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In the relativistic canonical formalism of Bakamjian and Thomas describing direct particle interactions the
generators are defined in terms of the total momentum, the center-of-mass position, and a complete set of
additional intrinsic canonical variables. In the interaction region of phase space the transformation linking
these variables to individual particle coordinates and momenta is not determined by basic principles. In this
paper canonical transformations to single-particle variables valid to order ¢~* and the corresponding
approximate Hamiltonians are constructed for a two-particle system; approximate many-body Hamiltonians
are then constructed from the two-body ones, maintaining the Lie algebra of the Poincaré group to the same
order. If, and only if, the nourelativistic limit of the potential is velocity independent (except for a possible
spin-orbit interaction) it is possible to require, to order ¢ ~?, transformation properties of the position operators
corresponding to the classical world-line conditions. This requirement implies restrictions on admissible
canonical transformations to single-particle variables. The cluster separability condition is then automatically
satisfied. In the classical limit the class of approximately relativistic Hamiltonians for spinless particles is
identical with that obtained by Woodcock and Havas from expansion of an exact Poincaré-invariant Fokker-
type variational principle automatically satisfying the world-line conditions. Conversely, direct quantization of
their classical Hamiltonians is shown to lead to the approximate quantum-mechanical ones resulting from the
Bakamjian-Thomas theory. The relation of these results to various approximately relativistic Hamiltonians
built up by several authors starting from the nonrelativistic theory is discussed, as well as their implications
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for phenomenological nucleon-nucleon potentials.

I. INTRODUCTION

“The nature of interactions between nuclear par-
ticles is understood at present rather poorly.”
This opening sentence of the classic paper on ap-
proximately relativistic equations,’ written in 1937
by Breit to explain the motivation for his study of
wave equations Lorentz invariant only to order v?/
c?, is still appropriate, even though an enormous
amount of detailed knowledge of properties of the
interactions has been accumulated. In spite of its
central importance for nuclear physics the prob-
lem seems less fundamental ncw since the notion
of point nucleons without internal structure is, at
best, an approximation, the validity of which must
be tested. The presumption “that a completely re-
lativistic theory must involve a field”' underlies
the conventional description of the two-nucleon
system in terms of Bethe-Salpeter amplitudes.?
This presumption is challenged implicitly by much
work on the relativistic theory of direct particle
interactions®? (which, at least to order »?/c2?, in-
cludes the particle interactions following from
field theory). Three general schemes allowing
large classes of interactions have been developed.
The first one, due to Bakamjian and Thomas,®
makes use of the special properties of the center-
of-mass frame of reference to develop a canoni-
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cal formalism, classical as well as quantum me-
chanical. The second one, due to Havas,® takes a
classical Poincaré-invariant “Fokker-type” vari-
ational principle as its starting point; the general
form, to order v%/c? of the approximately rela-
tivistic Lagrangian corresponding to this principle
has been found recently by Woodcock and Havas”
for all interactions which for ¢ —« reduce to a
static Newtonian potential. The third scheme is
based on the relativistic generalization of New-
ton’s second law with two-body forces.? These
three approaches correspond to the nonrelativistic
formalisms of Hamilton, Lagrange, and Newton,
respectively, but while the nonrelativistic ap-
proaches are equivalent for the usual case of two-
body interactions derivable from a potential, in
general no such equivalence exists in the relativ-
istic cases discussed above.

All three general methods suffer from various
fundamental difficulties that stand in the way of
many applications in nuclear and particle physics.
No satisfactory methods are known to quantize
either the Fokker-type theory of Ref. 6 or the New-
ton-type theory of Ref. 8. The BT theory, on the
other hand, poses difficulties of interpretation.
Initially, there was no indication that the corre-~
sponding classical canonical formalism would be
compatible with the existence of invariant world
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lines; indeed, Bakamjian and Thomas abandoned
this requirement at the outset, long before formal
proofs were provided that the “world-line condi-
tions” implied vanishing interaction.” However,
for strongly interacting nuclear and subnuclear
particles, positions are in fact not observable in
the interaction region. Therefore, it seems rea-
sonable to relax the world-line conditions in that
region while maintaining the weaker requirement
of cluster separability.1°-13

Nevertheless, the relation of particle position
operators to observations remains an important
problem in the BT theory. Bound-state wave func-
tions are useful only if they can be used to calcu-
late form factors. Since the particle interaction
modifies the representation of the Poincaré group,
covariant current densities must acquire inter-
action terms. The proper determination of these
terms is an unsolved problem that inhibits the ap-
plication of the theory to such problems as quark
models. In the context of the classical BT theory
Pauri and Prosperi' require particle positions
(defined as functions of the canonical variables)
that satisfy the world-line conditions. These posi-
tions cannot satisfy canonical equations of motion.

The essence of the BT theory is the construction
of a unitary representation of the Poincaré group
as a direct integral of irreducible representations.
The generators are defined as functions of the to-
tal momentum 5, the center-of-mass position 3’(,
and a complete set of additional intrinsic canonical
variables. The canonical transformation linking
these variables to individual particle coordinates
and momenta is well defined for free particles, but
there are no principles that prescribe what this
transformation must be in the interaction region
of phase space. The BT construction is particular-
ly simple for two particles. For many particles
the cluster separability requirement'®"'® presents
a serious complication.

