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The mathematical definition of what is intuitively called a “plane wave” on the curved background of a black
hole is clarified and discussed from the viewpoints of potentials and fields. Because of the long-range
Newtonian part of the gravitational field the asymptotic wave fronts of an incident “plane wave” (describing a
radiative perturbation for a scattering experiment) are distorted in a manner analogous to the wave fronts of
an electron beam in the quantum-mechanical Coulomb scattering problem. In addition, the electromagnetic
and gravitational fields can be described with either a potential formalism (i.e., the vector potential and the
metric perturbation) or a field formalism (i.e., the electromagnetic-field tensor and the Riemann tensor). In
this paper we present a distorted “plane wave” prescription, necessary for the calculation of the scattering
cross sections of electromagnetic and gravitational waves off of a black hole, which agrees with the accepted
prescription for a massless scalar field and satisfies the intuitive notions of what constitutes a “plane wave” in

terms of potentials and fields.

I. INTRODUCTION

In order to discuss the scalar, electromagnetic,
and gravitational scattering cross sections of a
black hole, it is necessary (as with any scattering
problem) to find an asymptotic form for the field,
a solution of the appropriate wave equation con-
sisting of an incident plane wave and a term de-
scribing the scattered wave. In the mathematical
formulation of the black-hole scattering problem,
one must consider both the long-range Newtonian
field, which distorts the shape of the wave fronts
even infinitely far away from the scattering cen-
ter, and the existence of a horizon, which forces
the replacement of the usual boundary condition of
regularity at the origin with an “ingoing flux” con-
dition at the horizon. In this paper we illustrate
how these features affect the definition of a plane
wave and present formulas for the Weyl tensor
components ¥, and , for a plane wave incident
along the symmetry axis of a Kerr black hole.
(The electromagnetic case is treated in Appendix
B.) These formulas will be used in a subsequent
paper to find the gravitational-radiation scattering
cross section of a Kerr black hole."

We first review electron scattering in a Coulomb
field, the archetype of the long-range-force scat-
tering problem. The result provides guidance in
Sec. III, where the gravitational-plane-wave prob-
lem is considered and partial-wave amplitudes for
an incident plane wave are found. In the final sec-
tion, we give an alternate derivation of the gravita-
tional-plane-wave formulas for the purpose of il-
lustrating an interesting property of black-hole
scattering and the Bianchi identities.

II. ELECTRON SCATTERING IN A COULOMB FIELD

The problem of the scattering of (spinless) elec-
trons off a point charge, as shown by Gordon,?
has a closed-form analytic solution in parabolic
cylindrical coordinates in terms of hypergeometric
functions. The asymptotic form of this solution,

¥, explivlz - 2M Inw(r - 2)]}
+-j%(’6—) exp{iufr +2M1n (2wr)]}, 2.1
with

exp{iwMIn[sin®(36)] +im + 2in}
2.2)

-M
Je= sin®(36)

and
N, =argl'(l - 2iwM), (2.3)

displays the existence of a logarithmic adjustment
in the phase term of the second part (the “scat-
tered piece”) as well as very distorted phase fronts
in the first piece (the incident plane wave). (This
solution is for the attractive scattering between

a fixed-force center and a scalar electron with the
parameter choice #Z%/21. =1, where 1 is the mass
of the scattered particle, and with attractive
charges of magnitude Ze? =4 Mw?. In this form it
directly gives the Newtonian gravitational limit of
scattering of a scalar massless field of frequency
|w| in a field generated by a mass M.) This identi-
fication of the two parts of (2.1) is justified by the
resultant cross section using |f,(8)|?, which gives
the experimentally measured classical Rutherford
cross section.?
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Because the Coulomb potential is spherically
symmetric, the scattering problem also can be
approached in terms of an I, mode sum for each
incident positive-energy state. This is essential
for the analysis of a plane wave on a Kerr back-
ground. No closed-form solution for a gravita-
tional plane wave is known [cf. (2.1)], and the only
analytical technique available in the Kerr geometry
is based on the separability and decoupling of the
perturbation equations. Such an approach amounts
to a partial-wave analysis using the spin-weighted
spheroidal harmonics.* If in the Coulomb case
the angular functions in the mode sum are taken to
be spherical harmonics so that

o = ij(r, w)P,(6), (2.4)

then the u; are related to hypergeometric functions,

=Cr'et " F(l +1 -2 Mw, 2l +2, - 2iwr), (2.5)
and their asymptotic form is

w;~ 7" explriow +2 MIn2wr — 37 +7,)], (2.6)

with
n; =argl(l +1 = 2i Mw). (2.7)

