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A complete set of covariant transforming matrices operating in the spinor space of Hurley’s field equation for
arbitrary spin are constructed. Similarly, matrices for transitions between spin 1/2 and 3/2 are also

constructed.

I. INTRODUCTION

Recently Hurley** >3 has presented a relativistic
field equation which transforms according to the
(s,00® (s —%,3) [or (0,s)®(5,s —3)] representation
of SL(2,C) as a generalization of the Dirac equa-
tion, viz.,

(Y uby —im)h(x)=0 , ®

where the field §(x) has 6s+1 components and the
generalized v, matrices transform covariantly, as
for the Dirac case.? The equation needs no sub-
sidiary conditions, and the field has 2s — 1 depen-
dent components which vanish in the rest frame

in momentum space. If parity symmetry is to be
included in the usual way, the representation must
(except for s=3) be doubled to yield the direct sum
of (s,0)®(s -3,3) and (0,s)® (3,5 —z). This, how-
ever, leads to difficulties in the field-theoretic
treatment of the field satisfying (1).>%° Hurley
shows?® that covariance of the equation can be real-
ized in the (6s+1)-dimensional space by replacing
the effect of the parity matrix n by a differential
operator which reverses the three-momenta of the
components of Y(x); i.e., the parity transformation
is nonlocal (in contrast with the Dirac and Joos-
Weinberg cases®"8).

II. COMPLETE SET OF MATRICES
FOR ARBITRARY SPIN

The number and types of such matrices are given
by®1° the direct product

[s,00@(s -2,2)]®[(s,000 (s -2,2)]
2s-1/2

=[‘:,_: (z,o)} ® [2\ !Z;/a@,%)} @'[?;: (z,o)]‘ea[}: a, 1)]

(2)
(I is integer and j half-integer). Let M, =-M,,
be the six generators of the homogeneous Lorentz
group in the (s,0)®(s —3,3) representation. For
all spins s =1 we define

-1
75Em€uuaBMuvMaB s (3)

Yw=slv., v+ AL, , (4)
yu.va = iMU-U.yG.F Alzl-VU ’ (5)

Mta,zv). af E%[MuvaMaB]«t"’ %[Mﬂv’Mga]#*' a3

uveaB °
(6)

D s D 4

My, is the dual of M,,, i.e., M, ,=3€,,,sMqys. Vs
is of course not a pseudoscalar matrix for s> 1

because we have no parity transformation in the
spinor space. For s> 3 we define

Y uvep E%[yuvw Yp]* + A% e 5 (7)

'yuvaBaEiM:sz),asya"' A?wasa ’ (8)
1

Mﬁ),aa.wgﬁ(MwMaBMop"' vt )+Aiv,aa.ao . (9

The A!,’s in (4)-(9) are chosen in such a way that
the matrices defined become traceless, i.e., v,,
=0, ¥,,=0, M2 ,,=0, and so on. Moreover, the
Al,,’s involve combinations (symmetrized in the
right way) of Kronecker ’s, v,, and some of the
matrices defined in an equation before the actual
one.'* For example,

Al = -3[(5-2s)+ (1 -2s))5,, ,

A2, = —3[(25% - 2s —1)+s(2s - 1)y,]

uve
x‘.(éuu‘yv - GVuYu.) ’ (10)
A3, 0s=35(S+1)Y5€ upas

+3[-3+ (25 = 1)75)(8,48,5 = 5,40,4) -

In Table I the linearly independent matrices for
s=3 are given. [For s=1, only the representa-
tions up to (2,0) are present, and (2,0) occurs
only once for s=1 just as (3,0) occurs only once
for s=3.] For a given representation (a,b) the
number of corresponding matrices, which are
linearly independent of the total set, is n=(2a
+1)(26+1).

The generators M, are given by'’2

My =€undms Mp==My=—iN, ; (11)
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TABLE I. Linearly independent matrices for s=3,

Representation Matrices Number of matrices, n
(0,0)® (0, 0) 1, s 2
[(1,00® (0, )] (1, 0) Myy, vsMyy 9
(2,39 (3,9) Yur VsV 8
(1’ 1) 'Yuu 9
& vedd Yuvor VsYuvo 16
(2,0)® (2, 0) M3 g YsMP o8 10
(2,1) Yuvop 15
('g’, 3 (%y%) YpvaBos YsYuvapo 24
(3: 0) M:ﬁl). OLB.Op 7
>In=100=(6% 3+1)?
Soo0 Soo The operator T in (13) can be split into two parts:
J={o _ |, =K=|0 = 12 . - . [So -8t
= 5 | (12) T=R+d; RE[ ’} le[* ’]. (16)
0 0 02 SLlt 2
= I:g 0:‘ 5 1 [(s -1)§ Tt ] 13) By means of the algebra in (15) one can show that
= y =— >
0 i s -{ (S+ 1)2 [Rn;Qn]-=0’ Qn2=1 (17)

where S and £ are the spin matrices for spins s
and s -1, respectively, and T are (2s+1) X (2s - 1)-
dimensional vector matrices (which are propor-
tional to the matrices ¢ s"*¢! discussed in a pre-
vious paper'®). For s=%, R=-T=40 and M,, and
¥sM,, contain only six linearly independent ma-
trices J and 753=iﬁ. But whens=1, R and Tare
linearly independent, which means that M, and
¥sM ,,, contain nine linearly independent matrices,
which can be taken to be 3, 753 , and —iﬁ, say.

