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The Ward identities derived by use of chiral gauge symmetry, when examined in a perturbation expansion
using Lagrangian field theory, are found to contain the Adler-Bell-Jackiw-Schwinger anomalies. The cause of
this shortcoming is examined, and the result is that when one uses a formulation of field theory in which only
fields already renormalized are introduced these anomalies disappear completely. The specific cases examined
here are massless two-dimensional electrodynamics with a vector coupling and massless four-dimensional
electrodynamics with an axial-vector coupling. In the first example, it is also found that the polarization
tensor disappears in second order, and does not exhibit a pole at zero momentum transfer that would cause

the vector field to generate a mass spontaneously.

INTRODUCTION
If spinor electrodynamics with the Lagrangian
L= _%Fuv va - i(x)[y (0 + ieoA) +m0] ¥(x) ’ (1)
Fop=0,A,-0,A,

is used, the equation of motion for the axial-vector
current j} is

8,75 =2imyj°, (2)
with

75 =y, vsd
and

EAR

If the axial-vector and pseudoscalar vertex parts
are defined by

SH(P)T5(p,0")Sp(0")
-- f dx d*y "% &7 (0| T(y(x)75 (03 ()] 0)

J

and
SE(P)T3(p,p")SH(p7)
== f dix d'y e e= " (0| T(¥(%)7° (0P ()] 0),

with S;(p) being the Fourier transform of the
spinor propagator, then the equation of motion of
Eq. (2) gives the Ward identity®

(6 -0"), T5(b,0") =2mI%(p,p") + SE(0) v,
+75Sp(p')7". 3

However, if the left- and right-hand sides of this
equation are examined in perturbation theory, it

is found that the graph of Fig. 1 does not satisfy the
equality.!'? If, following Adler,! we define

+ieg? _ dir { 1 . 1 . 1
Tori Raon =2 G O\ iy Geor) T3 o) iy T ?

then the regulated value of this integral, upon im-
posing gauge invariance, satisfies the equation

— (R, +k2)“ R

According to the Ward identity of Eq. (3), the last
term should not appear; this is the anomaly of the
axial-vector Ward identity. This can be accounted
for by replacing Eq. (2) by

opu =2my Ry, +8”2k1asz€aBop . ()

. . y (&3
a“]i"=21m0]5+—4—1‘;-ea575Fa5F76. (6)
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FIG. 1. Anomalous graph in four dimensions.
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Higher-order graphs and radiative corrections to
the graph of Fig. 1 can be shown to leave Eq. (6)
unaltered.®* However, the anomaly does prevent
the resulting theory from being both unitary and
renormalizable,* placing serious restrictions on
the form of axial-vector couplings.

If one were to examine massless spinor electro-
dynamics with the axial-vector coupling

L= ieo—‘p-'yp'}%‘pAu ’

then the Lagrangian is symmetric under the chiral
gauge transformation

d)(x)"’ exP[_ieoA(x)}/s] z/)(x) ’
Ay(x)=A,(x)+3,A(x).

The resulting conserved current should be 75, but
once again, an anomaly in the divergence of the
axial-vector current occurs,

(7

auji=_g1;’_€aﬂy5FaBF75- (8)
Similar problems occur in two dimensions, when
the Lagrangian

L==3F,, Fy =Py (2 +ied)]d, (9)
with

(0 1> <0 —i> .
n= sy Yo y Vs ="tNYs,
10 i 0

is used.® Here, formally, both the vector current
J, =%r,¥ and the axial-vector current jS =iy, v¥
should be conserved, but this is impossible as

jr;’x:epuju’ (10)
where €, =—€,, and €,,=1, unless we also have
9,€u,7,=0.
The anomaly occurs in the divergence of the axial-

vector current® so that

. e
8,75 =5 € Fu (11)

This can be used to imply that the vector particle
acquires a mass. To see this, from the equation
of motion

8, Fy=-ej, (12)
and Eq. (10), it follows that

3,€qu Fuy =€J%. (13)
Equations (11) and (13) together imply that

(D— —‘?)F:O, 14)

where F,, =€, F, Consequently, there is a free
particle of mass e Y2 in the theory.

p
mcn

FIG. 2. Vector propagator to second order.