Equivalently it is possible in principle to write
the generators as functions of individual particle
coordinates and momenta and then to construct in-
teraction terms such that the Lie algebra is main-
tained. It is then easy to verify cluster separabili-
ty. This construction has been attempted only in a
formal expansion in inverse powers of ¢,'° in par-
ticular for electromagnetic interactions.'®"!'” The
mathematical convergence and domain problems
associated with such expansions have not been in-
vestigated. Approximately covariant Hamiltonians
are obtained from a realization of the Lie algebra
of the Galilei group by adding correction terms in
various orders of ¢! to obtain realizations of the
Lie algebra of the Poincaré group to the desired
order. Recently Stachel and Havas'® obtained the
most general classical solution that reduces to a

Galilei-invariant theory with a static Newtonian
potential for ¢ —«. The world-line condition was
automatically satisfied to order ¢™2, and no dif-
ficulty was encountered in satisfying the cluster sep-
arability condition to this order (as indeed none was
encountered in all earlier work on approximately
relativistic Lagrangians or Hamiltonians'®). The
corresponding quantum-mechanical problem was
treated by Foldy and Krajcik,'? who did not require
a static potential in the nonrelativistic limit and
made cluster separability their main consideration.

The approximate equations obtained by Stachel
and Havas'® reduce to those of WH” if it is required
that they be compatible with the expansion of an
exact theory. The equations of WH, by definition,
give a covariant description of world lines® as do
the equations of Ref. 8 obtained by a relativistic
generalization of Newton’s second law. The re-
sults of Foldy and Krajcik'? (for particles with-
out spin) may appear, at first sight, to be less
general, but after constructing a particular solu-
tion they indicate how the most general form can
be obtained.

The BT theory has been useful in generating re-
lativistic corrections to order c¢™? to the nonrela-
tivistic treatment of the deuteron® and of nuclear
matter®! and the interaction charge density in the
deuteron required by Lorentz covariance to that
order has been determined.

In Sec. II we review the quantum-mechanical BT
formulation for two particles and discuss sufficient
conditions for the validity of the approximations.
In Sec. III we construct a special canonical trans-
formation to single-particle variables and the cor-
responding approximate Hamiltonians. The world-
line conditions and consequences are discussed in
Sec. IV; it is shown that transformation properties
corresponding to the approximate world-line condi-
tions considered in Ref. 18 can be required of the
quantum-mechanical position operators provided
the nonrelativistic limit of the potential is velocity-
independent, except for a possible spin-orbit in-
teraction of the form §- 1f(»). This requirement
restricts admissible canonical transformations re-
lating intrinsic coordinates to single-particle co-
ordinates. The cluster separability condition is
then automatically satisfied. In the classical limit
the class of approximately relativistic Hamilto-
nians obtained for two particles in Sec. IV and for
N particles in Sec. V is the same as that obtained
by WH, as is shown in Sec. VI. Conversely, the
approximate quantum-mechanical equations (for
spinless particles) can be obtained by direct quan-
tization of the equations of WH.??® Section VII con-
tains a discussion of our results and their implica-
tions for phenomenological nucleon-nucleon poten-
tials.
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II. TWO-PARTICLE SYSTEMS

We first review the BT quantum theory for two
particles with masses m, and m,. The generators
of the Poincaré group for a multiparticle system
have the same form as for a single particle if they
are written as functions of the total momentum P,
the canonically conjugate center-of-mass position
X, the total spin I, and the mass operator 2. That
is,

J=XxP+] 1)
for the angular momentum,

H=(13’262+hzc4)1/2 (2)
for the Hamiltonian, and

I xP

K_Z_CZ{X’H}_H +he? ®)

for the generator of the Lorentz transformations.
Here and in the following the braces {A, B} denote
the anticommutator of two operators A and B. It

follows from the commutation rules

[X,,P;]=15,;, (4)

[, P)=[7,%,]=0, (5)
and

[i, 1) =X, 1) =[B, 1] =0, 6)

that the ten generators of the Poincaré group ﬁ,H s
J,K satisfy the commutation relations

[P, P;]=0, (7)
[P;,H]=0, (8)
[J;,H]=0, )
[JiiJj]=i€iijk’ (10)
[Ji,Pj]—ZﬁijkPk, (11)
[7;, K ] =€, ;. Ky, (12)
[P;,K;]=~ic™b,;H, (13)
(K, K,)=—ic™€,;;,d,, (14)
[K;,H]=iP,, (15)

where all indices can take the values 1, 2, or 3,
summation over repeated indices is understood,
and the units are such that 7=1.

The mass operator 2 and the total spin j*are
functions of intrinsic canonical variables that com-
mute with X and B. They are the intrinsic relative
momentum k and positionX, and two spins 3, and 3,,.
We have then

j=xxk+3,+8, (16)

and

h=hy+c %, (17)
where v is an interaction operator and
h0=(c'2E2+mlz)”2+(c'2E2+n122)”2. (18)

To choose the total momentum as one of the ca-
nonical variables is not the only way in which the
generators may be expressed as functions of cen-
ter-of-mass variables and intrinsic variables. If
we define canonically conjugate variables Q and
i@ by23,24

Q=¢"Pt (19)
and

Xo=('XKe, (20)
where the unitary operator ¢ is

¢ = exp[- 34{X, B} In(z/M)], (21)
it foilows that

Q=PM/h. (22)
Here

M=m,+m,, (23)

and in the anticommutator of any two vectors the
scalar product is understood. The Poincaré gen-
erators are now linear functions of the mass op-
erator 2. We have

P=Qh/M, (24)

H=E,h/M, (25)

3=)_(.QX_Q>+E, (26)
and

K:%{X'Q,EO}_E};A%?, @)
where

Ey=(Q%c2+ M%)/, (28)

In this representation the Lorentz generator K
does not depend on the interaction operator v.
Note that while # commutes with ¢ the separate
terms %, and v do not, and the intrinsic momentum

d=t'ke (29)

differs from k except when the interaction v van-
ishes.

