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We extend previous applications of the fixed-sphere MIT bag model to analyses of the nucleon axial
radius, spectroscopy of the new heavy hadrons, and weak nonleptonic decays. The nucleon axial-charge radius
is calculated to be nearly equal to the electromagnetic-charge radius. Using the ground state of charmonium
as input, we predict the masses and excitation energies of new particles. Comparison of the model with
observed states reveals that the model has insufficient vector-pseudoscalar mass splitting and inadequate
excitation energies. Finally, both AS = 1 and AC = 1 nonleptonic decays of mesons and baryons are studied
using a weak Hamiltonian enhanced by short-distance strong-interaction effects. Variation of matrix elements
with the hadronic radius is investigated. The model is found to be unable to reproduce hyperon and kaon

decay amplitudes.

I. INTRODUCTION

The MIT bag model® is a description of hadrons
which manifestly allows for the confinement of
conjectured hadronic constituents, such as quarks
and gluons. Appropriate boundary conditions
serve to ensure their confinement, and the inter-
nal dynamics of the hadron is governed by local
interactions of the constituent quantum fields. At
the present level of sophistication, a phenomeno-
logical parameter, B, is present in the energy-
momentum tensor in order to provide stability
for the hadron bag. We are not aware of any real-
istic attempt at this time to remove the need for
this parameter. The bag model is relativistically
invariant. However, applications have thus far
tended not to utilize the relativistic invariance in
any essential manner.

Subsequent to the introduction of the MIT bag
model, there has been a good deal of effort to ex-
plore its phenomenological content. Various stud-
ies®* have been carried out of the static proper-
ties of ground-state baryons in a fixed-sphere
model of noninteracting quarks. Using the same
theoretical framework, Donoghue et al.® have per-
formed a more ambitious calculation, considering
radiative decays of various excited states as well
as hyperon nonleptonic decay amplitudes. The
latter calculation is the first to consider matrix

elements of four-quark operators in the bag model.

More recently, a sophisticated approach in which
quark-quark interactions and zero-point fluctua-
tions are taken into account was used to provide a
detailed fit to the masses of the ground- state
baryons and mesons.®

These fixed-sphere phenomenological calcula-
tions have for the most part yielded satisfactory
results. Matrix elements of two-quark operators,
such as the magnetic moment, charge radius,

etc., typically differ from the corresponding ex-
perimental values by no more than about 30%.
Moreover, as shown in Ref. 6, the observed mass
spectra of ground-state baryons and mesons can
be fitted to an impressive level of accuracy, es-
pecially in comparison with alternative models of
hadron dynamics. These successes not only lend
credence to the bag-model approach to hadronic
phenomenology, but also reinforce the hypothesis
that ground- state baryons and mesons behave as
three-quark and quark-antiquark composites.
That is, at least at this level, there is little mo-
tivation for a more complicated wave function.
However, there are problems. The likelihood of
finally being able to generate a sufficiently light
pion, and indeed to meaningfully study chiral sym-
metry, remains an open question. Of more con-
cern here are the difficulties, first detected in
Ref. 5, associated with hyperon nonleptonic decay
amplitudes and, separately, with excited states
of the hadrons. The latter problem is most se-
vere for the nucleon excited state N*(3~; 1520),
where the bag model predicts an insufficient ex-
citation energy and a very poor E1 transition am-
plitude in radiative decay.® It is clearly important
to test the performance of the bag model with oth-
er hadronic configurations for which sufficient in-
formation regarding excited states exists. This
provides a key motivation for our bag-model study
of charmonium (see Sec. II). In Ref. 5, bag-model
calculations of S-wave hyperon nonleptonic decay
amplitudes gave results too small by factors of 3
to 5. It was evident that any one of several pos-
sibilities could be responsible for this, e.g., our
bag-model approach, the renormalization-group-
enhanced nonleptonic weak Hamiltonian, etc. We
have made some progress in further understanding
the nature of this result, especially with respect
to the role played by the fixed-sphere bag wave
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14 APPLICATIONS OF A FIXED-SPHERE BAG MODEL 1387

functions. This matter is discussed in Sec. II.

In order to introduce some notation and also to
present a rather typical example of determining
the static properties of hadrons in the bag model,
we shall calculate the squared radius, &?),,, as-
sociated with the distribution of axial charge with-
in a nucleon. There exists some experimental
data regarding this quantity, and it does not ap-
pear to have been calculated yet using the bag
approach. We use the definition

<Vz>ax=<1)(sz) f x RP R 7,0 0 X)

pe), W

where the integration takes place over the bag
volume, p represents a proton, and (x) is a
quark Heisenberg field operator summed over
color, flavor, helicity, and all frequency modes
accessible to the quarks within the proton bag.
Only nonstrange quarks contribute to Eq. (1).
Evaluation is straightforward, and we find
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where R is the radius of the spherical bag, w is
the lowest frequency mode in which a quark can
occur, m is the mass of the nonstrange quarks,
and C(w,mR) is the quartic polynomial

C(w,mR) =w*+ 203 (1 + mR)~ w?(4 + 3mR + m*R?)
+w(3 = mR - 2m2R® - 2m°R®)
+3mR (-3 +mR +m?R?). (3)

