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Impact-parameter representations of elastic differential cross sections for the processes 7T p, K p, pp, and

pp at incident energies from 50 GeV to 175 GeV and in the —t range 0.03—0.75 GeV' are presented. The
meson-baryon interactions are found to be 20% more transparent than the baryon-baryon interaction, and to
have an interaction radius which is 6% smaller. The increase in the p-p total cross section as a function of
energy is shown to come primarily from an increase in the p-p interaction radius, while in the K+p case an

increase is seen in both the central opacity and the interaction radius.

I. INTRODUCTION

With the discovery of the dip at t = —1.4 GeV' in

PP elastic scattering' and the measurements of the
real part of the elastic amplitude at (= 0 (Ref. 2)
in the Fermilab —CERN-ISR energy range, it be-
came apparent that the elastic scattering ampli-
tude can be considered, to a good approximation,
to be purely imaginary at high energies. This fact
has enabled several authors' ' to perform a trans-
formation of the Pp elastic amplitude to impact-
parameter space, and further, to obtain the total
and inelastic cross sections as a function of the
impact parameter making use of the fact that the
S-matrix is diagonal in impact-parameter space.
The observed increase in the inelastic and total
cross sections as a function of energy for pp colli-
sions was found to be peripheral and centered at
an impact parameter, b, of approximately 1
fermi. ' ' The Pumplin bound' for inelastic dif-
fraction was also obtained, and the implications

were that inelastic diffraction is more peripheral
than the elastic process.

This paper presents the results of an impact-
parameter analysis of the elastic reactions 7I'p,
K'p, PP, and Pp for incident momenta from 50 to
175 GeV/c and for t in the range —0.03 to 0.75
Geg', obtained with the Fermilab Single Arm
Spectrometer in the M6E beam line, that has been
described in a previous publication. ' Similar
analyses have been done on preliminary data' and
the results are consistent with those included in
this publication. In the next section a discussion
of the method used to transform the elastic data to
impact-parameter space and the error calculation
for this procedure are presented. In Sec. III the
general characteristics of the different reactions
in impact-parameter space, including their energy
dependence, are discussed. In Sec. IV the ob-
served increase in the total and inelastic K'P and

pP cross sections is correlated with changes in the
impact-parameter distributions. Section V con-
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tains results on the upper limits for inelastic dif-
fraction as a function of the impact parameter.
The peripherality of ~ exchange has been discussed
in connection with low-energy K'p data, '0 and in
Sec. VI those conclusions are extended to the
Fermilab energy range. In Sec. VII the hadronic
matter distributions for n, K, and p as calculated
using the Ghou- Yang model are compared with
electromagnetic form- factor measurements. In
Sec. VIII comparisons with quark-model predic-
tions as viewed in impact-parameter space are
shown. Conclusions are presented in the final
section.
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II. ELASTIC CROSS SECTIONS AND TRANSFORMATION

METHOD

pp pp pp ppThe results from the Fermilab Single Arm
Spectrometer on the differential elastic cross sec-
tions for the processes n'P, E'p, pp, and pp have
been published previously, ' and can all be satis-
factorily fitted by the parametrization
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lob in GeVfor -t «0.75 GeV'. The uncertainty in the overall
normalization is +3%. Figure 1 shows the ratio of
the parameter A as obtained from the fits to the
optical-point values derived from the total-cross-
section measurements. " With the exception of
v p at 50 GeV/c all values are within one standard
deviation of unity, and therefore the optical point
was included in the data with a 3% uncertainty.
Since the measurements are consistent with other
parametrizations, such as piecewise exponentials
with a break at -t=0.15 GeV' or the sum of two
exponentials, the transformation to impact-param-
eter space has been made in numerical form and
therefore in a parametrization-independent way.

