
PHYSICAL REVIEW D VOLUME 14, NUMBER 10 15 NOVEMBER 1976

Renormalixation of the cr model at finite temperature

L. R. Ram Mohan*
Department of Physics, Purdue University, 8'est Lafayette, Indiana 47907
(Received 22 July 1976; revised manuscript received 9 September 1976)

The temperature dependence of a many-body theory with the dynamics defined by the relativistic linear o.

model is studied. The model has SU(2) p SU(2) chiral symmetry with fermions belonging to a (1/2, 0) + (0, 1/2)
representation interacting with the cr and m. mesons belonging to the (1/2, 1/2) representation of the chiral

symmetry group. The dimensional-regularization technique together with the renormalization procedure of t
Hooft is used to reproduce the well-known result that the counterterms of the symmetric theory remove the

divergences of the theory with spontaneous symmetry breaking, without however the need for invoking

auxiliary fermion fields. Renormalizability is maintained at finite temperatures by &he cancellation of
temperature-dependent infinities which appear at the two-loop level. This is shown explicitly for the ground-

state expectation value of the scalar 0. field at the two-loop level. When the symmetry is explicitly broken by
the term f m 'cr the symmetry of the original Lagrangian is never restored. In the absence of such a term a

symmetry change with temperature is realized and the persistence of the Goldstone mode up to a critical

temperature T„above which the original symmetry is restored, is verified. Thus below T = T, the low-energy

theorems of current algebra associated with the existence of the Goldstone pions would be valid except that all

parameters of the theory develop finite, temperature-dependent, corrections. A parallel discussion for density

dependence of the symmetry is included. All calculations are done in the real-time formalism for the

thermodynamic Green's functions.

I. INTRODUCTION

The temperature dependence of symmetries of
physical systems has been the subject of interest
in many areas of physics because of abrupt changes
in symmetries that accompany phase transitions.
Most of the models used to describe these phe-
nomena are based in some way or the other on
Landau's theory of phase transitions' in which the
free energy of the system, expressed in terms of
an order parameter, develops a minimum at a non-
zero value of the order parameter. This gives rise
to ground states which do not have the full sym-
metry of the original interaction. These ideas
have been used in context of field theory to gener-
ate particle mass spectra closely resembling the
actually observed particle spectra by requiring the
vacuum state, which is the ground state of ele-
mentary particle physics, to exhibit spontaneous
symmetry breaking. ' ' The order parameter now

is the vacuum expectation value of the field.
Recently it has been suggested that the broken

symmetries of particle physics could be restored
by raising the temperature of a many-body system
of particles whose mutual interactions are gov-
erned by relativistic field theory. " Another pos-
sibility is that the symmetry of such a relativistic
many-body system could be altered by a change of
density. Both aspects of the problem of symmetry
changes arise directly as a consequence of the
statistical mechanics of the many-body system
and are of particular interest because of their
astrophysical implications. The derivation of an

equation of state for a relativistic system of nu-
cleons, for example, must necessarily include the
effect of the density dependence of symmetries. '

Weinberg' has given a general theory of gauge
symmetries at high temperature in which all quan-
tities of interest may be calculated by the usual
techniques of field theory using a perturbation ex-
pansion. The minima of the effective potential are
determined in order to see whether a given sym-
metry is spontaneously broken or not and also to
define the perturbation expansion in terms of the
appropriate excitation spectrum. It is found that
at very high temperatures the effective potential
changes its shape. The leading terms which signal
the breakdown of the perturbation expansion can be
used to roughly estimate the critical temperature
at which there is a change of symmetry. Dolan
and Jackiw' have used functional techniques to
show the same results.

In the present paper the temperature dependence
of the o model with chiral SU(2) x SU(2) symmetry
is studied. The model" has two nucleons belonging
to the (-'„0)+(0, —,') representation interacting with

a scalar 0 meson and an isotriplet of p mesons
belonging to the (-„-,') quartet representation of the
symmetry group. The 0 model incorporates all
the basic ideas of spontaneous symmetry breaking
and reproduces the results of current algebra. "
The model has been used as a testing ground for
many new ideas in strong-interaction physics over
the past two decades. It has the additional feature
of being a renormalizable field theory. " It is
shown that this renormalizability is maintained at
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14 RENORMALIZATION OF THE o MODEL AT FINITE TEMPERATURE 2671

finite temperatures and that there is a critical
temperature below which the symmetry is spon-
taneously broken. This spontaneous symmetry
breaking signals the appearance of a Nambu-Gold-
stone" mode of excitation which persists at finite
temperature up to the critical temperature. This
is true for the theory with no explicit symmetry
breaking. When a term f,m, 'o, linear in the g
field, is added to the Lagrangian the pion picks up
a mass. If the parameters determined at zero
temperature by the physical masses are used to
study the temperature behavior it is found that
symmetry is not restored and the vacuum expecta-
tion value of the cr field remains nonzero. This is
understandable if one uses an analogy based on
ferromagnetism. If an external magnetic field is
applied then the rotational symmetry in a ferro-
magnet is not restored even after the Curie tem-
perature is exceeded since the external field in-
troduces a special directionality. This paper in-
cludes a parallel discussion of the density depen-
dence of the symmetry, ' for the sake of complete-
ness.

Particular attention is paid to the details of re-
normalization, and the real-time formalism"'"
is used for the temperature Green's functions,
which has the feature of isolating the many-body
effects right from the beginning. Products of these
Green's functions cause no difficulty when they ap-
pear in the evaluation of Feynman diagrams which
contain more than one loop. These features are
shown while demonstrating that there are no tem-
perature-dependent infinities at the two-loop lev-
el. Recently Kislinger and Morley'4 have shown
that for a scalar y4 field theory the temperature-
dependent infinities are absent at the two-loop lev-
el for self-energy corrections by using the imagi-
nary-time formalism which employs frequency
sums in Green's functions.