The approximations discussed in the following
are based on the assumption that the particle ve-
locities are small compared to c. Specifically we
approximate

A2 QA4
‘EO§1W>C2 +m—8—1\?36—'§. (30)

It is easy to verify by Taylor expansion that for
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any state ¥

A2 4
(oot - S o =55 | 52

and therefore the approximation (30) is justified
if the right-hand side of Eq. (31) is sufficiently
small. We also assume that

.

hog-M M
M

<le]. (32)

We have therefore the following approximation for
g:

Il/[

t=1- 44X, P} (33)

For h,—-M we will use the approximation

N g2 _3“13+M23<§>‘1
ho =M = 9mc: 8 m?® c/’ (34)

where #m is the reduced mass

_ m]lgzz ’ (35)
and
m
Be=—7> (38)
for K=1,2. Since
4 1pl+p’ uz q
l:h"_M_2mc2+8 m?
1 6
Sﬁ (/J'L +N’2) <;)/%:> Zr,' ] (37)
the approximation is justified for states ¢ for
which
q\°
(%) pll <o - (38)

These conditions for the states legitimize the for-
mal expansion of the generators in powers of ¢™2
to first order. Convergence of the infinite series
is not necessary. The approximate generators are
in our representation

{X,,02 ixQ

=MXq+ 4Mc? T 2Mc? (39)
and
nel1.2( QY. @
H=hc [1+2<Mc> ]—BMSCZ' (40)

The crucial step for many applications and for the
generalization to N-particle systems is the tran-
sition to single-particle momenta P, and p, and the
conjugate position operators ¥, and T,. For non-
interacting particles these single-particle vari-

ables are well defined. For interacting particles
ambiguities arise which will be explicitly exhibited
in Sec. IV.

III. SINGLE-PARTICLE VARIABLES

For noninteracting particles the relation be-
tween é, q and p,, P, is determined by the require-
ment that Poincaré generators be the sums of the
individual particle generators; in particular P
=P, +D,. We have?®

- . o~ M
Q=B +p.) 7 (41)
0
- 1= = (5 6'(51"52) wl_wZ]
A=2(Py=B)+ ZM[ MetiE, "o )0 2
where
W= (Pr2+m )2, (43)

for K=1,2, and
hozc-l(Hoz_i)’z)l/z
=C'l[(wl +w2)2_ (51+ﬁ2)2]1/2 (44)

is the two-particle mass operator defined in Eq.
(5) expressed as a function of P, and p,. The spin
operator S of particle K is related to the canoni-
cal spin G, by?

S =®(By, QTy, (45)

where ® is the Wigner rotation corresponding to
the rotationless Lorentz transformation L (®) that
transforms the four-vector @ =(c™E,, Q) to rest,
i.e.,”

L(Q)Q=(M,0,0,0), (46)

R, Q) =LIL@Q)px) LIQ)L " (pp), (47)
where

pr=(c""wg, D) (48)

Equations (41), (42), and (45) determine a canoni-
cal transformation

Q, XQ;Q;xq,su Sy =Py ¥y Po ¥y 0,0, (49)
and clearly there exists a further canonical trans-
formation to variables
- > > 1/ > - >
¥, =T, D,+D, 2(F,+T,), 0,, 0,

There exists therefore a unitary transformation U
such that

Gp=US, U, (50)
for K=1 and 2,

3(3,-B,)=UqUu ", (51)

F=F -T,=UxU", (52)
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ael?

E§1+§2= QU’r (53)
F, +F,)=UXU". (54)

(M

The transformatlon U gives us all the variables Q,
XQ, q, x ,%,, 8, and hence the generators explicitly
as functxons of the single-particle variables. Jtis
clear from Eqgs. (41), (42), and (45) that for P=0
the transformation U reduces to the identity. The
transformation for noninteracting particles was
designed to yield

H=)_ H,, (55)
K

HK=(5KZCQ+MKZC4)I/29 (56)

K=2 Ky (57)
K

= _ 1 axxﬁx

KK‘Z_C,Z{rkyHK}_HK+17,IK02' (58)

We now reinstate the interaction by replacing 7, by
h in Eq. (41), and retaining the other relations (42)
and (45) unchanged. There are no principles that
prevent us from introducing other interaction-de-
pendent terms into the transformation U. We will
discuss this ambiguity at length later.

To order ¢ ?itfollows from Egs. (22) and (42) that

Q=P -P(h-M)/M, (59)
and
4=3(0,-D,) +2(ky— 1)Q
L 5 “1 *zil
Tz { Mc)2 2mMc LR (60)
where p is by definition
5 é(ﬁ ﬁz)‘*‘%(#g-“l)(ﬁl'*'ﬁz)
KDy = by Dy (61)
Let the operators ¢, and &, be defined by
15[ PP pa- iy »2]
®o=-2Pe [(Mc)2+ 2mMc??
(P X pK)
¥ 2my Mc* (62)
and
(7 h-M
@1-_3{{13 Fo+ Tl =5 } (83)
It is then easy to verify that the operator
U=e® F0as/2[1 4i(®,+®,)] (64)

has all the required properties.