The impact-parameter representation h„(s, b) of
the elastic amplitude is defined by its Fourier
transform. After integrating over the angular de-
pendence the transformation reduces to a convolu-
tion integral of the elastic amplitude and the J,
Besse1. function. The method used to perform the
transformation was to calculate, for each data
point do/dt(t, ) = do/dt; and its corresponding 4t,
interval, the quantities

FIG. 1. The ratio of parameter A, as obtained from
the fits to Eq. (1) to the optical-point values as calcu-
lated from Ot,t given by Ref. 11 and corrected for the
real part using the results given in Ref. 2 for the elastic
reactions 7t p, K p, pp, and pp.

where B',« is the logarithmic slope d(lndo/dt)/dt
given by the parametrization (1) at the value t,. and
t (do/dt, )'t' is the statistical error on (do/dt, )'~'.
Finally, h„(s, b) =Q,h, (b) and oh„(s, b)
=(ZIbh;(b)]'Pt' are calculated for each b and s
value and for all six reactions. The function
h„(s, b) was found to be independent of the value
taken for B,'«, for b values smaller than 1.8 fermi.
For example, by taking 5 && B,'« for the transform-
ation identical results (to within 1%) for h„(s, b),
b &1.8 fermi, were obtained, and therefore
hh„(s, b) represents the error in the transforma-
tion.

The unitarity equation in impact-parameter
space is

Imh„(s, b) = g fh„(s, b) f'+G„„(s,b),

h (b)=(—)~ «"i'r*(
) where the different terms are related to the total,

elastic, and inelastic cross sections as follows:

e seff'" 'J'(b~t)dt ",' = Imh„(s, b),

1 & dv
(b) eB ff

It~�I�/2g

4~
",= —,

' fh„(s, b) f', (5)

~~inel
7T db2 inel(e i~" 'J (bv t)dt (3)
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Imt~„(s, b) = lh„(s, 5) I

is less than 3/o.
Since the impact-parameter representation of

the elastic amplitude is obtained by integrating
over all t values, the contributions to h„(s, b)
from -t» 0.75 GeV' had to be estimated. The
data taken a.t P„„=100 GeV/c extended out to
—( = 1.4 GeV' and they were used to estimate the
contributions from large —t va, lues at other ener-
gies. The ratio

h„(b, for f«1.4 GeV')
1 C„~(5-)

h„(b, for t«0. 75 GeV')- (7)

was calculated for the reactions pp- pp and
m'P-m'P. This ratio is 1 for b&0.2 fermi and is
equal to 1.02 and 1.06 at b = 0 for pp and ~p, re-
spectively. Since the real part of the elastic am-
plitude becomes comparable to the imaginary part
for -t ~ 0.75 GeV', the impact-parameter repre-
sentation has been corrected by taking half of the

To use Eq. (4), a knowledge of the rea. l and imag
inary pa.rts of h„(s, b) is needed. Since the real
part of the elastic amplitude can only be measured
in the Coulomb-interference region, a model must
be used to estimate the real part of h„(s, b).

Figure 2 shows the decomposition of h„(s, b) for
m'P at 50 GeV/c, as an example, into the contri-
bution from various t regions. The main contri-
bution comes from the region -t «0.15 QeV',
where in terms of the elastic amplitude A. (f) the
measured ratios p(t) = Red(t)/ImA. (t) can be used.
The Coulomb- interference measurements' give
p(0) «0. 15 for all processes in our energy range,
and therefore the real-part contribution to
h„(s, b) from the small t region —is less than
1%. Interpreting the dip at t= —1.4 GeV' in PP
ela,stic scattering seen at ISB energies as a, zero
of the imaginary part of the elastic amplitude, ' an
estimate of the real part at t 40 can be made by
using a linear extrapolation for I/p(t) from the
measured p(0) value. In wP and KP scattering such
a. dip is not seen at Fermilab" energies and can
therefore be assumed to occur at larger -t values,
giving a smaller value for I/p(t) slope. The real-
part contributions to h„(s, b) from the regions
0.15 & —t &0.4 QeV' and 0.4 & —f &0.75 GeV' ca,l-
culated by taking twice the p(f) value predicted by
the linear extrapolation are each less than 2%.
The procedure is comparable to allowing the
Pomeron slope to be as large as 0.6GeV '. Fin-
ally, the different t regions contribute to k„(s,b)
with different signs and produce a partial cancel-
lation of the real part. Therefore, the conclusion
is that the overall error in the assumption

5,0

pp
L
U

/0

02 0.6
b in fermi

I.O )4

FIG ~ 2 ~ key(s, b) for 7t'p Rt 5O GeV/c in arbitrary units
for the integration ranges indicated.

