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The distribution function for the production of charged and neutral pions via isoscalar and isovector clusters
is developed. The production of the clusters satisfies the limited-charge-exchange constraint and they decay
into from one to four final-state pions. We find that isoscalar-cluster production is suppressed and that the

cluster size must vary slowly with the total energy.

I. INTRODUCTION

The idea that multiparticle production in high-
energy hadron collisions proceeds through an in-
termediate stage in which the final-state particles
are grouped in clusters has been the subject of a
number of investigations.! Until recently, support
for intermediate clusters hasbeenindirect, namely
through comparisons of experimental multiplicity
distributions, two-particle correlations, and charge
transfer between c.m. hemispheres, to model-de-
pendent phenomenological and theoretical predic-
tions.? Recent experimental analysis of the rapi-
dity difference between produced particles has,
however, provided a new facet in these compari-
sons.®* These new data show that for large rapi-
dity gaps the density of produced particles as a
function of rapidity-gap size falls exponentially.
This dependence indicates that final- state particles
separated by these large rapidity gaps are produced
independently. For smaller rapidity gaps, how-
ever, an interdependence of production is indica-
ted as the density is above the exponential decay
line. This is easily explained in a cluster model
since particles produced with large rapidity gaps
would come from separate clusters with essentially
independent production, while those separated by
small gaps come from the same cluster. On this
basis it is claimed that the actual production of
clusters is exhibited.*

This recent experimental analysis has also pro-
vided data on the charge carried between clusters
by an exchange mechanism.® The nonzero value of
this exchanged charge AQ shows that cluster-pro-
duction models must include charged clusters in
addition to the isoscalar ones considered in the
past.® Also, the suppression of IAQ|> 2 for large
rapidity gaps indicates that the exchanged charge
is limited to the values AQ =0,%1.

In this paper, we consider the production of iso-
scalar clusters and isovector clusters satisfying
this limited-charge-exchange constraint. The sub-
sequent decay of these clusters is assumed to re-
sult only in final-state pions and we consider dif-
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ferent size clusters. The size of a cluster is spec-
ified by the resulting number of pions and we look
at clusters decaying into from one to four pions.

Following Levy,” we note that there are three
possible schemes within a cluster model to account
for the energy dependence of the number of final-
state particles produced:

(i) The average cluster size is constant but the
average number of clusters increases with energy.
(ii) The average number of clusters is constant

but the average cluster size increases.

(iii) Both the average number of clusters and
average cluster size varies.

We have investigated both of the first two possi-
bilities and find that the experimental two-particle-
correlation data eliminates the case of a constant
cluster size but allows that of a varying cluster
size. We also investigated the admixture of iso-
scalar and isovector clusters, using the ratio of
the number of charged links to the number of neu-
tral links in the multiperipheral chain. The pri-
mary result of this paper is the development of the
limited-charge-exchange distribution and the re-
sulting analytical expressions for the average
number of charged and neutral particles produced
and the two-particle correlation coefficients.

The distribution function for describing cluster
production and the subsequent decay into final-
state particles and analytic expressions for the
moments are developed in Sec. II. In Sec. I,
various comparisons to data are used to limit the
generality of the model and Sec. IV contains the
conclusions of the paper.

II. THE LIMITED-CHARGE-EXCHANGE (LCEX) MODEL

In this section we shall develop an expression
giving the probability of producing various final
states according to a statistical model which sat-
isfies the LCEX constraint. The model assumes
that isoscalar and isovector clusters are produced
independently (a Poisson distribution). A binomial
distribution is used to describe the relative pro-
duction of isoscalar and isovector clusters, the
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LCEX constraint is imposed on the isovector part,
and multinomial distributions are used to separate
each of these into different sizes of clusters. Fi-
nally, the possible decays of each type of cluster
into final-state pions via different decay modes are
again described statistically with the binomial (or,
where needed, the multinomial) distribution.

In this investigation we consider the production
of intermediate clusters which exchange only neu-
tral or singly charged objects (i.e., particles or
Reggeons) between them. Since we consider only
isoscalar and isovector cluster production, each
cluster is limited to being neutral or singly char-
ged except for end clusters. The ends of the clus-
ter chain are complicated by the need to consider
the possible transfer of the incident particle’s
quantum numbers along the chain. We have cir-
cumvented this complication in our study by not
considering charge-exchange processes so that
each incident particle emerges undisturbed as a
leading particle. However, a cluster may occur
in conjunction with either incident particle and is
termed an end cluster. Since we do not consider
charge-exchange processes, an end cluster will
decay into the incident particle plus pions and the
charge of the incident particle must be added to
that of the meson cluster. This is illustrated at
the top end of the chain of clusters in Fig. 1(a),
which shows an incident proton forming a doubly
charged end cluster; the mesons in this cluster
have a net positive charge.

