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Hadronic decays and soft-pion theorems in the charmonium model*
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Using the charmomum model for Q and Q', we show that the partial widths for decays into any "normal"
hadronic final state n (i.e., any state including no particles which contain charmed quarks) must
approximately satisfy I'(f'~ a)/I'(Q~ n) —I (f'~ e+e )/I'(Q~ e+e ). So far this relation has been tested
for n = pp, 2w+2w e, and K+K n'+rr . We also derive the soft-pion theorem I'(g~n)/I(Q'~e+e )
= cr(e+e ~n)/cr(e+e ~p.+p, ), for any normal state n including a soft pion but no baryons. A number
of similar predictions for other configurations of the charmed-quark-charmed-antiquark system are considered,
and a related theorem is obtained which helps explain the pion momentum distribution observed in the decay
Q'~Qw+w

I. INTRODUCTION

An interesting characteristic of the decays of
g(3.1) and g'(3.V} is the approximate validity of

I'(f'-n) I'(P'- e'e )
I'(g-n) I'(g- e+e )

for each "normal" hadronic decay channel n (i.e.,
each decay channel which includes no particles
containing charmed quarks). So far, this relation
has been tested' for n=PP, 2n'2m m, and
E'K n'n . As a phenomenological explanation for
Eq. (1.1), it has been suggested' by one of the
present authors that the effective Lagrangians for
normal hadronic decays of g and g' have the form

& e(x) =0"(x}tf&„(x)+ g ~„(x)f,
&e (x) =0'"(x)(f'&„(x)+Z'~„(x)l,

with the restriction
I gl

f

(1.2)

(1.3}

where g" (x) and f'"(x) are field operators for g
and g', respectively, p„(x)is the electromagnetic
current of normal hadrons, and &„(x},which may
or may not be a local operator, is some additional
unknown effective current of nonelectromagnetic
origin. Equation (1.1) follows immediately from
(1.2) and (1.3) if the relatively small mass differ-
ence between ( and g' is neglected. It is perhaps
useful to mention that the presence of a nonelectro-
magnetic term in (1.2) is necessary' to fit the ob-
served total widths of ( and g', and interference
effects between J„(x)and &„(x)are, in general,
not negligible. '4

In the present article we will give a derivation
of (1.2) and (1.3) using the charmonium models'
of f and P'. In other words, we will assume that
the strong interactions are generated by the ex-
change of SU(3)'-color gauge gluons and that ( and

II. NORMAI HADRONIC-DECAY LAGRANGIANS

Consider first the normal hadronic decays of f
and g' mediated by a virtual photon as shown in
Fig. 1. These processes give rise to the electro-
magnetic terms in (1.2); if P(r) and g'(r) are non-
relativistic radial Schrodinger wave functions for
g and g', respectively, we obtain immediately

f' 0'(o)
f 0(o} ' (2.1)

HADRON'

FIG. 1, Decay of a cc state into normal hadrons
through a virtual photon.

g' are, respectively, the first and second radial
excitations of the 'S, cc (charmed-quark-charmed-
antiquark) system. We will also derive equations
similar to (1.2) and (1.3) for higher radial excita-
tions of the 'S, cc system and for other $, I', and
D states. Then me will consider a set of predic-
tions for decays including soft pions which follow
from the result that the nonelectromagnetic cur-
rents, such as J'„(x),which appear in each decay
Lagrangian are effectively singlets under ordinary
chiral SU(3)x &&SU(3}„.Last of all, we will briefly
examine a soft-pion theorem which helps explain
the pion momentum distribution of the decay
g'- gtr'tr

The arguments by which we mill obtain expres-
sions such as (1.1}-(1.3) can be adapted to heavy-
lepton models' of the g spectrum and related
states Howe. ver, the predictions using SU(3)~
x SU(3)„properties of decay Lagrangians do not
all carry over, and some of these might con-
ceivably be used to distinguish experimentally be-
tween heavy-lepton models and charmonium.

14
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neglecting, once again, the mass difference be-
tween f and g'.