III. GENERAL CHARACTERISTICS

Figure 3 shows the imaginary part of the elastic
amplitude a.s defined in Eq. (8) as a function of the
impact parameter for all reactions at P„„=50 and
175 GeV/c. The errors shown include the uncer-
tainty in the correction for the contribution in the
region 0.75 -

I
t

I
- 1.4 GeV'. The following con-

clusions can be reached: (a) m'p and K p show
almost no change as a function of energy, (b) K'P
shows a slight increase as a function of energy for
all 5 values, (c) PP shows a slight decrease as a
function of energy for all b values within the un-

large- ~tl correction:

Imh„(s, b) =h„[s, b, t «0.75 GeV'][1+ 2C"~(b)],

(8)

where C~~(b) was used for pp and pp, and C' ~(b)
was used for m'p as well as K'p. An uncertainty
of 2C'~(b) was included for this procedure. An
additional uncertainty for b & 0.1 fermi is due to
the contributions from -t ~ 1.4 GeV'. Because of
the lack of data in meson-baryon elastic scattering
at high

I
t

I
in this energy range and the uncertain-

ties in the real pa, rts at large Itl values, this cor-
rection cannot be directly determined; but it has
been estimated to be less than 3% for the meson-
baryon ca,se and 1% for the baryon-baryon case.
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FIG-. 3. Imk, &(s, b) for the reactions ~'p, E'p, pp, and pp at 50 GeV/c(o) and at 172 GeV/c(X). The errors shown in-
clude both the statistical errors and the uncertainty due to corrections for the large-Iti contributions and the real-part
effects. The errors do not include a correction for lack of data at
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certainties of this analysis, and (d) in PP there is
a decrease in Imh„(s, b) for small b and an in-
crease for large b values as a function of energy.

Figure 4 shows the values of Im/~„(s, 0 = 0) as a
function of s for the various processes. The er-
rors also include the estimated error incurred by
neglecting the real part of the elastic amplitude.
The relative errors are much smaller since
neither the real part nor the large- ~tt cross sec-
tion changes very strongly in our energy range.

By making use of the unitarity equation (4), one
can calculate the inelastic cross section
G,„„(s,b) = dg„„/w db' as a fun—ction of b The.

value of this cross section at b = 0 is shown for
all processes in Fig. 5 with the full errors in-
cluded as for the plots in Fig. 4. For comparison,
the results of similar calculations done for PP
with ISR data and a 24-GeV/c experiment' are in-
cluded. Since G,„,(s, b = 0) represents the absorp-
tion probability for a head-on collision, the re-
sults show that a baryon has a 6% probability of
colliding head-on with a proton without any absorp-
tion, while this probability is -18% for pions and
-25% for kaons. As one can see, mesons are very
transparent objects.

Figures 6(a) and 6(b) show the rms interaction
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distance for the total and inelastic cross sections,
defined by

Figures 7(a) and 7(b) show plots of the differ-
ences

(It 2)1/2 b'
2 b db (,' bdb

(10)

where i = total or inelastic, and b ~ was taken to
be 1.6 fermi. For b ~ 1.6 fermi the impact-pa-
rameter transformation becomes very sensitive
to the da/dt parametrization used between t = 0
and the minimum ~t

~

value measured. By taking
b,„=2 fermi, the values of (Rt„')'~' change by
12/o for all reactions, but the results for K' and

p present large fluctuations ( 5/o) as a function of
energy. With the exception of the PP process both
the total and inelastic processes are consistent
with an increase in the rms interaction radius
with s. The total and inelastic interaction radii
for the meson-baryon interactions are 6% smaller
than the baryon-baryon interaction radii.