This can also be seen in perturbation theory. If
the complete vacuum polarization tensor is to be
transverse, it is of the form

m,(q)=0.,49"-9,9,)1?. (15)

In two dimensions, due to the algebra of the y
matrices, the only contribution to Il is given by
Fig. 2, and it is equal to

2 e2
I(g?) = el (16)
provided that gauge invariance is imposed. The
pole at g2 =0 in II leads to a singularity in the vec-
tor propagator at g% =-¢?/m, again indicating that
the vector particle acquires a mass dynamically.
The graph of Fig. 2 is also responsible for the per-
turbation calculation of the anomaly in Eq. (11).
The anomalous graph is given in Fig. 3. It is re-
lated to the graph of Fig. 2 as

’yp‘)/5=—i€;n/’yy' (17)

The source of the anomalies in perturbation
theory is easy to pinpoint. In both four and two
dimensions, the integrals associated with the
graphs of Figs. 1 and 2 are divergent. In order to
extract the finite part of these integrals, a regu-
larization procedure has to be devised that re-
spects both the ordinary gauge symmetry and the
chiral gauge symmetry that are present in the ini-
tial Lagrangian. Such a procedure has not yet
been invented; as a result, the regularized inte-
grals cannot be expected to obey both of the Ward
identities derived from these two gauge principles.

For example, in the dimensional-regularization
scheme,” the dimension of the integral being
examined is analytically continued to # dimensions
in order to define its value. However, the tensors
€wiro and €, are defined only in four and two di-
mensions, respectively, and there is no unam-
biguous way to extend their definition to #» dimen-
sions. As the chiral Ward identities involve these
tensors, the dimensional-regularization scheme
cannot respect chiral gauge symmetry. This is

%% %

FIG. 3. Anomalous graph in two dimensions.
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pursued in Appendix A.

The Pauli-Villars regularization scheme® also
does not respect chiral gauge symmetry, because
of the introduction of a mass into the effective
interaction. Bell and Jackiw,? in the context of the
o model, have modified this regularization method
so as to respect chiral gauge symmetry, but only
at the expense of breaking ordinary gauge sym-
metry.

These problems can be overcome in asymptotic
field theory.?~!? In this formulation of quantum
field theory, only renormalized fields are intro-
duced; consequently, no ultraviolet divergences
ever appear. The results of the renormalization
program of Lagrangian field theory can be repro-
duced without ever appealing to a subtraction pro-
cedure involving infinite quantities. This is of
particular value in the case of a theory involving
chiral gauge symmetry, for, since no divergent
integrals ever appear, no regularization scheme
that respects this symmetry need be invented.
When massless spinor electrodynamics is examined
using this formalism in two and four dimensions
in the next two sections, it is found that no anoma-
lous corrections to the chiral Ward identities owing
to perturbation theory have to be made. Conse-
quently, we must conclude that no such anomalies
really occur; the anomalous terms in Egs. (8) and
(11) are merely reflections of an inadequate regu-
larization scheme.

The essentials of asymptotic field theory will be
briefly sketched here, using the specific example
of a self-interacting scalar field of mass m. Two
sets of fields Aj,(x) and A,y (x), satisfying the free-
particle equations of motion

(D_mz)Ain,out(x)'_-O (18)
and the commutation relations

[An(x), Ap(M)] ==iA(x -v),
(19)
[Aout(x)’Aout(y)] = _iA(x "y) )

are postulated.
These two sets of fields are related by a unitary
operator S,

Aou(x)=8TAi(0)A, (20)
that also satisfies the condition
s|oy =|0). (21)

An interpolating field A(x) is defined by the equa-
tion

A(x)=ST(AL(x)S)s, (22)

where (), is defined as in Ref. 9. If S is ex-

panded in terms of A;,(x),

-—.n
S=Z (=1) fd“xl---d“x,,w(xl“-x,,)
n

nl

x :Ain(xl) o .Ain(xn) )

then the reduction technique of Lehmann, Syman-
zik, and Zimmermann'® shows that on the mass
shell .