In the charmonium model the only additional pro-
cess which will give significant contributions to
normal decays is the diagram mediated by three
gluons shown in Fig. 2. A minimum of three gluons
is required to construct a color singlet with odd-
charge conjugation and, since the theory is asymp-
totically free, decays passing through more than
three gluons, or with additional interactions among
the gluons, gill be suppressed by the (presumably)
small value of the running gauge coupling constant
evaluated at the mass of g or g'. Now if we call
the three points at which these gluons are emitted
from the charmed-quark line x, p, and z, it fol-
lows that since the charmed-quark mass is ex-
pected to be quite large (= 2 GeV} the main con-
tribution to the process in Fig. 2 will come from
spacings between x, p, and z which are quite
small (=2 GeV '). However, the overall range of
the g or g' wave function has no particular reason
to be small and, for example, might be expected
to be of the same order as the ranges exhibited by
the electromagnetic form factors of normal had-
rons (~1/0. 7 GeV '). Thus to a fairly good ap-
proximation the wave function of g or g' should
enter the matrix element corresponding to Fig. 2

only as an overall multiplicative factor of P(0) or
('(0), respectively. Neglecting the mass differ-
ence between g and (', Fig. 2 will yield the non-
electromagnetic terms in the effective Lagrangians
of (1.2) with g and g' related by

f II +II yll(0)
~(0) ' (2.4)

where g"(&) is the radial wave function of the 'S,
component of the 'D, -'S, mixture. Equation (1.1)
then follows with g' replaced by (".

Alternatively, it might happen that 'Dy S, mixing
is negligible. Then for the lowest 'D, state, gD,
and any of its radial excitation, say gD, we will
have effective decay Lagrangians of nearly the
same form as (1.2) with, however, the nonelec-
tromagnetic current && (x) replaced by a distinct
nonelectromagnetic current JD„(x). The coeffi-
cients in the Lagrangian for the lowest 'D, state
gD and a radial excitation (D will be related by

of these states are not too far above the mass of
the g. Similar results can also be gotten for the

=1 cc states in 'D, configurations if one of
two different alternative assumptions is intro-
duced. The first possibility is that the tensor force
term generated by vector-gluon exchange mixes a
significant 'S, leakage term into all 'D, states.
Then since the processes in Figs. 1 and 2 should
be strongly suppressed for the pure 'D, compo-
nent, which vanishes at %e origin of relative posi-
tion space, we might expect the dominant contri-
bution to come from the 'S, leakage wave function.
For any such 'D, -'S, mixture, g", we will obtain
an effective Lagrangian of the same form as those
in (1.2) with electromagnetic and nonelectromag-
netic coefficients f" and g", respectively, related
to the coefficients for g by

0'(0)
0(0)

(2.2) f g d22 ~D( } d22 4D( ) (2.5)

and J„(x)given by an expression of the form

j'&(x) =
~l d4y, d4y, d'y2K& "~'"'(x,y„y2,y2)

X T[Z,.(y, )Z„,(y2) Z„(y2)]. (2 3)

x

Jg
Jc(~Y'

HADRONS

FIG. 2. Decay of a cc state into normal hadrons
through three virtual gluons.

The current &„,(y) in this expression is the SU(3)'-
color-octet current of type a, and K~ "~'2'(x, y„
y„y,} is a c-number function gotten from the three
gluon and two charmed-quark propagators in Fig.
2. Equations (2.1}and (2.2) combine to yield (1.3).

The arguments we have just given can be ex-
tended immediately to any further radial excita-
tions of the 'S, cc system if, as before, the masses

where fD and fD are the electromagnetic coupling
constants of gD and gD, respectively, gD and gD
are the nonelectromagnetic coupling constants of
gD and (D, and gD(&) and t4(&} are the radial Schro-
dinger wave functions of pD and gD, respectively.
Equation (2.5) cannot be used to connect the normal
hadronic decays of 'D, states to those of 'S, states
since J„'(x)tJ'D&(x), but it does follow from (2.5)
that we still have a relation of the form

rN, -~) r(4- e'~-)
r(y, -n) =

1"(y,-e'e-) (2.6

for any normal hadronic channel n.
For 'Sp cc states, electromagnetic decays leading

to normal hadronic states must occur through two
virtual photons and should be negligible. However,
an observable branching ratio might be expected
for decays to a pair of real photons. The process
replacing Fig. 2 is a similar diagram with two
gluons instead of three. For the lowest 'S, state,
q„which may have been found at a mass of 2.8
GeV, ' and its first radial excitation, g,', which
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I g/
(2.8)

and from (2.8) the prediction

I'(n.'- yy) I'(n.' )-
I'(q, —yy) I'(q, n) (2 8)

