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We discuss the effects of quark and target masses in inclusive lepton-hadron scattering, assuming a color
SU{3) gauge theory of strong interactions. Our tools are the renormalization group, suitably extended to
include quark masses, and the operator-product expansion. We argue that the best renormalization procedure
is to specify all parameters in the Lagrangian (coupling constants and masses) as well as wave-function

normahzations at Euclidean momenta of scale M. We use the renormalization group to develop an
understanding of the relation between current-algebra and constituent-quark masses. In the operator-product
expansion, we use the equations of motion to eliminate operators with 8, D, etc. acting on a quark field. We
order the expansion as a power series in the gauge coupling constant as it occurs in the coefficient functions.

We predict approximate scaling in a new variable gQx, which depends on Q' and the quark and target
masses. We also discuss the distribution of antiquarks and heavy quarks in the nucleon.

I. INTRODUCTION

Theoretical understanding of the "scaling" phe-
nomena observed in inclusive lepton-hadron scat-
tering has developed along two parallel but dif-
ferent paths. One approach, called the parton
model' or more specifically the quark-parton
model, sees the deep-inelastic processes as
probing the structure of hadrons made up of con-
stituents (partons) which behave as pointlike par-
ticles. The other approach, through the operator-
product expansion' and the renormalization group, '
connects physical scaling with the scaling be-
havior of the underlying quantum field theory. ~

The development of asymptotically free field
theories of the strong interactions" brings these
two paths into contiguity. From the side of field
theory, asymptotic freedom is the key to under-
standing the absence of anomal. ous dimensions.
The short-distance behavior of the theory is al-
most free, so the coefficients in an operator-
product expansion scale canonically up to log-
arithmic corrections. 7 From the parton-model
point of view, asymptotic freedom of the con-
stituents is attractive because it justifies the im-
pulse approximation. The possibility that the
same theory which leads to asymptotic freedom
might confine quarks in infrared slavery"' is
a bonus. The quarks could be bound permanentl. y
into hadrons and still exhibit pointlike behavior
when probed at high-momentum transfer.

Still, much about scaling remains mysterious.
Why, for instance, do the data "scale" in the
Bloom-Gilman variable x' even at Q' which are
not large compared to m~'? How does the ex-
istence of the charmed quark affect our scaling
predictions? %hat about even heavier quarks
which could exist? Can we calculate the re-

scaling behavior of electroproduction or neutrino
scattering above a heavy-quark threshold?

In this paper, we address these questions in

the context of asymptotically free color SU(3)
gauge models. The answers are both phenom-
enologically interesting and theoretically instruc-
tive. "Scaling" is a misnomer, at least as nar-
rowly defined to have something to do with di-
mensional analysis or infinite momenta, ignoring
masses. It is a much more subtle and general
phenomenon than the term suggests. We will. find
that when the effective coupling constant is small,
the contribution of each piece in the current
"scales" approximately in an appropriately modi-
fied variable, $." If our view is correct and
such a theory does describe the strong interac-
tions, then the parton modelers have been right
all. along, and "scaling" reflects directly the
pointl. ike nature or approximate free-field be-
havior of the quark constituents of hadrons.

In Sec. II, we discuss our general approach,
particularly our treatment of the renormaliza-
tion group. We argue that the "best" technique
is to treat all masses as effective coupling con-
stants renormalized at a Euclidean momentum,
and we calculate the scale dependence of the
gauge coupling and the masses to lowest order.
Integrating numerically we obtain an effective
coupling constant and effective quark masses.
We show how to obtain the quark mass parameters
appropriate to current-algebra calculations from
the quark masses of a constituent model of had-
rons, with results consistent with the standard
wisdom in both domains.

In Sec. III, we discuss the operator-product
expansion (OPE). We argue that the standard
procedure, in which operators of twist greater
than two are ignored, is inadequate to analyze
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the effects of heavy quarks. As an alternative
we propose to eliminate, using the equations of
motion, all operators with g D', etc. acting on

a quark field. We can then analyze the resulting
OPE coefficients in a power series in the ef-
fective coupling constant.

In Sec. IV, we discuss the lowest-order con-
tribution to the expansion of the OPE coefficients,
that is, the free-field OPE. This is the approxi-
mation that leads to $ scaling. Higher orders
in the effective coupling constant predict log-
arithmic violations of E scaling, which have been
already computed. ' We analyze in detail electro-
production involving only iight quarks but for Q'

not large compared to the proton mass. The re-
sult can be described as scaling in a variable
intermediate between x and x'. This has been
previously studied by Nachtmann, "and we re-
cover his results. We compare the g-scaling
predictions with recent SLAG data.

In Sec. V, we discussprocesses inwhich alight
quark is struck and a heavy quark is produced. For
Q'»m~', the resultis the same asfor only light
quarks except that Q' is replaced everywhere
by Q'+mH', where m»' is the heavy-quark mass.
The structure functions scale in the variable
$ = (Q'+ m~')/2P ' q, in agreement with the parton-
model. result. It is g and not x which is the frac-
tion of the proton momentum carried by the struck
quark. The importance of these considerations
to the interpretation of neutrino-scattering ex-
periments is noted.

In Sec. VI, we analyze processes in which heavy
quarks are struck. In this case the elimination
of operators with P or D' acting on the heavy-
quark field is nontrivial. and leads to additional.
quark-mass dependence of the coefficient functions.

In Sec. VII, we discuss the distribution func-
tions of heavy quarks in the proton. We write
down the matrix anomalous dimension of heavy-
quark operators. The renormalization-group
equations can be integrated to give the moments
of the heavy-quark distribution function in terms
of their values (and the light quark and gluon
moments) at a single Q'. This program is car-
ried out for the spin-2 operators using an ex-
perimental determination of l.ight-quark and gtuon
matrix elements and a guess for the heavy-quark
matrix elements at low Q'. The results are in

agreement with a recent study of Kitten, '2 who
util. izes an expansion in the inverse of the heavy
mass. We also discuss the shapes of gluon and
heavy-quark distributions as functions of g.

In Sec. VIII, an explanation of $ in parton-model
language is offered. The necessary assumptions
are shown to correspond to keeping only zeroth
order in the effective coupling.

II. QUARK MASSES AND THE RENORMALIZATION GROUP

While our most interesting new results are
consequences of free-field theory, where the
subtleties of renormalization theory never enter,
we have used the techniques of the renormaliza-
tion group and the operator-product expansion
to determine where free-field theory may be a
good approximation and how to isolate and con-
solidate those features of lepton-hadron scatter-
ing which involve strong coupling in an essential
way. Asymptotic freedom is central in this analy-
sis. It allows self-consistent, perturbative cal-
culations with a small expansion parameter of
certain relevant functions. In this program, all
quantities must be careful. ly defined so that ap-
proximations can be tested, at least for self-
consistency or within perturbation theory. So
our first task is to provide definitions of quark
masses and coupling constants that are useful.
when masses are non-negligible. In studying one
set of parameters particularly appropriate to
lepton-hadron scattering, we will get a bonus of
new insights into the relation of approximate ha-
dronic symmetries and constituent-quark masses.

It may or may not make sense to speak of quark
states, but there certainly are quark Green's
functions. Quarks require mass and wave-func-
tion renormalization in a colored-quark-gluon
gauge theory. Vfe choose to define these by speci-
fying that the quark propagator, S(P), for a given
spacelike P' = -M' agrees with free-field theory:

S '(p)~2 „s=p-m. (2.1)
This defines a quark mass m which depends im-
plicitly on an arbitrary normalization mass, M.
In a theory with several species or flavors of
quark, there may be one mass per flavor (de-
generate under color transformations. ) The re-
normalized gauge coupling constant g is defined
as the value of some three-point function, e.g.
the three-gluon vertex, at some specified space-
like momenta, all of scale M. The effects of
quark masses are included in this vertex func-
tion, so g will have an impl. icit dependence on
both m and M.

Renormalizability implies that changes in M
with appropriate changes in g and m leave the
vertex functions of the theory, I'", unchanged,
that is to say, that the total. derivative of the I""
with respect to M vanishes: M(d/dM)I'" =0. In
terms of the explicit dependences, this is the re-
normalization-group equation. In a Landau gauge,

n 'pal 8 PR 8MdM'"= MsM'~ g M e "- g M s8 M 8g 8ppg

+y" g, —F"

(2.2a)
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where

(2.2b)

' M m dM'

and y" is the sum of the anomalous dimensions

(or logarithmic M derivatives of the wave-func-
tion renormalization constants) of the n fields
appearing in F". Here ns stands for all quark
masses, with the appropriate sum understood
in Eq. (2.2a). The functions P~ and y„can be in-
ferred order by order in g by inserting quark and
gluon two- and three-point functions into Eq.
(2.2a). To lowest order for an SU(3) gauge theory

g' -
m ' 12m, '/M' (1+4m, 2/M')'~'+1

1672 ' ~ M' (1+4m. '/M')'~' (1+4 m,
'/M')'~' —1

g 3 ] 1
11 (2.3a)

M
16' M2

g 2 1
2m 1+2m&'lilt')' (2.3b)

where the approximate forms are useful inter-
polating formulas which have the correct limits
for m'/M' small and large and are good to a few
percent for intermediate m'/M'.

