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We investigate A¢* theory in the random-phase approximation as a prototypic model for understanding the
formation of bound states (here 2-meson bound states) and the nature of the effective interaction between such
states. We give the random-phase approximation a functional-derivative interpretation which allows us to
determine the effective expansion parameter of the random-phase approximation to be (Az?/ N)Dg(q?), where
Dg(g?) is the propagator of the collective mode. The field theory in this approximation has both mass and
coupling-constant renormalization, and we derive expressions for unrenormalized and renormalized 2-, 4-, and
6-point functions for the original scalar field, and determine the 4-point function for bound-state-bound-state
scattering as well as the effective coupling between bound states. We show the relation between the random-
phase approximation and the O(N) model for large N and prove that without single-field symmetry breaking
there is a range of renormalized coupling constant where there is no ghost.

INTRODUCTION

In trying to understand the structure of hadrons
as seen in deep-inelastic electroproduction, and
high-transverse-momenta phenomena in pp colli-
sions, many of the features present are qualita-
tively described in terms of a parton (say quark)
substructure, where quarks are acting indepen-
dently but are never seen as out-states. The
particles seen in the laboratory are presumably
bound states of some underlying quark-gluon
theory, and in a different regime, such as low-
energy hadron scattering, one can describe the
physics in terms of phenomenological fields for
the physical particles such as pions and nucleons
(say, as in the 0 model). What is missing is a
bridge between “parton” phenomena and particle
phenomena. That is, one would like to start with
a quark-gluon Lagrangian, find the bound states,
see how they interact, and determine a phenom-
enological Lagrangian to describe that interaction.
In this paper we emphasize that there exists a
new form (for quantum field theory) of perturba-
tion theory, where, to lowest order, bound states
already exist. This approximation allows one to
look at bound-state interactions in a rather
straightforward fashion. The perturbation theory
is defined by assuming that a certain variational
derivative is of order €. That is, we will make
an expansion in the third fluctuation of the under-
lying quantum field.

The problem we have in the back of our mind is
studying the bound states of a quark-gluon theory
with non-Abelian couplings using this new pertur-
bation theory. However, for the sake of clearly
illustrating our technique, we confine our consid-
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erations in this paper to a self-interacting scalar
field. This model, despite its simplicity, will
demonstrate the feasibility of the approximation
techniques. We will study more realistic applica-
tion elsewhere. We begin with the Lagrangian for
a scalar field with x¢* interactions in the presence
of external sources S(x) for ¢%(x) and J(x) for ¢(x).
We shall show that the introduction of two sources
makes itpossible to obtain either of two different ap-
proximations. This illustrates one of the impor-
tant points of this paper, which is how naturally
the choice of external sources leads to an approx-
imation scheme. Here we will primarily be con-
cerned with one of these approximations, the ran-
dom-phase approximation (RPA), whichis ob-
tained by taking the “normalized” vacuum expecta-
tion value of the field equation and replacing the
term of the form

N (001’¢31002)
°" {00, |00,

by

. 00,] ¢*[00,) (00, | ¢ |00,)
°"00,[00,) {00, [003)

Having made this approximation, all lowest-
order Green’s functions may be derived by func-
tional differentiations of the resulting equation.

It is reasonable to expect that a scheme based on
a lowest-order approximation which is simple
with respect to the source S of ¢* (as this approx-
imation will be shown to be) would tend to pick out
any highly correlated excitations of the field ¢2.
Corresponding to this expectation we show that
this RPA approximation leads to bound states of
¢? and that the scalar-scalar scattering to lowest
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FIG. 1. Pictorial representation of bound-state—bound-
state scattering.

order is saturated by the exchange of the bound-
state propagator in s, ,u4. We also find that
bound- state-bound- state scattering to lowest
order is not so different from usual naive models
in that one has contributions from the box diagram
and from bound-state exchange with a specific
form for the BBB vertex, and thus we get the
diagrams of Fig. 1. The straight line is the full
scalar propagator G(¢%) and the wiggly line is the
full propagator D4(q?) for x=¢>. We shall find
that 12D 4(¢®) is effectively the expansion parame-
ter of this theory.

We show that our RPA is essentially the O(N)
(Refs 1 and 2) expansion although we are not con-
strained to take N large. We further show as a
consequence of this relationship that without sym-
metry breaking there is a region of the renormal-
ized coupling constant for both theories where the
results are not plagued by the ghosts character-
istic of the previous calculations.

I. APPROXIMATION SCHEME FOR 2, ¢*

The most familiar approximation scheme for
2,®* theory is the normal perturbation expansion
in powers of A,. This is by no means the only ex-
pansion and, as we shall show, it is particularly
simple to generate other expansions by using func-
tional techniques. We will deal with an N-com-
ponent field $%, but most of our arguments hold
when we have only one component. In order to
keep the results simple in appearance we usually
will use matrix notation and suppress the indices
associated with the different components. Thus
the Lagrangian density is

L£=39,00,¢— 3m d% + Trx°

— BN P2+ D+ Sx. (1)
Here
¢1 Jl
o Iz
b= and J=

The equations of motion are

(P +mP2) p* + A x P =J* 2)
and
.., 28
X=¢ ¢a—To' (3)

The field y will turn out to excite in a simple way

the bound state that appears in our scheme. When
Eqgs. (2) and (3) are combined we obtain the usual

result,

(@ +mg%) 9% + 2o (G 9°) % — 259 =T )

Here, this one time, we have displayed all the
internal indices.

The external sources S(x) and J(x) are introduced
for convenience in deriving Green’s-function equa-
tions for the fields x(x) and ¢(x). Our choice of
source couplings here will lead to Green’s-func-
tion equations which clearly suggest approximation
methods particularly tractable with this type of
source coupling and interaction.

The generating functional for the vacuum ampli-
tude is

Z(J,S) =eiW(J,s)
=.(0[0).. ®)

Here

W(J,S) =?.1an( J,S) (6)

generates the connected n-point functions for ¢
and y and

oW

T(®,)=W(J,S) - fd“xJ(x) 5700

)
generates the one-particle irreducible graphs.

In what follows we will often use for the n-
coordinate Green’s functions the notation

_ "W
T SI)6J(2)6J(3)- - -’

W(123--+)

AA "W
W2 ) = ssmyes@ (8)

and

"W

w(iz:- )= 5S(M)od(2)- - -"

We will also use the equivalent notation

o2

a_ OW _ @)
w(1) =55 X.(1) O 9)
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08,(1) _ [(T(¢(1)¢(2))> } 6W _x() _(9*(x)) _1 25(x)
w(12 =G(12 ®.(1)8,(2) |, ..—t G 2 .
(12) = W (12)= ‘-—TY'-— «(1)2,(2) 55G) ) ) T (xx)+[<I> P - 7‘0
(10) (13a)
and We can also write (12a) as
W(i3) = D ,(12) =¥ __ [chm 2, 20416 (xx) + 0, 2(x) — 2S(x)+2 }p )
B 6S(1)6S(2) 0" 0%e 7 Gs(x)
T(x(1)x(2
[L&%I)TXQZ Xc(l)xc(z)] . (1) =J(x)
In these equations &,(1) means &,(x,), G(12) means (12b)
G(x,x,), etc., and (A) means ,(0|A|0).. The rea- )
son that we use two equivalent notations is that the From Eq. (13a) it follows that
Green’s functions expressed as G and &, are gen- .
erally more familiar, but the W notation empha- 5w =71 W +® 2_§. (13b)
sizes symmetry and often makes intermediate 6S @ (69)* T° X,
steps more transparent. Consequently, through- . L .
out the paper we write results in either or both Differentiation of (13b) yields
forms or in a mixed form depending on subsequent 1 62w /1\? o&3w 1 3w
manipulations. 7 5867 <7> 57T7 22" 700 (14a)
Taking the normalized vacuum expectation of
Eq. (4) yields the equation obeyed by &,, or
XN W 135 1> 6 .l
Since Inserting Eq. (14a) into (12a) we find
5 2 lé"’W 22, & W, <1>A63W
[D +my - 2S+ ‘(GJ)"’ Py v 202, }b + STGT - (15a)
or in terms of G and &, only
[Dz+mO trG(xx)+ °G(xx) + 2,8 2(x) = 25(x) + 2y <6J( )> }@Ax):J(x) . (15b)

Equations (15) are equivalent to Egs. (12) but are
written entirely in terms of derivatives with re-
spect to the source J. Consequently, when approx-
imations are made which involve dropping deriva-
tives these sets of equations lead to different re-
sults. Equations (12) are appropriate for studying

J

-

the random-phase approximation (RPA) while Egs.
(15) lead to the Hartree approximation.