This expression simplifies in the limit of mass-
less nonstrange quarks to

5R? w3+ 2w? - 4w+ 3
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We have evaluated these formulas numerically,
taking parameters first from the calculation of
Ref. 5 (w=2.206, mR=0.3234, R"'=136.4 MeV).
Eq. (1) gives (#®),,=1.01 fm?, which is practically
equal to the charge-radius squared, ?%),,, found
in Ref. 5. One might anticipate a rather different
result upon employing the parameters associated
with the m =0 calculation of Ref. 6 (w=2.043,
R™'=200 MeV), since there one finds a rather dif-
ferent squared charge radius, #%),,=0.517 fm?
We obtain (%),,=0.512 fm®. Evidently, for any
reasonable fixed-sphere bag model, we have

= oy ®)

em

That this result is not ai: obvious or trivial con-
sequence of the quark model can be understood by
passing to the nonrelativistic limit, m —~. This
kinematic situation was first studied in Ref. 3 in
order to show that the usual nonrelativistic-quark-

model results could be regained by the bag model
in the appropriate limit. One of the results was

2 2
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The nonrelativistic limit of Egs. (2) and (3) is
easily seen to be

5(27% - 3)R?

& ax ~——qg= —asm—=, (6b)
or more precisely,
T ax =5 e A8 M~ (7)

Thus, not only are the zero-momentum transfer
values of the proton’s axial-vector and charge
form factors related by a factor of £ in the non-
relativistic limit, so are their first derivatives.
This is to be expected if indeed the entire non-
relativistic axial-vector and charge form factors
have a ratio of £.

How does our bag-model result, Eq. (5), com-
pare with experiment? There have been several
attempts to measure (%),, over the past decade.
In principle, the most straightforward approach
is to obtain the momentum-transfer dependence of
the axial-vector form factor F,(q %) in quasi-elas-
tic neutrino scattering, where

() |AY [n(@) =T R)Y[F " + F 16", + F " u() ,
(®)

and to use (%) ,,=-6F,(0). A typical parametriz-
ation for such measurements is in terms of a pole
fit, F,(¢) < (M, *~¢)™" withn=1,2. The numerical
relation between M, and (%), is

_[12nF ,(0) \!/?
oo (St 2)

9
where (%), is expressed in Fermis. Upon taking
F,(0)=1.25 and using the experimental value for
(®)em=0.66 fm? along with the bag-model result
)y = ) em, we find

M, =667 MeV ifn=1,
(10)
M,=944 MeV if n=2.

Derrick” quotes a best fit of M, =0.57+0.1
GeV(n=1) and M ,=0.95+0.12 GeV(z =2) to differ-
ential and total cross sections for the reaction
v,n— up. The values are consistent, particularly
for the dipole form factor (z=2), with the bag-
model predictions of Eq. (10).

We conclude this section by summarizing the
remaining contents of the paper. In Sec. II, we
shall apply the bag formalism to a study of the
vector mesons $(3095), ¥’(3684) recently observed
at several laboratories. This is followed in Sec.
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III by a discussion of weak decays of baryons and
mesons, especially in relation to what the bag
model can tell us. Our concluding remarks are
presented in Sec. IV.

II. CHARMED-QUARK SPECTROSCOPY

We shall assume for the calculations performed
in this section that the 2.8,...,4.2 GeV resonances
discovered in the past year at Brookhaven,® SLAC,®
and DESY"° consist of a quark-antiquark pair and
that each member of the pair carries charm.!'»12
From this, we can determine the mass, m,, of a
charmed quark phenomenologically, and then cal-
culate the spectrum of hadrons associated with
such pairs. Of special interest are the bag-model
predictions for masses of the excited states cor-
responding to a quark or antiquark occupying an
excited frequency mode, and for mass splittings
produced by a spin-spin interaction between the
quarks. The latter effect implies that the mass of
a hadron with aligned quark spins (an “ortho”
state, J=1) will differ from the configuration in
which the quarks occupy the same frequency
modes, but are anti-aligned (a “para’” state, J=0).

In order to obtain an estimate of the charmed-
quark mass we shall use as input the following
experimental values of the charmonium ground
state: M =3095 for J=1, and M =2800 for J=0.
Although the former value is known precisely,®
the latter has been extracted from a limited num-
ber of events and should be regarded as tentative.'®
It is convenient to remove the effect of the “ortho-
para” mass splitting from our fit to the charmed-
quark mass. Since the quark spin-spin interaction
must have the form &(1)-5(2), it follows that the
appropriate combination of charmonium masses to
consider is /7 = $[3M(J=1)+ M(J=0)]= 3025 MeV.

There is no need to reproduce here the funda-
mental bag-model equations, which by now have
appeared in several publications. However, an
outline of the steps necessary to determine m, is
given to assist the reader. For each quark mode,
one has a linear boundary condition which relates
frequency w to the dimensionless quantity m R. A
single nonlinear boundary condition relates BR* to
a known function of w and mR. We assume that B
can be determined a priori by means of a phenom-
enological fit to the ground- state hadrons. Final-
ly, there is an energy equation which, if we are in
the position of knowing all quark masses in the
problem, fixes the mass of the hadron under con-
sideration. Otherwise, we can use the energy
equation to fit the quark mass. We follow the lat-
ter procedure in fitting m, to the mean charmonium
mass of 3025 MeV.