If we express the generators K and H given by
Egs. (22) and (25) as functions of the individual
particle variables defined by Egs. (50)—(54), then
it follows that

K=K, +K,+K’ (65)

H=H +H,+H', (66)

where a prime denotes the interaction part of any
operator. To order ¢ we have from Eqgs. (54) and
(64)

R+z[ (@,+9)], (67)
where

R= 4,7, + 1,7, (68)

The transformation (B,. ¥,,P,, ,) = (P, R, D, T) is
canonical.
It follows from Eqs. (39), (67), and (64) that

K’ =iM[R, /]

“Zc ol 4, V7, (69)
where
VO =1lim v (70)
Pl
is the nonrelativistic limit of v, and thus
®/=-P K. (71)
From Eqgs. (40) it follows that to order ¢™®
. T B2 . v op2
H'=v(r,p) +Z[V09 <I)0] ‘*’Z[‘z% ,¢1}+Z[Vo, ‘I'l] T OME”
(72)

In Eq. (40), the mass operator & was a function of
g and X, while in Eq. (72) it has been expressed as
a function of T and p defined by Eqgs. (51), (52),
(61), and (64). Equation (59) was used to obtain the
last term.

The operator ®, was defined by Eq. (63) to meet
the requirement P =j, +pP,, and hence

0
b’ =i[13,<1>{]+%—c£—0 (73)

We now assume that the nonrelativistic limit of

the potential is velocity-independent, i.e., that

[F,V°]=0, V°=V (7). (74)

The significance of this restriction will be dis-
cussed in the next section. The assumption im-
plies that the momentum-space kernel (p’ ]v [ﬁ)
depends only on the difference p’ —p in the non-
relativistic limit, i.e.,

11m BB =V°(p-D), (75)

where V(' =) is the Fourier transform of V°(f).
We assume further that the relativistic corrections
to V° are obtained by expansion of (3’| |p) in pow-
ers of (P’ +D)/(2mc). We can then write
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(B'[0]B) = w'w) /2 V(5" - )

1 ﬁ’+§>2- ~,
—§<21nc AP -D)
1[(5'+5)'?

-2 2me

7 ]zé (B - D), (76)

where T denotes —iV;,_; and

mm, c?
[(‘}32+W71202)(-}52+7’l’122(,‘2)]1/2 .

= (77)
The last two terms in Eq. (76), which involve two
arbitrary functions A and é, represent the most
general spin-independent expression that may arise
in the expansion of . There is no term propor-
tional to (P’ +P) - T¥/(2mc) in Eq. (76) since we do
not wish to pursue the possibility that v might not
be time-reversal invariant. The function V({’ - D)
need not be equal to the limit V°({’ —P). There is

no advantage in a formal expansion of V(p’ - D), or
its Fourier transform V(¥), in powers of ¢,

For any function f(p’ - p) we define
1 N e Rz
f) =7 | (B =D =Dle! ™™ F. (18)
(2m)
Momentum-space kernels of the form
(b} +£) (B - ) (79)
and

(P1+P,)(P§+P,)f(§'—5) (80)

thus represent operators {p,,f(¥)} and
{p:,{p,,f(D}}, respectively. In order to simplify
the notation it will be convenient in the following to
have it understood that complete symmetrization
of operator products is implied. This means that
we will write p,f(¥) for 2{p,,f(¥)} and either

’_ i[(uzﬁl—uﬁz)'(l—;x-ﬁ),V]
H'=V(r) - 2mMc?
_1_151-52V_51-F52-F1Q+<5)2[V( _

T 2¢2 \mm, mm, vdr \m

The relatively simple expression (85) has been
obtained by assuming V to be a central velocity-in-
dependent potential. The expressions (69) and (70)
are independent of these assumptions. A more
general form would have resulted from the addi-
tion of an arbitrary interaction term ®, to ®,+®,
in Eq. (64). The interaction terms in K and H
would then be

K, =K' +K” (86)
and

Hint=H1+H”7 (87)

p:i0,8@)V ) or p;g®)p;f(F) for i{p,,{p,,gE) @
This unambiguous convention is precisely the Weyl
prescription® for the quantization of the classical
Hamiltonian.

The form of the first term of Eq. (76) was chosen
for later convenience; expanding (w’'w)'/? in pow-
ers of ¢c™ we obtain

P2V 2m\ V2V
v=v0) Yt (1 —_]\7> 2m?c?

>\ 2 = w\2
-3 (E) @ amy 2B se. ey
Without loss of generality we can change the defini-
tion of V(») to include the term proportional to
V2V. Since this term is of order ¢™%, this change
in definition does not affect the terms that are al-
ready of order c¢? and the net effect is to delete
the V2V term from Eq. (81). For the same reason
we may replace V° by V in Egs. (69), (71), (72),
and (73) without affecting their validity.

From Eqs. (62) and (63) it follows that

P-FP-VV = oo - i,
iV, @] 2M3c? +Prp VVZmMc2
i[(/"'zal - “162) : i)' X 5) V]
- 2mMc? (82)
and
(5% o BBV (1, - 1)
R e
In the absence of tensor forces we have
rdv -
MEFy T r=|F|. (84)

From Egs. (72), (81), (82), and (83) it follows that

)4 G -5 40

where, in analogy to Egs. (69) and (72), we get

K" =iM[R, @, (88)
and
H” =i[(5?/2m + V), ). (89)

In order to preserve the conditions__that P and J
have no interaction term, i.e., that P'=0 and J’
=0, we must require that ®, be invariant under
rotations and translations. Since we want H” to be
time-reversal invariant, ®, must be odd under
time reversal. In the next section we examine
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possible additional restrictions on ¢, imposed by
the assumption that ¥, and ¥, are observable par-
ticle positions.