The first stage of our statistical development
gives the probability of producing # independent
clusters, of which &, are isovector and kg are
isoscalar:

xk

R k
P(k,,,ks)ze XH(}Z

\4

>Vkvsks, (2.1)

with =k, +kg and V+S=1. The admixture of iso-
vector and isoscalar clusters must be determined
from experiment in order to fix V and S. The
average number of clusters produced A is the sum
of the average number of isovector clusters A,
and isoscalar clusters Ag:

X=X, +Ag, (2.2)
where
Ay, =VX and xg=SA. (2.3)

Equation (2.1) can thus be written as the product
of two Poisson distributions in the form

ARV AEs
=X 14 - S
e V——kV! X S_ksl . (2.4)

The LCEX constraint which affects only isovec-
tor cluster production prevents certain sequences
of charged clusters along the multiperipheral

Allowed Forbidden

FIG. 1. Multiperipheral chains of clusters which are
allowed and forbidden by the limited-charge-exchange
constraint.

chain. Thus the combinatorial factor will be dif-
ferent from that of a multinomial in the number of pos-
itive, negative, and neutral clusters. In deriving
the effects of LCEX, we first note that the sup-
pression of |AQ |> 2 exchanges requires all posi-
tive and negative clusters to be arranged in pairs
along the chain.

When u pairs of charged clusters are produced,
each pair can be arranged in two ways; thus the
combinatorial factor will include a term 2% Also
there are (2u+ 1) “bins” between and at the ends of
the 2u charged clusters in which neutral clusters
can occur. Since there is no known constraint on
the placement of these neutral clusters, there is
no a priovi reason for not assigning equal probabil-
ity to each of the possible arrangements of a total
of v neutral clusters into the possible “bins” and
the number of distinguishable distributions is® the
binomial coefficient

<2u + v)
v .

Thus, the overall probability that &, clusters are
independently produced and that these consist of u
pairs of charged clusters and v neutral clusters
is

= 1 )\5‘(27‘0‘*’ v>2“a2ubv, (2.5)
where a and b are the relative probabilities that a
cluster is charged or neutral so that

2a+b=1 (2.6)
and
u+v=kFky. (2.7)
The factor N is required to normalize the dis-
tribution function.
Equation (2.5) can be written as

(2.8)
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N is now given by

e 2V uz':o \/_2(2)? = ¢V cosh(V2 a)y)
(2.9)
and we have
e~v (ﬁa)\v)zu (bky)v
Plu,v)= cosh(v2ar,)  (2u)! vl
(2.10)

To determine a and b, we first note that by not
considering charge-exchange reactions, the ex-
perimental® results 20,0=0,++0,- reduces to equal
production of negative and neutral pions. Further,
it is easy to show that for a given cluster size,
equal numbers of negative and neutral clusters
are required to produce equal numbers of neg-
ative and neutral pions. We also assume that the
size distributions of charged and neutral clusters
are the same, thus assuring equal numbers of 7’s
and 7°’s on average. From Eq. (2.8) we obtain
for the average number of negative (or positive)
and neutral clusters respectively

Oy
)= 7% tanh(V2 ax,), (2.11a)
@)y=bxry . (2.11b)

The equality of these two quantities together with
Eq. (2.6) allows a to be found as the solution of
the transcendental equation

1

N—, (2.13b)
W2 +1
We note that
3
2 + Wy~ —FX—, 2.14)
)+ ) 2V2 +1 (

not A, as before the imposition of LCEX. By letting
- 3(2V2 + 1)), we have bx, — 3\ and V2 ax, — 3,

Equation (2.10) then becomes in this approximation

e-).yls (%AV)ZM (éxv)v

P(u,v)=cosh@\v) @u)! ol

(2.15)

For 1, = 3 we have @)~ (v) and 2{) + (v)=x, to
within a few percent. We can write the probability
of producing «# negative isovector clusters, v neu-
tral isovector clusters, and k¢ isoscalar clusters
as

Plu,v k)= M8 e (BP0
ST k! cosh{Zxy) (2u)! v!
(2.16)

Each type of cluster that we have considered can,
in general, decay into different numbers of pions
(i.e., have different sizes). The number of pos-
itive and negative isovector clusters decaying
into 7 pions is denoted by «; and the number of
neutral isovector clusters of size 7 is v;. Like-
wise, the number of i-particle isoscalar clusters
is kg; (=1 is not permitted because a one par-
ticle isoscalar cluster cannot decay into only pions).
The relative probability for production of each
size of isovector cluster is d; and that for iso-
scalar clusters is e;. The distribution of the
various sizes of clusters produced is described
by a multinomial distribution. Thus, the prob-
ability for producing ] positive one-particle iso-
vector clusters, etc., is

uld 1d"2d"§d“4 uld“ld"Zd“Sd“4 v1d®d2d d¥ kgleks2ekssetsa

a
1-2a=—tanh(V2 ax,). 2.12)
a \/—? ( v) (
If A, is large enough so that tanh(vV2ax,)~1,
1
N —, (2.13a)
2vV2 +1
Py, ... U Uy U, U1y ee  UgyRgnye e JRgy)
=P(u,v,kg)

uy 'u2 oy lul!

where P(u,v,kg) is given by Eq. (2.16).