By functional differentiation, with respect to J,
we can find the two field Green’s functions. Equa-
tions (12) lead to

[C2+ mg2+ A, w(d) IW(12) +%’ w(i12) + ,, W) Wd2) = 5(1 - 2) (16a)

or, equivalently,

[D2+ my’

while Egs. (15) result in

+i-_‘2trc(11) B 2(1) + 20,8, (1)®, (1) — 25(1) +20

G(12) +2e [cp - G(12)=6(1-2),

i 55(1)] M(l)]

(16b)
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[D +mg? = 25(1) + °trW(11)+ °W(11) £20,8,(1)8,(1)* + 1, 2(1)]W(12) +lixotrW(1112)+G’.‘-)°§[trW(112)]q>c(1)

or perhaps, more transparently,

[Dz +my

+—

The sets of Eqs. (12) and (16) or (15) and (17)
are, of course, as they stand utterly intractable.
In order to proceed we must make some sort of
truncation approximation so that at least one of
the n-field Green’s functions is expressible in
terms of itself and various other Green’s func-
tions of less than # fields.

The above equations are written in a form which
is particularly tractable for the truncations we
wish to study in this paper, but it is still not dif-
ficult to extract from the ones using J as the
primary source the usual approximation schemes
used in studying the A¢* problem. For example,
we can obtain the results of the perturbation ex-
pansion in powers of A, from Eq. (15b) in a direct
manner by substituting the expansions &,(x)
= ®(x) + Xy ®L(x) + + - - and G(12)
=G°(12) +2,G*(12) + - - - into this expression and
collecting terms of the same power in 2, and
requiring that they vanish order by order. We
can also easily generate the loop expansion for
the Goldstone or o model from Eq. (15b). The
most direct procedure to do this is to rewrite
(15b) in the form?®
2x, o

d (%) +—2

5
7w %W+ s 2

[Dz +my - 2S(x) +Z;.—°
+ 2@ 2(x) + >\0<%§—)—> ](bc(x) =J.
(15¢)

The tree approximation ®°(x) is obtained by neg-
lecting terms appearing in (15c¢) that have an ex-
plicit variational derivative in them. It follows
that

[P+ m? + 2 o(B2(x) P]92x) =T (%) . (18)

With J(x) =0 we find [m,>+ \,n°]n=0 where
n={¢$(0))| s.o- This is the usual lowest-order

= 5(1-2) - Dowez11)- 2,1
(17a)

oJ

+2otrG(11) +-2%‘2<;(11)- # 208, (1)®,(1)* +1,®,2(1) - 25(1) + A, (1 0 ) }0(12)

-[6J(2)G(11)]‘1’(1)+ [GJ(Z)trc(n)] (1)=06(1-2).

(17b)

r

symmetry-breaking condition. The other Green’s
functions to this order are found by functionally
differentiating Eqs. (18). The one-loop approxi-
mation is obtained by substituting ¢,= &%+ & into
Eq. (15c) and discarding terms which represent
more than one loop [i.e., terms containing (&%),
(6/8)®%, (5%/8J%)%, and (6°/6J%)®°]. I-loop ap-
proximations &} to &, are found by making the ob-
servation that ®!1 — ®.#(5/6J)™¢* is an n-loop ob-
jectif/, +1,+m+1=n. There are no common ap-
proximation schemes which come as naturally
from the Eqs. (12) and (16) which involve deriva-
tives with respect to the source S. We shall show
that natural approximations on these equations are
related to O(N) expansions. The approximations
used on equations expanded in this way are also
closely related to similar approximations used on
the Nambu model.*

The technique used with the loop expansion sug-
gests that dropping variational derivative terms
is a straightforward and potentially profitable ap-
proximation technique. This leads us to write for
the zeroth approximation to Eq. (12a)

5w
<D2+m02+>\0—6—s—>W°=J (19a)
or equivalently

[ P +m, +-—trG°(xx) +2o(B2(x) )P - ZS(x)] ®(x)=J(x).
(19b)
With the sources off, this equation shows that
[mo += 2 trGO(xx) + Ao ]17 0,

where

(6)°

n =W (208.)

J=8=0
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If there is no linear spontaneous symmetry break-
ing, =0 and this equation is automatically satis-

fied. If n#0, then the theory is constrained by the
requirement

m, +——tI‘G(xx)+7\OT]2 0. (20D)

Thus we have assumed in this lowest approxima-
tion that (A,/7)(6/0S)@,=¢€,(») is ignorable so that
we may factorize the vacuum expectation value of
the field equation by the replacement

Ao{D% DY =2q %‘L} gf; +€(%). (21)

This approximation treats y=¢°— 25/x, as a field
in its own right on the same footing as ¢ for
truncation expansions. The approximation tells
us the theory is dominated by the disconnected in
¢ and y piece of the interaction. We would thus
expect this procedure to be appropriate where y
excites strongly bound states. Note that we have
now defined a definite calculational procedure and
that even if €,(x) is not a small quantity it might
be that this approximation scheme defines some
sort of asymptotic expansion for the theory. We
will discuss this point at greater length later.
The lowest Hartree approximation is obtained
from Eq. (15b) by neglecting the term of the form
[-i6/8J(x)F®,(x). This leads to the equation

[Dz +m+ :12—0 trG°(xx) — 25(x) + Ao(ég(x))z} ®(x) =J(x)

(22)

The dual notation is of no great aid for this ap-
proximation at this point so we have dropped it.
With the sources off, Eq. (22) requires that
[me? + (30y/2)trGo(xx) + Xyn?]n=0, which if #0
constrains the theory by the condition

[mo + 3—-trG°(xx)+7\0n } 0. (23)

Note that in terms of the fields the term we have
ignored is

€)= )‘o[%%JZQc(x)

| ((0-200-a)
() @4

This emphasizes that as in the case of the RPA
the lowest Hartree approximation replaces the
vacuum expectation of ¢* by combinations in-
volving the vacuum expectation of ¢* and ¢, thus,
as we shall see, greatly simplifying the structure
of the Green’s-function equations. The Hartree

approximation says that to lowest order the cube
of the fluctuation of the field away from its class-
ical value is negligible, while in terms of fluctua-
tions away from &, RPA is the statement, using
Eqgs. (21) and (14a), that

x&(&-%§y¢-a$=q. (25)

II. MESON PROPAGATOR IN RPA

Either by differentiation of Egs. (19) or by
recognizing the implications of our approximation
prescription on Egs. (16) we have to lowest order
in RPA that

[0+ m 2+ 2, WO (D) IWO(12) + A WO (1) WO(12) = 6(1 - 2)
(26a)

or

[D2+m°2+%‘—’tr6°(11) FAo(297+ 22 82(1)E(1)* — 25(1)

+2000(1). ]00(12) 5(1-2).