IV. THE WORLD-LINE CONDITIONS

The world-line condition for particles without
spin can be stated as the requirement that the
commutation relations of the individual particle
positions T, with the Lorentz generator K are the
same with and without interaction,?® namely

N 1
["’Ki:KjJ=2_C'§{7’Kj;[7’Ki,H]}- (90)

The obvious generalization to noninteracting par-
ticles with spin is because of Eq. (58):

1 [7ei, HIGp X D)
— 1 J
['Vm,Kj]-zcz{’VKja (i H]} + IEI;K'{”W:IKKCZ)g

i SOk
Hyp+myc?
1 €..,0
=y, v, H] - i H2KE 91
2C2{ K],[ Kis ]} 27771(02 ( )

Even for interacting particles the last term in the
approximate form is independent of the interaction.
It is well known that the classical condition cannot
be satisfied exactly for interacting particles.®
However, it can be satisfied approximately to or-
der ¢ 2. The requirement that Eq. (91) be satisfied
to order ¢ implies restrictions for both V and U.
From Eq. (69) the interaction term K’ +K” of K and
the nonrelativistic limit of the potential must satis-
fy the relation

[VKi’ (R"+k’”)j]=2*:_§[7’m,{7’m, V}] (92)

Since by definition (68)

F =R+ p,f (93)
and

fzzﬁ—ulf, (94)
it follows from Eq. (92) and

[R,V]=0 (95)
that

(R, Ky =52 v, ), V1] (96)
and

(1= B[R, K= = iy, (K +K” = c2RV),].

(X))

It K” commutes with R it follows from Egs. (96)
and (97) that the potential V is velocity-indepen-
dent, i.e., [¥, V]=0, and that

[r;,K}]=0. (98)

In any case it follows from Egs. (96) and (97) and
the Jacobi identity that

[7% [7’;‘{7’;', V}]] =0. 99)

Hence V can depend at most linearly on p. As a
consequence of the assumptions adopted in Sec. III,
there are no terms proportional to p-¥. Thus, the
only nontrivial scalar quantity that is linear in pis
a spin-orbit coupling of the form §- 1f(r), where
1=rXxp. If such a nonrelativistic spin-orbit cou-
pling is present, then Eq. (96) requires that

[RirK;"]:iM[RH[RJ”(I)z]]:#o' (100)

If we consider either spinless particles or aver-
ages over all possible spin orientations, then the
world-line conditions imply the conditions (74),
(98), and

[R;,KY]=0. (101)

We must find the most general form of &, which
is translation and rotation invariant, odd under
time reversal, and consistent with Egs. (97) and
(101). Terms in &, containing higher powers of the
momenta than the first would lead to terms in H”
of third or higher powers in the momenta. If we
assume that the interaction terms of H contain the
momenta only through the velocities P/M and p/m,
such terms will be of order ¢™3 or higher. Thus the
most general form of &, satisfying all our require-
ments is

q>2:_P'r 1{p~r

== D AL l 102
2MC2W(V) 2 ) 2mc?’ Z(r)g ’ (102)
where the factors are chosen for later conve-
nience, and W(r) and Z(r) are arbitrary functions.
Then it follows from Egs. (88) and (89) that

K” = 32w () (103)
and
, T vV PP
H" = mce? Z(’V)_'ZmMc2

P-fp-Fl1aw 1 5)2 1<§-i~’>21d2
b r et S (R)z o (BER) 222
2\mc /) vdr

(104)

The first term in Eq. (104) is a function of » which
can be included in the definition of V(r) as dis-
cussed for Eq. (81). The last two terms are, re-
spectively, of the same form as the terms pro-
portional to A and B in Eq. (85). As long as A and
B are arbitrary functions, the further arbitrary
function Z does not lead to more general results.
Thus we have for spinless particles (or after tak-
ing averages over spin)
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”n 1 { 1 > -’1
H' +H =V(1’)—§z;§’——{pl'szO’)—pl-rpz-r;

|

B _ B iy, ) (B Be
m, m, m, m
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where by definition

X:A_ﬂwz_%j]—zw,

M
(106)
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V. N-PARTICLE SYSTEMS

As noted in the Introduction, the cluster separa-
bility requirement is not readily satisfied in the
BT theory. Therefore, instead of proceeding with
an expansion of the exact BT theory, we shall con-
struct an approximate many-body Hamiltonian
from the approximate two-body Hamiltonians ob-
tained in Secs. II and III, maintaining the Lie alge-
bra to the order required.

For any cluster of two particles I and K we adopt
the notation V-V, and similarly for all other two-
body operators. From Egs. (86), (69), (87), (72),
and (89) if follows that the two-body interaction
terms in the generators K and H are

—

K=o+ T5), Vigh+ k.}’x (107

and

HIK = ’UIK(FIK’ 5[1() +i[VIK’ CD()IK]

A v P,V
(B vie). @] S

(108)

If we tentatively assume that the Poincaré genera-

tors are of the form
J

(105)

P (109)

2
K
ZEK: (110)
K
H=ZHK+Z > Ho, (111)
K <K
;KK+ZZK,K, 112)

then the cluster separability requirement is mani-
festly satisfied, as are the commutation relations
(7)-(12). However, we have to verify the remain-
ing relations (13)-=(15). We have

[Pi’KJ'] = Z[PKUKI{J']

K

+%ZE[(§I+§K)DKH{J'}

KK

=_¢a“(; H,(+ZZH,K), (113)

KK

and thus Eq. (13) is satisfied. Furthermore,

[Ki’Kj]::;[KKHKKj]

+3 Z;(;{[(§I+§K)i: Kxs]

+[K 15 (I—EI +ﬁ1{)j]}a (114)
and since
Ky =My Ryge, (216 +@411)], (115)

it follows from the Jacobi identity that the second
term in Eq. (114) vanishes. Equation (14) is there-
fore verified. On the other hand,

(H, I_E] =;[HK7 KK] +};<KZ{[(H,+HK), KIK"'[HIK’ (EI+§K)J}

+Z Z Z[Hnn I_{IL] "'Z 2 Z[HIL’ I_{.KL] +Z Z Z{[HKL’ K11(] +[H g IZI(L]}' (116)

IKK, IKL
K#L

I<L, K<L

Since the single sum equals - iP and the double
sums vanish, Eq. (15) is satisfied if and only if all
triple sums in Eq. (116) add up to zero. This is the
case if the V’s and W’s are only functions of the
particle positions. Otherwise they must be can-

IKK<L

celed by adding a suitable three-body interaction
of order ¢™2 to the Hamiltonian H.'?