In the Kramer-Weyl representation the v, ma-
trices are given by!r?

[o _rz] i [Se -1
= : Yy =— v,= .
T, 0 TS o) T o

(14)
The matrices §, £, T satisfy the algebral*?
1S =Tt =ty t,
1S, =Tyt =is€y t, ,
8S; =S, = (s + 1Y€yt
by = Tyt =i(1 = S)eg ety (15)

SiS+1it =i5€,Sy+ 570y, ,
]+ TpDy = — 1S €y, T, + 570y ,
1ty —tity=(2s = 1Yiey,S, ,
bl —tith= — (25 + 1)i€,,, 2,

where R,=R'n, Q,=Q°n; |n|=1. From (17) we
deduce that
RE X R

= (coshQ +@ - {2 sinhQ)e®} | (18)

which is a useful relation to study the transfox;ma—
tion properties of the wave function [2= |G|, &
=(1/Q)%). A helicity spinor can then be written:

u(po)= grtdTgmtuny u(00)

xL(p)
=f/_2_ [ coshw — (0/s)sinhw]xi(5)), (19)
sinhwf(s,olxE(p)
where
X"
u(Oo)=—1—— xLsl
J~2— o
0

is the rest spinor. xi($)=e'*%sI and x{*11(3)

=¢!* ByLs1 are helicity spinors which satisfy

S+ px5(P)=ox(5) and T+ pxLo V= ox L)), re-

spectively, and f(s,0) is given by

(1/s)x=f(s, 005 [f(s,0)=0 for o=xs].
Using the algebra in (12) we find
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-1 0 0
vs=| 0 1-s ’ (20)
0 s 1

Yu¥u=(5-2s)+(1-2s)y, ,
My M,,=2s[3+(1-2s),].

The matrices corresponding to the representation
(1,1) defined in (4) are given by

000
Yur=|0 ray |
0
;o= 1](2s~1) 0
44” 4o
10 _(2s+1)
; gt
7’&4:7’4&:52‘5 0 -t ’ (21)
t, 0
, _1 KR - b s(2s - 1), -sti" .
R T o2 ’
$ - sty — K814 L 5(25+1)5,,

1@ 2-215 (tS,+1:S,) -
Ki$! and Ki5™? are the quadrupole matrices for spin
s and spin (s - 1), respectively, i.e.,

K1 =5(5,S;+5,5,)05) = 3s(s+ 1)5,; .

The matrices M2 ., in (6) are given by

K3 0 0

M2 =Ly=| 0 [(s -1)/s]&if ti
0 2 [(s+1)/s]KEs1]
M;,Z,),,,4=€,,,,,Lm ’ (22)

(2) =
Mkl,mn = €klr€mntLrt

and the matrices defined in (5) corresponding to
the representatien (3,3) are given by

0 =(r,,y)'
‘y“yg = Hyo ;
W yve 0

1 |(2s -1)S,
’

3s | (s+1),

k44

i | =S ,Sp+3s(s+1)8y
Vet =g
;S
Yeim = €pinY nma — s(s+ 1A -2s) - 25757 1€ pin
~3[(252 =85 = 1)+ 25(s = 22V, [(6m¥; — O 1m¥s) -
(23)

III. MATRICES FOR TRANSITIONS BETWEEN
SPIN & AND SPIN £

In the description of interactions where higher-
spin particles are involved, vertices with transi-
tions between different (integer or half-integer)
spin values are used, for example NyA and N7A
vertices.!®12"1® The types of matrices which can
operate between a spin-3 spinor transforming as
(¢,0)®(1,2) and a spin-; spinor transforming as
(3,0)®(0,%) are given by the direct product

[¢,000(1,3)]9([G,09(0,3)]
=(2,0)® (1,0)®(1,0)®(1,1)
®(3,3)9(3,3)0G,3) . (24)

Because of Lorentz invariance the nonquadratic
generalization Z13/#1/21 of M, must satisfy

[3/21x[3/; 1
M,flz E“av 2y1/2] _ Elﬁlzulz M‘[,:/z]

=3(8,62 1y = OppZ ot 0oy = 5‘”2;”)[3/2.1/21 .