To solve a scattering problem from this mode-
sum approach, the incident plane wave must be
extracted from the full solution (2.4). Such may be
done by subtracting the scattered piece, as de-
termined by (2.1), from (2.4) provided that f,(6) in
(2.1) be expanded in terms of spherical harmonics.
As shown by Schiff,® the expansion of f,(9) is

6= 55 2@+ DR, (2.8)
or
10)= 3 20 @L+DPE) e - 1), (2.9)

since E, (21 +1)P,(6) =46(1 — cos@) vanishes for
6+0. Hence, we find from (2.1), (2.4), and (2.9)
that the asymptotic incident plane wave is
L @1+ 1)etre - (~1)'e“%]|P,(6),  (2.10)
2iwr 9
where 7, =7 +2MIn2wr. This is identical to the
asymptotic form for a flat-space plane wave with
the single exception that 7, replaces 7 in the ex-
ponents (only).

IIIl. GRAVITATIONAL PLANE WAVES

The analysis of the previous section suggests
that a partial-wave analysis of a plane wave in a
long-range force should proceed by constructing
the partial-wave decomposition of a free plane

wave, replacing 7 by 7, in the exponents, and
treating the problem like a short-range potential
with 7, the natural variable (instead of ). Prob-
lems involving short-range forces superimposed
on the Coulomb background have been treated in
this way.?

Here we study the scattering of waves in black-
hole backgrounds, considering both rotating and
nonrotating black holes. In both cases the equa-
tions describing the propagation of massless sca-
lar, electromagnetic, and gravitational waves in
the background can be separated into a sum over
spheroidal (or spherical) harmonics, with a har-
monic time dependence and a radial (») functional
dependence which in general has to be integrated
numerically.>%7® In the text we concentrate on
the gravitational problem; the electromagnetic
case is treated in Appendix B (for an alternate
treatment see Herlt and Stephani®); for the scalar
case see Matzner.?

In outline, to describe the distorted incident
plane wave in the case of a nonzero gravitational
background, we choose the ingoing and outgoing
pieces of a transverse-tracefree metric perturba-
tion k,, to have the same values as the correspond-
ing plane wave in a flat spacetime background.
Then we modify the phases by making the replace-
ment ¥ - 7*,

1 2 r
P [(r,, +a%1n <r,, - 1>

-7 2+ad 1n<;1: - 1>] +const,

r*=7r +

(3.1)

where 7, are the roots to 7> -2M7 +a®*=0, and a
and M are the angular momentum parameter and
the mass of a Kerr black hole.'! For the
Schwarzschild (a =0) case, (3.1) reduces to the
Regge-Wheeler coordinate'®

=7 +2Mln (__r__ 1) +const, (3.2)

*
7 sy M

a form suggestively similar to the radial coordi-
nate in the Coulomb background. The WKB solu-
tions of the Regge-Wheeler and Zerilli'® equations
for odd and even gravitational perturbations of a
Schwarzschild black hole have solutions of the
form exp(+iwr* —iwf), sor* is an appropriate
radial variable.

The asymptotic form of ., determined by the
v -7 * replacement is matched to a solution to the
Kerr metric perturbation equations. By differ-
entiation we then obtain from the perturbed metric
(the asymptotic form is not sufficient) the field
quantities ¢, and ¢,, which are taken to represent
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the distorted plane wave.

On a flat background a transverse-tracefree
plane gravitational wave traveling up the z axis
is given in Cartesian coordinates by

0 0 0 0
0 cosw(t -z) sinw(t-z) 0
hyy=h . (3.3
0 sinw(t ~z) —cosw(t-2) 0
0 0 0 0

[Throughout this paper we consider only mono-
chromatic waves of frequency |w|; a positive (neg-
ative) choice of w corresponds to a left (right)
circularly polarized wave.] To facilitate a com-
parison with the » -« limit of a Kerr metric per-
turbation we project this tensor onto the complex
m! legs of a null tetrad' compatible with the flat
background [see (A2)] and expand these scalars

in spin-weighted spheroidal harmonics ;Z7(6;aw)
of the appropriate spin weight’

hmm =h’uumumu>

2
T iwr

(3.4)

B im =% {N73(~aw) ,Z;%(~aw) expl-iw@ ~ 1))

mm7=>co

+N?%, p(aw) ZHaw) expl-iw(r +1)]},

and

B 52 3 LN (a6) - Z3(aw) explilr = 1)

wy
+ o NiZ(—aw) _,Z7%(~aw)
x expliw(r +1)]}, (3.5)

where (N7., and ;N7., are the numerical coeffi-
cients discussed in Appendix A. The expressions
given by (3.4) and (3.5) are transverse-tracefree
for each [,m mode.