for any normal hadronic final state n.
For any 'Po or 'P, cc configuration (the lowest of

which have presumably been found at 3.41 and
3.53 GeV, ' respectively) normal hadronic decays
proceed again through two gluons while electro-
magnetic decays to a pair of photons might be ob-
servable. A pair of radial excitations of the same
configuration will decay through effective Lagran-
gians similar to (2.7), fulfilling conditions similar
to (2.8), and giving predictions of the same form
as (2.9). The 'P, and 'P, cc states cannot decay to
a pair of photons but require, respectively, three
and four instead, which will almostcertainly be un-
observable. For normal hadronic decays a transi-
tion through three gluons is required. For one of
these states g and a radial excitation g' we obtain
Lagrangians similar to the nonelectromagnetic
terms in (1.2) yielding the prediction

I'(X'- n) I'(X'- ~)
I'(k- n) I'(y- m)

for any normal hadronic states m and n, where 8
is a constant independent of m and n.

Although the effective nonelectromagnetic cur-
rents we have considered so far are, in general,
complicated nonlocal operators, it is conceivable
that for 8 y

'D„and 'P, states things may actually
be somewhat simpler. Suppose that the most im-
portant nonelectr omagnetic decay contributions
occur through three gluons coupling to a single
quark line as shown in Fig. 3. Then since the
running gauge coupling constant is small in the
mass region we are considering, to a first ap-
proximation quarks may be treated as zero-mass
free particles, and a simple kinematic argument
shows that the effective current for (J~c = 1 ) 'S,
or 'D, states will be nearly given by the local
operator

could be the state observed at 3.51 GeV, ' we have
the effective decay Lagrangians

gq, yq--, ( x)E""( x) *E„,(x)+ gag(x) J(x), }
2„,= f 'q,'(x)E""(x)*E„,(x) + g'q,'(x)J(x),

where E""(x)and *E""(x)are, respectively, the
electromagnetic field tensor and its dual, and Z(x}
is an effective pseudoscalar current constructed
from a pair of color-octet currents. As before we
obtain the relation

HADRONS

FIG. 3. Decay of a cc state into normal hadrons
through three virtual gluons coupling to a single normal
quark line.

I'(g'- any n) I'(P'- e'e )
I'(g- any n) I'(g- e'e )

(2.12)

which enables us to compute I'(g'- any n). This
together with the observed partial widths I'(g'- g
+anything), I'(g'- p p, ), and I"(g'-e'e ) can
account for roughly 709& of the total width of g'.
Therefore, as noted elsewhere, ' the remaining
30%%uo must be due to new channels such as

0'-x+y,
'q~+ptons,

or perhaps

$'-D +D,

(2.13)

where D is any charmed meson and p is any one
of the 'I'~ states.

An additional 'S, radial excitation P' ' may have
been found at 4.1 GeV. '0 ' Using

I'(g"'-e'e )=2 keV

combined with Eg. (2.12) for g"' in place of g',
we obtain

I'(g' ' —any n)&45 keV. (2.14}

while for (&~c=1")'P, states the effective cur-
rent will be nearly given by

J„(x)=q(x)y„y,q(x). (2.11)

In these equations q(x} is a quark spinor field in-
corporating an ordinary SU(3) index and an SU(3)'-
color index both of which are summed over yield-
ing singlet currents. It is amusing to note that
(2.10) and (2.11)could be obtained if we used a
short-distance operator-product expansion on ex-
pressions such as (2.3) and then had some reason
to select the term with lowest dimension. Un-
fortunately, there does not seem to be any justifi-
cation for selecting the term with lowest dimen-
sion. In any case, consequences of (1.1) and (1.2)
combined with (2.10) have been discussed in Ref. 2

and will not be examined further here.
We will now briefly consider a number of specif-

ic predictions which follow from our results.
Equation (1.1) obviously gives

Z„(x)=q(x)y„q(x), (2.10) Assuming p. -e universality and using the informa-
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g'4'-D+D+n. (2.15)

This conclusion remains unchanged even if we
assume that the upper limit in (2.14) should be
increased by a factor 2 as a result of the mass
difference between g' and g"'.