In discussing renormalizability use is made of
the dimensional regularization of Feynman inte-
grals at the intermediate stages of the calcula-
tion. "'" The integrals are analytically continued
in n, the number of dimensions, and their diver-
gences as n-4 are realized as poles in the com-
plex n plane. The advantages of dimensional regu-
larization are well appreciated by now. The fact
that it does not introduce additional mass param-
eters or cutoff parameters in integrals has been
of crucial importance in gauge theories, where
gauge invariance is maintained at all stages of the
calculation by this procedure. " This is also use-
ful in the context of chiral symmetries in the
presence of fermions, and it allows us to renor-
malize the 0 model without introducing auxiliary
fermion regulator fields.

It is convenient to use the 't Hooft" prescription

for renormalization when using dimensional regu-
larization. Counterterms are introduced into the
Lagrangian order by order to cancel the pole
terms in n appearing in the regulated Feynman
integrals. The pole terms at n =4 have residues
which are always polynomials in external mo-
menta. This means that if subtractions have been
made to a given order in perturbation theory, the
new pole terms in the next higher order are poly-
nomials in the external momenta. The residues
can also be shown to be polynomials of a degree
given by power-counting rules. For this renor-
malization scheme to work the residues of the pole
terms must remain polynomials in momenta and
no other functional dependence must be present.
It has been shown by 't Hooft and Veltman" that
poles with residues which are logarithmic func-
tions of momenta which arise at the l-loop level
are canceled by counterterms of the (/ —1)-loop
diagrams. In the case of many-body theory, again
a similar cancellation should occur among the
pole terms which have temperature-dependent, or
density-dependent, residues in order that the re-
normalizability of the theory be maintained. It
is shown that this nontrivial cancellation indeed
occurs by actually evaluating the 2-loop diagram
for the vacuum expectation value of the 0 field,
i.e. , for the g-tadpole terms. Such a result is of
interest in the case of spontaneously broken sym-
metries with massless excitations for the following
reason: Dimensional regularization has its own set
of self-consistent rules. For massless particles
the integrals ot 5(k') and (k') (a ~ —1) over the

n momenta k„are set equal to zero. This has been
shown to be necessary" by properly defining the
limits nz -0 and n-4 so that ambiguities associ-
ated with the infrared divergences are removed.
These rules are applied to the 0-model calcula-
tions.

In Sec. II the 0 model for the many-body prob-
lem of N nucleons interacting with 0 and p mesons
in the tree-diagram approximation is described.
It is shown that the change in the phase space due

to the presence of many particles affects the usual
results in this approximation. In Sec. III the de-
tails of the renormalization procedure at the one-
loop level are presented and it is shown that the
pions remain massless at finite temperatures in
the absence of explicit symmetry breaking.

In Sec. IV it is shown that the divergences of the
o-tadpole diagrams have no log (m') residues and
that the temperature-dependent inifinites also can-
cel. In Sec. V the relation of the present paper to
other problems is discussed. For the sake of com-
pleteness abrief review of the temperature Green's
functions is included in Appendix A, and in Appen-
dix B some useful relations for the dimensional-
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regularization scheme are given. The tempera-
ture- and density-dependent corrections to the re-
normalized meson coupling constant are given in
Appendix C.

II. THE o MODEL

Consider a system of N nucleons whohe inter-
actions with cr and p mesons are given by

2 =+f y
' 9 „4-ggi( V —lp, 7 '

7T )4

+-'(& v&"o+& ~ 8 "w)

2' (o'+F')=( o' +f')'

+Ca.

Apart from the term Qy the Lagrangian (1) is in-
variant under the isospin transformations
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7
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—T
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and under the axial transformations
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which are generated by the vector and axial-vector
currents

6ZV"—= =yy -4+px ()
g8„n 2

aZAP = —

pygmy

+++ Q 4a
68„p '2

The term Ca in the Lagrangian breaks axial sym-
metry and gives rise to the relation

where f, is the pion decay constant.
We shall assume that even in the absence of the

symmetry-breaking term Ca and also at zero den-
sity and temperature we have spontaneous sym-
metry breaking and that

(0
~
g

~

0) = o, a 0, (6)

where ~0) is the vacuum state. The relation (6)
implies that the cr field. develops classical parts
besides the usual second-quantized parts, and
gives rise to finite nucleon masses at zero temp-
erature. This may be compared with the Bogol-
iubov" picture of a condensate in which the non-
zero ground-state expectation value of a boson
field arises because of the very large number of
particles in one particular mode, the condensate
mode. All particles interacting with the boson
species which forms a condensate have contribu-
tions to their masses because of interactions with
the condensate background.

It should be noted that it is possible to generate
spontaneous symmetry breaking by changing the
density of the nucleons. This would give rise to
pair correlations among nucleons leading to Cooper
pairing of nucleons and holes as in the ease of elec-
tronic superconductivity. "'" The attractive forces
would be those arising from a and g exchanges.
The present paper concerns only the temperature
dependence and the density dependence of the usual
o model with o, o0 as defined by (6), rather than
by (G io, ~G)e 0 for a many-body ground state ~G).

In order to proceed with the quantization of the a.

fields we separate out the "condensate" part or the
classical part go and substitute cr oo+o in (1) to
obtain

& =4(ir'S, g&,)4' gW—o fy,-~ v)e-+ g(&„o)'+-', (B„f)'—-', (p,,'+-,' Xo,')a' —-';(p,,'+ —', Xo,')v'

[(X +4VOV(& + 77 ) + 20 1T + (7T ) J —(Tioo( go + ~ AGO ) —CJ —p go Vo — |0'0 + CVO ~

ln Eg. (7) all parameters are unrenormalized.
The relevant perturbation expansion in the pres-

ence of spontaneous symmetry breaking may be
shown to be in terms of the number of loops in

Feynman diagrams, "and it corresponds to an ex-
pansion to a given power in X and in g, but to all
orders in Xa,' and ga.„with the true minimum of
the effective potential being used to define the
ground state. For such a ground state the expecta-
tion value of the v field appearing in (7) should be
zero. This would be ensured by the absence of the
terms linear in the a field to all orders of pertur-

To = -i [o'0(40'+ —,Xo'0') —CJ,
and cr, is defined by To= 0 to be

(6)

oo( po + s ~oo ) = C .