With the substitution of » * for  in the exponents,
we match these metric plane-wave perturbations
to the Kerr metric perturbations at infinity. It can
be shown that the transverse-tracefree compo-
nents are gauge invariant under any gauge trans-
formation which leaves the metric perturbation—
as expressed in any frame with constant-norm
basis vectors—falling off as »~! or faster at in-
finity.'**'* Hence, we can match coefficients in any
gauge which satisfies this condition.

Chrzanowski'® has given formulas for the per-
turbed Kerr metric (see Table I and Appendix A
for an explanation of the notation) in two distinct
gauges, neither of which, in general, is trans-
verse-tracefree near spatial infinity. However,
these metric perturbations are transverse-trace-
free as r -« in the ingoing gauge (outgoing gauge)
provided that the perturbation is pure ingoing (out-
going) at infinity.

To proceed in this situation, we must match the
incident plane wave to two particular homogeneous
metric perturbations labeled k33 and hy3™. As
shown in Fig. 1, k), is the solution which vanishes
on past null infinity () and corresponds to flux
emerging from the past horizon, traveling toward
future null infinity (9*) with some flux scattered
back toward the future horizon; and k3™ is the
solution which vanishes on future null infinity.
Hence, h} and h;’,':,"" are linearly independent solu-
tions which correspond, respectively, to pure out-
going and pure ingoing radiation at spatial infinity.

The metric perturbation h,‘}‘:,"“ has the property
that it is asymptotically transverse-tracefree at
spatial infinity in the ingoing gauge, so it may be
matched to the ingoing piece of the plane wave
given in (3.4) and (3.5). k"™ may be expanded into
a mode sum:

do Y Kinsp 3™, lmeP),

down _
k" =
-c i,m,P

(3.6)
where &, (x,lmwP) is the I,m, w, P mode of the
perturbed metric as given in Table I (in this case,
in the ingoing gauge). The asymptotic form of the
transverse-tracefree piece is

© - wn —, X |—z‘51’*+t ]
do Y K, Zraw) ZE ,,( )

haad 1,m,P

hdovm ~

mm 7> ’

(3.7

when one takes the normalization

— l_'_ * |
_szowne-lwt ~ éﬁ_ exp Z:)(’r +t) (3.8)

r—>c

for the radial function which appears in the in-
going-gauge expression for 2 (x, ImwP) in Table
I. The constants K;,zp, to be determined by com-
parison with (3.4), satisfy the crossing relation

down

FIG. 1. The properties of the scattering solutions
labeled “up” and “down’” are illustrated above with the
aid of Penrose conformal diagrams of a Kerr black hole.
An ‘“up” solution consists of a wave packet initially
coming ‘“up” from the past horizon, propagating out to
9% , and scattering back through the future horizon. For
a “down” solution the final state consists of waves going
“down” the future horizon with no radiation arriving at
g+
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TABLE I. Perturbed potentials and field quantities.

Ingoing Radiation Gauge: A lF=hy,,IY=h=0

Ay (5, ImwP=2)= [<1 (6% + 28% + %) + m} (D + 26* + p¥)] 4R () 1 216, aw)e ot

+P[=1,(6+2B+T)+my(D+2€+p)] LRy, (r) 4 Z70, aw)e ™t

hu,,(x,lme= +)= {—lulv(6*+ a+3B*— T*)(6*+4B* +37*) — m;m,",‘(D—p*+3€ *—e)(D+3p*+4e*)

+lmE [(D+p—p*+e+3e*)(6*+4B*+371%)

+(0%+3B* — o= m— T*ND +3p*+4€*) ]} 4R, (1) 12270, aw)e !

+P{—lul,,(6+ a*+3B —T)6+4B+37)—mym,(D—p+3€—e*)(D+3p+4e)

+1(ym,)[(D+p* — p+e*+3€)(5+48 +37)
+(6+3B8 — a*— 1* —7)(D+3p+4¢€)]} 2R ) _zZ}"(O,aw)e"'w',

Outgoing Radiation Gauge: A n¥=h,,n"=h{j=0

Ay(x,ImwP=2)=p* 2 [n,(6+ T = 20%) = my (A+ p* = 27 *)] 1R, (") - 210, aw)e ™It

+Pp~ [n, (6% + = 20) = mA(A+p—27)] 1Ry (¥) 1 Z(6, aw)e ™t

By, (%, imwP=+)=p**{—n n, (6—3a* =B +51%)(6—4a*+ %) —m,m (A+5p* = 3y*+ y)(A+ p* —4y%)
By uy pty
+n(um,,)[(6+57r*+B—301*+T)(A+u*—4y*)
+(A+5p* — p—3y* = y) (6= 4a*+ 1)} 2R () 2276, aw) et