IV. TOTAL-CROSS-SECTION INCREASE IN E'p AND pp

The only total cross sections that show a de-
finite increase in the energy range under study
are K'P (-7'/o) and PP (-1%)." However, when a
7% difference is spread over b space the average
contribution to this difference is smaller than the
error bars. Assuming that both the real parts and
the large-

~

&
I

contributions do not change by more
than 2/o within this energy range, the differences
can sensibly be plotted including only the statisti-
cal errors.

for P, = 175 GeV/c, P; 70 G-eV/c and P,= 140 GeV/
e, P; 50 G-eV/c (P; =P„„)for the processes pp
and K'P, respectively. The two pairs of P] I'2
values were chosen in such a way that the two
cross-section differences are equal" to within 1%,
and therefore the two graphs can be compared and
also averaged. The two processes appear to be
different. For pp, do't„/tr db' is decreasing at
small b values and increasing at large b values,
which indicates a peripheral increase in the total
cross section. For the K'P case, the total-cross-
section distribution seems to be increasing at
small b values and therefore is consistent with
a nonperipheral increase in the cross section.

Since this part of the analysis is speculative in

nature, we have proceeded one step further to
isolate the Pomeron from f exchange in impact-
parameter space. This is done by looking at the
SU(3) combination which isolates the PP total
cross section:

tot (yP) tot (~+P+If.-P) tot (&+@ -P)

If the f'tr aject or yis neglected because of its low

intercept, the Qp total cross section as defined in

(11) isolates Pomeron exchange. Indeed, by taking
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FIG. 4. Ilnk, j(s, b=0) as a function of s for 7I-'p, K'p,
pp, and pp. The errors are calculated as for I"ig. 3.

I'IG. 5. G;„,&(s, b=-0) as a function of s for z p, K p,
pp, and pp. The errors are calculated as for Fig. 3.
The ISR and 24-GeV/c points in pp are included as given
in Ref. 3.
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FIG. 6. The rms interaction distances for (a) the total and (b) the inelastic cross sections as a function of 8 for 7t'p,
K p, pp, and PP. The errors are calculated as for Fig. 3.

the above SU(3) combination, a total cross sec-
tion for Qp is obtained that increases logarith-
mically" from P„„=6 GeV/c to P, » ——200 GeV/c.
In Fig. 7(b), &(do„,/n db') as defined in (10) for P,
=175 and P; 70 GeV/c is plot-ted for the PP pro-
cess. In contrast to the PP case the increase in
the total Qp cross section is nonperipheral and
similar to the K'p behavior.

In Figs. 8(a) and 8(b) the differences in the in-
elastic cross sections are plotted for same P„P2
values as before. For a comparison, the
average values for the two sets of total cross-
section differences in Figs. 7(a) and 7(b) have
also been plotted and are shown as a dash-dot

curve. Since the difference between the total and
inelastic cross sections is the elastic cross sec-
tion, one concludes that most of the total-cross-
section decrease at small 6 values for pp comes
from the elastic-cross-section decrease, while
the large-b increase comes mainly from an in-
crease in the inelastic cross section.

V. UPPER LIMITS ON INELASTIC l)IFFRACTION

Various recent theoretical works have treated
the close interdependence between elastic and in-
elastic diffraction. " Pumplin' has shown that
s- channel unitarity combined with the assumption
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In (b) the difference for Qp at P&

——175, P& ——70 GeVjf." is a
also plotted as (X).

0'inc~ j71' d~ ) for pp (a) and K+p (b) with Pg
and P& as in Fig. 7. The broken line is the average of
the two curves presented in Fig. 7.

that inelastic as well as elastic diffraction is the
shadow of nondiffractive particle production im-
plies the following upper bound on inelastic dif-
fraction:

1 do„,„1doto, 1 do„m, „(b)db' 2 db' db'

process. However, this is not the case for the
meson-baryon process where the elastic contribu-
tion at b = 0 is approximately equal to the Pumplin
bound, and therefore no such conclusion is pos-
sible.

VI. REGGE CONTRIBUTIONS

In Fig. 9, we present a plot of o«',",(b) for all
processes at P= 175 GeV/c (the plots at other en-
ergies look similar) and for comparison we plot
der„/w db' for each reaction at 50 GeV/c and 175
GeV/c. The salient feature of those plots is that
the od;,",(b) profile is periphera. l for PP and PP in
contrast to the more central meson-baryon scat-
tering profiles. However, they are more peri-
pheral than the corresponding elastic profiles.