SJ(1)
(26b)

Until we start examining higher-order approxima-
tions, we now drop the superscript 0 which indi-
cates we are dealing with the lowest approxima-
tion. If the sources are turned off, Eq. (26b) be-
comes

[Dz +mg +Z‘Z.—° trG(11) + 2xnm* + 27" ]G(IZ)

P [M(l)c(iz)] =6(1-2).

J=8=0

(27)
In the case of primary interest throughout this
paper we choose to have no spontaneous symme-
try breaking and take n=0 so that Eq. (27) becomes

[Dhmou% trG (1 1)]0(12) -5(1=2). (28

Note that

ﬁietrc(u) =%trc(00) = om? (29)

using translational invariance. Thus we take

myZ+ dmi=mg?, (30)
where clearly mz? should be identified as the re-
normalized meson mass to this order of approxi-
mation. In terms of Fourier transforms we have
with » the dimensionality of spacetime

G(12) = s f R G (k)em i trrm2) |

@ )"
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so that from (28) we find

0 8
Gus(k) =mR2_ ;:2__ i€’ (31)

zhf
mR—k—ze'

Thus to lowest order the only effect of our trunca-
tion procedure on the scalar-meson propagator is
to renormalize the mass.

It is also useful to note at this point that if we
assume 7=0, then we can make a stronger state-
ment than Eq. (28). In that case if J(x)=0, the
theory is invariant under the reflection ¢~ - ¢
and consequently all odd matrix elements of ¢
vanish. Then for J(x)=0, =0,

where

[D2+m02+—:-.9tr0(11) - 25(1)10(12) =5(1-2).
(32)

In the case where n#0 we do not have enough
information yet to solve Eq. (26) for all components
of G, because of the term involving (6/6J)G. How-
ever, observing that the projection operator re-
presentation

Gop(12) = (5%_

is valid and if we anticipate that

Ro[_0 ]
777’ i l:éJy(l) Gds(lz) Fes=0

lxﬂ;"é)(;,uz) +ﬂ;‘7_§’é G,(12)

_ 3\_0[ 5 5 5 W}
=g 8T, BT (D) 87,2 Jreseo
=Na"ls 12
7 (12),
Eq. (27) becomes two equations
(@ +m 2 +2P)G,(12) = 5(1 - 2) (33)

and

(@ +mgZ+ 3G, (12) +F(12)=5(1-2).  (34)
Equation (34) cannot be solved until we know
F(12) but using (20b) Eq. (33) is

G, (12) = 5(12)
or (35)

-]

W(123) +x, fdl’W (11')W(1'3)W(1'2)+)\ fdl'W 11)—=

Celb) = e
which explicitly shows the Goldstone boson re-
sulting from n#0. We will prove this result in
the next section.

IIIl. BOUND-STATE PROPAGATION

We have completely analyzed meson propagation
to lowest order for n=0 and found it to be essen-
tially free. However, it is clear from Eq. (26)
that the higher-connected Green’s functions do not
vanish and that this theory has considerably more
structure than a free theory. We will now show
that, in fact, to this order the theory has a bound
state excited by the composite operator ¢*(x). To
do this we functionally differentiate Eq. (26a) and
look for closed sets of Green’s-function equations.

We define

W (117) = [P+ mg? + 2, WO(1)]6(1- 17) . (36)

Note that W,(11’) defined here is not the same as
W°(11’) when J is not zero or when there is sym-
metry breaking. (26a) may be written as

f AUW 1LY W(L2) + A WD) W(I2) = 6(1 - 2).
(26¢)

Here we continue our practice of not labeling the
Green’s function to denote that we are working in
the lowest approximation. It will often be useful
to write (26) in the form

W(1'1) = W,(171) = A, f 2w, (12)WE)WE).

(26d)

Note that the equations are not soluble with sym-
metry breaking until we have an expression for
W(Z 1). Differentiation with respect to S(2) of (19a)
results in

W(B1) ==, f aw,a1ywidHwa). (37

To solve Ehis we need the four-field Green’s func-
tion W(1’2). By differentiating (26c) with respect
to S(3) we get a related function

55 (3) [w(i’2)w1)]=0

By setting 1=2, ‘taking the trace, and using (13b) to derive

AA

w(i2) =1i trw(113) + 2w(1) w(12) — -f— 5(1-2),

Eq. (36) becomes
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wid) - 2w)w(id) +—%5(1_ 3)+22 [ artew (1) wAd w1 + 2o f dl'trWO(ll’)Es%)[W(i’l)W(l’)]=0

This equation can be simplified, using Eq. (26d) and

5W,(11)

== f W(33)W,(12)W,(21)d2 ,

to become

w(i3) - 2w()w(18) +—5(1 3)+-— f arte[w,(11) W, (1 1) w(l’8)] +

The last term using (37) is

fd1 a2t

We clearly cannot solve Eq. (40) with the term of
the form (41) present, but if it were gone, (40)
with the source off becomes a fairly simple inte-
gral equation for W(i§) in terms of the Green’s
functions of fewer fields. One easy way to avoid
having to worry about (41) is to take =0, because
then clearly (41) vanishes if the sources are off.
This is, in fact, the method that we use in this
paper. However, there are other ways which al-
low us to argue that (41) is negligible. If we were
doing perturbation theory in A, we could have just
argued that the last term of (40) had one more
power of 2, in it than the other terms and hence is
small compared to them. We cannot do that
directly here, because W, and W(1) are implicit
functions of A, However, we do something that
has exactly the same effect and which is very
similar in many ways to what was done to achieve
the loop expansion of the ¢ model.® To this end,
note that as an exact relationship

5 oa,w(d) 6 RRLAC
53(3)‘f d4[ 35(3) on,w(d) T B5(3) 6W(4)]

aa. 14} N 5
=hof W(43)md4+fw(43)md4.
(42)

Thus Eq. (41) (continuing to use lowest-order
quantities) may be rewritten using (36) as

Ao ’ )
= [ a1'a2 aaw(3d)]

<[ [ s omrsg |

X tr[W,(11)W(1) W12, WE1)WR21)].  (43)

-—sﬁjtr[W A1)y wa)w,12)wEi)we)].

f 6 55(3) tr[W,(11) Wi’ ) w(1")]=0

(40)

@)

Since the variational derivative does not generate
any more isolated powers of X, we see that the
term (43) is different from the other terms of Eq.
(40) by having one more term of form x,2W(33).
We will develop this point further later in the
paper but since the term we neglected in (19a) is
(\o/9)[6/8S(1)]W(1) < X 2W(13) we see that A 2W(34)
is the basic structure in terms of which this the-
ory is expanded. An essentially equivalent, but
perhaps more familiar and explicit, argument can
be made if the number of fields N is allowed to
get very large. To see how this works we assume
that x,=2}/2N, where 1/ does not depend on N.
Equation (22) shows that S, m?, [, A,trG®, and
2o(®9)? are of order (N)° and hence trG°® and
(®)?xN. From

a5y _ (¢%(2)) 25(2)
W(lz)"és(i)[ OB xo]

5 trG(22) 52 23(2)
~65(1) [ (2 - ] (44)

we see that W°(i§)OCN. Similar reasoning shows
that W°(1)W°(13) <N and also that the third and
fourth terms of Eq. (40) are «<N. The last term in
(40), as is perhaps made clearer by representa-
tion (41), is of order (N)°=1 and is consequently
negligible compared to the other terms.