Finally, we describe the decay of each type and
size of cluster into final-state pions. The possible
decays of these clusters along with the relative
probabilities of decay into each final state and the
variable describing the number of events for each
final state are given in Table I. When more than

one final state is available for the decay of a cluster,

the actual number of decays is predicted with a
binomial distribution. We illustrate this proce-
dure with a three-particle positive isovector

uy lug o lug !

(2.17)

v, v 'US'Z’ ! kSZ,kSSIkS‘l ’

-

cluster. From Table I, we see that the probability
for producing n,, T*7*7" events and n,, '7°1° events
from uj clusters is

P(ny, ’u"’) p"sxq"sz

'n

+

Uy
- prsi(1 _ps)ui'"sl . (2.18)

31
This decay proceeds through three possible inter-
mediate isospin states: isotensor plus isovector,
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TABLE I. Decay of clusters.

Cluster Final state No. of events Relative probability
Isoscalar clusters
Cg Lo YT“ 7§'
w00 i1y %
c) rtawd 1
Eg L o o n4q 7y
rrar0r0 o Sy
007070 g3 £y
Isovector clusters
ct Tt uit 1
c! 0 vy 1
(& T uy 1
Ccy rtad uy 1
c’ e vy 1i
Cy 7’ uy 1
Cy LAk n34 Ps3
LAt 73 a3
(o} o a? nys 73
0070 n3e S3
Cs LAkt n33 b3
7070 n34 qs3
Ccy A Al L o b4
mr0a0n0 o q4
c L A o nys ¥y
Ak AP n4g N
oy LAkl al' n43 b3
7r'1r07r°11'0 n4y4 q4

two isovectors, and isovector plus isoscalar. For
each intermediate state, the values of p, and g,
are combinations of Clebsch-Gordan coefficients.
The respective values of these relative probabil-
ities for each intermediate isospin state of the
different clusters considered are listed in Table
II. We note that for isovector clusters (as ex-
pected from the Wigner-Eckart theorem) we have
2p;+7;=2. Thus only one independent variable
describes the number of final-state events for
these clusters. Also from Table II we find limits
on these relative probabilities:
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The various probability functions are now as-
sembled to yield the distribution function which
gives the probability for producing each possible

final state:
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TABLE II. Dependence of relative decay probabilities on intermediate isospin states.

4-particle isoscalar clusters

Intermediate
Relative isospin
probability states 2+2 1+1 0+0
- 19 1 4
"1 s B 3
— 22 2 4
S4 15 3 E)
fi f 0 +
3-particle isovector clusters
Intermediate
Relative isospin
probability states 2+1 1+1 1+0
19 1 2
b3 £ 7 3
1 1 t
q3 30 2 3
73 % 1 %
S3 1% 0 %
4-particle isovector clusters
Intermediate
Relative isospin
probability states 2+2 2+1and 1+2 1+1 1+0and 0+1
3 14 2
P4 5 ' 1 3
q4 -25 % 0 %
4 2 2
74 T e 0 T
Sy % % 1 -1—
Py, .o s UG UTy oo UT Vs ey Vg Ry oo Ry My Mgy Mg gy sy M Ty s Py s )
=P(u,. .. ,ks4)P(n31’u;)P("m'ua)P(”as'Us)P<n41,u;)P(nqalu;)P("qslUq)P(ﬁal,ksz)P(ﬁ4uﬁ4zlkS4) . (2.19)
r
The functions P(uj,. .., kg,) and P, [ug) are given Thus, the probability for producing » negative and
in Egs. (2.17) and (2.18), respectively. m neutral pions is
The goal of this development is, of course, the
d1str1b1.1t10n functl.on giving the probability .for P(n,m)= Z P, ... iy)A, @.21)
producing » negative pions and m neutral pions. final states
This function is obtained by summing Eq. (2.19) ) ,
over all values of final-state events subject to the where A is a product of Kronecker 6’s:
constraints that the proper numbers of negative A=b 5

ny usvp+e oo 427141 +7ia2 Omy ud +up 4o o o —afig) =274

and neutral pions are produced. By considering

the decays listed in Table I, we see that these

numbers are given by X 04, £uOu, £uz O, Lo, Okg, kgpebg b, - (2.22)
MEUF U Vg T Moy ¥ g+ Ras T ey From the distribution function (2.19) and the