Experimental results on total inelastic diffraction
for pp and ~p have been shown" to be consistent
with the relation v, „',",=0„. The fact that the
elastic contribution at b =0 is three times the
Pumplin bound for pp inelastic diffraction scat-
tering implies that inelastic diffraction has a
larger rms interaction radius than the elastic pp

The crossovers between particle and antiparticle
elastic cross sections for K p, K'p and pp, pp
have been studied in lower-energy elastic-scatter-
ing experiments. " The crossovers have also
been observed at high energies. " These dif-
ferences have been explained in terms of dual
models" by using the fact that K'p and pp are ex-
otic in the s channel so that only Pomeron ex-
change contributes. Further, the Begge contribu-
tions to K p and pp are small when compared with
the Pomeron part, and only the interference term
between ihe Pomeron term and the imaginary
(Begge) term is important for the crossover. The
results of these theoretical analyses" show that
the imaginary part of the odd-charge-conjugation
Hegge-exchange amplitude, & exchange in this
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„~,
)

d(x„,(x p) dv„, (x'p)
tot &

& db2 & db2 (13)

for x =K and P, respectively, at P»„= 50 and 175
GeV/c. In both cases there is an indication of a
peak which decreases as a function of energy. The
peak occurs at b =0.9 fermi for Kp and b = 1.2
fermi for PP. One may conclude that the amount of
nonf lip & exchange is very small in K P, is con-

case, has an ea'J, (R~t) behavior that corresponds
in impact-parameter space to a distribution peak-
ing at b =R.

Presented in Figs. 10(a) and 10(b) are the dif-
ferences

sistent with zero at P„~= 175 GeV/c, and is sig-
nificant for PP at 50 GeV/c, but decreases very
fast to a small contribution at P„„=175 GeV/c.

VII. HADRONIC DENSITY DISTRIBUTIONS IN K, n, AND p

Chou and Yang" have defined a hadronic density
distribution (or density of opaqueness) by a.ssuming
that the attenuation of the probability amplitude
S(b) for a scattering process between two hadrons
is governed by the local density (opaqueness) with-
in each hadron. In a mathematical form the above
assumption for the scattering of particle a on b

.60- 77+ P

b .80- K p K+p

.60-

40-

Ch

O

20K

pp

.6

.20

0.0 0.5 1.5 0.0 0.5 1.0 1.5

b in fermi

I"IG. 9. cP&«(b) for 7r'p, K+p, and pp at P=175 Gev/c (solid line) and da.„/7t db at 50 GeV/c (X) and at 175 GeV/c ().
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would read

—in[1 —Imh„(s, b) ]

lnS(b)=Constx ff D, (b —b')D, (b')db'',

(14)

where D, (b) is a two-dimension hadronic density
defined by integrating the hadronic density along
the direction of the incoming particle.

Denoting the Fourier transform of A by (A), then
the Fourier transform of (14) would read

( in[1 —Imh„(s, b)]) = Const && (D,(b)) (D,(b)) .

(15)

Using the PP data to determine (D~(b)), the results
can then be inserted in (14) for the wp and Itp pro-
cesses to yield (D, (b)) and (Dz(b)).

Chou and Yang" have suggested that the Fourier
transform of the hadronic density should be com-
pared with the Fourier transform of the hadronic
charge distribution obtained from electron scat-
tering measurements. Such a comparison is per-
formed in Fig. 11 for protons and pions. In the
proton case, the comparison is not well defined

since the proton has two electromagnetic form
factors, electric and magnetic. For that reason
the comparison shown in Fig. 11(a) is done with
both F, and G~ as obtained by Price et al." At
low energy good agreement with F, is experimen-
tally obtained, while for the ISR range the agree-
ment with G~ is better. " In the case of the m

form factor, there are data on ~e scattering only
for I'

I
—0 04 GeV (Ref. 20), and the high

data points are obtained from electroproduction of
pions. "The agreement of (D, (b)) with the pion
form factor, as shown in Fig. 11(b), is excellent,
and therefore it is tempting to predict how the K
form factor [the dash-dotted line in Fig. 11(b)]
will look on the basis of this model. "

0.8

0.6

FP

) GP

VIII. QUARK-MODEL PREDICTIONS

Parious differences between meson-baryon and
baryon-baryon scattering have been shown. Since
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FIG. 10. 40.&~«(b) for (a) Kp and (b) pp at P=50 GeV/c
() and at P=175 GeV/c (X).