Finally, note that these results for large N
agree with our previous observation that A 2W(12)
is the expansion parameter of this theory since
it follows that this quantity is of order 1/N. We
emphasize, however, that although the overlap
between our methods and the large-N expansion
is now apparent, we do not need N large to gener-
ate a definite clearly defined expansion procedure.
The question of convergence of such a series with
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or without N large is a much more complex ques-
tion which we cannot seriously attempt to answer.
We conclude that with any of the arguments
above, the correct expression for W(13) =Dpg(13)
to this order with sources off is given by (40) as

DB(13)+%N f d1g,(11")g,(1'1)D 4(1'3)
+2>»on2[ f dl'go(ll')DB(1'2)]

=—%6(1— 3). (45)

Here we have introduced the notation
G3B(12) = 5%6g,(12) . (46a)

Clearly g,(12) = (1/N)trG,(12). In Fourier space
we have from (31) that

1

- L 46D
go(k) mRz—kz—iE, ( )

which reduces in the case of symmetry breaking to

1

8o(R) ps o= G, (k) =—F e’ (46c)
using (35).

Equation (45) is easily solved in Fourier space.
We make the definitions

Dy (12)=(2_1]})nfd"kDB(k)e-ik(xl'xz) (47)
and
Z(@) =(Tf,)—n f 2o(q +R)go (k)™ ; (48)

Equation (45) becomes

Dy(k)=— %0[ 1 } (49)

1-XNZ(@") + 2018, (k)

In the case which is of primary interest to us in
this paper n=0 and

2 1
2at =3 [T | o0

We can now solve for G(k) in terms of Dg(k).
Equation (26d) may be written as

Gop(171)=6,,84(1'1)
AT f d2 d3 g,(1'2)D 5(23)g,(31)
or as a Fourier transform

Gaﬂ(k) = 6mag'o(k) + A0277az773[g‘()(k)]zl)ﬂ(k) . (51)

The form we will be primarily interested in with
n=0is

Gaplk) = Wag(R) = 64,80(R) . (52)

We have carried out the development of the RPA
approximation in this great detail in part to make
it clear to the reader how it corresponds to the
O(N) approximations in the case of linear spon-
taneous symmetry breaking. To complete the
comparison we make the following observations:

(1) The Lagrangian here becomes the Lagran-
gian of Ref. 2 with sources added if we make the
substitutions Ay~ X,/2N, and x— (x - m,3)/,.

(2) Corresponding to these substitutions we see
that

2
wid)- (3w,
0 (53)
wii2)~2Nwds).
AO

With the above identifications it is easy to see that
the lowest-order Green’s functions given here
with symmetry breaking are exactly those of Ref.
2.

Finally, we should go through all the analogous
calculations in the Hartree approximation. Be-
cause of complications with renormalization the
details will be discussed elsewhere, but it is
straightforward to show, using the same tech-
niques as above, that W(11,2) in the Hartree ap-
proximation has structure very similar to the
RPA results.

IV. COUPLING-CONSTANT RENORMALIZATION

Equations (29) and (30) showed how the physical
meson mass to this lowest order is related to the
bare parameters ), and 7, To complete the re-
normalization to this order we must rewrite (49)
and (50) in renormalized form. Since the symme-
try-breaking case has been fully discussed in the
literature we will not discuss Eq. (49) further.
We point out that in the interest of simplicity and
clarity we do not handle the renormalization for
(50) so as to keep the arbitrariness of the point of
subtraction of divergent integrals manifest. It is
not difficult to renormalize using the same pre-
scription as applied to (49) in Ref. 2 and to arrive
at the same physical results as with the scheme
used here.

Because Dg(k) arises from terms of the form
20/8S in Green’s-function equations it always
appears in the form 222D (%), as is exemplified by
Eq. (44). Since Z(g®) is logarithmically divergent,
one subtraction makes it finite if we make the
identification

2% - 2(0)=Z 4% .
We have using (50),
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g2

8| ]
2 =—— — ==
2o DB(k)——NxR 1- 25 @) ~ Dy(k).
(54)
Here the natural identification
AN (55)

I W 551 ()

has been made. We have defined Ay so that the

dependence of A,°D on N is explicit. In order to
keep the N dependence of the renormalized com-
posite field x, the same as x we define y, by Dy

1-4m .2 1

=, . o 1 1/2 o f1=4m,? 2 gn o
%(q)=6(q -47”3)@?(—25—) tanh <__q§_.a_> —7[9(61 )]

q

2 1/2
+6(q%) 6(dm 2 — q2)§%<iwé_ﬂ_ 1) [I_ tan-!

q 2

1 4 2\1/2 2
+ 9(—-612)-@(1 -—;Z—R—> coth™ (1 - 4:12”

From the above it follows that £4(0) = 1/87% and
hence, since 2 ,(0)=0, that

(0% = 340 - gz 57

The condition for ¢? exciting a bound state is

2
ST =818 4(0”) 8)
>\R

The right-hand side of (58) is plotted in Fig. 2.

For more details of this see the Appendix of
Ref. 5.

From Fig. 2 and (58) we can arrive at the fol-
lowing conclusions:

(1) For a,<- 87% a true bound state of mass
Mg?, with M 2<4m®, develops. As g~ -,
M?~0. Also, for this range of A, 1-2zReZ (q)
=0 possesses a single root, so that a resonance of
mass u®>4m?® develops. As Ap——,
u®—~3.2767 X 4m?.

(2) For —8m°<),<0, scattering is enhanced for
g*~ 4m® but there is no true collective behavior.

stzm‘il

FIG. 2. Plot of 8mReZp.

=(1/N){(T(xzxp). Consequently it follows that y 2
=(\,N/Ap)x. All questions regarding collective
excitation can be answered by an analysis of the
denominator of (54). This has been discussed in
detail in Ref. 5 and the discussion here is essen-
tially identical to the discussion there. The
natural place to subtract Z(g?) to do an analytic
evaluation of the integral involved is not at g2=0
but at the point g% =4m?. Defining

20(e®) = 2(¢°) - Z(4m?) ,
it follows that

2 1/2
F=-1)]

(56)

I

(3) For r,>0 (58) is satisfied for ¢><0, denoting
the presence of a ghost in the theory if A is posi-
tive. Also, a resonance exists with #®>3.2767
X 4m?®. This third conclusion shows that for rea-
sons of stability Az>0 must be excluded. We also
note that the asymptotic behavior of D B(qz) for
large ¢ is D (g% ~ 1/Ing® and not 1/4%.

We conclude that our approximation scheme to
this order is not ghost-ridden, and that the theory
thus far is seen to be consistent. Note that the
symmetry-breaking case of the 1/N literature
has a ghost in Dg(k) which cannot be avoided re-
gardless of the sign of x;. In the next few sec-
tions of this paper we will work out the various
order Green’s functions of the theory to lowest
approximation and demonstrate that the contact
interaction between four-meson fields no longer
appears. Consequently, all interactions will be
mediated by bound- state propagation much as if
the interaction was of the form ¢2x.

V. BOUND-STATE WAVE FUNCTION

We define the bound-state wave function in terms
of

1 8w

Z sma@erE - 12 59)

since
- W(123) ] ;5.0 = (T(S* (1) D(2) H(3)))
- {PX(OXT(D(2)0(3))),  (60)

from which it follows that
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2

el

3
FIG. 3. Bound-state wave function.

(B()| To(2)6(3)|0) f 134102 - m 2 W(i23)
(61)

where m g is the solution of Eq. (58) for the
bound- state mass. In the case of J=0 and no
symmetry breaking, Eq. (39) can be rewritten as

w(i23)=-1x, f WEHWETWE)AT . (62)

We can pictorially represent this by Fig. 3.
Letting S=0 and letting

Wikiegky) = [ ef tumrstemartss Wil23)d,dd,

we obtain
Wik koks) = — (2m) N B(k, + By + g D () W(k,) W(ks) ,
(63)

where Dg(k,) and W(k,) are the bound state and
meson propagators given by Eqs. (50) and (31).
Here and in what follows we have confined explicit
consideration to four-dimensional spacetime.
Results in other dimensions are found by trivial
modification of the formulas presented. With the
identification of xz=(\, N/Ag)x 5 the above leads to
the renormalized equation

W (ko kok) = — (2m)*A g 61, + Ry + kg) D g(Ry) W(k,) W(ky) -

VI. MESON-MESON SCATTERING

The simplicity of the random-phase approxima-
tion is that the unrenormalized meson-meson scat-
tering amplitude is just 2x,2[Dz(s) + D z(t) + D gw)],
and thus renormalization is easily achieved by a
coupling- constant renormalization (and simul-
taneously a wave renormalization for the bound
state). In the Hartree approximation, one also
gets a contribution from the original contact inter-
actions of four meson fields which is completely
absent in the RPA. This additional interaction
completely obscures the renormalization proce-
dure. Consequently, we leave further discussion
of the Hartree approximation to a separate publi-

J

2 Xcz 6a bﬁcd

cation.