For M such that g is smal. l, we can use Eq.
(2.3) to integrate numerically Eq. (2.2b) to ex-
hibit the M dependence of g and m. Each dif-
ferential equation requires a boundary condition-
one for g and one for each quark mass. These
are the free parameters of the theory and must
therefore be specified by experiment.

We can refine the notion that in the charmoni-
um" interpretation of the J, g', etc. , the charmed
quark mass m~ is 1.5-2 GeV; this will provide
a definition of what is a heavy quark and give a
boundary condition for heavy-quark mass func-
tions. In computing the smeared e'e cross sec-
tion, '~ let M be the center-of-mass energy. For
M such that g is smaB, the smeared cross sec-
tion will. approximately scale until. there is a
threshold for a new quantum number. The loca-
tion of this "threshold" is twice the new-quark
mass, as measured at M, which is also the ener-
gy of the threshold. So 2m~. (M —= 3 GeV) =3 GeV,
or more generally when 2m(M) =M there is a
threshold in the smeared cross section for the
quantum number of that quark, if the quark is
heavy. Our definition of "heavy quark" is a quark
for which g(M) is small at M = 2m„„(M); a "light
quark" is one for which g(M) is large at M
= 2m~, (M).

An analogous condition determines m~, the
strange-quark mass, from the mass of the Q,
but there is a larger experimental uncertainty

lim m~(M) mg

~)) mp(M) m~
(2.4)

It is the ratios of bare quark masses which de-
termine the approximate symmetries of the ha-
dronic Hamiltonian and enter into the partial. con-
servation of axial-vector current (PCAC), cur-
rent-algebra analysis. For instance, it is argued
that the ratios of bare quark masses are equal
to the ratios of masses squared of the appropriate
pseudoscalar mesons. " %e assume roughly de-
generate 6' and X quark masses and conclude
that m~, ~= —20m' for large M.

here, for although we interpret precocious elec-
troproduction scaling as evidence for the validity
of perturbative ideas at M-1 GeV, it is difficult
to determine the strangeness threshold in the
smeared e'e cross section for two reasons:
(1)The electric charge squared of the A quark is —,

' that
of thed"' ord', and (2) somewhere not far below 1
GeV the coupling constant becomes large. How-

ever, we maintain that 2m„(1 GeV)-1 GeV is a
reasonable estimate.

The threshold for light quarks is a strong-
coupling probl. em, so we seek a different input.
For M» m; {for some flavors i), the m;{M) 0
for increasing M, as long as g stays small. How-
ever, as is evident from Eqs. (2.2b) and (2.3b),
their ratios go to finite numbers. Furthermore,
it is easy to convince oneself that these ratios
go to finite numbers. Furthermore, it is easy
to convince oneself that these ratios are equal
to the ratios of bare masses, i.e.,
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Finally, we need a boundary condition on g
which determines the size of the logarithmic
violations of sealing in lepton-hadron scatter-
ing""'" and e e annihilation"'" and the viola-
tions of the Callan-Gross relation. " A definitive
analysis is not yet available, but most guesses
suggest that for 1& M & 4 GeV, 0.1s g'/4x &. 1.0.

In Fig. 1 we show the resulting functions for
the following input parameters: At M =3 GeV,
ma. ——1.5 GeV, mz ——0.4 GeV, mz ——m~=mz/20,
and g'/4m=0. 5. The results are similar for any
other reasonable boundary conditions. The most
striking feature of these curves is the intersec-
tion of mz z with 2m(M) =M. The intersection
of a heavy-quark mass with this diagonal line
crudely gives the mass of the appropriate lowest-
lying vector meson. Using PCAC and m, and

mr, we imposed the condition that mq(M)
=20m~ z(M) for large M. The theory then im-
plies that mq(M=2m&)=1. 7m~ ~(M=2m~ ~). It
is not justifiable to claim a calculation of m @
= 1.'7m~ because the coupling constant is becoming
large near mz, but that is clearly the qualitative
message: Current-algebra mass ratios and con-
stituent-mass ratios are related to each other
through the dynamics, e.g. Eq. (2.2b), and the
latter are necessarily much closer than the for-
mer. Clearly the constituent masses [ the inter-
section with 2m(M) = M] of the light quarks are
very g-dependent. For the range of plausibl. e g,
we find typically that 1.2 & mq/m~ z & 2.0 (in any
case much less than 20).

We note that charm PCAC is a very poor ap-
proximation. Given mz -1.5 GeV, we can go
to Large M and read off the relevant ratio. The
PCAC formulas would then imply that the charmed
pseudoscalar would have a mass of about 1 GeV,
while from experiment and any other kind of
theoretical. estimate one arrives at least 1.5 or
closer to 2 GeV. We attribute the failure to the
fact that. m~ is not small. compared to typical
hadron masses.

A final observation from Fig. 1 is that the light
quarks are really very light when measured on
any scale above 1 GeV. So it is improbable that
the light-quark masses will be distinguishable
from zero in inclusive lepton-hadron scattering,
except perhaps in quantities which would vanish
in their absence.

Anticipating our detailed analysis, we wish to
point out that our definition of quark mass has
a simple physical interpretation in parton lan-
guage. First remember that from a field-the-

'oretic standpoint the parton model must be gen-
eralized to allow a weak momentum-transfer
(Q') dependence. The observed parton distribu-
tion functions will. depend on what wavelength
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PIG. 1. The M dependence of quark masses and the
gauge coupling cons tant.

photon is used to measure them. The parton
mass, too, will depend on the Q' used to probe
it. And for M' =Q', our quark mass m(M) is the
appropriate parton mass. The reason m(M) is a
property of the quark propagator for spacelike
momentum (near Q') rather than near the mass
shell is that in the field-theoretic analysis, the
quark masses enter only in the coefficient func-
tions of the operator-product expansion, which
are functions of the singl. e spaeelike kinematic
variable Q'.

The outstanding virtue of our definitions of g
and m from a field theory point of view is that
the Appelquist-Carazzone theorem" is manifest:
For some m(M)» M, to leading order in M'/m'
the effects of the heavy fields are negligible in
Green's functions with external momenta of scale
M, and the theory can be described by a renor-
malizabl. e Lagrangian containing light fields only.
For m(M)«M, the light fields can be approxi-
mated by m= 0. This is in contrast to the several.
other renormalization prescriptions that have
been suggested in the literature for which the
coupling constant does not reflect the full mass
dependence. With other prescriptions potentially
large l.ogarithms of mass factors may enter the
perturbation expansion in g and thus confuse the
issue of what is reliably calcul. able and what is
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not. Defining g independent of all m's, e.g. by
the massless theory, is ideal for the study of
M» m (see Ref. 20) and our prescription differs
only by O(m'/M'); however, Green's functions
with external momenta P, = O(M)«m will contain
factors of Ln(m'/M') if the massless theory is
used to prescribe normalization condi. tions. If
m dependence is included in the definition of g
but m is defined on its own scale, independent
of M, e.g. as the location of the pole in pertur-
bation theory, then Green's functions with ex-
ternal p, =O(M)» m will contain factors of
Ln(P& ' P, /m'). With our definitions, functions of
spacelike momenta of scale M contain no large
logarithms for any m.

III. THE OPERATOR-PRODUCT EXPANSION

In previous analyses, target and constituent
masses were ignored in deriving the Q' dependence
of hadron structure functions for large Q'." Vio-
lations from scaling arose from computing the
asymptotic effects of a nonzero g(Q) and may be
thought of as interaction corrections to the im-
pulse approximation. These predictions are
valid as asymptotic statements independent of
the size of g(m~) because g(Q) goes to zero as
Q goes to infinity. However, experiment sug-
gests that Q'-1 GeV' is in some sense already
asymptotic despite the fact that m~'/Q' is not
negligible. We can now include all relevant mass
effects in the same sort of analysis by expanding
in both g(m~ ) and g(Q) but keeping all orders of
the various m'/Q" s. We regard precocious
scaling as qualitative evidence for the vabdity
of g(m~ ) as an expansion parameter. Confirma-
tion of the utility of this approach can come only
from the success of our detailed predictions.
Preliminary results as wel. l. as numerical. deter-
minations ofgbyother methods are very encour-
aging.