Two other states tentatively reported in' "
e+e annihilation are ('"(3.95) and g'5'(4. 4) with
the partial widths

I'(("'-e'e )=0.2 keV,

I'(("'-e'e )=0.4 keV.
(2.16)

Although the status of ('" is still somewhat ques-
tionable, g"' seems reasonably well established.
The small values for the partial widths in (2.16)
suggest identifying g"' and g"' either as pure 'D,
states or as 'D, -'S, mixtures. A rough calcula-
tion of the e'e width for a pure 'D, state yields
an answer more than two orders of magnitude
below the observed values. Thus we will assume
that these states are mixtures decaying to leptons
and normal hadrons primarily through their 'S,
components. We can then apply (2.12) with g' re-
placed by either g"' or g+' to obtain

I'(g "' - any n) & 5 keV,

I'(("'- any n) &10 keV.

For p"' we have in addition the observed results"

I'(g"' - g +anything) + I'(g" ' - g'+ anything) & 3 MeV .
I'(g"' - anything) = 30 Me V.

Again, we find that roughly 90% of the total width
of g"' is unaccounted for and must go to processes
similar to (2.13) or (2.15), with (2.15) presumably
the more important.

III. SU(3)l X SU{3)

In Eq. (2.3) each of the currents J„,(x) is a sing-
let under ordinary SU(3). Therefore, each is also
a singlet under chiral SU(3)~ x SU(3)e. Thus if we
use partial conservation of axial-vector current

tion'0

I'(g'" - ) +anything) + I"(g" ' —P'+ anything}

&15 MeV,

I'(g"'- anything) = 150 MeV,

we find that roughly 90% of the total width g"' re-
mains unexplained. Some of this might be attribut-
ed to channels similar to (2.13), but these are also
open to P' and constitute less than 70 keV of its
total width, while we still must account for 135
MeV of the width of $"'. Thus a more likely
hypothesis, already discussed of course by many
authors, is that g"' decays primarily by

(PCAC) in the standard way" to calculate soft-pion
production in g decays, for final states containing
only normal mesons but no baryons the current
J„(x)in (1.2) will give no contribution and instead
these processes will occur entirely through the
electromagnetic term in (1.2). We obtain

I'(g- soft pion+n) &r(e'e - soft pion+n)
I'(g-e'e ) v(e'e -g'p )

(3 1)

where n is any particular configuration of normal
mesons and the cross section for e'e annihilation
should be measured just outside the resonance
peak. Similar equations hold for g' and any higher
'S, radial excitations or 'D, states. Equation (3.1}
implies in particular

I'(g- soft pion +n) =0

if n consists only of an even number of pions since
the processes

e'e - soft pion+a

proceed only through the isovector part of the
electromagnetic current and yield only states of
even-6 parity.

A convenient numerical result can be gotten
from (3.1}by summing the right-hand side over
all n. The covariant 1" matrix elements for soft-
pion production calculated in the usual way become

T(e'e - v'+n) =4vn(sf„) 'vy"u(n~A„'(0)~0),

T(e'e - v'+n) =0, (3.2}

where n is the fine-structure constant, vs is the
total c.m. s. energy, f, is the pion decay constant
(=135 MeV in our convention), u is an e' spinor,
u is an e spinor, and A. &(x) =A~&(x) +iA2&(x) is
the usual axial-vector current. Squaring the ma-
trix element in (3.2), summing over all n, and
applying" asymptotic chiral SU(3)~XSU(3)z, which
permits the vacuum expectation value of the prod-
uct of two axial-vector currents to be replaced by
the vacuum expectation value of the corresponding
product of vector currents, we obtain

limko —&3
o'(e e - n (k)+any n) =

e'R
k~0 Sm' „'s'

(3.3)

where R is the ratio

v(e'e -any n)
v(e'e —p, 'p, )

Strictly speaking, (3.3) is not quite correct since
(3.2) itself is correct only for n which do not con-
tain baryons. However, since in e e annihilation
something of the order of 5% of the final states
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contain a baryon. -antibaryon pair, it is possible
to show that the baryon-pole terms omitted in ob-
taining (3.3) would not alter the result by much
more than 10'%%uo. Similarly, the inclusive cross
section gotten by summing only over states con-
taining mesons should not differ from (3.3) by
much more than 5'.