The simplest way of evaluating the scattering
amplitude W(1234) and just confirming the above
statement is by differentiating the identity

f W(12)W-(23)d2 = 6(1 - 3). (64)

When J=0 we find

6W(78)

@I V(BT 48,

W(1234) = - f w(17)

(65)

But we find from the Appendix, where we have
tabulated easily derived results, that

SW=1(18)

57(3)0(4) A W(T34)5(7 - 8)

+ 2, W(73) f W(749)W1(98)d9
A W(T4) f W(i39)W-1(98)d9. (66)

Thus using Eqs. (62) and (66) we find
W(1234) =22 f 148 W(i8)[W(LT) W (12) W(18) W (84)

+ WQAT)W(73)W(28) W (84)

+WQAT)W(74)W(38)W(82)]. (67)
This can be represented schematically by Fig. 4.
The above can be rewritten as

W(1234) = f W(15)W(26) W(37) W(48)

X T'(5678)d5d6d7d8 ,

where I'(5678) is the one-particle irreducible
four-point function. Consequently,

I'(1234)=2.25(1 - 2)5(3 - 4)W(31)
+2,28(1 - 4)5(2 - 3)W(E1)
+2,26(1 - 3)6(4 - 2)W(4l). (68)

Introducing the Fourier transform T'(p,p,p,p,) via

r (1234) = ﬁ%.% o3 (By%1+PpXa+bgxgthyy)

X T(p1psPsbs) 5 (69)

we find

22,028,404,

—Tasea(Pr102030,) = (2”)45(1’1 +Py+ D+ Dy {

22026,,054 }

X1 = X NZ ()] AT M NZ@)] * 3 (1= A NZ(0)]

= (277)45(1’1 +bD2 +P3+p4)A(S, tu).
(70)
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IC}?’
2 4

FIG. 4. Scalar-meson 4-point function.

13

1 3 1 2

el ]

2 4 4 3
2 a

Defining the renormalized coupling constant as
in Eq. (55)
62
A(s=0,t=0,u=0)=TV5

We obtain

2
A(S, tru) = NR [DR(S) 6ab6cd

+Dg(t)6,40,0+ D) 5,,0,,] -

VII. VERTEX FUNCTION FOR THREE BOUND STATES

We are interested in knowing the vertex for
three bound- state mesons since this is most im-
portant for phenomenological field theory. This
information is contained in
AAA 53W
wi(123) = 5S(1)55(2)6S(3)
and, more appropriately for scattering, in its
Fourier transform

w( plpng) = f o (P101+Poxa+b3Y3) W(iﬁg)dxldxzd% .

For bound- state-bound- state scattering one needs
for single-bound-state exchange the quantity

Um (52 M) (p," - MAWM M ps?) .
22 M P
(71)
From y= ¢® - 2S/x, we formally obtain
w(i2d) =+ rW(1123)
+ zW(§1)W(1§) +28,(1)W(123), (72)

so that for J=0 we have
w(i28) =-trW(1123)

For W(1123) we find by differentiating Eq. (64) that

oW 1(78)

W(1183) = - fW(17) e

W(81)d7d8
5W=1(78) s

_2 f sy VAT WeLaTas.

(73)

Since from the Appendix we have

W NT8) _ . A5
s - oW (12)0(7-8), .
SW(T8) . asa
35(2)65(3) A W(723)5(7 - 8) ,

we find that W(123) obeys the integral equation
iw(123)
= agtr f W(15)W(533) w(51)d5
F N 2r f W(15)W(56) W(61) W(53) w(83)d5 d6 .

(75)

Pictorially we get Fig. 5, which sums to Fig. 6.
This is the basic vertex function for the composite
field x. Equation (75) is solved by the Fourier
transform. Letting

w(i23) = (277) f e PRI W bbb )dp,dp,dbs

(76)
we obtain

W(q,9293) = 20>0(q, + 4>+ 435)D(q,) D(g5) Alg,?, 4,°)

+i-(—2)\7‘;—)4 [ fW(ql— k)W(k)dk]W(qﬂz‘Ia)

(77)
or

22,2
W@:9:99 =15 N gD

X 6(q, + 42 +935)D 5(2) D 5(q3) A (g,%4,°)
=20°6(q, +q2+ 45)
X D 5(q,)D 5(@;)D 5(aNA(g,%2,7) ,
(78)

where

NA(g.%4;%) =—(-2—% tr f ‘W(q1 — k) W(g,+ k) W(ky)dE,

is the triangle graph. Renormalization follows
from A\ D= (Ag?/N)Dy, and xp=(A,N/Ag)x, which
shows that we should form the three bound-state
propagators from yp so that WR(iﬁﬁ)

A
2 A

A
2 2
A
YO - )
A (o)
3 83

A
3

FIG. 5. Integral equation for three-bound-state vertex.
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= AN/ ) W(123). With this (78) may be
written as

WR(q],qzqs) =- AR3N64(q1 +q,+ qa)
X Dp(a,)D(@5) Dr(a5)8(a,%a,%) -
(79)

N>

A
3

FIG. 6. Three-bound-state vertex.

VIII. MESON-SIX-POINT FUNCTION AND MESON-BOUND-STATE SCATTERING

Meson-bound- state scattering can be found from

oW =(89)

Using Eqs. (74) and (62) we obtain from (80)
w(1233) =, f w(834) w(18)W(82)ds8
oxg [ WEBwEdw(e9)

x[W(18)W(29) + W(82)W(19)]d9d8 .

W(12§&)=f-€§—(-3)—6§(-4—)W(18)W(92)d8d9 - fé—ugg-(—:(gg)

[W(183)W(92) + w(18) W(924) ]d8 d9 . (80)
so that
We(1239) = - ZE j W (834) w(18)W(82)d8

oxg [ WoBWLBDW(E9)

x[W(18)W(29) + W(82)W(19)]d9 d8 .