w(x, *+2x,)=(0|®(A(x,) -+ A(x,))0), (23)

where the ¢ product is also defined in Ref. 9. By
Eqs. (22) and (23), an integral equation for the S
matrix off the mass shell can be derived in per-
turbation theory,

w(")(xl..-xm)_ fd‘iyl...d‘}ymB(xl--.xm; yl--.ym)
Xw(")(yl...ym)

=AM (x eex,). (24)

Here, w'™ is the nth-order approximation to w,

B is an integral operator defined in Ref. 9, and
A" is an expression involving S-matrix elements
of orders lower than n. The interaction is defined
by postulating first-order values for certain of the
w’s; for example, with a quartic coupling, the
vertex function is

WM (%), Xy, Xgy Xy) = =00(x, = %,)0(x, —%,)0(x, —x,).
With suitable boundary conditions, Eq. (24) admits
only those vertex functions that correspond to re-
normalizable interactions. The problems of gauge

invariance for Abelian and non-Abelian gauge
fields has also been studied.!'!21

SPINOR ELECTRODYNAMICS IN TWO DIMENSIONS

In compliance with the formalism of asymptotic
field theory, we introduce a complete set of spinor
and vertex fields, ¥i,ou(x) and A, ., (x), satis-
fying the equations of motion

Y* 8‘I’in,out(x) =0 ’

0OA (x)=0 (25)

Hin,out

and the commutation relations

{\I’in(x), —‘Fin(y)} =1iS (x —y) ’

{\I’out(x)g Eout(y)} = ls(x "'y)

and (26)
[Auin(x),Auin(y)] =—i6uuD(x "y) )
[Ayout(x)aAuout(y)] =—i6uvD(x —y) .

The S matrix can be expanded in terms of the in-
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fields

S = ("i)v d2x. ++ o d2x dz ...dzy d2z R
—s,V V'!'(S!)z 1 yasy, S 1 S

Xw(xl"'zs):aul(xl)’"a(zs):,

where ¥;,(x) and A ;,(x) have been denoted by ¥(x)
and a, (x).
Interpolating fields are defined by the equations

¥(x)=ST@(x)S).
and 27
Ay (x)=8"(a,(x)S). .

By requiring that the interpolating fields undergo
the infinitesimal transformation

J

McKEON 14

A (x)=A, (x)+3,A(x),
¥ (x)~ [1 - i ey, A(x)] ¥(x)
when the in-fields undergo the transformation
au(x)~au(x)+au1\(x),
P(x)—=¥(x),

commutation rules for the interpolating fields can
be found, by the methods of Ref. 12, They are

[0,A4,(%),A,(¥)]=-i2,D(x-y),
[0,A,(x), ¥(¥)]=eD(x -y ¥(y), (28)
[0,4,(x),T(¥)]=eD(x -3)T(y)ys.

As in Ref. 14, the Ward identities resulting from
these commutation rules are

010, AL (E)A (%,) = AL (%) T(Y,) o F(25))[0) = (0 &x, * * Xy, ¥, = 26)4

=‘i;35,Dc(€—x1)("1"'Aj“‘xv,yl"'zs)ar

+e2Dc(.§ =Y (% 00 zg)s +ech(g —z ) (% 000 zg)¥8 .
i ]

(29)

This can be shown to be equivalent to the Ward identity of Eq. (3), by the methods of Ref. 15.
A vertex function that is consistent with this Ward identity and unitarity is

w®(x,9,2)=—iey,r0(x -9)0(y - z2).
By Eq. (27), the interpolating field to first order is

AP (w)=ie [ PxDa(w =) H(x)y,rp(x) :

Equation (24) gives for the second-order propagator

0 (x,,%,) =0, 0,01 (AL (%) AL (x,)),]0) .

(30)

(31)

Explicit evaluation of this matrix element leads to the finite expression

<OI(A;(111)(xl)A;(jlz)(xz))Jo) =Trfd2y1d2y2DR(x1 —yl)DR(xa "yg)

X[e(xl "xz)s- (yz -yl)}’p15+(3’1 _y2)7y2 + e(xz -xl)s—(y]_ "yz))’pzs-l-(yz "y1)7y1] .