+Pp'4{—nuny(6*— 3a—B*+5m)(6*—4a+ ) — m,"jmﬁ(A'F Su—3y+y*)(A+pu—4y)

+neumdy (8% + 51+ B* = 3a+ 7¥)(A+ p—4v)

+(A+5pu— p* =3y — y*)(6* —da+ M} 3R pmo(?) 22716, aw)e™ @t

bo=(D—€+e*—p*A,— (6+ - B — a*)4,
Pr=(0*+ a+B¥—THA, — (A+p*+y —y*)A,«

2= (6+ ™ = 38 — @*)(8+ T — 28 —2a%);; + (D — p* — 3e +€*)(D — p* — 2¢ + 26 M),

—[(D—p*=3e+e*)(6+2m* = 2B)+ (5+ ™ = 3B — a*)(D — 2p* — 2€) i )

294 = (6% — 7*+3a+ BX)(6* = X+ 2+ 2B%)h, , + (A+ p*+ 3y = YA+ ¥+ 27 = 2Y ¥V sk

—[(A+p*+3y — y*)(6* —27* +2a) + (6* — T* + B+ B*NA+2u* +2) 1 %) -

[Kimwp) *=PK; _m-wp> (3.9)

required for the metric 23" to be real. P takes
on the values +1 according to the parity state.

The ingoing piece of (3.4), when matched to (3.7)
after the » -7 * exponent substitution, implies that

own 2R _
DK==y N s@elpd@-w).  (3.10)

The crossing relations then give

down

Koy = 7T N (@000 (@ = ) = PO 8@+ )],
(3.11)

The outgoing piece of our plane wave may be used
to fix the amplitude of 2, in the outgoing gauge,
which is transverse-tracefree at infinity for an
“up” solution. If we take

o i 1 expliwlr*-t
+2R Pe “"‘;};ﬁ? P w,fs )] (3-12)
in the outgoing gauge in Table I, then
B = f _ dB’;PK,"zmph‘;‘;(x,lmGP) (3.13)
and
- — explivtr*-¢
e [ do Y KBz, i) S0
= "M,
(3.14)

together with (3.9). Comparison of &Py, x with the
outgoing part of (3.5) gives

Kirgp==(-1)""K v,

when (A10) is used.
The metric perturbations k% and hi3™ together

(3.15)
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constitute the asymptotic plane wave, yet they can-

not simply be added since they are in different
gauges. However, the perturbed Riemann tensor
is obtained by linear operations on huw SO we may
calculate the perturbed §, and y ,—being gauge in-
variant—by taking the sum of each of the contri-
butions of £3% and 2i3™. This avoids worry about
adding two metric perturbations in different
gauges.

To obtain a formula for o™, for example, we

insert (3.6) with h{9™ (x,lmwP) given by the ingoing-

gauge expression in Table I into the equation for
¥, also listed in the table. The resultant expres-
sion for yde*n, consisting of a fourth-order differ-
ential operator acting on some combination of
-oR¥™ with ,Z}(aw) and _,Z}(aw), may be simpli-
fied using the properties of the Teukolsky func-
tions. The formulas, valid at all radii, obtained
in this fashion are

00
= ” d =\ ,=iw
= [ do K, R 27w
1

~o

—8p4p o = f do Y (ReC +12i MoP)
ImP

-co

XK imsp -:R*™ 27 (@w)e™",

(3.16)
_g,pgp=f°° do Y, (ReC - 12i MoP)
=t ImP

XK inop +2R“p+zZ;"(a$)e"“",

-so7yp= [ do 2 ICIK i LR 27w,

where
C =ReC +12i Mw (3.17)

is defined by (A16). With regards to the deriva-
tion of the above, it is important to note that the
asymptotic form of the perturbed metric does not
constitute sufficient information to derive the

¥ - limit of (3.16) needed to specify an incident
plane wave. This is why the asymptotic perturbed
metric has been matched to exact formulas for
Kerr metric perturbations.