The masses of the particles are given by

Zoo C f m,2 2

PS» =go +
6 ao ao

(10)

bation theory. These terms give rise to the tad-
pole graphs. In the tree-diagram approximation
we have
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which shows that o, =f„and

M~ =ga'p .

3
~ =—,(m.'- m, '), (13a)

The parameters of the theory may be expressed in
terms of the masses:

to the imaginary part of the amplitude, and this
corresponds to the thermal background of a mesons
contributing to the scattering amplitude a finite
amount due to absorption and emission. However,
this does not affect the pp scattering lengths as
long as m, '14m, '. The expressions for cross
sections will now have temperature-dependent
factors.

As a second example consider 0- z&. The decay
width for this process is

Zz,
' = --,'-(m, ' —3m '), (13b)

and

(13c)
16zzf ' ~ 4 e~m&i'2

z(p+m)
(P'- m'+z~) ' (14)

za.(a) =z/f[u'- m.'+a&),

For a positive coupling constant X, the mass m,
will be larger than m, . Also, p,p' is negative if the
symmetry-breaking term Cv is absent. (A parallel
situation obtains in Landau's theory of phase
transitions. ") The Goldberger- Treiman relation'd
in this model is given by (13c).

Using the notation explained in Appendix A the
propagators for these excitations are given by

The additional factor dependent on temperature
represents the thermal broadening of the |J width.

As a third example consider pN-pN where the
pions and the nucleons are the excitations in the
presence of many particles. The appearance of
nucleon and nucleon-hole quasiparticles requires us
to consider pions scattering off a specified quasi-
particle, and the initial conditions of the problem
select the appropriate term in the fermion prop-
agator:

z(/+I) S(E,—Zz~)
zS~(P =

2Eb Po —Ed+i&

zD, (a) =z/[a'- m„'+z~j,

where the double bra, ckets on the denominators
denote the presence of temperature-dependent
terms in addition to the usual Feynman poles in
these propagators. These propagators are used to
evaluate higher-order effects in Sec. III, and tem-
perature-dependent corrections to the parameters
of the theory are obtained.

The scattering amplitudes are also modified in
the Born approximation since the presence of many
particles now affects the phase space available in

scattering. As a first example consider 7tp- gp
scattering. With the above changes in the propaga-
tors the scattering amplitude for p,z, —p, m~ is

2zzi 6(s —m.')JP g Q + I
bd, db «bd 3 3(m 2 —s: ZC) e bed —10'

e(ZZ~ —E,)
Pp —Ep —2& Pp+Ep —2$

e(Eb- Zzz) e(Zzr Eb)—
Z(P M) 2 2 2 2

~ p, —(E, ie) (P, -ie)-—E,

(19)

which appears in the Born-approximation ampli-
tude. The 8 functions in (19) take account of the
Pauli exclusion principle and the resultant changes
in the phase space. In Eq. (19) and in the rest of
this paper p, ~ denotes the chemical potential of the
nucleons.

III. RENORMALIZATION AT THE ONE-LOOP LEVEL

A. The tadpole graphs for CAO

+6„6„(s-u)+6.,6„(s-f) . (17)

The additional terms proportional to 5 functions
in the (energy)' variable in each channel contribute

We begin by evaluating the one-loop corrections
to the tadpole term shown in Fig. 1. If the symme-
try-breaking term Co is present in the Lagrangian
(1) then m, ' is not zero. Using the dimensional
regularization described in Appendix B we obtain
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0 2(2,)' [tu2 —m.'+i~Jj 'I'Z/2 m,-2+2&) (2~)' ~(p2-M2+z~),

1611'(n —4) ' ' 16z/ '( —4)

d '/3 n/1((k'+ m, 2)'/2) ns((k2 + m, ')'/'), d 'p nz, ((p'+ M' —izz, )' ')
2 (2zz)' (k2+m 2)1/2 (k2+m '-')1/2 (2z/) 2(p +M )'/2 (2o)

where the leading terms with poles at n =4 have been shown.
The meson-scattering graphs of Fig. 2 and the self-energy graphs of Figs. 3(a), 3(b), and 3(d) for the

symmetric theory (with c0=0) require the counterterms

5 p0' = —(2X p0'+ Sg' p0')/16~ '(n —4), Z0 —1 = 8g'/16z/'2(n —4), 6X = —(4X' —96g )/161/'(n —4), (21)

where g~ is the wave-function renormalization constant and 5p,,' and 6X are the mass and coupling-constant
renormalization counterterms. These counterterms of the symmetric theory give rise to an additional
term to this order, for the 0 tadpole'.

—i' 6p02+
6

c0'+ 6' (Ze ' —1)-—(Zo ' —1) (22)
0

Using the relations (10)—(12) for the masses it is seen that these counterterms of the symmetric theory
cancel" the pole terms of T, in (20).