However, it is shown in Appendix B that
TI‘[S_ (-y)?’“ S (y)'yv] =0 3

in the two-dimensional case. Thus, the second-
order propagator disappears completely, leaving
only the free-field propagator. All integrals are
well defined at the outset, no anomaly occurs,
and the vector field remains massless.

Similar considerations, when applied to the
massless Thirring model,'®"!” also show that it too
is free of anomalies.

SPINOR ELECTRODYNAMICS IN FOUR DIMENSIONS

The same considerations used in two dimensions
can be applied in four dimensions, although the
practical complications are considerable. The
quantization procedure is identical, the Ward
identities are the same, and the vertex function is
unaltered. However, in four dimensions, it is the
three-point function in third order that must be
examined. Even in ordinary quantum electrody-
namics, straightforward evaluation of the vertex
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function is very complicated when one is using proof can be used to establish the consistency of

asymptotic field theory.'® the dynamics of massless spinor electrodynamics
The proof that the dynamics of asymptotic field with chiral Ward identities.

theory is consistent with the Ward identities of First of all, the Ward identities of Eq. (29) can

ordinary gauge invariance is given for the case of be written as restrictions on the w functions by

spinor electrodynamics by Pugh.'® With a few converting time-ordered products to & products.

modifications presented in this section, this The result is

J

w(® X%, ** -x,,):ie;P”K‘K,{ysSc(xj =% [0(x =x;) = 6(x = x,)]} w(x,***Ay;e oo %)

+eK, 'KMZ,:D"‘(" —x‘)[ﬁ‘,.'yé”@(xl CX) 40,50 (%, 'xm)'y;”] .

The notation used is consistent with that of Ref. 10.
If this equation is assumed to be true for I <z, then

3,A,(x)=0,a, (x)+iaﬂAff’(x)
p=n
and
[ayau (x), ‘I’(”(y)] =eD(x -y)Ys\I'(l—l)(y) )

[6,a,(x), ¥ (y)] =eD(x - )TV (y)y,.

By the expression for 8, A ,(x), we have
{(0l@, A, ()P, ** = )il OO} =2 {€01(, * [0, (%), dye* =+ D)1 0DH™ +(0[(@ , AL (%) < -+ D). |0)

Using the commutators of 8 ,a,(x) with ¥’y and ¥ (y),

<0|(auAu(x)¢1 e ¢m)+|0)(n)

=eZ) D (% =%)[0; 27§ C0l(ey ** * D)1 0D "™ +8,5(0l(y * * * D) 4| 0) "V {P]

- tz 6{53”‘Dc(x -x.)(01(¢l .o -A‘ cee ¢m)+|0)(")
i
+(0[(@, A (x)pin++ - pin).|0)
£ 3 (0K pine+ + {[0,, (%), 6], = €8,p D (X =X, )y, 68"V = €05 D o(x = %,)${" Dy} + =+ $in).|0) .
i

Converting this into an equation with ¢ products, we obtain

B (o -y, ) =i € Py7, Sty = 2D x =) ~Dolx = %) BTV xy Ay o)
i

+€Q_ D o(x =)0,y M1 (5, 0 X,) 40,521 (2 0 x )y ]
i
+(0]@(d, A (%) ¢+« - HiR)| 0)

+ E (O}(I)(d){n °* °{[3uau (x)’ fn)]"eaiFDc(x - xi)‘ys‘b}"—l)"edii Dc(x - xi)¢§"_1)ys} tee ¢m)10> .
7
(32)
The commutation relation for ¥® to nth order is now

(0,2, (%), ¥™ ()] =eD (¥ -9y, ¥ "1 (y)
. (=)
“STZF: BIFI(F -1)!

x fd‘*gd“xl---d“xmyssk(y—xm)Dcy(x— E)Q(E, %, 0 ) 1 B B
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and similar relations are found for ¥ and A{”. The function Q is defined to be

Q(x, %, X)) =w(@ xx, 222 x,) - K, * -K,,,ZDO(x =0, ViV (K, 0 X p) +0, 5D, o o2, i ]
7

= ieZ;Pinin{Yssc(xj —x)8(x = %) = O(x —x) ] Fw(x s o Ayy0 e x,).