FMyy+ Ny + Ty + 20y + Ty (2.20a) relations (2.20a) and (2.20b), we have derived

m=uy+uz+ 2+ uz) + 3y +uy) + v, + 3v,+ 20, analytic expressions for the average numbers of

negative and neutral pions produced and the two-

particle correlation coefficients. These general

+2kg,+Rgy+4Rkg,— 2M, ~ 471y — 20y, . expressions are listed in Table IIl and will be used

(2.20Db) for data comparisons in the next section.

= 2(ngy + Mgy + Ngg + Mgy + N yg +Nyg)
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TABLE III. Moments of multiplicity distributions in the limited-charge-exchange model.

(n) = (1 +2d3 py + 2dy pa) tanh($2y) + dy + dyry + dy(L + 7 )5 Ay + (2€, + 3y + e T Ag

(m) = [(2dy + 4d3 (1 — py) + 2d4 (3 — 2p4) tanh(F Ay) +dy +d3 (3 — 273) + 2dy(1 = 7 ) 1E Ay + (e, + By + deg)$ A

fiT=[1+2(dypy+dap) P11~ tanhz(;éky)]%?\v2 +{[4(dy p3 +dypy) — 1]tanh(%)\v) + 4d474}é‘7‘v+2947’4>‘s

= [dy + 2d3(1 - py) + ds (3 = 2p0) I [1 = tanh® (G A) Ig A

+{l4dy (1 —py)+ 12d4(1 = po) | tanh(EAy) + 6dy (1 —73) + 2dy (L = ¥ D} Ay + [2e,+ 6e4(8y + 6£4) HEAg

F37={(+2ds 5+ 2dup4) [dy + dy(L = p3) + dy (3= 2p4) I} [1 — tanh* (3 Ap) 15 Ay

+{[dy +2d3(1 = p3) + 3dy] tanh(E Ay) + dgr s + 2dy)} + Ay + (€3 +2€454) A .

III. COMPARISON TO DATA

The limited-charge-exchange model developed
in Sec. II is quite general and has a large number
of parameters, each of which may have an energy
dependence. In this section, we consider various
submodels which are defined by assuming a parti-
cular energy dependence for certain parameters.
We then make crude comparisons to data in the
sense that we do not adjust parameters to achieve
cosmetic fits but instead consider the general
trends of the data. We observe in Sec. III A that
experimental data on charge transferred between
clusters suggests a strong suppression of iso-
scalar relative to isovector cluster production.
Thus, we look only at isovector clusters for the
remainder of Sec. III. In Sec. IIIB, we consider
the model which has a fixed average cluster size
(i.e., the d; are assumed constant) so that results
of varying the average number of clusters are
developed. The reverse situation is in Sec. IIIC,
where we report results of an energy-dependent
cluster size and a constant average number of
clusters. The more general (and probably more
realistic) case where both cluster size and aver-
age number of clusters have an energy dependence
is discussed in Sec. OID.

A. Isospin of clusters

The general expression for producing n negative
pions and m neutral pions [Eq. (2.21)] contains
contributions from both isoscalar and isovector
clusters. In order to determine the relative pro-
duction of each type of cluster, we have investi-
gated the behavior of a parameter introduced by
Pirild, Thomas, and Quigg® in their work with
LCEX models. They identify the ratio R of the
number of charged exchanges or links between
clusters to the number of neutral exchanges as
being an important parameter for exchange models.
To calculate this ratio in our model, we note that

intra-charged-pair exchanges are charged while
inter—charged-pair exchanges are neutral {see
Fig. 1(a)]. Also each neutral cluster that is added
to a link causes another link of the same charge.
Thus the number of charged links is equal to the
number of pairs of charged clusters plus the num-
ber of neutral clusters located within a pair of
charged ones. Since the probability that a neutral
cluster falls inside a charged pair is u/(2u +1),
the average number of such neutral clusters pro-
duced is (v +kg)u/(2u+1) and the average number
of charged exchanges is

L. UEL)

ch 2u+1 (3.1)

The total number of exchanges'® is 2u +v +kg — 1,
therefore the number of neutral exchanges is

u
lneu,m:u+(v+ks)< I—ﬂTl)_l' (3.2)

The average value of the ratio R =l¢/lyetra Was
calculated as a function of the average number of
clusters produced, A, and the ratio of the average
number of isoscalar clusters to isovector clusters,
Xs/Ay. The results which are plotted in Fig. 2
show that for a small number of clusters (i.e.,

v

2+
R F -
| Vs [
L 2@7/

|
O. 1 — A A 1 - - 1 1 1 1 ]
0 I 2 3 4 5 6

FIG. 2. The ratio of charged to neutral exchanges
between clusters as a function of the average number of
clusters produced.
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FIG. 3. Topological cross-section moments for the
fixed-cluster-size LCEX model, The solid lines are for
isovector cluster production with p3=0.67 or p,=1. The
dashed lines are for isovector cluster production with
p3=0.50r p,=0.6.

