MIT' bag model, the hadron is regarded as a
finite region of space and is called the bag. The
potential is taken as a positive constant B inside
the bag and is zero outside. This mechanism ex-
plains quark confinement. But in this model the
Lagrangian has a clear eut at the boundary of the
bag. Hence the model is not a field theory. We
want to construct the field-theoretical realization
of the MIT bag model. Creutz' takes one quartic
potential with two unequal local minimums and
applies the absolute minimum of the potential
for the vacuum state and the slightly higher local
minimum for the hadron (bag) state. He takes the
scalar field g(x) = P for x& R and g(x) = 0 for
x& R+ ~. Here R is the radius of the bag and~ is the width of the boundary. He takes the
limit hR -0 in order to neglect the effect of the
boundary. Then he finds that the local maximum
of the potential grows to infinity and that this
separates the bag and the vacuum states. But he
assumes the existence of the smooth scalar and
quark fields which realize the stable bag state.
This assumption is unclear. If we construct ex-
plicitly the exact analytic solutions of the scalar
and quark field equations in the whole space
of one dimension, we can see the existence
of the smooth fields. In this paper it will be
proved that the exact analytic solutions can be
constructed and that these solutions give the stable
bag state. Also, Vinciarelli' gives the numerical
solutions of the nonlinear scalar field equation for
the quartic potential with two unequal local mini-
mums in the spherically symmetric case And of the
corresponding quark field equation. His estima-
tion is numerical, and so it is unclear whether
his solutions realize the stable bag state or not.

On the other hand, Bardeen et a/. 4 consider the

quartic potential with two equal minimums. In
this case, the exact analytic solution of the non-
linear scalar field equation is known in one space
dimension. The exact solution of the quark field
equation is also found, which has one peak localized
at one boundary of the hadron and corresponds to
the solution of the scalar field equation. The
solution gx) of the nonlinear field equation is
monotonic and has one kink and two limits, Q(~)
=f, P(- ~) = f, while the —extended hadron has
two boundaries in one space dimension. But it
does not appear that the quartic potential with
two equal minimums admits such a solution.

In this situation it seems useful to consider the
scalar field g(x) which is monotonic and ha.s two
kinks and two limits, &f (~) =f, P(- ~) = f. We-
take the sine-Gordon equation as the candidate
for the nonlinear scalar field equation, because this
equation has the period with respect to Q and so ap-
pears to admit the two-kink solution with the mono-
tonic property. In fact, it will be shown that the slight
modification of the sine-Gordon equation gives the
expected solution. Also, on the corresponding po-
tential, the field g(x) is for the vacuum state at
the absolute minimum in the spatially far regions,
i.e., outside of the bag, and is for the bag state at
the slightly higher local minimum in the neighbor-
hood of the spatial origin, i.e., inside of the bag.
This is exactly the situation in the MIT bag model.
Hence we will unify the views of the MET and
SLAC bag models.

We can explain the quark-confinement mecha-
nism on the basis of two exact solutions: Qne is
for the modified sine-Gordon equation of the
neutral scalar field and the other is for the quark
field equation, in which the quark field P intera. cts
with the scalar field Q through the coupling PPQ.
Two positions of kinks are interpreted as two
boundaries of the extended hadron in one space
dimension. The scalar field is approximately
zero inside the boundaries and is approximately
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a nonzero constant outside. The quark field is
nearly constant inside the boundaries and is neg-
ligibly small outside. Therefore the quark-con-
finement mechanism can be explained.

In Sec. II the preliminary framework is given.
In Sec. ID the modification of the sine-Gordon
equation is proposed and the properties of the
exact solution are examined. In Sec. IV the
stability is proved classically for our exact
solution. In Sec. V the quark field equation is
investigated and is solved exactly. In Sec. VI
the quark-confinement mechanism is explained.

(2.11)

with real p.

III. THE MODIFIED SINE-GORDON EQUATION

We consider the sine-Gordon Lagrangian

m' vX):= —,'(s„(,)' — i —cos @,) (3.1)

in one space dimension. It is mell known that the
sine-Gordon equation

II. PRELIMINARY FRAMEWORK

We start with the modej. Lagrangian density

& = -'(6.4)' - l'(4) —~fy"8.4 MA'- -r44A . (2 1)

(2.2)

Here (t) is the neutral scalar field, V((t)) is the
potential with two unequal local minimums, P is
the set of quark fields,

d' m'
d, (f&,(x) = sin y, (x)

has the solution

( ) tan- let ni(o: -xo)4m

This solution has only one kink at x= x, . For
simplicity we set

(3.2)

(3.3)

(3.4)

where n denotes the number of quarks, and M is
the total bare ma. ss of the quarks. Then the
Euler-Lagrange equations are y(x) = y, (x) —y, (x), (3.5)

Now let us construct the two-kink solution. Making
use of the one-kink solution (3.3), we take

and

(s,'- &')0+ 1"(0) = g4P-

(iy &, —iy V+gp+ M)(i) = 0 .