Upon substituting the expression for [8,a,(x), ¥(y)], into Eq. (32), it is found, as in Ref. 10, that

Q‘"’(x,xl"°x,,,)= fd4gd4gl "'d4§mB(x,x1‘ Xy 5’ ‘§1 e EM)Q(")(ﬁ, El... gm)’

where B is the same operator as in Eq. (24). Pugh
uses this equation'® in order to show that Q™ is
zero. Consequently, if the Ward identity of Eq.
(29) 'is satisfied to order ! for I<n, then it
is satisfied to order ». This demonstrates that
no axial-vector current anomaly occurs when
one uses asymptotic field theory, and, in particu-
lar, the three-point function satisfies the chiral
Ward identity in third order.

It is unfortunate that the equations for w® (x,,

X,,%,) do not lend themselves to explicit evaluation.

However, even in Lagrangian field theory the tri-
angle diagram has never been explicitly worked
out, except by relating divergent quantities to con-
vergent ones by imposing gauge invariance, which
is a suspect procedure, when no attempt is made
to preserve chiral symmetry.

DISCUSSION

The disappearance of anomalies in chiral Ward
identities removes many difficulties in construct-
ing field theories with chiral gauge symmetry.
The only place where anomalies have been in-
volved in making a calculation for a physical pro-
cess is the determination of the decay rate for the
reaction 7°— 2y using current algebra.! However,
quark-model calculations have accounted for the
decay rates of pseudoscalar mesons without ever
referring to anomalies.!® In any case, PCAC
(partial conservation of axial-vector current) has
not been able to account for the decay n—37. Any
claim that anomalies are somehow “physical,”
and as such are not to be discarded, is somewhat
suspect. There is simply no clear experimental
necessity for the existence of anomalies.

It now becomes much easier to construct renor-
malizable field theories for the weak interactions.
The constraint that anomalies have to cancel in
order for a theory to be unitary and renormali-
able has been thought to imply* certain restric-
tions on quark-lepton charge assignments, but
this problem now disappears.

Many calculations involving the Bjorken limit?
have been done on the basis of Eq. (6). The calcu-

lations must now be revised to remove any con-
tributions from the anomalous term. For a dis-
cussion of the charge operator in asymptotic field
theory, Ref. 20 is of particular interest.

Anomalies have been seen to play a role in spon-
taneous mass generation in two-dimensional elec-
trodynamics. This mechanism has led to theo-
rizing on the possibility of spontaneous mass gen-
eration in four dimensions, as, for example, in
Ref. 21. The properties of two-dimensional quan-
tum electrodynamics have also formed the basis
of speculation for quark confinement in four di-
mensions.?? With the disappearance of anomalies
in two-dimensional electrodynamics, the physical
basis of these models must be reconsidered.

The anomalies in the chiral Ward identities are
usually related to anomalies in the Ward identities
that are a result of scale invariance,?® even though
anomalous dimensions do not lead to problems
with unitarity or renormalizability, It is difficult
to draw such comparisons in the context of asymp-
totic field theory. The dynamic Eq. (24) is scale-
invariant for the case m =0, but for m #0 there
is no operator corresponding to the “improved
energy-momentum tensor” © . Explicit calcula-
tions show!* that even in asymptotic field theory,
infrared divergences can occur, thus resulting in
the introduction of a mass in the form of an in-
frared cutoff. This, however, appears to be an
inherent difficulty of the measuring process,?*
and not a weakness of asymptotic field theory. The
Callan-Symanzik equations?® are supposed to ac-
count for the anomalies in scale invariance, and
these are usually considered to be equivalent to
the Gell-Mann-Low equations.?® As the Gell-
Mann-Low equations occur in the formalism of
asymptotic field theory,' it is safe to assume that
anomalous corrections to scale-invariance Ward
identities really do occur,