The only ambiguity left in our calculation
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amounts to choosing which contributions to the
energy to take into account. In the calculations to
be described below, we have investigated a vari-
ety of situations in order to test the sensitivity of
our results to any particular choice. The domi-
nant contribution for a given quark is always
E,=w/R, which is the energy of a noninteracting
particle confined to a sphere of radius R. It turns
out that from this term alone we can determine
whether the excitation energies in the bag model
are sufficient to agree with spectroscopic data
compiled at SLAC and DESY. The volume energy,
E,=%7BR?, is associated with the pressure param-
eter, B, which ensures the stability of the bag.
Clearly, it must be included in any bag-model cal-
culation. The remaining sources of energy that
we shall consider here were first taken into ac-
count in Ref. 6. That one should include an ener-
gy, E,, associated with zero-point fluctuations is
admittedly unconventional. Although a good deal
of work clearly remains to be done on this sub-
ject, we shall take this effect into account in sev-
eral of our calculations. The form E,=- Z,/R was
used in Ref. 6 with the constant Z, being deter-
mined in the overall fit to hadron masses. It was
found that Z,=2. The final contribution to the en-
ergy which we shall upon occasion consider in this
paper'® arises from gluon coupling. Unfortunately,
it is difficult to study this interaction in full gen-
erality. Perhaps its most interesting aspect is
that it alone contributes to mass splittings within
a given mode, as discussed previously. Use of
lowest-order perturbation theory® implies for
mesons that “para” states lie below the corre-
sponding “ortho” states in mass. This automati-
cally precludes a recent suggestion'* that charmed
vector-meson states are lighter than their pseudo-
scalar counterparts and thus decay weakly, giving
rise to the u*, e¥ pairs observed in e*e” reactions
at SLAC. In principle, it is possible for gluon ex-
change to generate the type of tensor forces
needed to drive vector-meson masses beneath
pseudoscalar masses, although such graphs would
be of higher order. If, as found in Ref. 6, the
dimensionless quark-gluon coupling ¢, is less than
unity, it becomes difficult to see how tensor forces
could dominate the lower-order processes. Esti-
mation of the coupling ¢, is at present one of the
most important areas of bag phenomenology. As
we shall see, existing experimental knowledge of
J=0,1 mass splitting only further clouds the issue.
The results to our fit of the charmed-quark
mass, m,, are presented in Table I. The energy

operator used to obtain these results has the form
E= Evolume+ Equark+Ezero-pt, ? (11)

and thus depends upon the constants B'/* and Z,.
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We have chosen to display the dependence of the
output variables m,, R™', and w upon variations in
the input parameter. The values chosen for B¢
and Z, cover the range covered by these variables
in Refs. 5 and 6. The variation in m, is seen to be
no more than 10% above or below the average of
the values appearing in Table I. The same is also
true of R™! and w. The charmed-quark mass is
seen to rise as Z, increases for fixed B'/* and to
fall as B'/* increases for fixed Z,. Our analysis
implies a charmed-quark mass in the vicinity of
1400-1500 MeV with the kind of “error bars”
mentioned above.

Historically, the discovery of charmonium was
soon followed by the announcement® of an excited
state with an accurately measured mass of 3684
MeV. The spin-parity (J%) of this excited state is
known to be 1°. Accordingly, we interpret it as a
state with quark configuration (15)'(2S)!. Given
this assignment, we can calculate the mass of
P’(3684) in the bag model. The prescription for
handling quarks in excited modes is discussed in
Refs. 2 and 5. Upon performing the numerical
analysis for a variety of bag parameters, we find
a mass value for the excited state which is con-
sistently too low. Results for two representative
values of input parameters are presented in the
second row of Table II. Whereas an excitation en-

ergy of almost 600 MeV is needed, the fixed-
sphere bag model can sustain excitation energies
of no more than 350 MeV.

Of course there are excited states in the bag
model, the (1S)*(1P)* configurations, whose ener-
gies lie between the (1s)® ground state and its
(15)*(2S)* excitation. Experimental evidence for
such states exists.’®> However, in view of the poor
results for the (15)*(2S)! excitation energy, we
shall not present here the numerical values of the
(15)*(1P)* masses.

The only issue left to be discussed regarding
charmonium is the ortho-para mass splitting.
This effect is produced by the magnetic coupling
of gluons to quarks, contributing a spin-spin inter-
action to the energy operator of the form

E=E+o(l)+0@2)A . (12)

The object is to reproduce, in the bag model, the
experimental value of

A (charmonium) = (3095 — 2800) =75 MeV .
(13)

Working to lowest-order perturbation theory in
the quark-gluon coupling a,, one can derive the
following expression for A’=A/a, in the specific
case of charmonium,*®

2
A= 1607w, m R) (‘;{’3’” R) (14qy, (14)
where
R 4w+2m,R-3
Hw, m R)= 6 2w—2w+ m R’ (15)
J =[p sin® - §(p - sinp cosp)]~2{ - 2p? sin*p — 3(p - sinp cosp)*+ 3 p*[ 4p Si(2p) - 2p Si(4p)]} , (16)
and

p= (wz _ mcsz)l/z .