Rather than directly sum the coefficients as in
(3.16) we choose to consider each I,m, w, P mode
separately since this is how they enter numerical
calculations. Egs. (3.11), (3.15), and (3.16) allow
us to write

—(w(y*«& t) _
3”" 2lw|2N——-—+2ZT(aw),
(_1)l+mN iw(r*-t) -
of~ —Bru;l—z—- ReC - 12ZPMw)———'— +22] (aw),
(3.18)
omiBEr*+t) _
down _ 32| lz(Rec +12{PMw) —5— 22T (aw),
eiw(r*-t) _
§iP ~ H=D) | N — 270,
with
hn (1+P)/2
=—zw2N' "(aw)<z> (319)

for the nonzero modes: m=2; w=w; P=+1, -1;
1>22)and m=-2; w=-w; P=+1,-1; 1> 2).
obtain (3.18) we have used the fact that
s ReomgeiDt 167 SXziwlrt+) 'i:,’(r*”)],
(3.20)
47.3"2

up = w o -
_,R"Petvt ~ Ik expli wr* - 1)]

are normalizations consistent with (3.8) and (3.12).
Our representation of a distorted plane wave in

Y,, then, is the sum (for the accessible [,m, w, P
modes) 5P +y4°¥"; similarly, Pgr+Ppdo*" is the cor-
responding distorted plane wave in ¥,.

The prescription that we have followed to obtain
the above, namely substituting » - r* in the expo-
nents, can be seen to give, in fact, a minimally
distorted plane wave from the following argument.
A typical component of the flat-space metric is

k. =h Re{expliw(z - )]}, (3.21)

or asymptotically

1
2iwr

by, ~ hRe{ et ) (2L +1)er - (-1)'e"‘”']P,(6)} ,

(3.22)

since

elwz ~ 2_33 E(zz 1)[eiwr ( 1)1 -iwr] (9)
(3.23)

According to our prescription, we then make the

substitution » -7 * in the exponents in (3.22). (The
metric k,, should strictly be expressed in spheri-
cal coordinates before the spherical harmonic de-
composition, but the terms arising in this way do
not affect the phase exponents.) The sum in (3.22)
becomes precisely the sum which gives the dis-
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torted scalar plane wave appearing in (2.1). Hence,

the metric is

hes ==hy, =h Re{expliwtz -2 Mnw(r -z) - )]},

(3.24)
hy,=h Im{expliw - 2MInw(r -2z) - D},

which is the flat-space expression with the dis-
torted phase.

This minimally distorted plane wave (3.24) is
transverse to lowest order in M/7 in the incident
region (z <0), and it suffers all the peculiarities
of the scalar expression for z =7 downstream of
the scattering. However, it must be remembered
that these are only asymptotic expressions, so the
singularity near » —z =0 (angle of scattering near
zero) is masked because of the long-range small-
angle tail of the Newtonian scattering.

IV. A RIEMANN-TENSOR APPROACH TO
GRAVITATIONAL PLANE WAVES

The Riemann tensor components }, and ¢, for a
distorted plane wave may be derived by more di-
rect alternate means that do not necessitate the
introduction of formulas for the Keri metric per-
turbations. This second method for deriving for-
mulas for §, and ¥, entails making the substitution
7 —7* in the flat-space formulas for $°" and §.°
and using the Newman- Penrose equations to de-
termine the »~° terms y¥° and p°*". By following
this procedure, we implicitly build in a phase re-
lation between the ingoing and outgoing pieces of
the distorted plane wave, which is difficult to jus-

tify as being the correct choice of phase. However,

the resultant formulas are identical to those found
in Sec. III (i.e. the ingoing-outgoing phase relation
coincides with our previous choice), thereby giv-
ing us added confidence in (3.18) for ¥, and y,.

For a plane gravitational wave traveling up the
z axis on a flat background, it is straightforward
to show that

¥o=b(1 - cos8)%e??expliw(z - 1)], (4.1)
P,=1b(1+cosb)%e??expliw(z - 1)], (4.2)

(b = -3hw?, which may be expanded in terms of
spheroidal harmonics to find the asymptotic forms

28 [24 Nl )r,(aw) iwr _gsz,n(Z:-’)e-wr]

X ,ZHaw)e vt (4.3)

and

elwr 2 —-fwr
2217 [_2N, 10(aw) —— 24 '2N'=(';(;;‘§)e }

X _,ZHaw)e ¢, (4.4)

If we follow the prescription of setting » =7 * in
the exponents and taking the resulting expressions
as the asymptotic values of y, and §, on the Kerr
background, then the power flux per  mode of in-
going and outgoing radiation at infinity (as com-
puted from ¢,) does not balance. Using (4.4) and
the Press and Teukolsky formulas® for power flux
in terms of §,, we obtain

dEin 128w6 4r%?

dt ]clz wm (24)2(-2N12;1r)2 (4~5)
and

dE oy 1 2b

q I o e N (4.6)

As shown in Appendix A, their ratio is given by

dEout _(_ZN;Z.O) 2
s - 256 ICl

(24)2 ZN?;W)_z

__lep
- TReCT®" 4.7

and is unity only if M=0, i.e. on a flat background.
A similar discrepancy arises when the ¥, ingoing
and outgoing power-flux formulas are compared;
however, if we use the » ™! part of §, to describe
the ingoing flux and the »~' part of §, to describe
the outgoing flux, then we find their ratio to be
unity. Therefore it must be concluded that the
coefficients of the » ~® terms are incorrect as giv-
en by (4.3) and (4.4).