The power and utility of asymptotic field theory
is demonstrated by its handling of axial-vector
Ward identities. No divergent quantities appear
in this formalism, allowing for freer manipula-
tions of quantities that normally would be con-
sidered dangerous owing to their singular behavior.
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Yet, with no appeal to renormalization theory, all
the standard results of electrodynamics?''? and
non-Abelian gauge theories!* can be established.
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APPENDIX A

The Feynman integral corresponding to the graph
of Fig. 2 is

_ Y qvuy @ +p)yy
A“"'TrUdzq q‘;(qub)2 ] (A1)

To evaluate this integral, the condition p, A, =0
must be imposed. However, if we look at

_ Y qruYsY @+ D) yyy

then as y,v, =-i€,,¥,, we must have
Buu =-€u)\€lmA)\o . (A3)

But if the matrices v, in Eq. (A2) are allowed to
contract on each other, we must have

By =Ay. (A4)

There is no nonzero transverse tensor A, satis-
fying both Eqgs. (A3) and (A4). This is a crude way
of stating that an anomaly occurs in two-dimen-
sional spinor electrodynamics. If the integral of
Eq. (A1) is continued to #» dimensions,” we obtain

_ n 19,0 +9)y+a,@+p)y = 0,,9° (@ +p)]
A‘"""qu q*@ +p“)" :

(A5)

After combining denominators by use of the inte-
gral

1 « = 1 fm dz Zoc-leis(aﬂe)
a+ie i*T(a) J,

and inserting the identity

“ dx z
1=, TG<1'T>’

Eq. (A5) becomes
w 1
A,,u=nfd"qf dhf dz M0 ,,4* - 29,9,
(/] 0
-2(1=2)0up* -2p,p,)

xexplirg® +z(1 -z)p%]}.

The integration over g can be done using the rela-

tions

i r\n/2
fd"q e =g (%%T) ,

) i\ nl2
n g2 wv fem
[ raa a6 == 2B ()7,

resulting in the expression

o0 1 ; "/2
Ay =nfo dufodz <—z—):i) [iz(l—z)(2p“1>u-p26,,u)

+ %(1 - %)5;";‘
xexplirz(l -z)p?].

If we naively pass to the limit » =2, the last term
drops out and A ,, satisfies Eqs. (A3) and (A4),
but is not transverse. On the other hand, if the
integration over A is first performed using the
equation

o i i x+1
f dANFetre = (——) T(x +1)
o a
and the relation xI'(x)=T(x +1), we obtain

. n
Ay =2m1r"/21"<2- —2—>

1 — 525
xJ;dz-PL(%%)—z%z-w’—[z(l—z)]"/z'l.

This is finite at z=2, and is transverse, but does
not satisfy Eqs. (A3) and (A4). This is an explicit
demonstration of how a regularization procedure
can fail to respect two symmetries that should be
retained in the theory.

Furthermore, one could regularize the theory
by defining the current®’ as

Ju =$<x + %)WP(?C - -g—)exp[ie f::zdy . A(:v)]
(A6)

and allowing € to approach zero at the end of any
calculation. In examining

M, (k)= f d2x e~ (0| TS (x) A, (0D 0)

we have to lowest order in €

)

FIG. 4. Graph giving rise to the two-dimensional
anomaly.

r
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My ()= € [ @ &= QI TH(F(x 43, 9(x - Be )1 +e€ - A(1)]A,O))0).

The anomalous contribution to M, is given by the
diagram of Fig. 4. This involves examining the
integral

€.k eik-e
A= [ @RS

Performing the Wick rotation and integrating by
parts yields

k ik € . k
A”y=—ifd2ka“<—-——k2“ii€>—e”’ Eau<k,3_”i€>.