(2.3)

(2.4)

where P, (x) and (t), (x) are given by

tan[(t), (x)/4] = e"'s (3.6)

We consider time-independent exact solutions
of Eqs. (2.3) and (2.4) in one space dimension
under the subsidiary condition

Then Eqs. (2.3) and (2.4) reduce to

tan[ y, (x)/4] = e-"'s . (3.7)

Here 2R is the distance between two kinks and R
is supposed to be the radius of the bag. Then me
obtain

y(x) tan(y, /4) —tan(y, /4)
4 1+ tan((t), /4) tan((t), /4)

-„—;— y(x) = V'(y) (2.6) sinhx
coshR ' (3.8)

The Dirac matrices y~ can be taken as

(2.7)

The value of P(x) is —2)i at x= —~, and is nearly
zero around x= 0. Hence we see the period 4w of P,
and we consider g(x) between —2m and 27(.

Our field (t)(x) leads to

(2.8)
d~ =2 sin ~ cothx .
dx (3.9)

The condition (2.5) i.s accomplished for

(2.9)

(2.10)

Therefore me obtain the field equation for the
neutral scala, r field g(x):

d'
,— = sin( —(coshR) ' sin( s Os(n —

)
. (O. ln)

This equation reduces to the usual sine-Gordon
equation when tmo kinks are far away: R -~.
So we call this equation (3.10) the modified sine-
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Gordon equation. This equation is given by the
potential

We say that the system i.s stable if the conditions

(4.2)

This potential is invariant for the discrete sym-
metry (t) -—p and has the period 4EI. The absolute
minimum 1s zero a't Q = —27I and 271 Rill flic sllgll'tly
high local minimum is 8(coshR) ' at &t) ==0. Our
potential has the values 0.0012687 at (t) = 0 and
2.0031718 at (t) = II for the concrete parameter
values n~ = 1 GeV and Jt', =- 1 fm == 5.06769 GeV '.
Hence it is difficult to distinguish our potential
and the usual sine-Gordon potential 1 —cos(t) in
terms of a picture. So the figure of our potential
V(p) is not given.

Next we estimate the total encl gy of our solution

off l Vll(y)yf 0

The form of J, i.s rewritten as

(4.4)

dX 'g ——
q g (4.5)

from Eq. (4.4), and

pll
0= d —,rP

dx". &"
gg+

&"'
g

(4.3)

are satisfied for any small number n. The field
equation (2.6) gives us Eq. (4.2) and

(4.6)

2y j !2
2 JT

16~v' 32m A
& sinh(2mR) (3.12)

JV. STABILITY OF THE NEUTRAL SCALAR
FIELD SOLUTION

In this section we prove the stability of the
solution (3.8) of the neutral scalar field equa, tion
(3.10). We consider the following quantity for a
small number a and an arbitrary differentiable
function El(x) with the boundary conditions Ii(~)
=n( -}=0:-
E(~)= « — —lf(~)+~fl(*)l +(f(f+an)I2 ]dx

dx [—, (t)"+ V((t)) ] + n dx[ tt)'El'+ V'((t))I)]

Here we write explicitly X and m for comparison
with other works. This value reduces to 16m'/X
as P.-~. This is twice that of the case of the
usual sine-Gordon equation. The reason is that
the period is twice that for the usua. l case. Hence
we obtained the exact analytic solution (3.8) of the
neutral scalar field equation (3.10) for the baglike
potential (3.1l.) in the space of one dimension.
This solution has two kinks and the tota. l energy
(3.12).

Here we used the fact that our solution (3.8) is
monotonically increasing and its derivative Q' is
not zero between the boundaries x= ~ a,nd x= —~.
Then we obtain the estimate (4.3), if Ii is not pro-
portional to p'. The case in which El is propor-
tional to p' shows the translational invariance of
our system. Hence we have proved the stability
of our scala, r field solution.

—I)(x)+ [gtt)(x)+M]u(x) =0
dx (5.1)

6,

dx
—'

u(x)+ [gtt)(x)+M]E)(x) =0 (5.2)

in one space dimension under the representation
(2.9) of the Dirac matrix. Then we get

d d
I) (x) —I) (x) —u(x) —u(x) = 0,dx dx

(5.3)

V. THE QUARK FIELB EQUATION

In this section we derive the time-independent
exact solution of the field equati. on for the qua. rks
interacting with the neutral scalar field (3.8). The
field equ;. tion (2.4)

(jy 9, —Iy ' Ef'+ gQ + M) $ = 0

is separa, ted into the two equations

«[El"+ V"(e)n'"']+ 0(n')

Q
=- E+ nZ, + —.T, + O(n') . (4.1)

and 80

['l) (x)] —[u (x)]"= COElstant

Then Eqs. (2.11) a.nd (5.4) lead to

I) (x) = ~ u(x) .