The condition determing (T„viz. , T, + T, =0, is now given by

Xc02 C too d3k ne((k2+ m ')'/') ns((k2+ m, ')' ')
6 2 d'P nz, ((P'+M' —iz1,)' )

0 906'2 J (2 )3 (k2 ~ 2)1/2 (k2 ~ m 2)1/2 (2~)3 2(p2 +M 2)1/2

The integrals appearing in (23) can be evaluated in various limits. At very low temperatures, where the
nucleon chemical potential plays an important role, consider the integral

'k 1
r a&H

2 „(2zz)' (Iz'+m')' ''
gifts ( x + i )

2
( 2yl)1/2 ~ 7

s=&

g -SC, (Pms)

(24)

The sum over s in the last expression for I, is less than g( —,) —= 2.612, and the integral is convergent. For
m =0 we return to the original expression in (24) to obtain

f, (m -0) (25)

Similarly, in the case of fermions, consider

d 'p nz;( (P'+ M ')' ' —p, ~)
2 g (2 )3 (p2+ M 2)1/2

(26)Bg 2
2 M2 1/2 M21 Z 1 (l E ™)

p~(I/, z —M ) —M ln -'P
In the limit of extremely high temperatures the chemical potential of the nucleons may be neglected. The
relevant energy scale in this theory is given by the G.-meson mass, and this is very much higher than the
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degeneracy temperature defined by p~ for any reasonable nucleon density. In this limit of very high tern
peratures I, and I, have been evaluated by Dolan and Jackiw, and

1I, ~
2 2, —

4 +4,-(21n4))+ —,—2y- lnPm)+ ~ ~ (27)

and

(29)

8g2 2 ~2
I. . .+ [2 (aS*()'- (+ 2(y - &nn) J+ (2

where y is Euler's constant. It should be noted that the masses appearing in the expression for I, and I2
are all positive and real.

At zero temperature Eq. (23), which determines the value of o„reduces to

y~ 2 2~ +/ 2 2g 2)1/2
~2+ C+ ~ ~ 2 g2~2 1/2 g2 2ln g 0

0

For large values of l1~, (29) takes the form
2 2 go 3p'+~ "—— + ' -C=O,0 0 2 (30)

As we are interested in symmetry changes
with increasing temperature or density, we shall
neglect the presence of such a term in the rest
of this paper.

and at high temperature 0, is determined by the
relation

X+2g Xg0+ 6' -C=o,

where only the leading terms have been retained
in (30) and (31).

It is clear from Eqs. (30) and (31) that the intro-
duction of many-body effects changes the nature
of the solutions for o, . At zero temperature and
density, o, is given by a cubic equation with three
real roots for

9C2 8p 6

, +,' &0.

Recall that in order to have a a meson heavier
than 2m, we required p,,'&0, and since C is pro-
portional to m,2, which is small, the above in-
equality is satisfied. As long as C 40 there is
always one positive root, so that o0 10 as the
temperature or the nucleon density is increased.
This means that chiral symmetry is never re-
stored with increasing temperature or density.
This is to be expected since the explicit-symme-
try-breaking term Co continues to pick out a spec-
ific direction in the internal-symmetry space.

B. The tadpole graphs for C= 0

When the term Co is absent from the Lagrangian
(1) the pion mass is zero and the axial-vector
current is conserved. In the dimensional-regular-
ization scheme the zero-temperature terms of
the tadpole graphs at the one-loop level are zero
for massless particles in the sense that they re-
quire no counterterms. " However, the finite-
temperature terms survive as usual. Thus the
one-loop tadpole terms are

A,yg 2 16g M~ ~

'1 16'2(n —4) 167/'(n —4)

d'), ' n ((2'+m, ')' ') nn(Ilail))' 2 (2r)' (k'+m ')' ' l~l

d'p n~((p 2+M2 —p~)'/2)
(2 )3 2(p~2 M2}1/2

+ counterterms.

//'

vr
/t

+ cross-channeI diagrams.

FIG. f. The one-loop tadpole diagram. s in the 0. model. FIG. 2. Meson-meson scattering diagrams.
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M 3 371'~ 16 g MN

(b)
or

(c)

(d)
FIG. 3. Self-energy graphs for pions at the one-loop

level.

Since

Above this density the original. symmetry is re-
stored and the nucleons are massless and the
mesons are degenerate. This is the abnormal-
nuclear-matter phase proposed first by Lee and
Wack.

In the high-temperature limit p.p' increases
with temperature until, at a critical temperature
given by

12 Gm ~

(39)

we see that the counterterms of the symmetric
theory again eliminate the pole terms in (32).
Also, the conditions defining a'p are of the form

(P,,'+ ~saba, ')a, =0,

where

2 2-a ~2+& ~z
Pp =Pp +

(33)

(34)

in the high-density limit at zero temperature, and

X+ 2g'
Po =]L(o +

in the high-temperature limit.
Initially, at zero temperature and density

(36)

As the density increases p, p' continues to increase
till, at a critical density p, and a corresponding
critical chemical potential p,~, given by

Wz, c =- I"p ga 16 g' 4m
(37)

the quantity 0', vanishes. The number density cor-
responds to

the vacuum expectation value of the o field vanishes.
In the absence of fermions (39) reduces to the ex-
pression obtained by Weinberg' for the symmetry
group O(N) with N = 4. Above this critical tem-
perature the system reverts to the normal, sym-
metric phase in which the mesons are degenerate.
Near the critical temperature the mesons and the
nucleons are massless, while much above the
critical temperature the particles have tempera-
ture-dependent masses. From (39) it is also seen
that increasing the number of species of particles
interacting with the o mesons lowers the critical
temperature.

The infrared divergences associated with the
massless particles may be expected to lead to
a breakdown of perturbation theory in the neigh-
borhood of the critical temperature' and the crit-
ical density, and the expressions for the critical
values of these two parameters are valid in the
lowest order.