(81)
. . . (82)
This can be renormalized as before by using
I Ap Since WR(§§3)OCN , the whole amplitude is prepor-
oX=W Xr tional to N° Pictorially we get the diagrams of
to ei Fig. 7.
0 glve By once again taking the functional derivatives of
an N2 a Eq. (64) we find that the meson-six-point function
Wx(1234) == . w(123%) obeys the integral equation
oW =1(178)
w(123456) = [ W(17) T mar UL
SW-1(78)
BT [W(1746) W(82) + W(17)W(8246)]d7 d8
oW -1(78)
f TEID [W(1745) W(82) + W(17T) W(8245]d7 d8 . (83)

Since 6W(78)/8J(3)8J(4)6J(5)6J(6) from (A1ll) contains 6(7 - 8)W(73456) plus known terms, we need only

this expression to calculate the 6-point function. Now

5W=1(78)
57(2)6J(5)65(5)

Using (A9) and (A10) we get

W(12345) = — f w(17)

oW 1(78)

W(82)d7d8 - f BI(3)57(4)

[W(175)W(82) + W(825)W(17)]d7 d8 . (84)

W(123458) = -, f WA WERT)W(T1534)dT - X, f W(LT)W(735)W(T24)dT - ), f W(LT)W(745) W(723)d7

+22 f W(3, 10)W(4, 10)W(10, T)[W(1T5) W(72) + W(T1)W(725)]d10 47

+22 f W(T8)[W(73)W(48) + W(74) W(38) |[W(175) W(82) + W(825) W(71)]d7d8 (85)
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which pictorially is given by Fig. 8. It is easy to see that W(12345) «1/N.
Continuing to calculate (83) we find, using the expressions (A9) and (A11) found in the Appendix for
SW"1(78)/06J(3)8J(4)5J(5)0J(6) and 5W ~1(78)/8J(3)6J(5), that there are terms of the form

- f W(LT)W(2T)W(73456)d7 (86)
and

22 f W(1748) W(82) W(3, 10)W(4, 10)W(10, H)d7 410 . (87)

Thus pictorially we get terms of Fig. 9 for W(123456). Renormalization is achieved as before. It is easy
to see that W(123456) < 1/N 2.

IX. BOUND-STATE-BOUND-STATE SCATTERING

To determine bound- state-bound-state scattering we need to know
w(i33d) =-z-_1-trW(11§§Z) .

In terms of the inverse Green’s function we have

sam 6W=-1(78) A SWL(78) A BW"1(78)
W(11,234)——fW(17)W(81)Wd7d8—fW(81) [W(173)W+W(174)m]
2 f ____7__5“;8':(278) [W(1782) w(81) + w(173)W(814)Ja7 d8. (88)
Since
W(178) = — W(18)9“g;_:g‘2W(97)d8 a9,
any 5W-1(89)
W(1734) = - +5E550 W(18) W(97)d8 d9
B oW -1(89) - -
= f O [w(182) W(97) + W(18)W(974)]d8 a9,
and
oW=1(78) (89)
SW™(T8) . asa
m_xowmm('z_ 8),
W -1(78) annn
35(2)55(3)55 (@)t (1239)5(7- 8) ,
i 2 4 T T [ 5 <+ permutations on (234
: 2 ! 22 J 3 2 1
3 4 4 3 4q 2>~w-f ~)..mw
37 Na

FIG. 7. Meson-bound-state scattering. FIG. 8. W(12345).
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we get the following integral equation for W(iﬁﬁa):

iw(1238) =, f [teW (LT W(T1) [W(7333)d7 a8

22 f te[WAT)W(78)W(81) |W(BS) W(T34)a1 a8

o2 f te[W(18)W(ET)W(T1) |W(B4) w(785)aT a8

—a f tr[W(18)W(BT)W(T9) W(91) |W(73) w(83) w(B4)aT a8 d9

s [ W wan w(rs)w(e1)]w(@3Dar as

-2 f w(i2)w(83) w(S4){tx[W(17) W(78) W (89) W(19) ]+ tr[W(17) W(79) W(98) W(81) [}d7 d8 d9

SO
iw(1234) = w,(1234)
Y f e[ WAT)W(TL) W(T334) a7 a8

Letting
w(i834) = (2;)12 f R T SRS
X W(D10:0304)AP18D2AD D 4 -
We have

W(qlqzq 3q 4) = Wo(qlqzqzq4)

+(—§%‘-’)—;tr[ f W(ql-k)W(k)dk]

XW(q1929594) (91)
or
W(a,9:9:0 =75 1\1,2 @ W"(qlgzqﬂ")
- %Da(qf) —-WO(q1gzq3q4) - (©2)

This renormalizes in the usual way. Wo(i§§3) is
schematically given by Fig. 1.

6
I + permutations
2 3 4 5

+ permutations

3 [

4 S
FIG. 9. W(123456).

(90)

We have thus shown that bound states scatter via
the box diagram or via bound-state exchange or
production. The second process tells us that the
collective mode is also a collective mode of the
four-point scalar-meson system, since one ex-
pects that we get contributions to 4 mesons ~4
mesons as illustrated in Fig. 10.

The preceding discussions should have more
than amply served to convince the reader that we
can handle in a straightforward way (at least to
this order) in a closed form all the Green’s func-
tions of this theory and that renormalization pro-
ceeds without difficulty, while the theory is char-
acterized by having no explicit remnants of the
original contact 4-field interaction.

X. CORRECTIONS TO THE RPA

All results to this point have come from con-
sidering the truncation (19a) of Eq. (12) or equiva-
lently the truncation (26a) of Eq. (16). In this sec-
tion we will explicitly find the first-order correc-
tion to the RPA and in so doing indicate how to
find the corrections of any order to the theory.®

A straightforward way to proceed is by the fol-
lowing prescription. Expand all Green’s functions
order by order so that we have for example that

o=+ 51+ %4,
G=G’+G'+G?+++-.

FIG. 10. Bound-state contributions of 4 mesons—4
mesons.
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We assume in addition that for any Green’s func-
tions that WoW©° «+ W™ is of order b+c+++* +m
and, further, that (A,6/8S)"W™" is of order m +n.
We, of course, assume that ®° and G° satisfy

[Dz+m02+-2,—9tr(G°+ Glbeo o)t ng(BO+ BL 4o ) (B4 DL eve) 28+-—l——:|(<1>°+ BLeeee)=d. (93)
From this we find to first order that
[Dz M4 ZOLIG 4 (B0 + 20,2080+ - 2 ]<I>§+<%9trG1> 89+20 -2 92-0. (94)
Using Eq. (35) this becomes
[:hmo%%trc"(u) - 25+ 0@V + 2,811~ 25(1) +3089(1) 5 GJG( ; ] ay)=2e f wol) e (1) wy(1'1) .
(95)
This equation is not closed and hence not solvable, 13 5 1
any more than Eqs. (19) were, until we find G*. fd3 W(13) [5(3 ~2) =X W (3) '{trW(zz)}
The important feature that is already clear here 9
is that the right-hand-side driving term of (95) is =-30(1-2)
proportional to the characteristic expansion factor 0
A 2WO(11) < 1/N. (98)
We could proceed to calculate the meson and or, equivalently,
bound- state propagators by differentiating Eq. . N 5 1
(95), but it is somewhat more convenient to ex- w12 =-22 [5(1 2) - om—trw(zz)]
ploit in a more explicit manner the fact that the
approximation is essentially an expansion in the (99)
bound-. state propagator. For simplicity in the Equation (97) may be further developed by
following we consider only the case where J(x) noting that
and (¢(x))=0. There is no intrinsic difference in \
the techniques used for the more general case. 5 w12)=_ /‘ W13 5W' (34)W 42)d3 d4
Under these conditions it follows that X, W(5) (12)= ( ) W) “2)
A W(2) (100)
= f a2—=2 &
65(1) 85(1) 6A°W(2) and defining a vertex function
- OW-1(34
N J @ wid) G)LOW(2) (96) r(s;34)= 2_CY (101)
o, W(5)

As an exact equation we can now rewrite Eq. (16a)
as

2 o (4
[EI2+ me2+ 2, W(1) +1‘i°— f ds W(13)W§—J w(12)

=6(1-2).