(AT)

There are two types of contributions to the first
term; those with u =v, and those with u#v. With
u=v=1, we obtain

k cos
- [ano( By )

27 b k
-+ ae [ dkk[ai<?§ eike °’>}
o o

which upon applying Gauss’s theorem becomes

1 2T K ; S
Au=§1im d¢K<—K—2 eike w“ﬁ),

K=o Jg

Inserting the identity
gike cosd =Z {e,(=1)"J,,(eK) cos(2n¢)
n=0

+26 (=1)",,., (K) cos[(@n +1)¢]},

where €,=2-19,,, leaves us with

1

A, =7limJ(eK)
K-—)R)
=0,

Similarly, the terms with p #v can be shown to
vanish,
The second term of Eq. (A7) can be written

—;—fdzke"”‘e 8,0, In(k® - ic). (A8)

As In(k? — i€) is the Green function in two dimen-
sions, satisfying

O Ink =276%(k),

we see that the contribution of Eq. (A8) to Eq.
(A7) is such that
A

v ="776;1v . (A9)

i
This is exactly what is required to give the anoma-
ly of Eq. (11).

We thus see that this method of regularization
also gives anomalous contributions to the diver-
gence of the axial-vector current. This is not un-
expected, however, as the current defined by Eq.
(A6) is not invariant under the chiral gauge trans-
formations

P(x)~exp[-iev; A(x)]P(x)
and
Ay (x)=A,(x)+08,A(x).

We have dealt with the “point separation” method
of regularization in two dimensions only. Hagen
has discussed?® the use of this method in handling
chiral symmetries in four dimensions, and has
found that several ambiguities arise.

APPENDIX B

In this appendix, it will be proven that
Auu = TI‘[S_ (—y)y,‘ s+(y)7u]
=0,
First of all, substitution of
-1 xqs
S.(0)=2 5= [ @p > (iv- pIO(p7)6(p)

into this expression yields

(B1)
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d%, d?
A= —Tr{ [ G G 60)06-2085,6 (02 0177 vy expli=ip, +iy) -y]} : (82)

Shifting variables of integration in this finite expression gives

= g T [ 0 B4 0 = 6 - PN -]}

Evaluating the trace in this equation leads to

4 —ip 1
A= oy [ E0 T [ 606 - 0@ ~aFIOGN D, 4514, - 20,80 = 30,57). (B3)

If we now define the integrals

1= [ @q 6(p - 0)6@0(( - 2P)(2?),
1,= [ @960 -00@0Up -aPP (@),  (B4)

L= [ @ 6(p - 0)0@U(p - 2P @)a,a.,
then the requirements of Lorentz covariance imply
that the forms of I, and I, are given by

I,=Ap,,

I,,=Bp,p, +Cp26u,, .

Employing the 0 functions within the integrands
yields

byl =Ap?
=(p?/2)1,
Pyl =Bp*p, +Cp%p,
=(p*/2)1,,
I, =Bp®+2Cp?
=0.

(B5)

FIG. 5. Graph illustrating the integral of Eq. (B7).

As a result of the equations, we obtain
1,=3Ip,,
Ipv =%Ipupu - %Ipzéuu .

These results can also be obtained by direct inte-
gration. Substitution of Eq. (B6) into Eq. (B3) gives
us

(B6)

4 . 1 1
A= G fdzp e (GIp,p,) +GIp DY)
-2@GIpyp, +31p%0,,)

- (%Ipzapu)]
=0 »

Consequently, we have proven Eq. (B1).

Actually, the integral I in Eq. (B4) is not well
defined at p2=0. This is a manifestation of the
familiar infrared problem, which also arises in
Lagrangian field theory. To demonstrate the prob-
lems involved, an explicit evaluation of I will now
be made. The requirements that ¢,>0 and (p -q),
>0 immediately yield the restrictions p,>0 and
pZ>p,%, as can be seen from Fig. 5. Thus we
have

= f.:d"o _:dql e(q)[ﬁ‘qo +‘112)I;3<qo—q1)]

X0(p*-2p-q)6(-p*)6(p). (BT

Employing the & functions to integrate first over
q, and then over ¢, quickly yields

0(=p*)6(p)
- S, (88)
If p2=0, then the integrand in Eq. (B7), instead of
being over the two points A and B in Fig. 5, now is
over part of the forward light conejq® =0. This inte-
gral is not well defined; consequently, an infrared
cutoff at p2 =-u2 must be made in Eq. (B3).
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