As with the other calculations described in this
section, we have studied Eqgs. (14)-(16) for a
variety of input parameter values. In all cases,
the calculated values are far too small to repro-
duce the experimental value for the range of cou-
plings a,<1. For example, if B'/4=114 MeV and
Z,=0.0, we find A’=20 MeV, whereas for B/
=135 MeV and Z,=1.9, we obtain A’ =26 MeV.
Even for a, =1, these values are about a factor

of 3 too small. Fitting the orthopara mass split-
ting with a value of @, exceeding unity is prohibited
because the perturbation expansion would be in-
valid. Moreover, such a value would be incon-
sistent with fits to the hadron ground state. We
shall return to this subject in the Conclusion.

The charmed-quark mass introduces a new en-
ergy scale into hadron physics. This is precisely
the interpretation we have given to the narrow
resonances with a mass near 3 GeV and their ex-
cited states. However, internal consistency of
this scheme implies the existence of still more
new energy scales—those associated with meson
states containing one charmed and one uncharmed
quark (to wit, #c, dc, sc, and antiparticles), and
baryon states with one, two, and finally three
charmed quarks. It is fair to question just how
fruitful a fixed-sphere bag-model calculation of

these new energy scales can be in view of our ad-

mitted failure to reproduce the charmonium excita-
tion energies. Our feeling is that, while the bag
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TABLE 1. Determination of the charmed-quark mass.
The entries are solutions of the bag-model equations for
the ortho-para average mass of ground-state charmonium,
M =3025 MeV. Dependence on input parameters, B1/4
and Z, to the energy operator is displayed.

B 1/4 Mc R—I
(MeV) Z, (MeV) MeV) w

115 0.0 1351 181.5 8.00
1.0 1436 183.3 8.42
2.0 1544 185.2 8.85

125 0.0 1327 194 4 743
1.0 1430 196.5 7.85
2.0 1537 198.6 8.28

135 0.0 1303 207.1 6.93
1.0 1414 209.5 7.35
2.0 1529 211.9 7.79

145 0.0 1277 219.8 6.49
1.0 1396 2224 6.92
2.0 1519 225.1 7.36

model, at its present level of sophistication, ap-
pears to have problems with excited states, it
reproduces many observed properties of the hadron
ground state. Therefore, we have proceeded to
calculate the masses of charm-carrying hadrons
in the bag model. Selected results are given in
Tables II and III, and, as above, we exhibit values
corresponding to two different sets of input vari-
ables. These masses pertain to averages over the
spin value; the quark spin-spin interaction has not
been taken into account yet.

We first take notice of the overall scale of the
spectrum. The lightest mesons (uc) are lighter
than 2 GeV in mass; next come the strange mesons
with a mass slightly above 2 GeV, then the cor-
responding baryon states with masses beginning
near 2300 MeV, doubly charmed baryons near
3500 MeV, and finally triply charmed baryons at
around 4500 MeV. These predictions are com-
pared in Sec. IV with the meagre amount of data
available at this time. Tables II and III also con-
tain predictions for excited (15)'(2S)* meson and
(15)?(2S)* baryon configurations. It seems to us
that the most sensible way to interpret these num-
bers is to consider their ratio to the charmonium
excitation energy, (15)?~(15)*(2S)'. In this way
we can at least hope to arrive at a qualitative in-
sight as to the relative excitation energies to be
expected from various charmed states. It is also
worthwhile to notice that if the ground state con-
sists of quarks with markedly different masses
(such as the u and ¢ quarks), the excitation energy
will vary quite a bit as we lift one quark and then
the other to the 2S level. Denoting quarks in the
2S configuration with capital letters, we find for
mesons'’

TABLE II. Spectrum of meson states. Masses of me-
sons associated with various quark configurations are
exhibited. Quarks written in lower case are in the 1S
mode, whereas capitalized quarks pertain to the 2 S
mode. In columns A and B, we take Z,=0.0, 1.9; B/¢
=114 MeV, 135 MeV; m,=1353 MeV, 1517 MeV, respec-
tively, Common to both columns are the quark masses
m, =44 MeV, ms=300 MeV.

Meson mass (MeV)

State A B
cc 3025 3025
cC 3257 3369
uc 1954 1865
Ue 2433 2495
uC 2156 2160

s¢ 2113 2016

S¢ 2513 2567

sC 2319 2316

cc—~Cc:iuc~Uc:uc—-uC::1,:1.8:0.85 , (17)

whereas for baryons, relative to the charmonium
excitation energy,

cc—Cc:uuc —uuC :uuc -~ Uuc ::1:0.7:1.4 .
(18)

One can now estimate various 1S —28S excitation
energies by normalizing with respect to the mea-
sured value, 580 MeV, of the charmonium excita-
tion energy and using the ratios of Egs. (15) and
(16). Since there are no pertinent data at this
time, it is impossible to judge the merit of these
results. The physical reason for the difference in
energy in raising, say, a # quark to an excited
mode relative to raising a ¢ quark to the same
mode is that in the ground states of these charmed
particles the motion of noncharmed quarks is gen-
erally relativistic, whereas the charmed quarks
move nonrelativistically. The momentum of a
quark of mass m in frequency mode w can be ex-

TABLE III. Spectrum of charmed baryon states.
Masses of baryons associated with various quark con-
figurations are exhibited. The notation is identical to
that of Table II.