C. Renormalization of meson masses

The self-energy corrections to the pion mass
are given by the Feynman diagrams of Fig. 3.
With the temperature-dependent propagators the
one-loop corrections to the inverse of the pion
propagator can be calculated and

&ZN. (p') ' =Zo(p' —~„~')
= [p'- m', —am', Z, (p')]Z,
=ZOP —[5l]o +k65X(ro~+(Zo-' I)-'yo 2]

r)(krr)' l(k* —m.'+k]] [k'ark]])
1

9(»)' [[k' —m,'+iej ((p+k)'+i&]]

(krr)' ](k' —M 'air ]] ](k
' M '+(r ]]](()r+k)' M'+ iaQ])

'
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It is instructive to see how the Goldstone mode survives at finite temperature and density. Use is made of
Eq. (23} (with C = 0}to rewrite the inverse pion propagator at p' =0 in the form

1 'X'o

k(kaa) [k' —m, +aa)) p +(a)( 9(kaa) p —m, '+(alp +ia)))

3(2m)' (k' —m ')(k') 3 (2v)' E2 Ik I

gPo2, , 1 12o', d'k ns(E„,m, ) n2( Ik I )
9(2&)' (k'-m' )(k') 9 (2&)' & (E '-&'} I&I(&'-&' )

(41)

Thus the renormalized pion mass m, ~ is zero,

'pc' p
m, '(p, p, ~) =0 (42)

and the Goldstone mode persists as long as go g 0, verifying Goldstone's theorem for the present relativis-
tic many-body theory for p, ~430 and p

' 430.

The self-energy corrections to the g mass are shown in Fig. 4, and the inverse propagator for the o is
given by

iZao, ((a')
'=ZaI

(a' — aa,*+k((a'+ 1 aa,'+(Za ' —()A+ 6A, 2, Ao'o

k(ka) tk' —m '+iaj p'+(a)))
iA. Cro 4 3 1

()(ka) p' —m + (a)()+((kk)m, '+(Ejf p'a(ajp(a+k) +iaj )

(kaa) p —M*+(a)) p' —M +aa))()((a+k)' —M +(a)) )
(43)

Using Eq. (23) it is easy to show that the counterterms of the symmetric theory remove the divergences in
(43). Since m, &2m„ the o meson can decay into 2m and the o mass develops an imaginary part because of
the finite width of the o meson. At finite temperature and density this imaginary part is modified, as we
have already seen in Sec. II [Eq. (18)j.

It is worth mentioning that the coupling constants now acquire finite-temperature-dependent corrections.
If the renormalized couPling constant for P, z = 0 = I/P is defined at zero external moments, as An, the cou-
pling constant at finite temperature is given by contributions from diagrams of Fig. 2, together with "tri-
angle" and "box" diagrams which are generated by the presence of the cubic meson couplings in Eq. (7)
and which have finite Feynman integrals and constitute nonleading contributions. The complete expression
for A.„(p, g~) is somewhat lengthy and is given in Appendix C. Products of propagators appearing in the
diagrams can be simplified using Eqs. (A14) and (A15), or generalizations of these obtained by employing
Eq. (A13). At zero temperature ns =0 and n~ = 8(p, z —po) and only the fermion contribution leads to a change
in ~„due to many body effects. By returning to the original expression for ~ in terms of Feynman inte-
grals over propagators and using Eq. (A15) with n~ = 8(g~ —p2) we derive

8 4 I p (
2 M2)l/2

y (p-'=0 g )=g„- ~ ln ~

12gM ~ 1 p —M" (g —M )' 1

W M P2 P3, . jl/(P1kMk)

30&4 '1 &
2 M2 3/2 1 &

2 M»/2 (&
2 M2)1/2

+M
'F 5 p, g

and for large p.~

g4M4 (
2 2)1/2

24
7r'

—2
1 1

3( 2 M2)1/2 ~ (~ 2 M 2)3/2+ 2 (44)
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6 4 +( 2 M2)&/2
(p l {} ) ~ g 1 Pz (Py +0(1). (45)

At finite temperature and density the o mass is shifted from its original value of Xo2 /3 by a finite cor-
rection term which is obtained by evaluating (43) at p' =0. We obtain

g2 2 2((k2 + 2)1/2) P
8{2 + III 2}

m, „'(P, p, )™„—4(2 ), dk

X'o,' 3 n2,'( Ik I)pesI I ns( lk I)
12(2w)' Ik I'

2 X/2
4g4o 2 —

n 2.((p2+M 2)l/2 g )pes{P +l4 }

(2g)3 P p2+M2

ns((k'+ m, ')'/')
(k2+ m 2)3/2

n~((p2+M')'/', g~) l

(p2 +M 2 )3/2 (46)

At zero temperature, using nz = 9(pz —p2) and E{l. (A15) we reevaluate m, ' from (43) and obtain

4 2 +( 2 ~2)1/2
m 2(P-'=0

I ) =m '- ~ " ln "'
The functional relation between mass and the parameters of the theory, which are all temperature and
density dependent, is no longer m, ' = —,'~~a, ' because of the nonleading terms.

0. The mass spectrum in the symmetric phase

Let us first consider the abnormal-nuclear-matter phase at zero temperature, which is reached when

p &p~. Since oo =0, the nucleons remain massless as the density is raised beyond the critical value. ' The
meson masses are now degenerate and

8g 3 n~(IRI I ~)-iZ2D, , (p g +(2 )' d k 2lk I

22+1 ~ 2 ~s -~z, c ~ (4V)

Thus the meson masses which are zero near the critical density continue to increase with p.~ and

2 (Pr —vz, )~(&s (48)

Thus above and below the critical density the mass spectrum is positive, as it should be. This is shown
in Fig. 5.

(b)

(c)

II

/
I ~ ~

j
(e)

I

F,critl col

FIG. 4. The one-loop self-energy diagrams for the o.

meson.
FIG. 5. Schematic graph of the meson spectrum as a

function of the nucleon chemical potential p&.
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Now consider the mass spectrum above the critical temperature. Since crp
' 0 above the critical tempera-

ture the boson masses are degenerate and the nucleon mass is zero. The masses increase from zero as
the temperature increases above T, and we have

-fZ, D. „-'(p2=0)=m. „'

+
d'0 Ans( Ik I) 8g'n~(lk I)
(2w)' Ik I 2 lk l

(49)

The temperature dependence of the boson spectrum is shown in Fig. 6.