By relevant mass effects we mean those that
enter into the Q' dependence. We still require
a structure function at a single Q' as experi-
mental input and predict onLy the Q' evolution.
This input function certainly depends implicitly
on the several mass parameters, but it enters
our analysis as a function of a single explicit
kinematic variable, e.g. E(g). We will show how
the shape of E(g) also affects Q' dependence. But
given E($) we can compute all Q' and mass de-
pendence. In previous organizations of the prob-
lem, if one wanted to take account of m'/Q' cor-
rections, a new experimentally determined func-

tion would have to be introduced for each higher
power of m'/Q' considered. This renders the
method useless in any situation where some m'/Q'
is not small. , e.g. precocious scaling or neu-
trino production of heavy quantum numbers. Even
for all m'/Q'«1, an unambiguous prescription
for extracting these functions from experiment
has never been proposed. With our organization,
new input functions must be introduced for each
successive power of g(m~) that is included. This
may not sound so different in abstraction, but
it al. lows us to study additional phenomena and
give a straightforward prescription for carrying
the analysis to higher order.

It remains an outstanding challenge to derive
the E(g) from the fundamental masses and cou-
pling constant of the theory. We first sketch the
derivation, suppressing all. indices and variables
that are inessential to the basic argument.

The structure functions are related to the ab-
sorptive part of the forward target matrix ele-
ment of the time-ordered product of the two rel. -
evant hadronic currents. Studying the time-
ordered product allows us to circumvent ques-
tions of the nature of specific final states; taking
the absorptive part is left to last. The current
product is expanded in a complete set of local
operators whose coefficients depend on the cur-
rents' four-momenta, + q:

piT Jx JO P e" "d'x

=Q c.,)(q, M)& pl O(l p).
n, f

(3.1)

The index n is the spin of the operator 0", , i runs
over all other labels (about which we will say
more), and p is the target momentum. ALL the
operators 0", are renormalized at a Euclidean
momentum of scale M. In the present analysis,
the (p~ 0",

~ p) must be inferred from experiment,
but they are q-independent; all of the q depen-
dence resides in the c„,. By applying MB/8M
to Eq. (3.1), one can derive a renormalization-
group equation for the c„,:

8 8

~
~

8
M +P~ —+y m 5(, +y"„c„,=0,

8g 8

(3.2)

where y",
&

is minus the transpose of the matrix
anomalous dimension of the set of operators of
spin n, allowing for the phenomenon of mixing.

The q' dependence of c„,. can be obtained from
its g and m dependence by integrating Eq. (3.2):

m(M') dM'
c„,(q, g(M), m(M), M) =Pc„,(q, g(Q), m(Q), Q) expT &' y" g(M'),

j N

(3.3)
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g(Q)=g, +g, (g„' ln —+O(g, '),
0 0

m(g)=m, +m,y (g„' tn —+o(g,'),
0 0

(3.4a)

{3.4b)

c„,. =pc.„(q,a(Q), m(Q), Q)

m Q
x«~'+y~~ ao ~

'Vp 'Vp
(3.4c)

The factor c„, in E(I. (3.4c) is the coefficient
function computed in perturbation theory, using
Q as the renormalization scale, g(Q) as the cou-
pling, and m(Q) as quark masses; these last two
can then be expanded as in E(Is. (3.4a) and (3.4b).
If in perturbation theory (suppressing n, i, and j)

c(q) = A (q, m) + g'B(q, m, M) + 0(g') (3.5a)

(3.5b)

then Eq. (3.4c) becomes

c(q) = gi (q, m, ) 1+g,' ln —4 (q„m, ) D

+ y~ goq ln mo 1

+g,'B(q, m„Q) 1+0(g,'). (3.6)

The c's are specific, known Lorentz tensors con-
structed out of the four-momentum q times di-
mensionless functions of all. the variables. To

We use the convention Q=(—q')'~'. The T in the
exponential. signifies that the matrices y" are
ordered (in M') in the integral. The necessity
of ordering the integral arises because even to
lowest order in g the eigenvectors of y" are M'

dependent.
We will not be able to express our final answers

in c1osed, analytic form. However, from the
standpoint of deviations from naive scaling, a
reexpansion of E(I. (3.3) allows us to state the
answer precisely and compare the relative im-
portance of various contributions. While a re-
expansion may make the whole renormalization-
group analysis appear extraneous and even silly,
it is invaluable as a guide to what should be com-
puted in perturbation theory.

Imagine measuring the structure functions for
some Q,' such that g(Q, ) is small. We can ex-
press the predictions for some Q' in a power
series in g, =g(Q, ) as long as Q' is comparable
to Qo', i.e. , g~' ln(Q/Q, ) is also small. In this
s ituation,

make contact with previous analyses note that
for m, = 0 the first term in Eq: (3.6) is a con-
stant times the appropriate tensor; the second
term contains the logarithmic violations of scaling
which in this form are smal. l. because go' is small
(since inQ/Q, has a strong Q' dependence for
Q'= Q,'); the third term is zero; and the fourth
term is g,' times the standard tensor in q times
a constant because a dimensionl. ess function of
q'/Q'(= —1) is independent of Q'. In the presence
of some non-negligible mo, all. of these terms
may contribute to observable deviations from
naive scabng. If g, is very smal. l. , the first term
contains the largest deviations; if go' is small
but still larger than )n, /Q„ then the second term
is most important; if mo/Q, is of order unity,
then the last three terms may be comparable but
all down by a factor of pp with respect to the
first term.

To derive any detailed, practical information
from E(I. (3.1), the operators 0", must be organ-
ized somehow according to their relative im-
portance. If mass effects are not to be ignored,
then the standard approach using only dimension-
al analysis is inadequate. In that approach, the
leading operators were those that gave terms
depending only on q' and P q in the absence of
all masses (up to logarithmic corrections), and
successive sets of operators were those that
necessarily brought in successive powers of m'/
Q', for some mass m. For this organization to
be consistent, even if all masses are negligibl. e
compared to q' and P q, the relative sizes of
the ( P~ 0",

~ P) must be consistent with dimensional
analysis, i.e., some characteristic number times
the appropriate power of the target mass mp,
and not orders of magnitude too large or small. .
We will first sharpen these estimates to include
the possibility of large quark masses. With these
improved estimates we show how the parameter
g(Q) can be used to organize the operators for
any Q such that g(Q) is small.

If all operators are normalized on the scale
of the target mass, M-m~, and g stands for a
particular quark fieM, then the above-mentioned
dimensional analysis suggests for example that
(P~ ({)Pg~ P), where D„ is the gauge covariant de-
rivative, and m(, (Pgg~ P) are of comparable
magnitudes. However, these renormalized op-
erators are related by some variant of the field
equations of motion. Although these equations
may be fairly complex, "there nevertheless exist
true relations between /PE and ming, where m
is the renormalized quark mass. If m is not of
order m~, then the dimensional analysis estimate
must be wrong. This is particularly trouble-
some if m»m~ because the effects of operators
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with more and more factors of P, D', etc. , will
be proportional to powers of m/Q, which may
not be smal. l.

We propose the foll.owing alternative. We may
simply drop all operators containing powers of

P, D', etc. , acting on a quark field from the op-
erator-product expansion. All these operators
are related by the equations of motion to operators
without P's, and so the set of operators is no less
complete (in the sense of spanning operator prod-
ucts) without them. Dropping them induces ad-
ditional. m dependence in the coefficient functions
of the remaining operators, which are calculable.

For matrix elements of the remaining operators
we believe that the dimensional. analysis esti-
mates are reliable as order-of-magnitude upper
bounds. We say upper bound because there are
certain obvious possible suppressing factors;
for instance, a heavy-quark bilinear operator
will be much smaller in a light target than the
analogous light-quark operator. But the matrix
elements of operators with more fields are bound-
ed in order of magnitude by the appropriate ad-
ditional power of m~. (This is certainly true in
low orders of perturbation theory. )

While we will not investigate Q'«m~', we may
be interested in Q'-m~', and hence these multi-
field operators are not negl. igible by dimensional
analysis. However, now consider their total con-
tribution. For g=0, the expansion of the product
of two quark currents contains only the appropriate
quark bilinears; all more complicated operators
have zero coefficients. In perturbation theory,
operators with more and more fields wil. l con-
tribute only in higher and higher order. In leading
order, only quark bil. inears appear, and in sub-
sequent orders there is a systematic addition of
more and more complex operators.