It should also be noted that independently of these
considerations any three- (or more) body terms in
H which only depend on the various particle sep-
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arations and are of order ¢™® are compatible with
the commutation relations (7)-(15) to that order,
and thus could be introduced in Eq. (111) as possi-
ble relativistic corrections. However, it would be
more appropriate to consider such terms only if
many-body terms are already included in the low-
est order. We shall therefore not pursue this

a= ZQWKC +2177 8m > ZZV’K

_ 1 E {91' Px
2 ’ -
2¢® T \mypmy,

MMV e AV

B rIKpK T dVIK+ <f’l
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possibility here.

Summarizing our results, for the case in which
the nonrelativistic interactions are velocity-in-
dependent and spin-independent (or averaged over
spins), the many-body Hamiltonian to order ¢? is
given by

-

_Px B _Pr\.z T
mK> Vit X ) + [(77’71-"71() r"‘:l Yix

b/ BB Pr Trre)*
+< 1 I pK>W”{_[<pK nr) _
mz2 " m,m, My

[see Eqs. (66), (85), (87), and (105)]. The cor-
responding Lorentz generator K is according to
Eqgs. (65), (69), and (104)

- B2 \.
K:; <m1+2716_2—>1‘1

1 - - P
+—2?Z Z[(r1+rK)VIK+(r, =T )Wl .
1<K
(118)

We have treated all particles as distinguishable.
Note that in a theory of direct particle interactions
there is no spin-statistics theorem, and thus for
identical particles the symmetry (or antisym-
metry) of the wave function under interchange of
a pair is an independent assumption.*

VL. APPROXIMATELY RELATIVISTIC HAMILTONIANS
RELATED TO POINCARE-INVARIANT VARIATIONAL
PRINCIPLES

The Hamiltonian (117), constructed to provide
an approximate realization of the Lie algebra
(7)—(15) of the Poincaré group, was based on a
two-body Hamiltonian obtained by an expansion of
the exact two-body BT Hamiltonian (3).

Results that are equivalent to order ¢~2 follow
also from a different exact theory proposed by
Havas,® which, in contrast to the BT theory, is
formulated in terms of physically significant
single-particle variables from the outset. It
starts from a Poincaré-invariant “ Fokker-type”
variational principle

51=6(1,+1,) =0, (119)
where I, is defined by>°

I ~—ZZI de[dTKA”((SIK, , k)

I<K (120)
ste=zy (1) =2k (g)

where z} is the world line of the Ith particle

B Fucbe T -

L awy,
MMy

Vg A7y |

T
parameterized by the proper time 7, in the Min-

kowski space of metric

M =0, p#v,
Moo=1, M =Nee=Ngz=—c"7, (121)
Mpn®” =6y,
and v} is the four-velocity defined by
b= jjf (122)
Since from Egs. (121) and (122) we have
vV =1, vf v, =0, (123)

the variations of the components of each world
line are not independent; the term 67, is intro-

duced to maintain the conditions (123). It is de-
fined by
ol -—Z f ATy My (1) ¢Vl bvgy (124)

where the MK(TK)C are Lagrange multipliers.
Since the z} are four-vectors under the Poincaré
group, the world-line condition is automatically
satisfied, but no exact canonical formulation of the
form (7)-(15) is possible. If the interaction is
such that it possesses a Newtonian limit in the
sense that for ¢ =« Eq. (119) is equivalent to

6I=0,

(125)
sz At L[ Tp(t), 7, (8)], K=1,...,N
with
- » _ df
L=T-V, TEézK:WlKVKZ, Ve = dtK ,
(126)

V= ZZ VieWix)y 7=l T, (1) —fK(m ’

1<K
then, as shown in WH,” the variational principle
(119) is equivalent to a variational principle of the
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form (125) to order ¢~2, but with a Lagrangian where
differing from that of (126) [see Eq. (WH75)]. This - s - 4
approximately relativistic Lagrangian is equiva- H,= E (m xC+ —ZI-)—’-‘—- - ?3_&(_3___2_> (128)
lent to an approximately relativistic Hamiltonian K M My €
[Eq. (WH105)] of the form V is given by (126), and the “post-Newtonian” in-
H=Hy+V Iy, (127) teraction Ipy is given by
J
f’t 'fIK"f)K '?IK av,
I A/ 4
PN T 2c2 ;(;{m My MMV g arg

br_ BV b, D 2
+ (;;,t"‘ mK> (VIK+XIK)+[<72{7 mI;) ru{] Yig

+ (-—‘——132 _ BBy >W _{<§K'Fm>2_ U5 rmpzr'rx} 1 dwgl
m® mymy ) K My My My ik g’

Pr= (129)

[o5)
IS

Here V. is the Newtonian potential, which can be defined from the relativistic function A,, by a procedure
described in WH. Similarly, X,,, Y;,, and W,, are functions which are defined by A;, and in general are
independent of V;,. The particular form of their dependence on A, is not needed here; indeed, the prob-
lem for any application of this formalism would be to determine a possible A;, from the four experimen-
tally found functions rather than to calculate these functions from a known A .