E. Renormalization of the nucleon mass

In the symmetric theory at p~ =0 and 1/P =0 the nucleons are massless and no counterterms for mass
renormalization are necessary. The nucleons do require wave-function renormalization. The self-energy
diagrams of Fig. 7 can be evaluated to obtain Z~, the wave-function renormalization constant for the nu-

cleons, and the leading terms are

(50)

The same result holds for oo ~ 0, and no mass renormalization is necessary for the nucleons; also in this
renormalization scheme no auxiliary fermion fields are needed. In the presence of nuclear matter the in-
verse nucleon propagator including the one-loop self-energy corrections is given by

(51)
(2w)' j[k' —M'+icQnp+i)'+is))

The term 5goo is canceled by goo(Z~
' ' —1), so that 5M =0. The infinite parts of the two integrals in (51)

are eliminated by Z~.

IV. ABSENCE OF TEMPERATURE-DEPENDENT INFINITIES

For the 't Hooft renormalization procedure" to be applicable the higher-order Feynman diagrams should

contain no pole terms at n =4 with residues which are not polynomials in the external momenta or external
masses. At intermediate stages of the calculation, pole terms with residues which have Iog(p') or temper-
ature-dependent factors do occur in any given Feynman diagram. However, the sum of such terms at any

( l
I

C

FIG. 6. The temperature dependence of the meson
spectrum.

FIG. 7. The nucleon self-energy diagrams with 0 and
m exchanges.
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order is canceled by terms arising from lower-order diagrams with counterterm insertions. Let us con-
sider the two-loop tadpoles of Fig. 8, together with the counterterms of Fig. 9. We now show that these
diagrams are free of nonpolynomial or temperature-dependent residues. This is best done by regrouping
the terms in each Feynman diagram into (i) the usual Feynman integrals at zero temperature and density,
(ii) the temperature- and density-dependent factors multiplying Feynman subintegrals having divergences,
and (iii) finite, temperature-dependent integrals. Such a separation of the terms is straightforward be-
cause the real-time Green's functions whose use is advocated here have this separation of the usual Feyn-
man poles from the temperature- and density-dependent terms in them.

Consider first the zero-temperature calculation of the set (i) of the two-loop tadpole terms. The terms
arising from the diagrams of Figs. 8(h)-8(k) and a pion-mass counterterm in Fig. 9 are

T,'(k, i, j,k)+T,'(5 m, ') = 2(2,~ d'k, , [Z~(k')+5m, '], (52)

where g (k') is the pion self-energy term appearing in Eq. (40). Now the terms proportional to k' in Z, (k')
give integrals of the form (Bl) given in Appendix B, and these terms may be dropped in the dimensional-
regularization scheme. Using the mass counterterm, defined by the finiteness of (40), and the integral
(B6), we have

+3g 3 $ m 2

T,'(k, i, j, k)+ T,'(5m' (16')'(n —4) 18
ln &', (53)

The terms of Figs. 8(a)-8(e) are given by the o' self-energy terms inserted in the one-loop tadpole, and
we have

iZ'o, m, ' 3 3/2 3 ln(m '/p, ') 3 m, ' 3, m, '
(16'')' n —4 n —4 n —4 2 p' 2

—i 2Ao, g' —12M'+ 4m, ' —2M'+ 2m, ' —12M' ln(m ~'/g') + 4M, ' ln(m 2/p, ')
(16m')' (n —4)' n —4 n —4

m. ' m 2 M
+ m, '+ (6M' —4m, ') ln, ' + (- 4M'+2m, ') ln', ' —4M' ln

+ 2M2 jn2 —M 2 ]n2 (54)

The diagrams of Figs. 8(f) and 8(g) give

(55)

and the corrections to the nucleon tadpole represented by diagrams of Figs. 8(l) and 8(m) are

—i2g'M —24m, ' 32M'+ 28m „' —24m, ' in(m, '/p, ') 2, M'

M m'
~ ' m' M'm '

+4m~ ln 2 +28ng~ ln, —8m~ ~n2, -12m~ —2m~ n

(56)

The terms in (53)-(56) with the coefficient 1n(m, '/p, ')/(n —4) are canceled by corresponding terms arising
from the counterterm diagrams in Fig. 9. At zero temperature and density we have to this order

2 2 1sAoom 0 2 m
2(16m') n —4

m 2
2g+ +m 2 gy+ + Z 1-y y+ —y+ln a

p,

+ — 1 —ln —,— + —ln' --,'

iso,6m~' n —4 n —4 m '
(5'1)
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and the fol.lowing term in (57)

—iln(m ""
jp,') (5m, 'Aa, +m, '[5Ao, +(Zo ' —l)Xo,]j

(58)

" d'k n ((k'+m ')' ')
(2&)3 (k2+m 2)z/2 (59)

eliminates the poles with logarithmic residues
in the two-loop tadpole. The remaining infinities
in T, are canceled by terms to order (n —4) '
arising as usual from the mass, coupling-con-
stant, and wave-function renormalization.

The temperature-dependent infinities arise
whenever some internal lines in any given Feyn-
man diagram are put on the mass shell by the
temperature-dependent terms in the propagators
while other lines form subdiagrams with loops
which have their associated infinities. At the
two-loop level this corresponds to applying the
"cutting" rul. e to any one internal line, as de-
scribed in Appendix A. When two internal lines
are cut the Feynman integrals are limited to
finite regions of momentum space and are finite.
These constitute the finite terms of set (iii). We
now show that the temperature-dependent in-
finities are absent. In order to make the expres-
sions compact l.et us define

and

d'k n '((k'+m ')')')Pes ~'"~ '

(2n)' 2(k'+ m, ')
n ((k'+m )' ) '

2(k'+ m, ')3)'

" d'k ns'([%j)Pe8i" i ns()%[)
~ (»)'

(61)

(62)

Q.o'~ g
( - 4)

(4

The two-loop terms of Figs. 8(a)-8(e) together
with the o-mass counterterm in Fig. 9 give the
temperature-dependent infinity

T,"(a, 5, c, d, e ) + T,"(5m,')

The two-loop terms of Figs. 8(h)-8(k) together
with the pion-mass counterterm in the one-loop
tadpole have the temperature-dependent infinities

n, (( k~)
(2')' (6o)

—Q, o~ i' go
16TP( -4) [' ' ' 16 '( -4)

The diagrams of Figs. 8(f), 8(g) and 8(l), 8(m)

(e)

I
i

/

l
I

1

/
r+

FIG. 8. The two-loop diagrams for the cr tadpole.
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FIG. 9. The counterterm diagrams for the 0 tadpole at
the one-loop level.

have the terms

In the presence of many-body effects the pre-
dictions for couplings based on current-al. gebra,
sum rules would be modified. The effect this has
on the position and the width of the 6(1236) reso-
nance, on the quenching of the axial-vector cur-
rent coupbng, "and on the current-algebra spec-
tral-function sum rules are problems for further
study.