(25)
It can be shown that =(3/%1/21 can be given by
Eg?/z. 1/21 o £Mmz;’[’lalz.r./zl ,
Eiz/z.llzlg _222/2.1/2].__25‘3/2.1/2] ; (26)
GL3/2,1/2] 0
L3/201/21 2 0 Gls/2:1/21

0 —(1/V3)5n/

where!?10 -6[3/2.1/2].__ (l/fg)('f[slzl)f and 0‘ku/z] are the
Pauli matrices. Equation (25) is also satisfied by
253,,/2"/2]7?/2] [221/2,1/21 and zﬁ/zu/z]y?/zl corre-
spond to (1,0)® (0,1)]. The matrices corresponding
to (z,z) are

.ygs/z. 1/2] = iZEfo{z'llﬂ'}’él /21 ;
0 0

25[3/2.1/2] 0 , (27
(1/V3)etr/21 o

-

,’,[3/2,1/2].:1-

0 o
’753/2.1/21= v3l o0 o
101/21 ¢

We observe that ,yﬁs/z.xlalystt/21= Z‘c‘sllaulzl. The ma-
trices corresponding to (3,3)® (3,3) are yL3/21/2
and 7&1@.1/21721/2] , where
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.),I‘Z‘av{’zu /21 = izﬁh'l /21751 /21 _ 6,,‘,75,3/2"/2]

+ 6u°7£3/2’1/21 ;

0 ﬁogslz.x/zl
.},’Eg{zn/z] =i (l/ﬁ)ogslzulzl 0 , (28)
_ 40’},1/2] 0
0 - \/_?:o?/z"/z]o,“/ﬂ
7’5:21/2'1/2]= ﬁo.ta/zulzlo_n/z] 0 .
(5“ - 0,51/2] (1 /z]) 0

The matrices corresponding to (1,1) are

—1 ) s .
753"/2. 1/21 =_2.(7£ua/2 1/21.},51 21, 753/2 1/2].),51 /21) ;

0 0
7!42/2,1/2]= 0 0 ,
0 V3 1[1/2]
0 0

.ygglz.l/z]:i 0 0%3/2.1/2] , (29)

0 (2/\/’3')0.’51/2]

0 0

7,}li:;/z,l/z) =-|0 2K§3/2.1/2]

0 (lﬁ)émltllﬂ

where Kts/z,llzl —l(0[3/2.1/2]o-[1/2] + 0.[3/2.11210[1/2])
K[m"/"’] 0. The matrices corresponding to (2.0)
are

Q£3/2.1/2] __(2[3/2.1/2]2[1/2] + 2£a/z.1/2]z[1/21)

—3(6,“,,17‘,‘i =0, F g+ 0,5F o
- 5uBFW)t3/2.1/z] , (30)
where

1
25}.,/2] Eﬁ [7‘,[‘1 /2] , .},51 /2]]_

Fﬁ‘{,’z'lm = E‘[‘salz.x /21221/2] + Zf,i’z" /2]25‘10‘/2] .
We obtain
Kg?lz,xlzl 0
Q@M= 0o of. (31)
0 0

In contrast with the Joos-Weinberg®” case, it is
not possible to obtain an expression like

(a+ b'rgl/ZJ)ZE},,/Z’3/2]P,u[3/2](P0)

which can be identified with the Rarita-Schwinger
spinor!” u, (po) in momentum space.'® [We have
zl/as/2l o (pLs/21/20)1 ] o achieve this, the rep-
resentation must be doubled.

IV. SOME REMARKS ON INTERACTIONS

If the Feynman rules in momentum space for

=3 (i.e., the Dirac case) are generalized directly
to arbitrary spin (i.e., the Hurley case), the
double representation containing both (s, 0)
®(s —3,3) and (0,s)®(,s —3) has to be used. For
example, the current in momentum space defined
as j,(p'0’;p0) =iw(p' ')y ,u(po) [where i(po)
=u(pae); p=(-D,ip,)] contains both vector and pseudo-
vector parts. This canbe seenby transforming
Ju(p’0’; po) to the Breitframe, where we easily observe
that j, contains an electric dipole moment. [The cur-
rent in configuration space j,(x)= Q)(x)*"y“z/)(x) is of
course a pure four-vector because of the Fourier
coefficients, which are not present in j,(p’¢’;p0).]
If the representation is doubled, the matrices
YusYssM,y,. .. are replaced by

Y 0 [7s 0
KT A

M, O
H, = L ]

(32)

where a tilde indicates space inversion on each
four-vector index. The matrix n=({}) is now a
parity operator in spinor space:

771",177 =I~‘u9 771"577 =—r5’ nHyun =I?pus e e (33)
The matrix

~1
L5 =85 +1) Cwastpfas

is now pseudoscalar.
The covariant propagator for (1) in momentum
space is

s(p) = [_LM 1] s (34)

p%+m?

which shows that (1) does not have the drawback
of the Joos-Weinberg equation.®” The Joos-Wein-
berg equation has false mass solutions, which re-
sults in unphysical poles in the propagator.!®® It
is also clear that the propagator (34) does not have
the drawback of the (generalized) Rarita-Schwing-
er?® 1 propagator, which is not a pure spin object.
Moreover, Hurley! has shown that (1) has causal
propagation. This was also demonstrated by Nag-
pal,?® who used the techniques of Velo and Zwanzi-
ger.?! An attempt to give a consistent use of the
Hurley formalism in interactions should therefore
be worth further study.
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