(97

From Eq. (44), which is an exact equation, we
see with J=7=0 that

sg_ 0 [1 25(2)
w(i%) -m[z—trW(ZZ) S J ,

which using (96) becomes

Egs. (19) and (26). Using this prescription it is
possible to calculate any order perturbation cor-
rection to RPA. For example, Eq. (12b) becomes

so that an exact equation (97) now becomes

f d4 {[D +meZ+ A, W(4)]5(1 - 4)

_*Tozfds a5 w(i8)w(13)r(s; 34)}W(42)= 5(1-2)
(102)
or
w-1(14) ={[Dz+ meZ+ 2, W(3)]6(1 - 4)
-)LT"zfd3d5 W(ig)W(13)I‘(5;34)}. (103)

Going through the same procedure we find as an
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exact equation that (99) becomes

w(i3)=_ -‘29{5(1 _2)

+-’:_-9tr [f d3d6 W(23)T(1; 36)W(62)]} )

(104)

These techniques should be familiar to the reader
who knows how to calculate electrodynamic Green’s
functions using source techniques. Now we will do
perturbation theory on Egs. (103), (104), and (101),
expanding by this method the inverse propagators
instead of the propagators.

As before, we take

WO(14) =[P+, W°(4) +m2]6(1 - 4).
Thus, we see from (101) that
I9,(5;34)=6(4-5)5(3 - 4)5. (105)

Consequently iterating to first order we have
(W)= wo(Le) + wH(14)*
Ao? PO
=[[P+m2+ 2, W(4)]6(1 - 4) —T" wo(l4)wo(14).

(106)

We have used the fact that A2W°(14) is a first-
order quantity. This equation is not yet solved
since W(1)=(1/i)trG(11) - 25/, and we must keep
trG* as well as trG°. To solve for W(l) take the
inverse of (106) and keep only first-order terms
to explicitly identify W*. This yields

W1(12)=-%fda[trW1(3§)]W°(13)W°(3z)

2 -~
+);,ifd3 44 aW°(13)WO(34)W°(24) WO(43).

(107)

Setting 1 =2 and taking the trace of (107) and then
setting S=0 leads to the evaluation of the number
(A/9)trw*(11)= A. We find

A=7‘7°4fW°(§i)[trw°(15)W°(14)W°(45)]

xW°(54)d3 d4ds. (108)

At several times we have stated that 22D ,(12) is
essentially the expansion parameter of this theory.
As we demonstrated, this quantity is of lowest
order, is proportional to 1/N, which is the large-
N limit, and explicitly displays a small parame-
ter. We see from (108), however, that this state-
ment is not accurate if applied in the simplisitc
sense of determining the order of a graph by just
counting the number of bound-state propagators

and claiming, for example, that a graph with two
bound-state propagators is of higher order than

a graph with one bound-state propagator. This is
because D%(12) is in its entirety constructed of the
zeroth-order meson propagator G°(12), through
zeroth-order quantities of the form A tr(G°- - -G°)
and A,. Consequently, a term like

1
Ao2D ptr(G° -+ - G°) T (0% xotr(G°G°)

A tr(G° e+ G°)

is not first order but zeroth order. Of course, all
of this is clear in the 1/N language for large N,
but we do not restrict ourselves to this case. We
can see such a situation developing in the preced-
ing equations. The two terms on the right-hand
side of (107) are of first order since \,trG' and
A,2W°(34) are first order. In deriving (108) from
(107) we have taken a trace and observed that
Dy 1/[1 = 2,tr(G°G%] so as to combine terms in
a simple way. The result is (108), which is first
order but has two bound-state propagators. Of
course, when we generate the perturbation series
in the prescribed manner we do not have to ever
worry about this sort of explicit identification,
because once we have put in the lowest order, the
higher orders just fall out by simple iteration as
they, in fact, did in Eq. (108).

With (108) we have now explicitly determined
(106) to first order. Figure (11) graphically il-
lustrates G'(13). We will not explicitly renormal-
ize (106) by displaying the integrals, but it is clear
that with two subtractions (106) converges so that
in momentum space

~ _ Zl
W) = S G+ LN Y 5 ()

(109)

Here we choose Y (p®=(m})?)=0, with (m})? the
renormalized mass of the pole approximate for the
first-order approximation and (A};)? is also the re-
normalized coupling constant appropriate for first
order. We have also used the fact that the cor-
rections are already of first order so (A\})? and
(m}z)2 have been written in place of the zeroth-
order renormalized quantities for the isolated
(m}%)? term which occurs automatically in this
form.

We next determine the vertex function (101) to
first order by using (106) and noting that

~ T

FIG. 11. First-order correction to meson propagator.
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—m;’( )W0(12)=——AiﬁfWO(ii)tr[W°(43)W°(35)W9(45)]W0(g§)d4d5 (110

so that to first order

I(3;12)=6(1-2)6(3-1) = ),* [ d4d5 W°(i§)tr[W°(43)W°(35)W°(45)]W°(3§)W°(12)+2;:°j wed2)we(13)wo(32).
(111)

It is clear that all the corrections are of first order or 1/N. Thus accurate to terms of first order we have
from (104)

[#AA2) =[w°12)+wr(12)]*

2 [5(1 - 2)+ 224 (12) 7(21)]

_—’ii‘f fds d4d5de wO(34)wO(56)tr[W(23)W°(36) W°(62) |tr[W °(41) W°(15) W °(45))

- 7\03fd3 ds W°(§ﬁ)tr[W°(23)W°(31)W°(16)W°(62)]:l. (112)

The terms that contribute to this bound propagator in first order are represented pictorially in Fig. 12.

We will not go through the details of explicitly writing out the integrals involved but it is, nevertheless,
not hard to see how the coupling-constant renormalization works to first order. It follows from Eq. (112)
that 1313 may be written in Fourier space in the form

1

Ao 1= A NZ (P2, my) = AJAGA (D2, mE) + (OB (b2, my)]’ (113)

22D (p) =—2

where A} and m% are the zeroth-order renormalized quantities. m} has first-order corrections relative to
m%, so to first-order accuracy we have freely interchanged these masses in terms already of first order.
One subtraction makes the denominator finite, so we have

7\02513(1)) = (7\}2)2 -2 1
1)2 _
= ()}\*f) Dy(p)-

Here we define A_; and B, as A and B subtracted
at p>=0 and

KoN

M= TS0 - XL (XS)PA (0) + (A)*B(0)]*

We have also changed 1} to )}, wherever it occurs
in a quantity that already is of first order.

The above is not a complete analysis of this the-
ory even to first order, but it should now be clear
to the reader that the renormalization program can
be carried through a reasonably straightforward
fashion.

As the conclusion to this discussion of higher
corrections, we will examine the internal con-
sistency of the lowest approximation. The funda-
mental assumption of the RPA was that to lowest
order the term (¢?¢)/ (]) in the vacuum expecta-

Nk 10207, mb) = OR)/NE A (07, mE) + (VBB (17, m)]

(114)

—

tion of the field equations could be replaced by
(D /{|NKPy/¢|)). On the other hand, as an exact
relation of the theory we proved (14a), which is
equivalently written as
. 2 .
[EJ%] W(2)=— GSL?I—) W(2)+ 2iW(21) - W(L).
(115)

Since the left-hand side of this equation contains a
contribution of the form {[¢(1)2¢(2)])/{|), which
is the term on which the basic approximation is
made, we would not expect (115) to be exact for
the lowest-order RPA Green’s functions. Conse-
quently, instead we write

tr, W°(211) =+iw°(21) - 2w°(21) - W°(1) +iC(12),
(116)
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O+ > + +

FIG. 12. Graphs contributing to Dg™! to first order.

where C(12) is the correction to the exact relation- is

ship (115) due to the approximation. We used (115) o e o/e0d o o
for many manipulations in the lowest-order theory. tr,Wo(2211) =W °(221) - 2iW°(221) - W°(1)