The key question is: According to which cou-
pling constant are we ordering the operator-prod-
uct expansion'P In keeping with our philosophy
of the dimensional-analysis estimates of matrix
elements using m~ as a renormalization point,
g(m~) is the relevant expansion parameter. If
g(m~) is sufficiently small that an expansion in
g(m~)'/4w makes sense, then the same analysis
which explains approximate scaling in inclusive
electroproduction at Q'& 20 GeV' also explains
precocious scaling in the same phenomenon at
Q2 I G eV'2

To see that g(m~) is the relevant parameter
consider the following. When shuffling operators
to put them all in a form in which the equations
of motion apply [e.g., g. . (zP —m)(=0], one
makes use of the identity [D&, D„]=—igE~, If.
all operators are renormalized at m~, then the
g that appears will be g(m~). So by applying our

prescription to the OPE one generates, in ad-
dition to a single quark bil. inear operator for each
spin, operators with two quark fields and any
number of gluon field strengths, each with a fac-
tor of g(m&).

Note that the contribution of these multifield
operators to the forward Compton amplitude de-
creases with increasing Q' not because g(Q) is
a decreasing function [for g(m~) is fixed] but by
the old dimensional-analysis argument, i.e., their
contributions vanish like powers of m~'/Q' for
Q »m

Since we cannot yet compute the proton's struc-
ture from first principles, we allow it to be ar-
bitrary and then set it at one Q' from experiment.
In the OPE language, we allow the proton matrix
elements of l.ocal operators to be what they are.
However, to make any progress at all, we as-
sume from the start that no matrix elements are
anomalously large. This assumption is made in
all applications of the OPE. This applies to the
operators exclusive of any explicit small factors.
Hence we assume that

P I j,+DP3 ~ ~ o g) P ffP02

have proton matrix elements that are not much
larger (though perhaps much smaller than those of
gy"'D "2 D "& g when renormalized at m~. So
to zeroth order in g(m~), the product of two cur-
rents involves no operators containing gluon field
strengths.

We finally note how to compute the relevant
target-mass dependence. The operators of the
operator-product expansion are arranged to be
of definite spin, i.e. , traceless and symmetric.
There is no loss of general. ity because the trace
terms are just g&„'s, which go into coefficient
functions, times operators of lower spin. In pre-
vious analyses the issue of traces never arose
because traces and trace subtractions will induce
powers of m~'/Q', which is precisely why we now
must consider them. In fact, it is the trace sub-
tractions that contain all of the rel.evant target-
mass dependence (in the sense of directly entering
the Q' dependence as discussed earlier). The
trace subtractions are completely determined
by the spin of each operator. For instance, if
we work only to zeroth order in g(m~), there is
only one quark bilinear for each spin. (All others
were dropped using the equations of motion. )
Measuring the structure functions at a given Q'
is equivalent to measuring the target matrix ele-
ments of each operator, which is just a number
times a unique tensor in P, the target four-mo-
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lV. PRECOCIOUS SCALING

In this section, we outline the derivation of (
scaling and discuss in detail the target mass de-
pendence of electroproduetion off light quarks.
The starting point is an operator-product expan-
sion of the forwm d Compton amplitude

= —Im e""d'x&P~i T(J„(x)J„(0))~p)
1

(4.1)

We can choose the local operators 0" to have defi-
nite twist (dimension minus spin). The coeffi-
cients c„,are calculable in a power series in

g(Q). If g is small, it makes sense to consider
only the first term in this expansion as first ap-
proximation for the c„,. This is the approxima-
tion which leads to $ scaling. " The lowest-order
terms are just what we would obtain in a free-
field OPE.

We can organize the free-field OPE so that the
only relevant operators which appear are the
twist-two operators, bilinear in the quark fields,
traceless and symmetric in tensor indices. The
target matrix element of each such operator, O~,
is completely specified by one unknown param-
eter, A.„':

(4.2)

where II "~"'"~[=-p ' p""—terms involving
g"~"~] is the unique traceless, symmetric rank-n
tensor which can be formed with the target mo-
mentum P. The index g runs over the quarks
which appear in the current ~„. The A~ are the
moments of a function which turns out to be the
g-quark distribution function of the parton lan-
guage. The structure functions in the g-scaling
approximation involve calculable functions of Q',
quark mass, and target mass, and the qua. rk dis-
tribution functions of the single variable (, where

Q
ln 2

2m v 1+(1+Q'/p')'' (4.3)

with

mentum, and m~'g„„. Knowing the q dependence
of the coefficient functions, we can then compute
the structure functions for larger Q', including
the m~ dependence. (This is essentially the Nacht-
mann"' analysis. )

2Q'2 = Q~+ m~2 —m~2

+[Q +2Q (m '+m ')+(m ' —m ')']~'

The struck-quark mass is m~, the produced-quark
mass is m~, and the target mass is m~.

The explicit calculation proceeds as follows:
(1) Organize the free-field OPE as described
above. If there are heavy-quark fields in the cur-
rent, this step involves using the equations of mo-
tion to eliminate all operators with twist not equal
to two, thereby putting all nontrivial quark-mass
dependence in the c„(q). (2) Collect the terms in
the OPE proportional to a given power of (p'q)
and relate the coefficient to the appropriate mo-
ment of a, structure function, in the manner of
Christ, Hasslacher, and Mueller. 4 Because of Eq.
(4.2), each moment gets a contribution from an
infinite number of operators, so that the moments
have a complicated target-mass dependence. (3)
Use the inverse Mellin transform to invert the
moments and exhibit structure functions.

Nachtmann" has given a general analysis which
applies to steps (2) and (3), and furthermore one
can use his line of approach w'hen incorporating
quark masses. He observed that one must trans-
late the usual power-series expansions into an
expansion of operators of definite spin, i.e.,
traeeless, and then invert the resulting moment
statements. This is analogous to relating a plane-
wave expansion to a spherical-wave expansion,
and so he solves the problem elegantly using the
theory of representations of the Lorenz group.
For simple-minded souls like ourselves, we offer
an alternate analysis which is particular to the
situation at hand. We isolate and exhibit each
origin of mass dependence; these are collected
and then summed. The erudite reader may recog-
nize at several steps specific examples of gen-
eral group-theoretic results or may simply elect
to skip over the derivation.

For pedagogical purposes we will discuss in
detail two limiting cases which simplify the cal-
culation in different ways. In this section we will
deal only with light quarks, m, =—m~=—0. In this
limit, step (1) is trivial. The higher-twist opera-
tors can be eliminated without any effect on the
coefficients of the twist-two operators. In subse-
quent sections, we will deal with quarks of arbi-
trary mass, but restrict ourselves to Q'» m~'.
In this limit step (2) is trivial because only the
first term in II "&"'"&is important. Combining
steps (1) and (2) to obtain the general result pre-
sents no theoretical difficulties.

We now discuss electroproduction off light
quarks. If the current is &" =gy" g, where ( is a
free-quark field, the operator-product expansion
ls
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oo 220-Q(—g""q q +g" q"q +q"q g" +g" g" Q')q», ''q2 c2(PIP"' ""~P&+'" ~

k=z

(4.4)

The P operators are the symmetric bilinears

P"&"' "~ =i" 'gy"»S "2 ~ 9""g (symmetrized). (4.5)

The terms not written explicitly in Eq. (4.4) involve operators whose spin-averaged matrix elements van-
ish, for example antisymmetric tensors.

Because the quarks are light, we can replace the P operators by graceless symmetric operators 0,
0 "&' "yf =P" j- ""~—traces.

All the traces involve!t» or t»2 acting on a light-quark field, so 0 =P. Then Eq. (4.4) becomes

(4.8)

(4.7)

To complete step (2) of our procedure, we need to know II explicitly. Straightforward combinatorics
yields

(-1)' '
g "gp " P,. (2k —j)!

2f (2k)!

The jth term in Eq. (4.8) is a coefficient times the symmetric sum of the (2k)!/I2 j!(2& —2j)!] terms
with j g"»"f 's and (2»t» —2j) p" »'s

We can now extract the moments of the structure functions. Look first at 8',. The coefficient of P "P"
in Eq. (4.7) is

2' ~ f (2k —j)! (2l» -2)!~ Q" ~f-, 2'(2&)! 2 !(2k —2j —2)!

(4.8)

(4.9)

Changing summation variables to J and L =& —j —I and rearranging gives

f

�224
e""(p~iT(P (x) J'(0))~p) d'x =g (-g»"q„q„+g»„' q'q +q»'q g" qg»' g' Q')q ~ ~ q z &»II»'t'"»'».

k=1

4 ~ 1 ~ p' f (2l+j+2)!(2l+2j)l
Q2 ~ x2» ~ Q2 (21+2/ +2) tj t (21)t 2»+2f+2 ' (4.10)

The coefficient of x "in Eq. (4.10) is related to
the (n —2)th moment of vW/m2:

I
dxx" 2»W2(Q2, x)/m2

0

transform.

tfW, (Q2, x)
Blp

P' f (n+j)! A, .