FIG. 11. (a) Ii((t) (o) and G~&(t) (0) proton form factors
from Ref. 18. The solid line corresponds to the calcu-
lated (D&(b)) using Eq. (14) for pp scattering 175 GeV/c,
normalized to (D&(b)) =1, at t=0. (b) Pion form factor
measurements from Ref. 19 (o) and Ref. 20 (0,~). In
the region of this measurement, the solid (dotted) line
corresponds to the Fourier transform of the pion (Kaon)
hadronic density calculated using (14) for ~'p (E'p) and

pp scattering at 175 GeV/c, normalized to (D, (b)) =1
[(D (b))=1], at t=o.
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(16)

for Jr„„=50 and 175 GeV/c. The prediction of quark
counting is that those differences should be zero.
However, owing to the facts that ~ Im h', P, (s, b = 0)
&Imbue/(s, b=0) and that the interaction radius
is different for mP and PP, the difference
oscillates around zero in the first case. In the
second case, the fact that Kp is more transparent
than ~P makes the difference larger than zero.
Since elastic scattering contains other exchanges
besides vacuum quantum numbers, Lipkin has
suggested a quark-model relation that takes into
account f exchange. " This relation is plotted in
Fig. 13, and even though it is - 7% different than
unity it is quite constant for b &1 fermi.

I.00
8 (b) = &ay[(7r'P) +(rr P)]- i~i [(PP)+ (P-P)]

—.20-

—.60-

these processes are related in terms of quark
counting in a simple quark model, a comparison
between nP, KP, and PP amplitudes in terms of
those predictions will be given. Figures 12(a) and
12(b) show the differences 3/2W()rP) —W(PP) and
W()rP) —W(KP), respectively, where

IX. CONCLUSIONS

It has been shown that the impact-parameter
representation provides a very useful tool to
analyze hadronic interactions at high energies
since it interrelates elastic and inelastic physics
in a very natural way.

The following general conclusions can be drawn
from the analysis presented on the impact-param-
eter representation of elastic-scattering data ob-
tained with the Fermilab Single Arm Spectro-
meter:

(a) Meson-baryon interactions are -20% more
transparent than baryon-baryon interactions,
which approach an opacity of 94% for s & 200 Ge(r'.

(b) Meson-baryon processes have an interaction
radius - 6% smaller than baryon-baryon processes.

(c) The decrease with energy of the PP elastic
cross section at large b values (b 1 fermi) is cor-
related with the decrease of C = —1 (nonf lip &d)

Begge exchanges, while the decrease at small b

values is common to both Pp and PP elastic cross
section and is produced by a different mechanism.

(d) The increase in the PP total cross section as
a function of energy is peripheral, while in the
K'P case this increase could also be central.

(e) The Pumplin upper limit for inelastic dif-
fration requires PP and PP inelastic diffraction to
be more peripheral than the elastic process, but
imposes only very small restrictions in the meson-
baryon case.

(f) The Fourier transform of the 7r hadronic den-
sity is found to be in excellent agreement with the
m form factor measurements.

(g) The results of the analysis disagree with the
simple quark- model counting.

(.00- 8(b)=h'[(rr p)+(w-p) —(K p) —(K'p)]
GO

.60- I.80-

I I I

"(b) =[Pr, (K'P)+ &5(PP)]/ [/5(7r p)+/3(m'p)]-

.20- 140-

-.20- I.OO-
~ x ~ x ~ x ~ x x

CC

.60-

l.00 I I I I I I I

0.0 0.25 0.50 0.75 1.00 0.25 0.50 I 75

b in fermi

.20-

0.0 0.25 0.50 0.75 I.OO I.25 I.50 1.75

1 in fermi

FIG. 12. Quark-model comparison at P= 50 GeV/c ()
and at P=175 GeV/c (X).

FIG. 13. Quark-model (modified for f exchange) com-
parison for P= 50 GeV/c () and P = 175 GeV/c (X).
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