Consequently, the term C(12) must be a higher- -2iw°(21) - w°(12) +iC(12,2). (117)
order correction in our approximation scheme or
these manipulations were meaningless. The proof If we write equation (19b) in the form
of this is already implicit in the preceding, 0/1y _
but to make it explicit we will determine oWwe) =J(), -y
C(12) directly. We will use the equation obtained we find taking the derivative of this with respect
by differentiating (116) with respect to J(2), which to $(2) that

o(1)W°(12) +-:—°[tr1W°(11§)JW°(1) + ZAO[W°(§1) s WO(1)]we(1) - 2W°(1)5(1 — 2) =0. (119)
Taking the derivative of (118) with respect to J(2) yields

o(1)w°(12) +%9-[tr1W°(112)]W°(1) +2x,[W°(21) - wO(1)]W°(1) = 8(1 - 2). (120)

Differentiating (120) once again and taking the trace results in
Y
Otr,w°(122) +g%3[tr1W°(112)]W°(21) +42,WO(12)W°(21) 'W°(1)+i—°[tr1,2W°(1122)]W°(1)
+ 22 [tr, WO(221)] - WO(1)WO(1) + 22 {tr,[WO(21)W0(12) [}w°(1) = 0.
(121)
We simplify Eq. (121) by using Egs. (116), (117), (119), and (120) and setting 1=2 to find

[0(1)+27MW°(11)+ 2 WO(1)WO(1) -+%&W0(1)EJ—‘21—)]C(11) ="2‘?£ [ 53?1) W°(1):| - Wo11)
222 Aa o
== [fdzwo (12)W°(21)W°(2):| ‘WO(11). * (122)
I
The last equality in (122) is obtained by the use of pendent fields. We have demonstrated to lowest
Eq. (35). We thus conclude that C(11) is a first- and first order (with some fillable gaps) that the
order correction as conjectured. theory is renormalizable. Although we have not
studied this problem, it should be possible to
XI. SUMMARY AND CONCLUSIONS demonstrate renormalizability to all orders by use
We have extensively examined the RPA in lowest of Egs. (101), (103), and (104), and an additional
order and developed a method for generating high- equation for W(1234). We have shown that this
er-order corrections through iterations of the theory is related to the O(N) expansion in the liter-
lowest-order results. The results of this method ature although it is not necessary to take N large
strikingly differ from ordinary perturbation theory to generate our results. We have not seriously
in that they are dominated by a two-field induced examined the order-by-order convergence of the
bound state in such a way that the results have a theory for N large or small. We have, however,
similar topological structure to normal theories demonstrated that with no symmetry breaking the

of interaction form ¢?x, where ¢ and x are inde- theory to lowest order is ghost-free for a range



of renormalized coupling constant. Incidentally,
it is also easy to show that in lowest order this
theory is asymptotically free.

Finally, we point out that the techniques used
here are applicable to a large range of Lagran-
gians and that we have just examined the simplest
and hence probably the least physical problem.

Note added. Some time after this work was
completed, a paper by L. F. Abbott, J. S. Kang,
and H. J. Schnitzer [Phys. Rev. D. 13, 2212 (1976)]
was called to our attention which tk;ough effective
potential methods reached similar conclusions
about O(N) having a region without tachyons when
there is no symmetry breaking. Papers by M.
Kobayashi and T. Kugo, [Prog. Theor. Phys. 54,
1537 (1975)] and R. W. Haymaker [Phys. Rev. D
13, 968 (1976)] also study aspects of this problem.

Note added. The reader should not be alarmed
by the discussion following Eq. (58) in which it is
observed that A, must be negative for a tachyon-
free theory. The sign of A\, required for a con-
sistent theory is entirely an artifact of our sub-
traction procedure (£2=0) and can be made positive
by another choice of subtraction point. It is the
quantity ARZD' that is renormalization-group invari-
ant and hence independent of any subtraction pro-
cedure. In fact, A, is really an inappropriate pa-
rameter with which to characterize the theory pro-
duced here which we emphasize is inequivalent to
that produced by a normal perturbation expansion
in A, (or a normal loop expansion). This is made
clear by the fact that no vestige of the original ¢*
contact interaction remains in the renormalized
scattering amplitude or any other process to any
order.

All interactions appearing in the renormalized
theory are trilinear (¢?y) and a more appropriate
expansion parameter is clearly the coupling con-
stant associated with this trilinear interaction.
This is easily displayed by subtracting the quantity
22D at the physical bound-state mass, p®. We
then find that 2,2D can be cast into the form

\°D(k*) = g*H (),

where
_ 1
16772g2 = [ﬂ,z/(zﬂ)zl] fdxzp(’cz)/(,{z —_ M .2y
and
H(r?) =

(M 2 kzm - g21(k?)]

Clearly g may be identified as the renormalized
¢?x coupling constant, and we note that g2 has the
structure

gi=Mgd(x),
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where

1
1-{1/[x(1 - %) /2 tan™ [x/(1 - x)]'/2

d(x) =

and d(x) is a dimensionless function of x =M ;2/4m?>.
It is easy to verify that d(x) varies monotonically
from 0 to+w as x varies from +1 to 0. Thus for
the weak-binding case (M > ~4m?, x~1) we see
that this theory may be characterized by a small
dimensionless parameter quite independently of
the size of N.

Note added. A simple and elegant way to deter-
mine the order of any graph in this expansion with-
out counting powers of N directly or following the
detailed prescription of Sec. X is to just count the
minimum number of integrations needed to inte-
grate over the bound-state propagators. The order
of the graph is the number of such integrations,
and the expansion may therefore be termed a
bound-state loop expansion. Such a loop expan-
sion has already been implied by Eq. (25), which
telis us that we are, in fact, making an expansion
in fluctuations of ¢?, i.e., ¢ loops. This is im-
plemented, functionally, by the operation §/35S,
which generates ¢? loops.
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APPENDIX: FORMAL RELATIONS

From y = ¢% - 2S/X, we obtain

w(i) =1Z_ W(L1)+ 8 2(1) - 25/x, (A1)
w(i2)= w(112)+2q> Q)w(z), (A2)
(12)=1z (11§)+2<1>c(1)w(1§)--2—§(—;;§-), (A3)

w(i33) —];W(1123)+2W(13)W(12)

+28 (1)W(123), (A4)

+2[W(133)w(12) + w(13)Ww(124)]

+2w(13)w(123)+ 28 ,(1)w(1234). (A5)
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oWL(718 aa
From o = W(i2)0(7 - 9), (A6)
W(78) = [O0,2 +m 2 + A, W(7)]6(7 - 8)
(18) = [0 + 12 + 2 W(D) ] WS« nns
—Tarraray = A W(723)6(7 - 8), (A7)
5 1 85(2)55(3)
a2,(1) [ W)W (98)a9,
_W8)___, w3334)5(7 - 8) (A8)
we obtain when J=S=0 and (®)=0 85(2)6S(3)6S(4) -5
W) w(334)0(7 - 8)+ A (13) [ W(A94)W (98)d9 + 2, (14) [ W(193) W3 (08)a9, (A9)
oI(3)0J(8) © 0
w8 W(7345)6(7 - 8) + A, W(735)fw(ﬁ94)w-1(98)49+ A W(745)fw('793)w-1(98)d9 (A10)
5J(3)6J(4)8J(5) © o 0 ,
OW(T8) . 57— 8)W(73456) + A, W(7345) w196 w1 (98)a9-+ 2, W(1356) [W(104)W(98)a9
8J(3)0J(4)8J(5)6J(6) ° 0
+ X, W(7456) f W(793)W "1(98)d9
A . 5 GZW'l(QB)J - [GZW‘1(98)
6 f 9 1 [—-——-—— ——————]
+2,W(76) | d {‘W(79345)W (98) + w(793) 7 (4)5J(5) +W('194) 57 (3)5J(4)
5 52W ~1(98) :,
+ 95) | —e
w9956
+ AOW(73)fd9(345 - 456) + AOW(74)fd9(345 -356) + )\,)W(75)fd9(345 - 346). (A11)
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