To correct the »~° pieces in the expressions for
P, and P,, we must use the Bianchi identities to-
gether with the presumably correct » ™! terms yy°
and yd*". Eqgs. (4.3) and (4.4) lead to the (asymp-
totic) identification

own 8mb exp[—iw@*+¢
w2 - 2 g, TRIOCTO]

4.8)
and
u 27b ex |iw r*—t
¢4p~2 i -2N?:o D wfr )] 2 Z%aw).
7
(4.9)

Since §, and §, completely determine each other,"’
we may find yg° from 3P and Po¥™ from Pdowr,
Specifically, the Bianchi identities together with
the spin-coefficient equations lead to the connec-
tion formulas
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DY, =p™i(0* + 3 +B¥)(6* +2a + 284 (0 %+ +36)(0* + 48 %)y, ~ 3M -yt

and

(4.10)

PTHA +5U*+3y —y*)(A +5u* +2y = 2y*)(A +5p* +y = 3yH)(A + L* = 4y ¥,

=(6+5m* =3B — ) (6 +51% =28 —2a%) (6 +51* =B —3a*)(6 +1r*-4a*)p-4zp4+3M§E¢;«.

(4.11)

Substitution of the “down” and “up” formulas into, respectively, (4.10) and (4.11) gives (3.18) summed over

parity states.

The result summed over parities has a remarkable feature: Only one value of 7 appears in the ingoing
(outgoing) part of §, (p,), while bothm and its negative appear in the outgoing (ingoing) parts. For instance,

consider the composite form of y,:

Yo ~ Z4nhw2 2N|2;1r(a"’) [EX_ELZ_‘;@*_"?)_] ZSf(aw)ez“’

i

1om [REC e*i0(r¥=1)
-(=1) < 16 wr?s

Anm = -2 term occurs in the outgoing piece only.
This anomalous outgoing piece has no convenient
interpretation nor do the connection formulas (4.10),
(4.11) used to derive (4.12). In addition, this extra
term makes the summed-over parity-states result
unsuitable for the purpose of numerical calcula-
tions.

To make sense out of the connection formulas
and the resultant expressions for the distorted
plane wave, one must consider separately the scat-
tering of each parity state. Notice in (3.18) that
each parity solution has both ingoing and outgoing
parts for each m; connection formulas (4.10) and
(4.11) relate in a comprehensible fashion ¢, and
¥, for the ingoing or outgoing piece of either parity
state. It is an unfortunate interference between the
two parity solutions which renders the peculiar
form of (4.12).

The fact that the two parity solutions scatter dif-
ferently (and, accordingly, have different refer-
ence phase behavior) is a somewhat surprising re-
sult but is the same type of phenomenon as the
dependence of cross sections on the value of m.

P =11 describe two different eigenstates of the
system and have to be treated separately.

The obvious source of this complicating feature
of gravitational wave scattering is that the con-
stant C is complex, a result whose origins, un-
fortunately, are not quite so obvious. Investiga-
tion of the Bianchi identities leading to the connec-
tion formulas shows that the presence of ImC is
attributable to the fact that one is perturbing a
field whose background value is nonzero. The ap-
pearance of ImC in the potential formulation used

wdr’

zs?(aw)e 28 _ 3114”(4) exp[—iw(r* - t)] zsx-Z(_aw)e-zj‘p)] .

(4.12)

in Sec. III is more obscure because ImC arises
only at the end of a rather lengthy calculation.
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APPENDIX A: THE TEUKOLSKY FUNCTIONS AND THEIR
SYMMETRIES AND ASYMPTOTIC BEHAVIOR.

As shown by Teukolsky,* the equations for the
Weyl tensor components and electromagnetic field
components

Vo= =Cppapl*m’I°m* (s =2)

G =Fyl'm" (s=1) (A1)

( —ia cosb)’¢, = (r —ia cos)’F,,m™n’ (s=-1)

( —ia cos)’, = - —ia c0s)’C jupn"m* nm*®
(s=-2)

decouple and separate provided that the null
tetrad (in Boyer-Lindquist [¢,7, 6, @] coordinates)
coordinates)

1%=[r*+a%/a,1,0,a/4]

o_[r?+a% -4,0,4]

n 2(r% +a?cos?) ’

(A2)

o = [ia sing, 0, 1,4/sinb)]
V2 (r +ia cosb)
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is used. In this tetrad, the only nonzero spin co-
efficients are

_ -1 _ —P*cotd _ N
Py Tacess PT w0 TR
. (A3)
_ tap®sinf _—iapp* sinf 2l
m= 72 , TF 7z y H=PPFZA,

V=R +PP¥(r - M)

with A =72 - 2Mr +a®. (These spin coefficients and
the directional derivatives D =I"9,, A =n3,, and
0 =m"3, appear in Table I.)