A= 3), R is quite sensitive to both the total number
of clusters produced and to their isospin admix-
ture. Pirili et al.® observed that the 205-GeV/c
p-p data suggest approximately twice as many
charged exchanges occur as neutral ones; that is
R=~2., Therefore unless the total number of
clusters produced is very small (A 51.5), the ratio
of isoscalar to isovector cluster production must
be approximately zero. Such a small number of
clusters can only occur if they become unreason-
ably large. For example, the production of an
average number of 1.5 clusters in a 405-GeV/c
p-p interaction would require an average cluster
size of about 7 particles. Thus, we conclude that
isoscalar cluster production is strongly suppres-
sed and for the rest of our data comparisons, we
assume it is zero.

B. Fixed cluster size

In order to fix the cluster size and type, we take
the general expression for the probability of pro-
ducing 7 negative pions and m neutral pions [Eq.
(2.21)] and set the probability for producing each
size and type of cluster equal to 1 for the desired
clusters and equal to zero for all others. Since
we are assuming that no isoscalar clusters are
produced, we set Ag=0. Then studying clusters

decaying into three pions, for example, we set
d,=1 and all other d; equal to zero. The resulting
expressions for the average numbers of negative
and neutral pions produced and the two-particle
integrated correlation coefficients for each clus-
ter size considered are plotted as a function of

Ay in Fig. 3.

Looking first at the average number of negative
particles produced, we note that for large values
of A, [i.e., for A, such that tanh(V2ar,)=~ 1], (n)
depends linearly on A,. Thus by giving A, a Insde-
pendence, we can match the apparent experi-
mental energy dependence of (#). However, the
two-particle integrated correlation cqefficients
also depend linearly on A, (again, for large X, ).
Thus we are led to a contradiction with experi-
ment since a In®s term is apparently needed® !
to explain the experimental f;~ data. The nec-
essity of a Ins term is clearly demonstrated in
Fig. 4, where Whitmore’s empirical expression,®

[z =(2.47£0.19) - (1.51 £0.09)lns
+(0.21£0.01)In%s, (3.3)

obviously fits the data better than an expression
containing only a Ins term would.

Although we have only investigated clusters that
decay into fewer than five particles, this diffi-
culty is quite general with a fixed-cluster-size
(FCS) LCEX model. There does not appear to be
any mechanism in this scheme to generate terms
quadratic in A, for large values of A,. To see why
this occurs, we refer to Table III. It shows that
while the expression for f;~ contains a term qua-

PR 't

20 50 100 200 500
P (GeV/c)

FIG. 4. The experimental momentum dependence of
f77. The line is Whitmore’s (Ref. 9) fit to the experi-
mental data [see Eq. (3.3)].
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dratic in A,, there is the factor |1-tanh(3x,))?
which goes to zero at large values of \,. The
reason for this factor is that in the calculation of
f37=(n® = (m?=(m), (n*) contributes the A,” term
while (#) has a A tanh(3),) factor so that at high
values of A,, the cancellation occurs between the
(n® and (n)® terms. It is easy to show that this

is a general feature and will occur for all larger
sized clusters.

In addition to the above difficulty, we have also
found that this FCS LCEX model contradicts the
apparent Koba-Nielsen-Olesen (KNO) scaling'? of
topological cross-section data'® that has been ob-
served for p-p interactions over the energy range
of 50-405 GeV /c incident momenta. This be-
havior of the experimental data requires a pheno-
menological model to at least mimic KNO scaling
for this energy range even though the theoretical
basis of KNO scaling is controversial. We have
checked on this requirement for the FCS LCEX
model by calculating the topological cross-section
predictions for one-, two-, three-, and four-
particle isovector clusters at different energies.
Each energy was determined by fixing the average
number of clusters produced so that the resulting
value of (n) would correspond to the experimental
values for the various incident momenta. A
typical prediction is the case of three-particle
clusters at 102 and 405 GeV/c which is plotted in
Fig. 5 using the KNO variables  =(n)0,/0ina and