Q j!(n —2)! (n+2 j)(n+2j —1)
'

(4.11)

X
A.„+„-

(n+2j)(n+2j —1) '

(4.12)

This completes part (2). As promised, each mo-
ment is a sum of contributions from an infinite
number of operators with increasing powers of
p'/Q', and p' = m22. When Q2» m22, only the j =0
term in Eq. (4.11) is important, and it reduces
to the standard scaling result. When we invert
the moments, the j+ 0 terms will conspire to give
$ scaling.

We invert the moments with the inverse Mellin

Then

I
dy y" S'(y) .

0
(4.13)

1
It+2f dyys+2f 2 Gfy

(n+2 j)(n+2j—1) (4.14)

To evaluate this integral, we first write the A.„'s
as the moments of a quark distribution function I",
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where

I . I
G(y)=f dy' dy" y(y"). (4.15)

can do the sum over j to obtain

1 ' G(y) „'" „„„n(n-1)
Inserting Eq. (4.14) into Eq. (4.12) and freely
changing orders of summation and integrations, we Now doing the n integration gives

(4.16}

x &, dy
1 -y' 2/Q,

— &(lny —lnX —ln(l -y'm /Q')) x
Bx2 $2(1 +4x2m 2/Q2}v'

0

where

2X

1 + (1 + 4x2m 2/Q2))J2

(4.1 V)

(4.16)
2m2v 1 + (1+Q2/v2)~ '

which is identical to Eq. (4.3) with m, =mz -0. Evaluating derivatives and reexpressing Eq. (4.1V) in terms
of F using Eq. (4.15) gives the final result:

X2 iPl p
x3 1

vW, (Q2, x)/m2= —,,/, )&, F(F)+6
Q (1 4 /Q )

d$'F($')

4 4 l 1

+12-Q4
(1 4 2 2/Q2)2)2

d$' dg F($ ).
Precisely analogous treatment of the coefficient of g"" in Eq. (4.V) yields

2 2 I
2 x mp x IP /

(Q "'-2(1+4m /Q)" '("'
Q (1+4"m /Q)

4 xs
Q' (1+4x'm /Q') ' J,

These results are slightly simpler in terms of W~ and S'~:

2x(2Wr —Wi) =6xW, —(1 +4x2m22/Q2)vW2/m2

2x2

(1 + 4x2m 2/Q2)1/2

2xWi = (1 +4x2m22 /Q2) vW /m2 —2xW1

e' X3 4 4

V4)" f"

(4.19)

(4.20}

(4.21a)

(4.21b)

We can also exhibit the g-scaling predictions for neutrino scattering off light quarks producing light
quarks. For pure V aA currents, W, and W2 are given by Eqs. (4.20) and (4.19) as in electroproduction.
The interference term W3 is

x m X2 I

2(1 +4x'm /Q') Q (1+4x'm 2/Q')+ (4.22)

It is slightly misleading to call this effect a tar-
get-mass dependence. In terms of the variables
Q' and v, which depend only on lepton momenta,
the t' variable is"

Q2/m2v
1+ (1 +Q'/v'}'"

It depends on the target mass only as an overall
multiplicative constant, which does not affect
scaling in g.

We feel that the t'-scaling described in Eq. (4.21)
gives some insight into precocious scaling. The
variable x' approaches ( for large x and Q' since

[(I ~Q2/v2)1k 1 ]Slp
(4.23)

X' = X —X2m22/Q2+ 0 (m24/Q4),

$ =x-x'm22/Q2+O(m24/Q4).
(4.24)
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PIG. 2. Experimental values of E/G versus Q . Dotted lines in b and c are linear eyeball fits to data.

At large x, where the structure functions are
rapidly varying, i' scaling is not so different
from g scaling.

Figure 2 shows a comparison of $-scaling pre-
dictions with recent SLAG data. " The structure
functions are quoted at fixed x for various Q'
values. This provides a direct test of naive scal-
ing, but not of g scaling since the same value of
x for different Q' corresponds to different g val-
ues. To get a test of t scaling, we have calcu-

lated the experimental values of E($) using Eq.
(4.21a). We found a smooth function of P, which
fitted the experimental E($) reasonably well. It is

G(5) = —(I —$)".3
(4.25)

In Fig. 2, we have plotted E(g)/G(g) as a function
of Q'. If $ scaling were exact, this ratio would be
1, independent of Q'.

We have plotted E/G for three different ranges
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of x (and therefore of $}. For small x [Fig. 2(a)],
while there is considerable scatter, there is no
obvious systematic dependence of E/G on Q'. The
quoted experimental errors are not shown, but
are all of the order of 10%%uo. In this region ( scal-
ing, naive sca1.ing, and x' scaling are all more or
less consistent.

For intermediate and large x [Figs. 2(b) and 2(c)]
there seems to be a systematic dependence of
E/G on Q'. The ratio decreases as Q' increases.
This is what we expect from the logarithmic ef-
fects of higher-order terms in g. Loosely speak-
ing, their effect is to peak the structure functions
more sharply at very small $ as Q' increases.
For fixed $ (not small), the structure functions
should decrease as Q' increases. In this region
G($) can be identified approximately with the
"sealing" function E(() at some average Q' = Q,',
so Fig. 2 can be interpreted as a plot of E(g, Q')/
E(g, Q ') vs Q'. A detailed analysis of the logarith-
mic corrections shows that the slope of this plot
should become more negative as f increases. "
This is consistent with Figs. 2(b) and 2(c) where
the slope for large x appears to be more negative
than that for intermediate x.

Note that for intermediate x, $ scaling is better
than naive scaling, but x' scaling is better still.
This is an accident. The logarithmic effects of
higher orders in g happen to go in the same direc-
tion as the additional m~'/Q' dependence in x'
scaling. But x' scaling is not the point. The right
way to extract the logarithmic dependence of the
higher-order terms and check the detailed predic-
tions of asymptotic freedom is to examine the de-
viations from ( scaling. In a forthcoming paper
we include the effects of the first logarithmic
corrections in a detailed analysis of SLAG data
and find good agreement with theory using a small
value of the coupling constant, i.e. , g'/4 w' (1OeV)
=0.3, over the range 1&@'&15QeV'. This
agrees with an earlier determination of g'4 and
supports the whole $-scaling picture which rests
on an expansion in g'/4w' (1 GeV).

Another test of the validity of our expansion is
R =o'~/vr. Equation (4.21) gives a prediction for
R to zeroth order in g(m~). To this we may add a
contribution unambiguously calculable to order g'
(studied in Ref. 17), which goes to zero only
logarithmically as Q goes to infinity. The dis-
crepancy between the data and this prediction is a
measure of the error we make by dropping opera-
tors whose contributions to electroproduction are
0(g(m~)m~'/Q'). In fact a measurement of such a
difference would serve to determine the matrix
elements of the first set of operators we have ig-
nored. However, the current status of the data is
such that the above-described prediction [with no

free parameters, i.e. , with g'/4w' (1 GeV) = 0.3]
gives as good a fit to R as any of the experimen-
talists' one- or two-parameter fits.

The function G($}was introduced purely for con-
venience in illustrating the logarithmic violation
of g scaling. Its overall shape should not be taken
as the distribution function for any value of Q'
because the range of Q' for which experimental
points exist is very different at small and large x.
With better data, we could extract E(g) for various
values of Q'.

The parton language is a useful mnemonic for
the form of $ in Eq. (4.18). If a massless quark
carries a fraction g of the proton momentum and
is kicked onto its mass shell by the collision, then

()P +q) =0 = Pm~2+2)P q —Qm.

The positive solution of this quadratic equation is
Eq. (4.18).

V. RESCALING

In this section we discuss currents involving
heavy-quark fields for Q'»m~'. Such currents
necessarily lead to violations of scaling associat-
ed with thresholds for production of states con-
taining the heavy quarks. We will try to determine
the nature of these scaling violations and the de-
tails of the rescaling process in which scaling is
recovered at energies well above threshold. In
this section we discuss processes in which a light
quark is struck and a heavy quark is produced.
Analysis of heavy struck quarks will be done in
Sec. VI. The first case is trivial to analyze theo-
retically, but the results are quite interesting
phenomenologically. The second is quite compli-
cated and interesting theoretically, but in practice
is probably a small effect because heavy quarks
are rare in the proton.

We now consider the light struck quark. The
process we have in mind can occur in neutrino
physics when a piece of the hadronic weak current
has the form gzy" (1 ~y, )P~ where g«z &

is a heavy-
(light-) quark field. For example, the charm-
changing ~S =0 part of the standard weak current
(a piece proportional to the sine of the Cabibbo
angle) has this form where the heavy quark is the
charmed quark. So does the 4S =1 charm-chang-
ing current if the strange quark is regarded as
light. The light nonstrange quarks may also be
connected to other heavy quarks through right-
handed currents, and even more complicated situa-
tions are imaginable. The free-field OPE for the
product of such a current with its Hermitian con-
jugate involves two kinds of operators: bilinears
in the light-quark field, corresponding to a light
struck quark, and bilinears in the heavy-quark
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field, corresponding to a heavy struck quark. We
will discuss the former first, assuming that the
proton matrix elements of the heavy-quark opera-
tors are small.