Baryon mass (MeV)

State A B

uuc 2288 2299
uuC 2458 2536
uUc 2726 2788
usc 2513 2530
ssc 2613 2610
ucc 3386 3502
cce 4472 4688
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pressed as

p _ w 2 1/2

L. [(ZFR‘) - 1] . (19)
For example, the charmed quarks in charmonium
(using the mean mass of 3025 MeV) move with p/
m=0.4, and those in the lightest charmed meson
uc move with p/m = 0.4 for the charmed quark and
p/m =85 for the uncharmed quark. These values
are characteristic for the spectrum of charmed
hadrons as described in the fixed-sphere bag mod-
el. Finally, let us consider the mass splittings
between the J=0, 1 states for mesons and J =3, &
states for baryons. Again, we shall rely upon
ratios of these splittings relative to that of ortho
and paracharmonium. Upon using the extension
of Egs. (14)-(16) to the case where the constituent
quarks do not all have the same mass, and per-
forming some elementary spin calculations, we
find'” for the E(J=1)-E(J=0) mass splitting

cciuc:sc::1.0:2.2:1.9 . (20)

Before giving baryon mass splittings, we observe
that there exist not just two, but three states con-
taining a single charmed quark together with two
noncharmed, nonstrange quarks. These three
baryons have a spin-isospin content (J=3, T'=1),
(J=%,T=1), and (J=3%, T=0). Thus, there are
two mass splittings to consider here—one occurs
between the J = state and each of the J=3% states.
Relative to the charmonium splitting we find*?

cc:(cum)p.,:(cdu)p_ o:ccu::1.0:1.3:3.3:1.5 .
(21)

If the tentative ortho-para charmonium mass split-
ting of 300 MeV is indeed correct, the fixed-sphere
bag model is seen to predict, for the singly
charmed baryon states, spin-dependent mass
splittings of rather substantial magnitude. We
remind the reader that the p — 7 mass difference
is 620 MeV, whereas for A — N, the value is 300
MeV.

We shall return to the subject of charmed-quark
spectroscopy in Sec. IV. Our next topic concerns
weak decays of charmed and uncharmed hadrons.

III. WEAK DECAYS

It has long been hoped that models of hadron
structure will add to our understanding of the
weak interaction. Already, quark models such
as the present one have helped elucidate the form
of baryon-to-baryon matrix elements of the weak
currents.® However, no theory has been success-
ful in explaining the nonleptonic weak processes.
In a previous paper, we examined the hyperon

hadronic decays with a fixed-sphere bag model
and found that the amplitudes were too small by a
factor of at least 3. In the first part of this sec-
tion, we re-examine these amplitudes in greater
detail and extend our approach to include kaon
decays. Then, we apply what we have learned to
the weak semileptonic and nonleptonic decays of
charmed particles.

In both AS=1 and AC=1 transitions only the
charged currents contribute,

J, (%) =u(x)y, (1 +vs) d(x) cosb+s(x) sinb,]
+¢(x)y, (1+ ;) s(x) cos, - d(x) sinb,] .

(22)
For nonleptonic processes, the weak Hamiltonian
density, appearing in the integrand of

H,(0) =g2fd‘*xDF(x,Mw)T[J;(x)J“(O)], 23)

can be written by means of a Wilson expansion'®
in terms of multiplicatively renormalizable local
operators. For AS=1 processes, renormalization
group techniques have been used to show that®®

H,=cH_+c,H,, (24)

where (we sum over color indices ,5)

G R = —
H, =~27/—_2_cos90s1n90 [y, (L +yugy™ (L +vy)s;

dyy, L +y)s gy (L +ysu,l,
(25)

and

[ .25 <Mw>]"*
ci—|:1+24ﬂ21n m s

d.=0.48, d,=-0.24. (26)

Various estimates of the quantity in brackets have
placed it in the range from 2 to 10, the smaller
values being probably more reasonable.® It is
within this framework that we explore the weak
interactions.

In studying parity-violating hyperon nonleptonic
decays, we use soft-pion techniques to change
B’B7 vertices into B’B amplitudes,

lim <Bl,n.0(q) |HD.V. |B> = _L<Bl HFSS’HD.V. ] |B>
4,*0 v F, v

=578 |B%>|B), (27
T

with F, =94 MeV. The last matrix element is
readily calculated in the bag model,® leading to the
SU(3) parametrization®
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(um® | B [A) =d + 3,
(pr°|HE™ |25 =VE6(d - 1), (28)

(AT°|H% ™ |E% =d - 3f,
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with d = - f given by

P

1T

sinf cosfsc_I, (29)

where I is the bag-overlap integral

(w=mR)(w’'=m'R)

1L [ a3 2222 500 it o ) iomiem)] . (@0

Unprimed and primed quantities refer to non-
strange and strange quarks, respectively. Evalua-
tion of Eq. (30) using the bag-model parameters

of Ref. 5 gives

d=-f=8.5%X10"c_. (31)

This is too small by a factor of 3 to 5 even for the
largest reasonable enhancement. However, it is
important to vealize that our vesult depends on the
parameters of the model. In Ref. 6, the quarks
are described in terms of rather different param-

eters, most notably a smaller bag radius. Using
these Ref. 6 values, we obtain
=—f=-25x%x10"%_, (32)

which is a factor 3 larger than the result given
originally in Ref. 5. This large increase is readily
understandable. If one has a function 3 normalized
as

[ & 3 (x)9(x) =
Vv

then it is easy to see that the quantity

S @ muor,

which has dimensions of (vol.)™, increases as the
radius decreases. In the simplest case, ¥ =con-
stant, the latter integral transforms like R™®. Our
previous model had R =7.3 GeV™! ((®»'/2=1.02 fm)
while the model of Ref. 6 employed R =5 GeV™2
((r®»'2=0.72 fm), roughly accounting for the fac-
tor of 3 increase. Clearly, the radius sets the
scale for the four-quark overlap integrals.