T

@)
T
}q

v N 3
N\ A=2 i
OlF N\ wl_ﬂoo GeV/c)
: \ 3
F ‘ N\
. RN 1
L NN |
| 1
A=3.5 \ ‘
OO‘;— (pL =400 GeV/c)\‘\ 3
. \ ]
I \
b
\ 4[
0001 X _q;
3 V3
i b
L . . . . l J
[¢] 2 3

X

FIG. 5. A KNO plot of topological cross-section pre-
dictions of the fixed-cluster-size LCEX model for three-
particle isovector clusters. The curves are straight
lines connecting the points for the various » which were
calculated with p;=0.67.

x=n/(n). Since KNO scaling predicts that topo-
logical cross-section data displayed in this fashion
are energy independent, the predictions at the two
energies should lie on top of one another. The
strong shift between them clearly demonstrates
the lack of KNO scaling over this energy range.
Finally, we consider a more general model in
which only the average cluster size is constant.
To achieve this, we choose energy-independent
values for the d;; thus, more than one size of
cluster is produced but the relative amounts of
each size are constant. This generalization fails,
however, because the failure of the FCS LCEX
model detailed above does not depend on cluster
size. Therefore any energy-independent com-
bination of different-sized clusters will also fail.

C. Fixed average number of clusters

The second way suggested by Levy’ to account
for the energy dependence of particle production is
to have a varying cluster size. To investigate
this situation, we have set A, equal to a constant
and 2g=0 so that we are looking at an isovector
cluster model having a fixed average number of
clusters (FANC) with limited charge exchange.

The increase of (n) with energy must now be
achieved by increasing the cluster size. To il-
lustrate this procedure, we refer to Fig. 3 and
note that if A, =3 then (#) is approximately equal
to the size of the cluster. This particularly
simple case occurs since A, is large enough so
that tanh(2A,)=~1. Under this condition

(n)=(d, +2d, +3d, +4d )5 Ay, (3.4)

and we see that small values of (n) occur when
d, dominates over the other d;. Then as the in-
cident energy increases, first d, and then d, and
d, dominate over the other d;, yielding an in-
crease in (n).

Since (n) has a logarithmic energy increase,
the dominance of the d; must occur at approxi-
mately equal ratios of the energy. As a simple
example, if d,=1 at s=s, (all other d; =0) and
d,=1 at s=s, = as,, then the energy at whichd,=1
is given by s, = as,. Noting that experimentally'*:*®

(n)=1.031ns - 3.23 (3.5)
for s in GeV?, we have
a=ely/3:% (3.6)

In order to learn something about the average
number of clusters produced, we compare the
predictions of the model with Slattery’s KNO
curve'® representing the experimental data. By
referring to Fig. 3, we find that the experimental
value of (n)=~ 3.5 at 405 GeV/c requires A=~ 10.5,
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5.25, 3.5, or 2.6 for the case where only one-,
two-, three-, or four-particle clusters are pro-
duced. Each of these cases is plotted in Fig. 6.
Although the conclusion is not decisive, we take
the three-particle clusters as forming the best

W. T. ARMBRUST AND DAVID M. SCOTT

fit to the data and thus arrive at a value of Ay, = 3.5.

It follows from (3.6) that @ =~3.10 and the values of
the s; where the respective d; equal unity'® are
given in Table IV. The table also contains calcu-
lated values of the two-particle correlation co-
efficient at these energies, assuming that the
respective d; equals unity. For this crude model,
we are encouraged by the comparison of this
correlation coefficient to the experimental values
listed for nearby energies. We show in Fig. 7
the model’s predictions for the average number
of neutral pions produced for a given number of
negative pions (m), and experimental values” with
approximately the same energy. We note that the
general trends of each are comparable.

To gain further insight into this model, we have
investigated an oversimplified choice for the
energy dependence of the d; in which no more than
two different sizes of clusters are produced at one
time. The specific energy dependence of the d;
which is shown in Fig. 8 gives complete dominance
of the production of each size cluster at the
energies listed in Table IV and causes each type
to disappear at the energy at which the next one
dominates. This particular choice of the d,; gives
a logarithmic energy dependence to (n) under
the conditions leading to Eq. (3.4) and allows the
calculation of the energy dependence of the two-
particle correlation coefficients. These are
compared to experimental values'® in Fig. 9.
Again, we note that the trends of the data and
predictions are comparable.

D. Variation of both number and size of clusters

We have shown that the FCS LCEX model fails
on comparison with experiment in two ways,
whereas these data can be explained by the FANC
LCEX model. However, there are suggestions
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FIG. 6. Comparison of predictions for different sizes

of clusters with experimental data. The line is Slattery’s
empirical fit (Ref. 12) to experimental data.

within the model that the more general case of a
variable number of clusters with a variable size
is required. Although this case may prove to be
the one closest to describing nature, the increase
in the number of parameters causes difficulty in
determining them uniquely. Consequently, in
this section, we look at two reasons for consider-
ing this case, but postpone a full study of it to a
future report.