The calculation of the structure functions differs
from the analogous calculation for a current in-
volving two light-quark fields in only one respect.
The OPE derives from the expansion of a heavy-
quark propagator rather than a light-quark propa-
gator. Wherever Q' appears in the light-quark
OPE, there is an analogous term from the expan-
sion of the heavy-quark propagator with Q' re-
placed by Q'+m„', where m„ is the heavy-quark
mass. The rest of the calculation is the same,
so since the light-quark result for Q'» m~' is
2xW, = vW2/m~ = +2xvW3/m& ——F2(x), the heavy-quark
result is

2PW, =vW2/m~ =+2@V,/m~=F, ($),

where

Q +m~ Q +mug

2p ' q 2mpv

(5.1)

(5.2)

The distribution function E, is the same function
which appears in the light-quark result, because
it is related to the same matrix elements of the
light-quark operators.

The result in Eqs. (5.1) and (5.2) is exactly what

we expect from the parton picture. If the struck
light quark carries a fraction $ of the proton mo-
mentum, to produce a heavy quark on its mass
shell we must have ($p+q)' =m„'. For Q'»m~'
this is 2(p q —Q'=ms', which gives Eq. (5.2).

Clearly we could include the effect of the target
mass using the techniques of Sec. IV. Inpractice, the
target-mass effects in neutrino scattering are
small except at very small p, so we will ignore
them.

To see what this result means for inclusive

neutrino-hadron scattering, we can write Eq. (5.2)
in terms of x, p, and the neutrino energy E as

m 2

) =x+
2m' Eg

(5.3)

From the form Eq. (5.2) and the constraint E &I
[which must be satisfied for &, (g) to be nonzero]
we obtain

2p q &Q'+m„' (5.4a}

or

Q2+ms2 ' {5.4b)

m/j

2mpZy
' (5.5)

This relation is very significant. It means that the
effective threshold in neutrino scattering is larger
than one might naively expect. The quark distribu-
tion functions are large only at small F„and to
probe small g, E must be large enough so that Eq.
(5.5) is satisfied. The naive threshold energy is
E,„=m„'/(2m~). Loosely speaking, Eq. (5.5} im-
plies that the effective threshold is E~/(g}. This
also shows that "sea" quarks with smaller $ are
less effective than valence quarks for heavy-quark

production.
Explicitly, the differential cross section for

production of a heavy quark off a light quark in
neutrino (or antineutrino} scattering is

This is simply the statement that there is a thresh-
old. The total mass of the hadronic state must
be greater than m„. The effect of the heavy quark
appears first at small x. But this does not mean
that the struck quark in the production process
carries a small fraction of the proton momentum.
On the contrary, (, which is the momentum frac-
tion of the struck quark, is bounded away from
zero. Because x & 0, Eq. (5.3} implies that

(5.6)

where the + sign depends on the helicity matching
of the lepton and hadron currents, as for light
quarks. A detailed analysis of presently available
data using Eq. (5.6) has been done by Barnett. "

VI. HEAVY STRUCK QUARKS

In this section, we describe the predictions of
$ scaling for processes in which a heavy quark is
struck In this c.ase, step (1) of our program be-
comes nontrivial.

The free-field OPE of a product of currents is
simple in terms of the operators P"j-" "& of Eq.
(4.5). For example, for a heavy-quark contribu-
tion to the electromagnetic current, &" = gy" g, the
OPE is given by Eq. (4.4) just as for light quarks.
There is no quark-mass dependence from the
heavy-quark propagator because the struck quark
and the produced quark have the same mass. In
general, suppose &" =$~y" g~ and look at the terms
in the free-field OPE of ~"~"~ involving bilinears
in gz. This corresponds to a process in which the
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I quark is struck and the E quark is produced. The
two-body operator piece of the time-ordered prod-
uct is

Jt
e""d4x iT(J„(x)J'~ (0))

d p — p +g+mjq
(2 ), T{,(-p)r„(p ), , r. !)}(p) +

where . involves bilinears in g~. The OPE is
obtained by appropriately expanding the E-quark
propagator. The denominator is p'+2p q —Q'
—m~'. Because the I quarks are free fields (in
this approximation) we can replace P' by mz' and

expand as follows.

(2p q)"
m 2+2p q -Q' —m ' ~ (Q'+m —m ')""

(6.2)

This gives an OPE in terms of the I' operators
(constructed with Pg) with coefficients proportional
to inverse powers of (Q'+m~' —mj'}. Here we will
discuss only electroproduction in detail.

The OPE, Eq. (4.4), for heavy-quark currents

is not useful as it stands because the proton ma-
trix element of each of the I'"j"'~& operators in-
volves, in general, many unknown constants. To
extract as much information as possible, we re-
express the OPE in terms of the traceless opera-
tors 0&&"'"&using the following formula:

p)j ...)2 ~ (2k —2J + 1)!
2j(2k —j +1)!

(6.3)

The Jth term in this summation is a symmetric
sum of the 2k!/[2j(2k —2g)!] distinct combinations
of j g"~"~'s and an 0 opera, tor with 2k —2g in-
dices. Equation (6.3) is easily derived by noting
that

I u, ~2" ~„m2Z~," ~.
P~P2

where m is the quark mass. The P and 0 opera-
tors with no Lorentz indices are defined as fol-
lows: P =0 =(1/m}7(}g. In deriving Eq. (6.3), we
have used the fact that —9' acting on P (free in this
approximation) is m', so we have carried through
step (1) of our program.

Putting Eq. (6.3) into Eq. (4.4}, we obtain

e""d4x P iT J" x J" 0 P

(2k)! (2k - 2)!j=ZZ (-g"" ~"~"«'&.p~. ( k- &+ },.j, , (»,„},~,.j, , (»,:„},
{22—2j+1}(22—2j){22—2j —1){22—2).

I
+ ' g')), —jf"C)j,/O' 8')2, —0 jf)j, q' 2»~! (2k ~ 1))

m»(
X ' e ".jf &PIO)'2 ")'2~-»'IP& .Q4~ jj2 )'22 -» (6.4)

We can let the sum over k in Eq. (6.4) run to k =0 without affecting the positive moments of the structure
functions. In going from the T product to moments of the observed structure functions one encounters
contour integrals in the complex ~(=2P q/Q') plane. ' For simplicity, we have ignored the contributions
from large arcs as ( {d(-~, a limit governed by Regge behavior, i.e., Qm fixed, ()/(-~, and we have done
formal continuations in the angular momentum plane. Strictly speaking, our results apply to the structure
functions only once the leading Regge behavior as x-0 is subtracted away. It is an open, experimental
question whether these subtractions are necessary.

Then with l =A' —j, we can rewrite the right-hand side as

PI(-gq" +2'.2 "/2')q„, q„(2(+2) g„(,) +2g„(,)
m2

+2}*(g",, +2"q„,/q*)(g"„, +2"q„,/q')(2l+1)2((2} —1}g„(
221

(6.5)

where the functions X„, ~„, and Z„are
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( ) p( )i (n+2j —2)!jj!(n+ j+1)! (6.6)

To evaluate the functions X, F, and Z explicitly consider the following function of two variables:

00 2/+1

y(x, y)= gy" 1 —, X»(x)

—x " (2l) ! -x " (2l)!
2S +!' m!{2)+{—m){ ~ )' E (y* ) {R)+{—m)im!

1 1+y- x/y
2y 1 —y+x/y

2y [y ——,
' + (-,'+x)'~][y ——,

' —(-,'+x)'!'] (6.7)

Jn the complex y plane for x &0, y is an ana, lytic
function with three cuts on the real axis from —~
to ——,

' —(-,'+x)'i', from —,
' —(-,'+x)'i' to ——,'+ (-'+x),

and from 2+ (—,'+x)'~' to ~. We can reconstruct the
function X» by evaluating a contour integral
counterclockwise around the finite cut:

K,q{g) = f 4(—
) rp{x, y)

1
(20+1)[-,'+ (-,'+x)"']'"" (6.8)

i
(n+ 1)[—,'+ (—,'+ x)'i'] "~ (6 9)

We can then directly calculate F and Z in terms
of X:

An analogous calculation for the odd-index X func-
tions gives the general result

n+1
(n+ 2)(n+ 3)

n(3n+ 5)
(n+ l)(n+ 2)(n+ 3)

2(n —1)
(n + l)(n + 3) (6.10)

iZ— X„
(n + 2)(n + 3)

2(2n + 3)
(n+1)(n+ 2)(n+ 3)

4
+

(n + 1)(n + 3)
X„2.