The total momentum and angular momentum are

=5 B (130)
K
and

T=3 XDy (131)
K

H and the components of 5,3 and the center-of-mass quantity

-

1 -
- P¢= I:m,k + 5 Z(V1K+ W,K)]r[—Pt, Wyrs =Wy I<K (132)
2m c®  2c¢" g

are ten constants of the motion, whose Poisson brackets satisfy the Lie algebra of the Poincaré group to
order ¢™2,718

In Eq. (132) a definition of antisymmetry for W, was introduced purely as a matter of convenience to
obtain a K or G of the same general structure as in the Newtonian case, i.e., with a sum of terms each
multiplied by an individual position vector (which is the form previously found for all particular approxi-
mately relativistic theories investigated by various authors'®). Whether such a definition (which is not
needed anywhere in the considerations of WH) is introduced or not, Eq. (132) can be written

G= Z (m, > 32 EZ (T + T ) Vet (Fp =T )W, ] - PE. (133)
r

Since the components of G satisfy the same Lie from the nonrelativistic one only by a more com-
brackets as those of I_E all the results of the pre- plicated dependence on positions and momenta,
cedmg sections can readily be transcribed from and thus the corresponding quantum-mechanical
K to G and conversely for the results of WH and Hamiltonian can be obtained as usual by replacing
of Ref. 18. To obtain the classical limit of our the classical positions and momenta by the corre-
earlier results, we just have to replace all (pos- sponding quantum-mechanical operators. The
sibly noncommuting) quantum-mechanical opera- only difficulty in this procedure lies in finding the
tors by the corresponding (commuting) classical proper order of these noncommuting operators
quantities. It is then immediately apparent that for the various terms in Ipy, given by Eq. (129),
our Egs. (117) and (118) reduce to the classical which are products of the momenta and of various
results of WH [our Eqs. (129) and (133)]. functions of 7,, and the components of T;,. The

Conversely, if we restrict ourselves to spinless question of the correct order is an old one, and

particles, the classical Hamiltonian (127) differs various schemes for resolving the ambiguities
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have been suggested. One method, based on
group-theoretical considerations, is due to Weyl?®;
explicit results for one dimension were obtained
by McCoy* and for an arbitrary number of di-
mensions by Daughaday and Nigam.** An alter-
native, generally inequivalent, method is due to
Born and Jordan,®® and was also generalized in
Ref. 32. However, Weyl’s method appears pref-
erable,*® and we shall not consider any others
here.

It is sufficient to state the quantization rules
only for the case of two particles [ and K. Fur-
thermore, because of the form (129) of Ipy, we
need only state the rules for terms which arebilin-
ear in the components of B, and P, or quadratic
in the components of either. Wherever we have a
classical expression

FEE = @, Ty T ) Py, @=0, 1, or 2
(134)
the corresponding quantum-mechanical operator
F**< [following from Eq. (22) of Ref. 32] is given
by
For=3{,pxihbprt
=i (Pr*Q+ 20 P bxi+ PPk (135)
For=il{e, brts part
=i (PPt P+ Pre b1t iy PPrn

+ (pplkpxl) ’ (136)
F*°= }1 {{90,171,, }:Pnz}
= %(.bzkz‘p"’zPUz PPyt (szkz) (137)

(without summation over repeated indices),
where the braces have the same meaning as in Eq.
(3). These rules correspond precisely to the sym-
metrization rules introduced in Sec. IlI, and thus
the quantum-mechanical operator corresponding
to the classical Hamiltonian (127) becomes for-
mally identical with the operator (117) based on
the BT theory.

The approximate classical Hamiltonian (127) as
well as the corresponding quantum-mechanical
one are not symmetric under interchange of the
particle variables T,(¢), ,(¢)/m, and T (), B (£)/m ,
unless W,, vanishes, just like the approximate
Hamiltonian (117). However, this lack of sym-
metry of (117) arose from the relation of the
variables describing the system in the exact Ham-
iltonian (2) to the single-particle variables rather
than from any immediately recognizable property
of the exact Hamiltonian, while the lack of sym-
metry of the approximate Hamiltonian (127) re-
flects a corresponding lack of symmetry of the
exact relativistic action (120) under interchange

of the particle variables z§(7,),v¥(7,) and 2%(7 ),
v%(T4). It should be noted that this interchange
in the exact interaction involves an interchange
of times as well as positions, as required in a
manifestly Lorentz-covariant formalism.

VII. DISCUSSION

In this paper we investigated the problem of
finding the most general form of Hamiltonians
which are invariant under the Poincaré group to
order ¢2, and which represent approximations
to theories which are exactly invariant under this
group. We showed that both the classical and the
quantum-mechanical approximate Hamiltonians
following from two exact theories (the quantum-
mechanical canonical theory of Ref. 5, and the
classical “Fokker-type” theory of Ref. 6), for
spinless particles,® are formally identical to or-
der ¢2. The approximate Hamiltonians are char-
acterized by the appearance of three independent
functions of the separation » for each pair of par-
ticles in addition to the Newtonian potential energy
V.

While the Hamiltonian are formally identical,
physically some differences remain. The classical
theory started from an action integral in which the
integrand was a function of the four-coordinates
and four-velocities of the particles, which are the
correct physical quantities transforming appro-
priately under the Poincare group by assumption;
the four independent functions V, X, Y, and W
followed unambiguously from the exact relativis-
tic interaction A {and any nonsymmetric contribu-
tion to the approximate interaction I,y was a con-
sequence of an absence of symmetry in the exact
interaction). The BT theory, on the other hand,
started from a Hamiltonian with an interaction
term which was written as a function of variables
describing the entire system without a clear phy-
sical interpretation; the appearance of the inde-
pendent functions W and Z in the approximate in-
teraction was a consequence of the ambiguity of
the unitary transformation relating the original
variables to single-particle variables (and any
nonsymmetry in the approximate interaction is a
reflection of this ambiguity), i.e., the physical
content of the exact theory is only determined
through this transformation.