We look first at the probability for producing no
negative or neutral pions, which is P(0,0) in
Eq. (2.21). Using Eqs. (2.17) and (2.16) with A¢=0,
we find

e")\ /3

—————=~0.06
cosh(3x,) 0.0

P(0,0)= (3.7)

TABLE IV. Effects of the dominance of different sizes of isovector clusters at different en-

ergies.
Value of s
Value of s Predicted at which exp.
No. of pions where cluster value of Exp. value was performed
in cluster dominates (GeVZ) fa~ of f7~ (GeVz)
1 79.2 -0.52 -0.04 +0.09 95.8
2 245.9 —-0.52 0.28 +0.07 193.5
3 763.2 0.77-1.23 2.155¥0.17 763.2
4 2368.9 2.16-2.91 ..
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FIG. 7. The average number of neutral particles pro-
duced for a given number of negative pions as a function
of the number of negative pions for various sizes of
isovector clusters. The experimental data are taken
from Ref. 17.

for A, =3.5. In our model, this is the probability
for an inelastic process such as the charge-ex-
change reaction p+p - A*" +n. Dao et al.'® have
measured the inclusive A" production cross
section at 303 GeV/c and have found o(p+p—A*~
+anything)/c_, =~ 0.14. Since P(0,0) is the prob-

inel
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04 / \
02 / ‘\ N\
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FIG. 8. The functional dependence on s of the probabil-
ity for producing each size of isovector cluster which is
used in Sec. IIIC.
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FIG. 9. The dependence of the integrated two-particle
correlation coefficients on energy for the model of Sec.
IIIC. The experimental data are from Ref. 18.

ability for exclusive A** production, there is no
serious disagreement with this experimental
value. However, Regge theory says that this
reaction requires Reggeon exchange; thus,
asymtotically, the cross section should fall as a
power of s. In the FANC LCEX model, P(0,0)
=const. Therefore, A, must grow logarithmical-
ly with s in order to obtain agreement with this
prediction of Regge theory. This model already
contained a variation in the cluster size, so we
now have both the size and number of clusters
growing with energy.

A second indication of the need for this more
general case comes from a closer look at the
apparent KNO scaling of topological cross sections
in the 50-405 GeV/c p-p data. We have used
three-particle clusters in Fig. 5 to illustrate the
general tendency for the KNO plots of cluster-
produced pions to become narrower as the average
number of clusters (A) increases. Figure 10, on
the other hand, shows the effects of constant A,
and varying cluster size on the KNO plot. We
point out that an increasing cluster size causes
a slight broadening of the plot. Thus, increasing
both the size and number of clusters produces
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FIG. 10. A KNO plot of topological cross-section pre-
dictions showing the small deviation from scaling of the

model with the average number of clusters fixed at A, =4.

effects which can cancel and thereby satisfy to
a greater degree the apparent scaling.

These two indications for a more general model
show the need for determining the energy depen-
dence of A. We point out that such dependence
can be resolved experimentally by investigating
the energy dependence of the ratio R discussed
in Sec. IITA. For a constant value of Ag/A, —
which is not unreasonable—there is a unique rela-
tionship between R and X. Further, the conclu-
sion of Sec. III A that isoscalar production is sup-
pressed serves to enhance the sensitivity of R on
A

IV. CONCLUSIONS

From this investigation, it is easily seen that
many experimental parameters are needed to des-

cribe completely a LCEX cluster model. The
accurate determination of (n) tells very little
about either the cluster production process or
subsequent cluster decays. For example, for

the sizes of clusters studied, (n) is essentially
independent of the isospin characteristics of pro-
duced clusters. The two-particle correlation
coefficients, however, depend much more sen-
sitively on both the cluster production and decay
parameters. Even though present experimental
data do not provide enough information to evaluate
uniquely all the parameters of the model, the
apparent experimental In®s dependence of f;~ does
preclude a fixed-cluster-size model such as the
one considered in Sec. III B. The parameter R
introduced by Pirild ef al.’ is found to be extremely
important since it is independent of cluster size
and subsequent cluster decay and affords a direct
means of determining both the average number and
isoscalar-isovector admixture of clusters pro-
duced.

In a limited-charge-exchange model such as we
have developed, long-range order enters in two
ways. The first is via charge conservation and
transfer of charge between clusters. This long-
range order disappears when large numbers of
clusters are produced. The second mechanism
for introducing long-range order is through an
energy-dependent cluster size. This mechanism
can be seen as resulting from a need for informa-
tion on the total energy to be passed to each
cluster along the multiperipheral chain. The FCS
LCEX model of Sec. III B has only the first type
of long-range order while the FANC LCEX model
of Sec. IIIC and the more general model of Sec.
IIID have both types. The failure of the FCS
LCEX model and the agreement of the FANC
LCEX model upon comparison to experiment
show the need for a variation of cluster size with
energy.