The bag model results of Refs. 5 and 6 are com-
pared with the experimental S-wave hyperon am-
plitudes in Table IV. The contents of this table
imply that the bag-model results are still gen-
erally too small, even for the parameters of Ref.
6, to fit the decay amplitudes. We feel that it is
possible to extract a more precise conclusion
from this analysis by examining the SU(3) content
of the experimental amplitudes. Such a fit has
been performed previously®? to both the S-wave
and P-wave amplitudes simultaneously, with the
result that f/d~ - 1.2 to —1.3. We might even

—

take the more extreme position of performing a
weighted least-squares fit to the S-wave data,
where we find®

=9.5X10"%, d=-4.45%X10"7%,
b

or f/d= - 2. Taken together, these findings imply
that |f/d|>1, which is a result unattainable in our
model or in any other that uses SU(6) quark wave
functions. Moreover, if we take Eq. (32) seriously,
then comparison with our results indicates that the
bag model can generate a d parameter of the neces-
sary magnitude without appreciable difficulty. It

is the f amplitude whose magnitude theory is evi-
dently unable to reproduce.

Our soft-pion method for calculating parity-
violating hyperon decay amplitudes is expected to
yield the dominant contribution to these ampli-
tudes. However, it is not the only contribution.

In the following, a method is presented which al-
lows for explicit calculation of several correction
terms. Unfortunately, we are unable to deter-
mine the complete amplitude so our treatment is
necessarily limited. However, we feel that there
is pedagogical value in presenting it and in ob- '
serving the size of the terms which we can, in
fact, calculate. The easiest way to present our
ideas is in terms of quark diagrams. A set of
possible contributions to nonleptonic decays in a
three-quark model of baryons is exhibited in Fig.
1. Even at this level, approximations have been
made. For example, in diagram 1(e), there could
exist gluon lines connecting the constituent quarks
of the pion to those of the baryons. Analogous
gluon lines can contribute to diagrams 1(a)-1(d).

TABLE IV. Experimental hyperon nonleptonic decay
amplitudes, and the bag model predictions using the in-
put parameters of Ref. 5 and Ref. 6. c_ is the enhance-
ment factor, defined in the text, and is expected to be in
the range 1< ¢c_S3.

107A(AD) 1074 (E) 107A (Z})
Experimental 2.39%£0.05 =3.39+0.07 -3.28%+0.11
Ref. 5 0.18 c_ —-0.36 c_ —0.44 c_
Ref. 6 0.54 c_ -1.1c_ =13 c_
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However, the difficulty in calculating such terms
forces us to consider only the processes depicted
in Fig. 1. Incidentally, if we employ the aissump-
tions which justify the appearance of short-dis-
tance expansions in the derivation of the effective
nonleptonic Hamiltonian (24), we can cast Fig. 1(d)
in the form implied by Fig. 1(e). The W boson is
taken to be so massive that its propagator is
shrunk to a point. The ensuing four-fermion ver-
tex can be reordered by a Fierz transformation
to yield a factorized structure analogous to that in
Fig. 1(e). In the limit of zero pion momentum

¢" -0, only Figs. 1(a)-1(c) are nonzero. It is
these, given our approximate model, which must
correspond to the current-algebra contribution.
Upon passing back to the physical limit ¢®=m,2,
Figs. 1(a)-1(c) are modified in ways which we
cannot determine. However, it is possible to take
account of Figs. 1(d) and 1(e). By using

(1°(q) |A% |0)Ge |V, | Ay =F, g (A ~n)g @n)y, u(A),
(33)

we can evaluate these diagrams. Since they depend
on the mass difference between baryons, they are
explicitly SU(3)-breaking. However, if the 3"
baryon masses satisfy the Gell-Mann-Okubo mass
formula, and if we use the SU(3) values of g, then
the AI=3 components can be parametrized by

F,
d=— g ; cosfsind (Mg - M, )(c. +3c,),
' (34)

F,
f=g‘/—_:’?'—’cosec.sinec[%(.‘iMA +Mp)-Mylc.+%c,),

(a) (b)

(c) (d)

(e)

FIG. 1. The quark diagrams that contribute to baryon
nonleptonic decay.

so that
d=-1.3%10"(c_+%¢c,), f=4.5%X10"(c.+%c,).
(35)

There is an overall minus-sign uncertainty as-
sociated with these terms, so that we cannot know
if they help or hinder the d/f problem. In any
case, their magnitude is too small to be of much
effect for reasonable values of the enhancement.

It does not appear to have been previously
noticed that the presence of AI=3% terms in H, en-
sures violation of the AI=% sum rules. For exam-
ple, if we evaluate the two modes for A decay
using the factorization diagrams, we obtain®

AN +V2A(AY) ="Tc, %1078, (36)

This is considerably larger than the experimental
value,? (1.2+0.8)X 1078, of the left-hand side of
Eq. (36) for the usual values of ¢,. This indicates
that AI=$ effects are not suppressed enough in
this version of the nonleptonic weak Hamiltonian.
It is conceivable that the necessary cancellations
can be generated by yet other correction terms to
the current-algebra result, but this is not a priovi
evident.