In lowest order ¢° both theories yield the fami-
liar velocity-independent Hamiltonians of New-
tonian or Schrddinger theory. However, this is
by no means the only possible nonrelativistic (i.e.,
Galilei-invariant) Hamiltonian even for spinless
particles. The restriction to this particular form
was arrived at differently for the two theories.
For the theory based on a Poincaré-invariant
variational principle, the class of relativistic in-
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teractions was restricted in its dependence on the
relativistic two-body invariants so as to ensure
the existence of the desired Newtonian limit, as
discussed in detail in WH. For the BT theory, on
the other hand, this limit followed from requiring
the validity of the world-line condition, as dis-
cussed in Sec. IV. As noted above, this condition
is automatically satisfied in the relativistic La-
grangian theory. The reason that this does not
restrict the nonrelativistic limit in the same way
as in the BT theory is that in the latter the world-
line condition operates in conjunction with the
canonical formalism (i.e., the requirement of a
realization of the Lie algebra of the Poincaré
group) from the outset, while in the former this
requirement is not imposed automatically.

Recent work by Pauri and Prosperi'* on the
classical BT theory for two particles illuminates
the same problems from a different point of view.
Because they consider the classical theory they
naturally insist on the definition of particle posi-
tions X, and X, that satisfy the world-line condition
everywhere. It follows that, for interacting parti-
cles, these particle positions cannot be obtained
by a canonical transformation and do not satisfy
canonical equations of motion. Insteadthey satisfy
Newtonian-type equations of motion that, to or-
der c¢2, can be derivedfroma Lagrangian. There-
fore, to order c™® there exists a Hamiltonian func-
tion of X,,X, and the canonically conjugate mo-
menta 51 and 52. To order c¢2 their definition of
%, and X, involves two arbitrary functions that
correspond to our functions Z and W. From the
expansion of v they obtain four functions com-
pared to our three because they expand V() in
powers of ¢ and we do not.

Various authors®®-3® have given special expres-
sions for interactions in approximately relativistic
Hamiltonians within the framework of the canoni-
cal formalism, sometimes claiming to have ob-
tained the most general expressions. Their re-
sults do not include our nonsymmetric W terms.
For the comparison it is important to note that
when the nonrelativistic two-body potential VN is
defined to be a 1:9tationally invariant operator that
commutes with P and ﬁ,

[P, V¥ =[R, V¥’]=0, (138)

then it may include our X and Y terms.

In Secs. II-IV we considered particles with spin,
and then dropped further consideration of spin to
facilitate comparison with the results of WH.
There are two ways in which the results of WH
could be made to include spin: first, considera-
tion of a classical variational principle for parti-
cles with spin,®® and second, by introducing spin
only through the direct quantization of the WH

Hamiltonian for spinless particles (127).%°

As shown in WH, no terms in ¢! can arise in
the approximate interaction Hamiltonian (129) even
if the exact interaction (120) is not time-reversal
invariant. However, such terms are not neces-
sarily absent if the interactions depend on spin or
isospin.?® They could have been included in our
approximate interaction Hamiltonian (105) through
terms in » that are not time-reversal invariant
or through &,.

We now turn to the question: What canbe learned
from our analysis about nucleon-nucleon poten-
tials? Are the approximate world-line conditions
a physically reasonable requirement? Clearly it
makes sense only to the extent that we have struc-
tureless point particles. The notion of a pion
world line in the vicinity of a nucleon seems in-
appropriate since the pion-nucleon interaction
involves absorption of the pion. For nucleons it
is possible and reasonable to satisfy the approxi-
mate world-line condition, but the requirement
is not necessarily compelling. It is violated by
most phenomenological potentials, but it is satis-
fied by the one-boson exchange potentials.

The approximate world-line conditions do not
impose any restrictions on the velocity-dependent
terms. For simple field interactions the classical
theory predicts the unambiguous result W=0,
Y=0, X=0 (- V) for scalar (vector) fields in Eq.
(105).” On the other hand, conventional potential
constructions from quantum-field theory are am-
biguous. For instance, the folded diagram method
yields one-boson potentials for equal masses
(m/M=%) and scalar bosons such that W=0 and
Z=0 in Eq. (104), and such that in Eq. (85)

A=_2ny (139)
and
B=_tx> 27, (140)

where A? is an arbitrary parameter, with
0<2?<1,% The method of Blankenbecler and
Sugar?! yields 2*=0. Another widely used pre-
scription gives A*=1.** Hamiltonians with dif-
ferent values of the parameter A\* are canonically
equivalent; they can be transformed into each
other by appropriate choices of Z#0. The clas-
sical result follows for

Z=5(P+1). (141)

It can therefore be obtained only by an additional
canonical transformation, Z# 0. This situation is
well known in the context of electromagnetic in-
teractions,*® but generally ignored in the litera-
ture on nucleon-nucleon potentials.**

Thus we have the following observations about
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nucleon-nucleon potentials. (1) If the approxi-

mate world-line condition is imposed the nonre-
lativistic limit of the potential must be velocity-
independent. (2) If the potential is derived from

simple covariant fields the velocity-dependent
terms of order ¢ 2 are unambiguously determined
by the classical correspondence as functions of
the nonrelativistic potential.

*Work performed under the auspices of the U. S. Energy
Research and Development Administration.
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