ACKNOWLEDGMENTS

We would like to thank Professor S. Pinsky for
many helpful discussions and the Ohio State Univ-
ersity Experimental High Energy Physics Group
for the use of their computing facilities.

1. M. Dremin and A. M. Dunaevskii, Phys. Rep. 18C,
159 (1975). -

’A. W. Chao and C. Quigg, Phys. Rev. D 9, 2016 (1974);
S. Pokorski and L. Van Hove, Acta Phyg. Polon. B5,
229 (1974). o

SANL-Fermilab—Stony Brook Collaboration, unpublished
work; Michigan-Rochester Collaboration, unpublished

work.

4C. Quigg, P. Pirild, and G. H. Thomas, Phys. Rev.
Lett. 34, 290 (1975).

Sp. pirild, G. H. Thomas, and C. Quigg, Phys. Rev.
D 12, 92 (1975).

®F. Hayot and A. Morel, Nucl. Phys. B59, 493 (1973);
A. Arneodo and J. Kubar-Andre, Lett. Nuovo Cimento



14 CLUSTER MODEL SATISFYING LIMITED CHARGE EXCHANGE 151

12, 1 (1975); D. Drijard and S. Pokorski, Phys. Lett.
43B, 509 (1973).

™D. Levy, Nucl. Phys. B59, 583 (1973).

8See, e.g., W. Feller, An Introduction to Probability
Theory and Its Applications (Wiley, New York, 1968),
3rd edition, p. 38.

%J. Whitmore, Phys. Rep. 10C, 274 (1974).

0The relations for the total number of exchanges and the
number of neutral exchanges are invalid for the case
u=v=0. When no clusters are produced, both are
zero.

YT, Ferbel, Univ. of Rochester Report No. UR-462,
1973 (unpublished).

127 Koba, H. B. Nielsen, and P. Olesen, Nucl. Phys.
B40, 317 (1972).

13p. Slattery, Phys. Rev. D 7, 2073 (1973).

4From a fit to the p-p experimental data at 102, 204,
303, and 405 GeV/c—see Ref. 15,

5p ., =102 GeV/c: J. Chapman et al., Phys. Rev. Lett.
29, 1686 (1972), and C. Bromberg et al ., ibid. 31, 1563
(1973); p,, =205 GeV/c: G. Charlton et al ., ibid. 29,
515 (1972), and S. Barish ef al., Phys. Rev. D 9, 2689
(1974); p\,, =303 GeV/c: F.T. Dao et al., Phys. Rev.
Lett. 29, 1627 (1972); p),,=405 GeV/c: C. Bromberg
etal., ibid. 31, 1563 (1973).

8These are calculated using the value of o from Eq.

(3.6) which is based on the simplified form for (z) in
Eq. 3.4). This, in turn, was derived by setting
tanh(2A)=1. This approximation introduces less than a
2% change in the results.

"9, =19 GeV/c: H. Bdggild et al ., Nucl. Phys. B27,

285 (1971); ppp =102 GeV/c: J. W. Chapman et al .,
Phys. Lett. 47B, 465 (1973); p,,,=303 GeV/c: F. T.
Dao et al ., Phys. Rev. Lett. 30, 1151 (1973); p,,, ~1500
GeV/c: G. Fliigge et al., CERN report submitted to the
XVI International Conference on High Energy Physics,
Chicago-Batavia, Illinois, 1972 (unpublished).

18, »=24 GeV/c: V. Blobel et al., DESY Report No. 73/36, 1973
(unpublished); p,,, =24.12 GeV/c: D. B. Smith ¢t al., Phys.
Rev. Lett. 23, 1064 (1969); p,,, =50 and 69 GeV/c: V. V.
Ammosov et al ., Phys. Lett. 42B, 519 (1972); p),, =69
GeV/c: H. Blumenfeld et al., Phys. Lett. 45B, 528
(1973); pyp, =200 and 300 GeV/c: W. Ko, in Proceedings
of the XVII International Confevence on High Energy
Physics, London, 1974, edited by J. R. Smith (Ruther-
ford Laboratory, Chilton, Didcot, Berkshire, England,
1974), p. I-76; p,,, =205 GeV/c: K. Jaeger et al.,

Phys. Rev. D 11, 2405 (1975); p.p =300 GeV/c: A. Sheng
et al., iid. 11, 1733 (1975); and Refs. 15 and 17.
F. T. Dao et al ., Phys. Rev. Lett. 30, 34 (1973).