Now in the interval 3.0 GeV& Ps& 3.8 GeV, we

have 8 =2.5. In addition, more than 90%%up of the

charged particles found at small momenta are
pions. Thus (3.3) yields

assuming that the branching ratio to states con-
taining baryons is small. Since, as before, this
prediction depends on extrapolation to physical
momenta from a pion 4-momentum of 0, and is
therefore not expected to hold exactly, it is useful
to compare the predictions of a model in which
the nonelectromagnetic terms in decay Lagrangians
for g-like states are not effectively SU(3)~ &SU(3)„
singlets. Suppose, for example, that normal de-
cays of a scalar and pseudoscalar f-like states,
$, and (, respectively, are governed by

limk, „»0(e e -charged particle+mesons)
k o

&.(x) =g.(.(x)S(x),
g (x) =g g (x)P(x),

(3.7)

which combined with (3.1) gives

='7.5 nb GeV 'c',
(3.4)

d
lim k», I'(g- charged particle + mesons)
k o

=I'(g-e'e )0.83 GeV 'c'.
(3.5)

Equation (3.5) is specifically restricted to states
containing only mesons. To extend (3.5) to states
including both mesons and baryons we would need
to add baryon-pole terms" from final states cou-
pling both to the electromagnetic part of (1.2) and

to the noneleetromagnetie part. Even though, as
in (3.3), the electromagnetically coupled pole
terms are negligible, the overall magnitude of the
nonelectromagnetic amplitude is significantly
larger than the electromagnetic amplitude, and
thus the nonelectromagnetically coupled pole terms
would not be negligible.

If (3.4) is compared with the observed charge
density in e e annihilation at vs =3.0 GeV, it
turns out that agreement is poor even at ~k~=150
MeV/c, which is the smallest ~k~ for which data
are presently available. Thus the soft-pion tech-
nique used to arrive at (3.4) can at best be rea-
sonable somewhere within the region ~k~ &150
MeV/c. A similar restriction must therefore be
applied to (3.5) and (3.1}. It is possible, of course,
that the extrapolation from (k") =0 used to arrive
at (3.4) is inaccurate even at (k„)=(m„0,0, 0).
If this were true (3.1) and (3.5) would also be ex-
pected to fail.

For any other 'S, or 'D, cc states an equation
similar to (3.1) and (3.5) can be gotten. If the pre-
ceding arguments are reformulated for cc states
other than '$, or 'D„wefind that since no elee-
tromagnetie term coupling to normal hadrons is
present w'e obtain

The derivation of (3.8) again assumes that branch-
ing ratios to states containing baryons are small.
Effective Lagrangians of the form (3.7}would be
expected to hold in heavy leptonium models' of f
Thus, in principle, by measuring I'(g, - w (k)
+any n) it would be possible to distinguish be-
tween these models and eharmonium.

Finally, a soft-pion theorem can be derived for
the decay

g'-g+w++w (3.9)

In the charmonium model, this reaction proceeds
by the exchange of two or more gluons between the
pairs (g, g') and (w', w ). For (3.9) the gluons will
not usually carry much 4-momentum, so that the
running gauge coupling constant may not be very
small and contributions from the exchange of more
than two gluons could be significant. Nonetheless,
using the structure of the currents to which the
gluons couple, a soft-pion theorem similar to
those we have already discussed can be derived,
yielding the result

lim. T(g'- P+w'(k)+ w') =0
k~o

(3.10)

where S(x) and P(x) are, respectively, the usual
SU(3)-singlet scalar and pseudoscalar densities
composed of normal quark fields belonging to the
(3, 3*)+ (3*,3) representation of SU(3)~ && SU(3)~.
Then by a soft-pion calculation combined with
asymptotic SU(3)~ xSU(3)„,which permits vacuum
expectation values of products of scalar densities
to be replaced with vacuum expectation values of
corresponding products of pseudoscalar densities
and vice versa, we obtain

lim ko ~ I'(g, - w'(k)+ any n) =
21 (g, - any n)

k 3 2w'. '

(3.8)

limk, I'(cc- w+(k)+any n) =0,
k o

(3.6)
for the decay matrix element of (3.9). Equation
(3.10), in turn, provides an explanation for the
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experimentally observed pion momentum distribu-
tions, as a number of authors have already
shown. " The derivation we have suggested for
(3.10) does not hold for the leptonium model in
which the pairs (g', g) and (x', w ) can couple
through scalar particles. Thus these models may

have a more difficult time explaining the pion mo-
mentum distribution which has been observed.
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