To discuss kaon decays in the bag framework,
we must again use soft-pion techniques. These
have previously been studied for the kaon system
by Holstein,® and we will use his notation. The
relevant amplitudes are (i=3, 3)

(0 IH;;/Z IK") =A1/2mlr3§1/2Kn s

(r|HL |K™ ="A8 + "Bk q,+7Clq,?,
(37
(n°n®|HL | K™y = A2+ 'B2%+ g, + 'BY%k+ ¢, + 1Cq 2

+iCq 211D +q,+ (K pole)?,

where 5, ,, is the I=% spurion §,,,=(0,1), and K"
=(1,0) for K*,K"=(0,1) for K°. The momenta %
and g are those of the physical K - 27 process.
Using current algebra in the soft-pion limit, we
obtain

1/2A3b=‘_4_}a%7:_n2£6ab§1/21{n ,
T
1/2per Busay ;}/,2’2”%1 /2 TTK", (38)
T
xlzczb =_Ci_;§ 1/2B:b ,
where
1/2ga =——B12/;,ZnK§I/ZT“K" , (39)

and C,,, is defined likewise. Similarly, for the
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AI =% components,
3/2Aﬁb= 0 ,

By sm g
4F;
»_CaseBy’
- b

Bs/z

slszb: _ 21,6'”""_0 ZK") , (40)

(§3/27
3/20a
n

where §§/2=(—%,0), 52,,=(~2i,0), 53,,=(0,-1),
and B/, is given by

J

(non®| HY/ 2| K™y = 6%, , K" Z;‘Kz
T

(mon® ’Hi;/z lKn} = [§§/27bK"+ §§/ZT”K ] 8F,2

The original motivation for this analysis was to
relate the K — 27 processes to (0| HY/2|K") by
taking both pions soft, thereby obtaining a Al=3
rule. This requires that A,,, dominate the other
amplitudes. However, in any model wheve mesons
are constrvucted of only a quark-antiquark pair,
A,,, is zevo. The reason is that H,, contains the
normal-ordered product of four quark fields.
Holstein’s explanation® of the AI=3 rule is there-
fore not plausible in a gg model of the mesons
such as ours.

Use of soft-pion techniques does not allow one
to obtain any information about D, ,, /5. There
are two plausible ways in which to treat these
terms: (a) in Ref. 25 it is argued that these terms
vanish, (b) the full K - 27 decay amplitudes are
required to vanish if one assumes both CP and
SU(3) symmetry.?® This latter situation implies
that

D,,,=2A,,,+2B,,,+4C,,,, (44)
D;/3=Bs/3+2C3,,

in the SU(3) limit. By assuming that the SU(3)
breaking inherent in a nonvanishing K - 27 rate is
due only to kinematic effects (m,*>#m,?), we can
use (44) as a prediction for the D terms in the
physical processes. Our conclusions are suffi-
ciently general that they do not depend greatly on
the choice of method (a) or (b). Finally, we follow
Ref. 25 and set all C terms to zero. One motiva-
tion for doing so is that in the soft-kaon limit, the
K -7 matrix element turns into one of 7 - vacuum,
which is zero in our model. This precludes any

C terms in K- 7. Collecting the relevant formulas
together gives

m
(w“lHi/z|K”)=Bl,2#k-qa§l,21%", )
45

<WGIH;/2IK">= 3/22Fk 4,53/ K"

[(‘41/2'*‘1-"1/2)7"71(2 +2C, om,” + %Dl/z(m
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3/2pa_BasaMy
By =—42—£57

225 K, (41)

with C,,, defined similarly. If we also form

Dl/z

1/2pab = Kgabg n
D2 ==t 695, K",

(42)

D
/ =
8/2pab= ::1/2,, K(53,,7°K" +35,,7°K")

we can write the physical K - 27 amplitudes as

K2 - mwz)]
(43)

KB,/ m 2 +2C;,,m,2+Dyyp(m 2 —m.?)].

r
Thus, we find for method (a),

3
(non® | H/?| K™y = 59%, ,, KNI

4FF2B1/21

(46)

3

- _ m
(n°m® | B3/ 2| K™y = (5%, 7°K" + s’;/zT“K"]Ba,sz2 ,
T

whereas for method (b)

— m
<7Ta7l'blf111'0/2lKn>= Gabsl/anFKzBl/z(mxz'mﬂz) s
(47)
(ron®|H3/? | K™y = [58,,7°K" + s%,, T“K"]f;‘/z(m,f—mf).
T

' Thus, in Eqgs. (46) and (47) we have expressed the
K - 27 amplitudes in terms of the K-to-7 matrix
elements of H,.