(5.4)

(5.5)
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(3.8) and (5.7) are shown in Fig. 1. As is shown
in Sec. V and Fig. 1, the exact solution tells us
that the quark field u(x) is localized inside of the
bounda. ries x = sA and is negligible outside. The
quark mass is

922
=g y(x)+M .

8 8( (6.1)

The quark must get over the large-mass wall in
order to appear singly. The quark field damps
negligibly outside of the hadron, if the quark over-
comes the wall. It is noted tha, t the value of M is
inessential in our considerations.

FIG. 1. The exact solution Q (x) of the neutral scalar
field equation for the modified sine-Gordon potential
V(ft)) and the exact solution u (x) of the quark field equa-
tion. The dashed line refers to Q(x) and the solid
line refers to u(x). The parameters are taken as g=1,I=0, 4A =m=1 GeV, and R =1 fm=5.06769 GeV ~.

So two equations (5.1) and (5.2) are unified as

—u(x) +[ gy(x)+M]u(x) =0 .cl

dx
(5.6)

Then from our scalar field solution (3.8), we ob-
tain the exact analytic solution of the quark field
equation (5.6)

u(x) =A exp —g
x

eoshmR

(5.7)

where A. is an arbitrary constant, and we take the
minus sign of +g in order to make u(x) finite at
x= + ~. Here it is noted that the integral in the
solution (5.7) cannot be expressed by the elementa-
ry functions and that the quark bare mass M is
inessential in our considerations.

VI. THE QUARK-CONFINEMENT MECHANISM

In this section we give an explanation of the
quark-confinement mechanism. The hadron is
regarded as an extended region of one-dimen-
sional space containing quarks. The quark fields
g(x) interact with the neutral scalar field Q(x).
The scalar field P(x) can be considered as a
vessel of the quark fields. We have considered
the modified sine-Gordon-type potential of the
scalar field p(x). This potential has two local
minimums in the unit period. The vacuum state
is settled at the absolute minimum and the hadron
state is around a slightly high local minimum of
the potential V(p). The hadron state is surrounded
by two high potential walls. So any quark must
get over one of these high walls in order to appear
singly outside of the hadron.

Two typical scalar and quark field solutions

VII. DISCUSSION

In this paper we constructed a field-theoretica, l
version of the MIT ba, g model' in one spa, ee dimen-
sion. The va.euum sta, te is at the absolute mini-
mum of our potential and the hadron (bag) state
is at the slightly high local minimum. Our solu-
of the neutral scalar field equation is exact,
analytic, monotonieally increasing, and has the
values —2w at the negative infinite region, 2g at
the positive infinite region, and approximately
zero inside the bag. The quark field solution is
exact, analytic, and confined within the bag. It
should be noticed that our scalar and quark field
solutions are exact and analytic in the whole space
of one dimension, while the usua, l solutions of the
MIT bag-type model have a, clear cut a,t the sur-
face of the bag.

Also our model realizes the point of the SLAC
bag model. 4 Our model is one field theory with
the quark-conf inement mechanism. The quark
field is confined inside the bag volume according
to the classical picture as pointed out by Bardeen
et al. , although the quark field is not confined at
the bag surfa. ce as they proposed.

Next we consider the quark mass (6.1). The
value is

~r =g rt r+m (7.1)

in the interior of the bag, strictly in the center,
and is

(7 2)

in the exterior of the bag, strictly in the vacuum.
Hence the value of the quark mass is infinite out-
side of the bag at the weak-coupling limit X-O.
This justifies the following quark-confinement
mechanism at the weak-coupling limit: The quarks
are massless inside of the bag and have a mass of
inf inite value outside.

We compare the energy density of our baglike
model with the phenomenological parameter value.
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The energy density B is V(P = 0) in our model and
so B' = 0.189 QeV for our parameter values X= 1,
m = 1 GeV, and R = 1 fm. This value can be com-
pared with the phenomenological value' B' ~

=0.146 QeV. This value is attained by the value
R =1.1 fm. This fact supports the position that
our parameter values are reasonable, although
our values were taken very simply.

We now note the following. We took the combina-
tion e"' —e "' in Sec. III for the two-kink solu-
tion. If we take the form e"'~+e 'R, we can ob-
tain the exact analytic solution of the correspon-
ding neutral scalar field equation. But our pre-
scription in Sec. IV cannot prove the stability of
this solution, because the derivative of this solu-
tion is zero.

To sum up, we constructed the exact analytic
solution of the baglike potential in the whole space

of one dimension and we explained the quark-con-
finement mechanism.¹teadded in proof. In this paper we discussed
the modified sine-Gordon equation. We can also
construct' the neutral scalar field equation on the
basis of the eighth-order polynomial potential

which is the baglike potential and gives the exact
analytic solution with two kinks for the field equa-
tion. Although the potential has no period, this
solution and the corresponding one of the quark
field equation are very similar. to our solutions
in this paper. Therefore we can also have the
quark-confinement mechanism on the basis of the
exact analytic solutions of the scalar and quark
field equations for the baglike polynomial potential.
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