The separable radial and angular functions,

2

- 1 a(. d 2 2 2 m
Sind 46 <sm9 (—155> + (a w? cos0 = Sin

with E an eigenvalue equal to I(! +1) when aw =0.
The harmonics are normalized to give

[ 216, aw) , Z™(6, aw) *dQ = 1.

The constants introduced in the asymptotic ex-
pansions (3.4) and (3.5) are coefficients in the lim-
iting behavior of Sy near 6 =0 and § =7. Investiga-
tion of the limiting form of (A6) near the poles
gives

ST, 0Imel N7 (aw),
St @ -0l N (@w),

where  NT.,(aw) and (N7, r(aw) are constants.
Because of the symmetries of the angular func-
tions?®

—sST(B, aw) =(=1)**™ SP(m - 0,aw),

(A7)

(A8)
ss;n(e’ _aw) =(_1)l+s ssl-m(” —eyaw‘))
we have
-sN;n;0=(‘1),+msN,ln;1r, (Ag)
s NTiolaw) =(=1)"** NiTh(-aw). (A10)

Additional relationships among the constants follow
with the aid of the operators

Lalm, w) =84 + mcschd —aw sinb +n cotd (A11)

and

£Tm, w) = L(~m, - w) (A12)

introduced by Teukolsky and Press.® They act as
the analog of raising and lowering operators
connecting angular functions (ST with those of
opposite spin weight. Specifically, one has

£,£,,57=B _,St (A13)

—2aws cosh —

sRimw @) and (Z7(6, aw), are labeled by the spin
weight s of the field function; ¥, for example,
has s =2 and separates as follows:

10=2 [ dw Rip) 276, a0)e ™. (%)
I,m

The differential equation satisfied by (R, (*) is
given by Teukolsky®, and the angular function
+S7(6,aw), defined by

$Z7(8,aw) = ST(0,aw)e’™?, (A5)

is a solution to the second-order differential equa-
tion

2ms

Sina €080 - s%cot?9 +E —sz>S =0 (AB)

and
£_,£:L,8;,57 =(ReC) St

where B and ReC >0 are constants shown by
Teukolsky and Press® and Starobinsky' to take the
values

(A14)

B = +[(E +a*w?® - 2amw)® +4amw — 4aPw? ] ? (A15)

and
|ReC|? = (@2 +4awm— 4a*w?)[(@ -2)* +36awm — 36a°w?|

+(2Q -1)(96a%w? - 48awm) — 144w%a?,
(A16)

with @ =E +a’w? - 2awm.
Consider (A13) for 8 =0 and suppose m>0. Keep-
ing only the dominant terms in this limit, we find

NTiom +2)2m0|""1| =B _lN;n:Oelm-ﬂ )
(A17)
Nm
4(m+1ym 2L =B,
=1V 150
A similar analysis in the gravitational case leads
to the result

384 ,N2,,=(ReC) _,NZ., (A18)

APPENDIX B: ELECTROMAGNETIC PLANE WAVE IN
A KERR BACKGROUND

Derivation of formulas for the electromagnetic-
field components ¢, and ¢, describing a plane
wave incident along the z axis of a Kerr black hole
proceeds in the same fashion as the derivation of
the y, and 3, expressions in the text. We make the
substitution » -7 * in the exponents of a transverse
vector potential A,, match the amplitudes of the
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ingoing and outgoing pieces to formulas for the vector potential in a Kerr background, and use these form-

ulas to find ¢, and ¢, for the plane wave.

We start with a flat-space plane wave traveling up the z axis:

0
cosw(t —z)
sinw(t =z)

0

(B1)

The asymptotic (»— <) behavior of the spherical transverse pieces of the above are

Ap=Am' i%{(cose - 1expiw(z — #) +ip] + (cos8+ 1) exp[-iw(z - ¢) —i@]}

=E EA N} raw) , 216, aw)exp[-iw@ +1)] - Nih(=aw) , Z7H8, —aw)exp[-iw@ - 1)} (B2)

™ iwr

and

Am*,_,,cz V2An {=_ N7 (=aw) _, 2746, - aw)exp[iw@ +1)] + -1 Npolaw) ., Z (6, aw)expliw@ -#)]}.  (B3)

1 iwr

After the substitution » =7 * in the exponents,

(B2) and (B3) may be matched to the asymp-
totic forms of vector-potential perturbations ot the
Kerr metric.