Returning to the OPE, Eq. (6.5), we can identify
the moments of the structure functions in the usual
way:
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40
x"-' dx W, (q', x)

2E+ 1 m~ 7~2
Xr ~a +2~.r ~2

(6.11)

x'lQ t / 2 [1 (1 m2/q2)1/2]2141

(6.12)

If F(X) is the distribution with moments 4„, as in
Eq. (4.13), then Eq. (6.12) is obviously satisfied
for

Wx(q', x) = —,
' xF((), (6.13)

1
x ' 2dx vW2(q, x)/m2

0

= (2(+ ((2((2( —()2„( )4„.
A» is related to the proton matrix element of

0"'"~1as in Eq. (4.2), and we have assumed that
Q' &)m2' and have ignored target-mass effects for
simplicity.

To see the meaning of Eq. (6.11), consider the
contribution to 8', from the functions X, call it
Wx. Inserting Eq. (6.8) we get

where

~ = x[-.'+ (-.'+ m'/q')"']. (6.14)

The other terms are similar but more complicated
because the extra n dependence in Eq. (6.10) leads
to integrals of Il when the moments are inverted.
But once again, the result has the basic form of
g scaling. The variable g in Eq. (6.14) is the same
as ill Eq. (4.3) fol' mr = m~= m and Q )) m2 ~

We wi11 not dwell on details of these contribu-
tions to the structure functions because the target
matrix elements of the heavy-qua, rk operators will
probably be too small for the details to be observ-
able. One general comment is important. ' The
heavy-quark distributions are presumably strongly
decreasing functions of $ (see Sec. VII). For
fixed x, as Q increases, ( in &q. (6.24) de-
creases, and therefore a heavy-quark contribu-
tion to the electroProduction structure functions
[such as Eq. (6.13)] increases. Except at very
small x, the logarithmic corrections to scaling
have the opposite effect."

For ml m~ in neutrino scattering the results
are similar. For example, there is a contribu-
tion to the (n —1)st moment of W, of the form
(for Q &)m ):

n+ 1 q'+ m~2+ m,' q' "" ( m, 'q'
2 Q Q'+m ' —m' "t(q'+m ' —m') )

(6.15)

An important technical point arises for m~&m~,
because the argument of the function X„goes to
infinity at Q =mr' —m~'. Analyticity in Q' requires
that for Q'&mz'- mz' one must be on the second
sheet of the analytic function X„, that is, change
the sign of the square root in Eq. (6.9). Then
Eq. (6.15) becomes for all Q'

Clearly the methods of this section can be com-
bined with those of Sec. IV to get expressions
valid for Q' not large compared to the proton
mass. The results always involve calculable
functions of Q' and the quark and target masses
multiplying the function F($) (and various integrals
of F) where $ is given by Eq. (4.3).

1 Q +m~+m/ Q
q2 qs2 (( & (6.16)

VII. HEAVY-QUARK DISTRIBUTION FUNCTIONS

(6.18)

where
p2

As for eleetroproduction, the general result is
complicated, involving integrals of the function E.

(6.19)

2Q' = Q'+ m ~' —m/

+ [Q4+ 2Q2(m 2+ m 2) + (m 2 m 2)2] 1/2

(6.17)
The piece of the structure function which gives
Eq. (6.16) is therefore

As defined by our renormalization- group equa-
tion, Eq. (2.2), anomalous dimensions are now

generally mass- dependent. The anomalous di-
mensions of the leading operators in the expan-
sion of two currents enter into the Q' dependence
to O(g (Q')) as indicated in Eq. (3.6) for the coef
ficient functions. In Sec. III, we analyzed lepton-
hadron scattering in terms of operators renormal-
ized at a, fixed mass, roughly on the scale of the
target mass, and Q'-dependent coefficient func-
tions which satisfy renormalization-group equa-
tions. There is an alternate but completely equiv-
alent way of viewing the analysis. We can shift
the logarithmic Q' dependence onto the matrix
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elements by renormalizing the operators at the
variable scale Q. From this standpoint to leading
order in g(Q'), the scattering process measures
the target matrix elements of bilinears of the
struck quark as defined at Q. Their dependence on

Q is determined by the operators' anomalous di-
mensions.

The calculation of the relevant anomalous di-

mensions is straightforward and proceeds in direct
analogy to the massless case. ' To the first order
in which quark bilinears are renormalized, they
also mix with gluon bilinears, and hence the gluon
renormalizations must also be computed. We
quote the results in parametric form, which is
adequate for extracting some important conse-
quences. The relevant operators are

'f1~2

0"= (F ")D"'~ ~ ~ D««-) F "«+ permutations of vector indices —traces)
2n! 7

in0"= ((I) y"'D"' ~. ~ ~ D'«g + permutations —traces),

(V. 1)

where the D's are the relevant gauge-covariant derivatives and j can stand for any quark flavor; color
sums are understood. We use the notation

c,5,~=f„„f~~, c,5'~= tr(T'T~), c,f = T'T', (7.2)

where f„,are the structure constants of the gauge group, and T' are the representation matrices normal-
ized to [T„T,]=if,~T,. For color SU(3), c, =S, c,=~ per quark, and c,=,-. We find to 0(g )

yjq-, c, I dn~ 2 [2nn" —(Sn —2)n" ']

n 1

Cg 0 for j
nM'

y",,.=, ( 2c,) dn ~, [2(1—n)" ' —2(n —l)n(1 —n)" '+nn(l —n)" ']
16m' ', nM'+ m~'

jnM~+ rn& j2

, ( 16c,) dn, [(1—n)n"-'+2(1 —n)n" +n(1- n)(2n —l)n" ']
16m' ', n 1 —n 1lP+m,

n(l —n)M'm, '
[n(1 —n)M'+ m, ']'

(ew' ' '
n(n —)) (m+))(m+2) ~ )', + * ~ ' (+5m. '/M'I '

In y00 the factor (1+5m, '/M') ' is the interpolating form for the same expression as in Eq. (2.3a).
The integrated form of the renormalization-group equation for matrix elements of operators renormal-

ized at M(0,"(M)) is

&(Io",, (M)Ip)= ex«sf y (g(M )I, )I, ', & I a( ))«IP&M.

For orientation, let us first discuss a numerical
integration for n = 2. To proceed we require initial
conditions. We are not in a position yet to com-
pote them, but we can make some plausible guesses
quided by general principles, experiment, and
Eq. (7.3). If a given quark is very heavy, m;

&&mp t, then it is likely that its proton matrix
elements renormalized on the scale of m~ will be
very small. This should follow from simple quan-
tum mechanics as well as the theorem of Appel-
quist and Carazzone"" regarding the effective de-
coupling of heavy fields. Also, experiments sug-
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gest a low upper bound on the distribution func-
tions of all heavy quarks at Q'& 15 GeV'. Further-
more, if these matrix elements are negligibly
small, they will remain so until M-~ because they
are enhanced by a mixing with gluon operators,
through yz„which is proportional to g (M)M'/I'
for m'&&M'. We propose extending these ideas
to the heavy quarks, X and 8", of flavor SU(4)
though even the 6" mass is not much larger than

m~ to, . For justification we sight the upper bounds
from v and e sca,ttering and the phenomena as-
sociated with Zweig's rules which suggest the
suppression of mixing of heavy quarks. In par-
ticular, we set &p~O,'(m~) ~p)=&p~O~'(m ) (p)=0.

For the light quarks and gluons note that

—200+ g 0& =8„„—«g„„8~,

where 8„„is the total, symmetric energy-momen-
tum tensor. With a standard normalization
(p ~ 8„„~p) = 2p„p„, independent of scale. The trace
term„8~~, is the sum of quark mass operators and
is negligible because m~ is much greater than the
light-quark masses (see Fig. 1) and

&p~y„., y„, (m„...„)(p)=0.
We define &pt-20ol»=8~- 11' &plOl(»= 8~11',
where Il'is the traceless rank-2 tensor of Eq.
(4.2). They are the contributions of each field
to the total energy-momentum. Then 8(p+ 8~+ 8,~„„
—2 at m&. Finally we use the experimental in-
put from Gargamelle and SLAC that 8@„,„—-8~+ 8~
somewhere in the appropriate region, say at 3
GeV. In Fig. 3 we display the results of a numer-
ical integration using the same coupling and mass
parameters as in Fig. 1.

We note that 86, increa, ses more slowly than 8,

5—

because m~, &rn„. Both 8(p, and 8~ should be de-
tectable in experiments at Fermilab. We display
the results for I up to 10"GeV, where asymp-
totic SU(4) sets in, although weak, electromag-
netic, and gravitational interactions, irrelevant
at presently a,ccessible scales, will totally alter
these predictions well before 19'0 GeV. We wish
to emphasize the prediction of interesting phenom-
ena at presently available energies which are far
below t e asymptotic region.