—ZA. 0'o 4
2 (f!IV) ]6~2(g 4) (3 (. +& 2)

~ 3

T2"(f, m) =,
( -) (48J, + 48J,).

(65)

(66)
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APPENDIX A

1. Temperature Green's functions

T", (fA. ,(Z~) = ——[&&o,+(Z~ ' —1)xo,](J,+&,).

(67)

In the zero-loop or tree-diagram approximation
the particle propagators are

We have thus shown that there are no pole terms,
in Feynman integrals as n-4, with log(m') or
temperature-dependent residues. The finite,
temperature-dependent terms for the two-loop
tadpole are readil, y evaluated by the repeated
use of the cutting rule of Appendix A. Details
wil. l be presented elsewhere.

=i/(P -M+ic)

i D, (p) = d'x e""(O
~
T(y(x), y(O))

~
O)

(A1)

V. CONCLUDING REMARKS = i/(p' —m'+ ie) (A2)

It has been shown that the statistical-mechan-
ical aspects modify the usual. results of the field-
theoretic o model. The scattering amplitudes
devel. op contributions to their imaginary parts
appropriate to the emission and absorption process
in the presence of a. therma, l background of va, rious
particles and resonances.

The renormalization of the model at the one-
loop level. brings out the feature that the Goldstone
mode is maintained even at finite temperature
and density til. l a critical temperature or a critical
density is reached. The full symmetry of the
o model is restored above these critical va, lues
for the temperature or density.

The ground-state energy of a system of nucleons
has been studied in the v model. ' The results
could be improved by going beyond perturbation-
theory arguments using renormal. ization-group
techniques. Since masses and couplings param-
eters become functions of temperature and den-
sity, the differentia, l equations of the renormal. -
ization group must now include terms which take
this into account. This has been independently
proposed by Kislinger and Mori. ey."

for fermions and for bosons, respectively. We
shall be interested in the statistical Green's func-
tions defined as the expectation value of time-or-
dered products of fields averaged over ensembles
of particle distributions. We define

,, „Tre «" "&T-(e(-~~,m(O))
Tre

i(P'+ M)

2'
1 -n~ gp+I'0 —Ep+ i & po —EI, -i e

i -n~ n~
Po+ Ep —z& Po+ Ep+ zF

&z=&z(po & p)

= 1/(e~'~o "'+ 1) (A4)

where p =1/KsT, p, is the chemical potential, N is
the number of fermions, E~ is the energy (p'
+ M')' ~' and
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is the Fermi distribution function for a system of
fermions. K~ is the Boltzmann constant, and it is
set equal to unity together with c and L" in this
paper. It should be noted that now the positions of
the poles in the propagator (A3) correspond to the
presence of particle, particle-hole, antiparticle,
and antiparticle-hole excitations. (This is shown
on the frequency plane in Fig. 10.) Correspond
ingly, Hz (the Fermi distribution function) is a
function of —p, and of p, , the chemical potential
for the antiparticle distribution. Consider the case
where there are only N fermions and no antifer-
mions, so that n~ is zero. The propagator (A3)
then reduces to the form

f SJ2(P 2 +2P )

.
(~ )

1 2min~(p„p, ,p )5(P, E~)—
P' —M'+ i& 2'

]k Im(d

"(d + I& g
-GJ -l6 (3}

g QPo+ IN

Rp QP
CUo- I 6

N/V= p

d'P e"0"'+e "+'
= - i lim —, — —Tr[y'S~(P, p)]

2;0 0 27f
4

Pg d3p

(2m)' ~

FIG. $0. The poles of the particle propagators on the
complex energy plane in many-body theory.

pg
3r2. (A6)

At zero temperature the fermions occupy energy
levels up to a maximum corresponding to the
Fermi-level energy p, , and the Fermi distribution
function becomes nz = 8(p -p, ).

For a system of noninteracting fermions at zero
temperature the number density is"

If the number of species in a multiplet of fermions
is z the total number of fermions per unit volume
is xPz2/3)) . Here P~ is the Fermi momentum. For
nuclear matter K= 2.

The energy density of this system of fermions

2g c&z
E =

(~ d2p(p2+ M2)2h
(2)))' J~,

M2
=——"(P '+M')' ' — P (P 2+M')' ' — ln

In an analogous manner the propagator for the bosons is defined as

,.~.„Tre ~"T(P(x), P(0))i D~ k,p)= (f'xe'~'"
Tre PH

i 1+na(ko) P) ns(k»P) 1+ns(- ko, P ) yg (-ksP)O
2Ek ko —Ek+i & ko —Ek —i& ko+ Ek —i & ko+ Ek+i E

Here ns(k„P ) is the Bose-Einstein distribution function

ne(k„P)=1/(e "-1).
For the present problem it is assumed that the boson chemical potentials are zero. When there is no ex-
plicit symmetry breaking in the model considered here, the pions will be massless and their spectral dis-
tribution will be that given by Planck's law. On the other hand, setting the chemical potential of the o

particle to zero is the correct procedure for our choice of spontaneous symmetry breaking [Eq. (6)], which
does not require a Bose-Einstein condensation of the o particles in order to trigger off the symmetry
breaking. At zero temperature there are then no 0 mesons in the ground state.