First consider the ingoing piece of the vector
potential A‘L"“’“. In the ingoing gauge listed in Table
I, A{*" is transverse at infinity and may be ex-
panded as follows:

A= [ do T kit A, ). (B4
it oMy

If we normalize the radial function in the ingoing-

gauge vector potential in Table I to give

1 exp[-iw@*+1)]

down _~{w¢
L R™ e ~
1 2iw v

, (BS)

then asymptotically A%""behaves like

own ° own m — e_X_[M
A N./:., dw,Z Kimisp 11276, aw) D p .

m,P
(B6)
As in the gravitational case, imposition of the
reality condition for the vector potential leads to
the crossing relation (3.9). Hence when (B6) is
matched to the ingoing piece of (B2), we find

own A1r
Kjowr, = Tio Nt n(@w)[0,0(w - @) = PS5, _, 6(w+w)].

(B7)
The outgoing piece of the vector potential AP is

transverse at infinity in the outgoing gauge listed
in Table I, so its amplitude is fixed by comparison

with the outgoing part of (B3). If Aj® is expanded
in spheroidal harmonics
AP= f do Z K{Zsp A% (x, ImoP), (B8)
- 1,m,P

then the asymptotic form of A%y is

AR [ do D Kitop ,27(0,00)

lym,P
X exp]ia(r*-t)l, (B9)
Ve
if
up i 1e iZ(r*—t
oRve T e L elier 0] (B10)

Equation (B9), when matched to the outgoing
piece of (B4), gives
Kimp = (=1) " "K oy - (Bl1)

With the aid of Table I, we obtain formulas for
the electromagnetic field,

d © =\ =iw
‘2¢oown = f dw E Kf:l'} +1Rdown w27 aw)e ot s
- l,m,P

~2gt = [ do 3 BKISE RO 2GR,
-0 om,

(B12)
up — < ey up_ up m(, T\ ,~i0t
-2¢, ‘[w dw 2 BKyzp +R™ w27 (aw)e )

lym,

" 27,

—2p"%p = f do Y BK5p

Lym, P
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where the constant B is given by (A15). Taken
together with (B7) and (B11), these formulas yield
the asymptotic forms

exp —iw(* +t)

PV ~ ~2{wN w26, aw),

_(=1)"*"BN expliw(r*-1)]
2iw 73

o

+Z7(0, a:’);

_ (B13)
_BN exp —iwlr*+1)
tw 73

oY ~ <_1)'+mm:,ﬂ’@;"’—*‘—‘)] -ZM06,aw),

¢ ~ -1Z7(6,aw),

with

_[W\a+P)/2 _AT "
N <-(4-J-> mlN,;,,(aw) (B14)

for the nonzero modes: m=1; w=w; P=+1,-1;
1=21) and (m=-1; w=-w; P=+1,-1; I>1). The

limits
[—iwlr* +8)]
+1Rdown e-iwt ~4iw €xp Z‘-:’( ) ,

(B15)

-2i

up - wr —
_RPe vt~ 37 expliw(r* -1t)]

are used to obtain the above.

An alternative method for deriving (B13),
modeled after the discussion in Sec. IV for the
gravitational case, is much simpler. Start with
the formulas for ¢, and ¢, for a flat-space plane
wave

TwA

¢ = —=(1 —cosb)expiw(z - 1) +ip],
= (B16)
twA ) )

$2=575 (1 +cosb)expliw(z - 1) +ig)].

Then the expansion of (B16) in spheroidal har-
monics

b0~ Z': -2 TrwA [lzv::,,(aw) Xp "i“’r(r O] 736, a0) +2 N o(aw) 2‘%%(;—'—“) 1Z,1(9,aw)} (B17)
and
¢2~}_:: VZTwA [_lN}w(aw) ﬂ’ﬁ“’w—(’—?t—)] 246, aw) +2 ., N, (aw) e—xﬂ(:;—y‘%(sf*—t)l _Zke, aw)] (B18)

gives the correct asymptotic forms for ¢, and ¢,
when the substitution » =7 * is made in the expo-
nents.

Equations (B17) and (B18) are in a form suit-
able for numerical calculations, although the

—

parity states have been summed over. Unlike the
gravitational case, the two parity solutions do not
scatter differently [i.e., (B13) do not explicitly
depend on P], so no anomalous term appears in
the parity-summed form of the solution.
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