We do not continue to ~ = 4 operators because
there is no analog of the conserved energy-momen-
tum tensor which essentially allowed an experi-
mental determination of 8@„,„. Without a deeper
theoretical understanding, plausible guesses may
differ by factors of 20 or more.

However, we can draw some conclusions about
the shapes of distribution functions for $-I which
is equivalent to the behavior of the &p

~

0"~P) for
large n because (P

~
0& ~P) is essentially

JE,($)(" 'dg The s.hapes of heavy-quark dis-
tributions, for M such that they are rela, tively
small, are determined by the gluon distribution
function. As a means of guessing the latter, we
propose the following: If for g -1 the gluon func-
tion is much smaller than the light-quark func-
tion (in the parton language, if the amplitude for
finding a hard gluon is negligible), then the gluon
shape is determined by mixing from the light
quarks. Since yoJ ~ 1/n for large n, if the light-
quark distribution function vanishes like (1 —g)
as g 1 (e.g. , 3 & a & 4), then the gluon function
goes like (1 —g)"', so that high moments of Es«, {g)
will drop by I/n relative to moments of E~ ~($)

Now consider y",. for large n in the two limits
m«M and m»M, y»&oo-1/n for m«M and
y",.0 ~ 2M'/n'm' for m &&M. These determine how
moments of the heavy-quark distributions, E»(g),
behave relative to (1—g)"', the gluon shape. We
conclude that E„=K(1—$)'" for m «M and E»
= K[2M'/(a+ 3)m'] (1—g)'" for m »M with some
single constant K. These can be combined into a
single interpolating formula:

(1- &)"'
1+ [(n+ 3)/2)(m2/M')1/(1 g)

'

0—
2.5 5 10 50 )p~ ]p3 ]05 tplo

M (Gev)
]030 tpSO

FIG. 3. Contributions to the total energy-momentum
from various quarks and from gluons versus M. 0&„k
includes both quark and antiquark contributions. Each
light antiquark (6' or OE) contributes roughly 2 e&.

The above estimates are for g-1 and n-«. In
practice, they may be valid for $ & —,

' or —,'. One
crude way of getting a guess of the absolute mag-
nitude is to continue these forms to g = 0 and use
the n=2 or fE,(()d] information of Fig. 3. A

better estimate will require a specific model of
the target and its gluon distribution.

We can use the techniques of this section to make
some plausible guesses of the size and shape of g

and 9K distributions in the proton. While these have
nothing to do with heavy quarks, they share with
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the heavy-quark distributions the property that
they are small at low M, so their M dependence is
determined primarily by the light-quark and gluon
distributions.

Until now, we have sloughed over the distinction
between quark and antiquark distributions. Actual-
ly, the matrix element A~ of Eq. (4.2) for even n
is the appropriate moment of the sum of j-quark
and j-antiquark distribution functions, while for
odd n, it is a moment of the difference between
the j-quark and j-antiquark distribution functions.
Thus 8&, for example, is a sum of j-quark and
j-antiquark contributions. To calculate the dif-
ference between j-quark and j-antiquark con-
tributions to the energy-momentum matrix ele-
ment, we would need to know the matrix elements
of 0",. for odd n and analytically continue in n to
n= 2. However, if we assume that antiquark dis-
tributions are smaB at smaQ M, we can take the
measured value of 8~+ 8~ at small M as the initial
value both for the sum and the difference of quark
and antiquark contributions. We can then calculate
their values at larger M using Eq. (7.4) and solve
for the antiquark contribution. The point is that
the y's in Eq. (7.4) are different for the sum and
difference. For the sum, which is related to a
matrix element of 0) + , the appropriate y's
are given by Eq. (7.3) for n=2. But the dif-
ference is the continuation in m to m=2 of the ma-
trix elements of Og + O~~ for m odd, and for m odd
there are no gluon operators. The only y's are
yz&, so the difference evolves in M according to
Eq. (7.4) with y=y&&.

The results for the antiquark contribution to the
energy-momentum (or equivalently the integral
of the antiquark distribution functions) can be read
off Fig. 3. For X and +', the quark-antiquark dif-
ference is taken to be virtuaQy zero at M= 1 GeV
and remains so for all M. Hence the A. and X con-
tributions to 8~ are equal, and similarly +' and 6"
each contribute one half of 8~,. The light-anti-
quark distributions are chosen to vanish for M = 1
GeV and are virtually identical to the A, contribu-
tion (= 2 8„) for M ~ 2 GeV.

We can similarly discuss the tail of the anti-
quark distribution near $ = 1. If, as assumed
above, the light- (valence-) quark distribution goes
as (1—$)', so that the gluon distribution goes as
(1 —g)'", then the light- antiquark distribution goes
as (1 —g)'".

Witten" offers an alternative analysis of these
problems, based on a generalization of the
Appelquist-Carazzone theorem applied to the ex-
pansion of products of heavy operators. We agree
with his results for n = 2 operators, and our dis-
cussion of distribution tails is consistent with his
analysis of other low moments.

—pI+ pI
pO+ p3

(8.1)

then it is a simple exercise to derive the full
formula for $ given in Eq. (4.3) under the three
assumptions

2= 2
p+ st+

2= 2
py pl/

p~ =0,
(8.2)

where p~ is the part of p~ transverse to p and q,
fI (fI PT f T Pl~'

Scaling in g was derived in Secs. III and IV by
retaining only those terms which are zeroth order
in g(m~), the effective coupling evaluated at the
scale of the proton mass. Putting the initial and
final quarks on shell is the momentum-space ana-
log of saying that the quarks can travel long dis-
tance relative to the wavelength I/Q without ap-
preciable interaction. For Q'~m~' andg(m~)
neglibible, this is certainly a reasonable approxi-
mation. The third assumption, p~'= 0, is a con-
sistent part of the same approximation. It is the
finite size of the proton which necessitates p~0.
Inasmuch as the proton is large and quarks travel
far as measured by Q', pr'-—0. The size of the
proton, the extent to which the quarks are off
shell, and the size of p~ are aO measures of g.
Qur field-theoretic techniques offer a systematic
expansion procedure in g(m~).

From careful analysis of e'e annihilation for
1 «E, «7 GeV,"it has been estimated that g'/
4v' (1GeV) =0.3. This can be translated into a
fundamental mass scale, A, using

g 12m

4v ( ) =
28 lnM'/A' (8.3)

for M2&&A2. Then A = 500 MeV. Our own analysis
of SLAG electroproduction data for 1&Q'& 15
GeV' agrees with this value (and will be discussed
elsewhere. ) The quality of the g-scaling limit is
determined by the validity of the assertion that
A'«nz~2. We are arguing that this is the only
coherent explanation of precocious scaling yet

VIII. $ AND THE PARTON MODEL

We offer a discussion of g scaling in the language
of the parton model as a handy mnemonic and as a
less technical way of explaining the nature of the
approximation and expansion scheme proposed in
Sec. III. Although $ is a totally frame-independent
quantity, it is convenient to write the initial proton
four-momentum as P = (P', 0, 0,P') and the virtual
photon momentum as q= (q', 0, 0, q'). Let p, be
the initial momentum of the struck quark and p~
=P~+q be the final momentum. If $ is defined as
the natural light-cone variable
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proposed, and that the basic assumption is sup-
ported by the e'e analysis and by the smallness
of scaling violations at higher Q'.

From. hadron- hadron interactions one surmises
that the quark distribution in P~ is sharply cut
off above P~'- 0.1 GeV'. Hence, ignoring P~ is
qualitatively the same sort of approximation a,s
ignoring A. The relation is not accidental, and we
can give a more precise discussion than the one
above relating P&00 to the binding of the proton
into a finite size which is set roughly by I/A
which we gather from experiment to be rather
larger than 1/m~.

In the operator-product expansion to next order
in g(m~), there appear operators such as

o ""D'1 ~ ~ ~ D ~g. If we wish to include these
operators, their matrix elements must be de-
duced from experiments because with present
technology we can no sooner compute them than
the proton structure functions themselves. These
matrix elements are the moments of a function
which can be interpreted as a quark distribution
in transverse momentum. In O(g'), quark bilinear

operators essentially count quarks. In these new
three-body operators, the initial and final quarks
need not have the same momentum, and hence
their proton matrix elements are measures of the
transverse momentum distribution. To O(g'),
we neglected these effects, and indeed (Pr)/m~
&0.3. To include these effects, we will have to
extract a second distribution function from the
data in addition to our Jl($).

The quark-mass dependence of $ is of no great
importance unless the process involves quarks of
mass much greater than A. Then the $-scaling
limit is certainly of phenomenological importance.
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