For self -conjugate fields n~ = n~ and the boson propagator is

(D (k, )=[2, , + Sr .
" Il(k, —@)+2w

"' 5( + 2)2i ne(k„P ) ne( k„g)-
u'- m'+z& k k

In this paper we designate the propagators by double brackets to denote the presence of temperature-
dependent terms in the propagators:
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i Sz(p) = i(p+ M)/( p' —M2+ ie),zeal,

(k) = 2/tt p'- m'+ ze]j.

(A10)

(A11)

2. Products of Green's functions

ln Egs. (A5) and (A9} the Green's functions have been written as distributions using the well-known iden-
tity

1/(x +is) = P(1/x) +izz 5(x).

Products of Green's functions with coincident poles require the relation"

(A12)

(A1s)

Thus, for example,

tk' —m2+ia)2 (k2 —m2+Za)2 M 2 ~ 2Z 2(k +Z )

2„,, &g(-kn)5,
(k @ )

zz~(-k, )5(k, +Z, )
(A14)

and

(p2 —M2+iep (p' —M2+ze)2 4E2 ' 2 2g 2(p, yg )
(A15)

As a simple example, a loop diagram with two vertices having external legs with zero 4-momenta can be
calculated using (A14) or (A15) and the result can be compared with that obtained using the imaginary-time
formalism. "'

When the poles in the product of n Green's functions are not at the same value of k, the products can be
written as the usual Feynman term plus all terms with 1,2, 3, . . . ,n, 5-function factors. These factors
select regions of momentum space in which the lines of virtual particles in the diagram correspond to real
on-mass-shell particles. This has to be consistent with energy-momentum conservation at each vertex.
The parallel with Cutkosky rules" of field theory is obvious. For one application of these "cutting" rules
see Ref. 29.

APPENDIX B

Dimensional regularization has been done using the analytic continuation

{~2)2-n/2 2-n/2
dna

(22)' (2~)'1 (S -~/2) J

where p, is a constant mass called the unit of mass. " This definition avoids terms with Euler's constant
in the intermediate stages of the renormalization and simplifies the algebra. The uniqueness of analytic
continuation in dimension has been discussed by Kang. " The n-dimensional integrals have their usual
values, "and some useful relations are the following:

1. d"k(k'}'= 0, p
~ —1 (al)

2. t
d"k 5(k') = 0 (a2)

S. d"k(k'+ 2P ' k —zzz2) =i( 1) v"'-I'(o.'—n/2)
I & tR +P (as)

4. d"kk„(k 22p+' k —zzz2) =i( 1)'zz" '(- p )—~2+ ~2 af fl/2 & (a4)
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3/2
5. d"k k„k„k'+2p'k —rn' = 2, ~ „I2 I' n -n 2 p P„-pg„„I'o. —1-n 2 P'+m', 85

1 . , I'(2 -n/2)
k2+i& ' I' 2

APPENDIX C

The corrections to the meson coupling constant at the one-loop level due to many-body effects can be
evaluated by separating out the temperature- and density-dependent terms in the propagators entering
Feynman integrals for the meson-meson scattering amplitude. The diagrams of Fig. 2 together with tri-
angle and square diagrams which are generated by the presence of cubic couplings in Eq. (7) contribute at
the one-loop level. An efficient way of evaluating these corrections is to use the definition of Coleman
and Weinberg" for the coupling constant in terms of the effective potential:

9
(p, p,1 ) = Xs+ 4 V, (p, I/1, o0), (cl)

where V,(p, /1~, o,) is the temperature- and density-dependent part of the effective potential, or the thermo-
dynamic potential, at the one-loop level. For the o model a direct extension of the results of Dolan and
Jackiw' yields

V (P P o' )= —4 —ln(1+ e3~& 3 2/)+ —[in(1 —e 2e1)+ 3ln(1 —e 3s2)j
1 1 E t 0 (211)3 p (2v)3

where

(p2+g2o 2)1 /2

E, =E„=(/'3-2+ p, 2+-'Xo ')'/2

(C2)

E =E —(/32+ ~ 2+1 yo 2)1/2
2 mr 0 6 0

We are discussing a system of nucleons with no antiparticle distribution (i.e. , n~ = 0), and the number of
species of fermions is 2; this accounts for the factor of 4 in front of the integral over p in Eq. (C2). As
in the work of Coleman and Weinberg, " the coupling constant is defined for a value of o, away from the
minimum of the total effective potential in order to avoid the infrared problem. Substituting (C3) in (C1)
we obtain

12g " n~ np pe
)If N

24g6o ' ", 3n~ 3n~2p e " 2n~'p 'e'~ & n~'p 'e~ ~&

4g'o ', 15n~ 15nJ, 'pe~~& 12n 'p'e'~~& 6n 'p'e~~&

(2|1)3 ~ E1 E 3 E 3 + E

Gn 4p se3QE~ 6n 3p 3e2P E~ n 2p 3egE~

E 4 E 4 E4
M M

3~ 3 n1 n js e~~1 1 n, -n2

~„'o0' 15n 15n 'p e 1 12n, 'p 'e' 6n 'p'e

6 ~3e38 1 6n 3p3e28 1 n 2p3eBE1
1 P 1 1
E 4 E 4 E1 1 1

27 E1 E2
(c3)
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where

n, =n,s=(e~ z 1) '

and the terms. arising from pions are obtained as indicated in (C3) by the replacement of (n„E,) by (n, p )
in the integrands.

At zero temperature, e~=0 and the fermion terms a1one survive. They are evaluated by taking the zero-
temperature limit after differentiating the logarithm in (Cl), and

(C4)

This then defines the appropriate branch of the logarithm. The resultant expression is Eq. (44) of Sec. III.
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