To obtain the bag-model prediction for the K
transitions we proceed as with the B’B matrix
elements. The quark diagrams that enter are
shown in Fig. 2. We obtain

B, y=(c.+ 2c,)B, (48)
By/p=-%c,B,

where

-4F R 2
B= mxk'zl G cosfc sinbg(m gm )/ ? TI~s, (49

i=1

FIG. 2. The quark diagrams for the K- transition.
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R
I= f ¥ 2dy (ugu, — 0,0,) (Ugty — VV,)
0

— (v, +uyv,) v, +2u,05) (50)
and
U; =j o(pﬂ')
(51)
Ei"' mi>1/2‘
vi=(Z2) ().
i <Ei+mi 1 i

Numerically,?” the bag model gives
B=-1.6x107%, (52)

for parameters fitted as in Ref. 5, and

B=4.4x10", (53)

for the parameters of Ref. 6.

As can be readily seen, the most secure and
most fatal prediction is the ratio B,,,/B,;,. To
reproduce the experimental K decay amplitudes
we need

BS{Z

1/2

=0.064+0.002, (54)

while in our model this ratio is appreciably larger
for reasonable values of the enhancement. For
example, we find B,,,/B;,,=1.6, 0.8, and 0.45,
respectively, for the cases of ¢_=1 (no enhance-
ment), 2, and 3. We feel that this is not as much
the fault of the quark model as it is the failure of
the octet-enhancement mechanism. In models
such as ours the AI=% reduced matrix element
will be of the same order as that with Al=3 unless
the AI=% operator is suppressed. The amplitudes
needed to give the observed K -~ 27 decay rates are
given in Table V, along with the bag-model re-
sults. The significant model dependence of the re-
sults is unfortunate, but it is obvious in all cases
that the AI=% component is not large enough for
reasonable values of the enhancement.

We now turn our attention to the weak decay of
charmed particles. Because of the still specula-
tive nature of these objects, we will not attempt an
exhaustive survey, but rather limit ourselves to
a few illustrative examples. We begin with a study
of the singly charmed, nonstrange baryon C...

This particle is expected to be one of the most
abundantly produced of the charmed baryons in
neutrino-induced reactions.

The C** can decay semileptonicly to Z*I*v. We
can use the bag model to calculate g, and g, in

|V, + A | CY=u(Z)y,[ gy +gavslulc) . (55)

The techniques are the same as in Ref. 5, where
good results are obtained for the noncharmed
baryons. Here, we find

g,(C*,29=1.04, g,(C*,=*=0.32. (56)

Note that whereas g, for noncharmed baryons is
decreased from the nonrelativistic SU(6) predic-
tion by about 30%, our result here is essentially
the SU(8) prediction (g,=1, g,=3). This is be-
cause the charmed quark is almost nonrelativistic,
so that the relativistic correction that lowered g,
previously is not important here. That is, the V¥,
A" matrix elements describe the conversion of a
charmed quark into an uncharmed quark. In the
bag model, the upper Dirac-spinor components of
the affected quarks multiply each other, as do the
lower components. However, here the charmed
quark has a very small lower component, so only
the upper components [which yield the SU(8) re-
sults] contribute substantially.

The predominant decay channels of charmed
particles are expected to be purely hadronic if we
assume analogy with the weak decays of strange
particles. Despite our earlier criticisms of the
octet-enhancement mechanism, we shall use a
weak Hamiltonian determined from similar con-
siderations to obtain a picture of the charm-
changing nonleptonic decays. Renormalization-
group techniques imply?®

HAC=1=¢ HAC-1yc, HAC-1 (57)

where the Cabibbo-favored term is
- G _ -
gact =373 cos?0 [y, (1+ v5)sdy*(1+ y5)u

+ Ty, (1+ v )udy*(1+ %)s],
(58)

and ¢, are as before.?® The enhanced operator

TABLE V. The first two columns give the B, /, and B/, needed to reproduce experimental
K— 271 decay amplitudes using methods a and b, described in the text. The last two columns
are the bag-model predictions for B/, and B;/, obtained from the K—m matrix elements

for the bag parameters of Refs. 5 and 6.

(a) () Ref. 5 Ref. 6
By, 7.8x1078 4.3%x10"8 (c-+2c,)x1.6x10710 (c-+2c,) x4.4x107°
By/, 4,9%x107° 2.7%x107° ¢, x4.4x10710 c.x1.2x1078
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transforms as a member of an SU(3) sextet [an
SU(4) 20-plet], so that a sextet rule is predicted.
Because of the large phase space available, mul-
tihadron decays are expected to be predominent.
However, we are unable to handle these so we will
look only at two-body decays.

There are two contributions to C - B7 that we
can calculate, the commutator term of Eq. (27)
and the factorization diagram of Fig. 1(e). The
C system is particularly interesting in this re-
spect because C** -~ =*7* decay contains no commu-
tator term, whereas C*-A7* contains no factori-
zation diagram. Using techniques described pre-
viously, we find

A(C2) = (G cos?0,)F, g,(C™, Z*)(c.+ 2¢,)(M o — M)
(59)
and
A(CY) I(c,s)
A V2 gy o 0
where

4
g,q)=TI f A% (Ut g +0 00 Nty Ug+ V,0,)

(61)

with «; and v; given in Eq. (51). The numerical
value found for the ratio in Eq. (60) is I(c, s)/I(s,d)
=1.4 or 1.1 if Z,=0.0, B*/*=114.0 MeV, and Z,
=1.87, B'/*=135 MeV, respectively. In particu-
lar, we find

A(C™)=1x10", A(C})=2x10, (62)

upon choosing c_=2, Z,=1.9, and B*/*=135 MeV.
The fact that A(C}*) is almost as large as A(C?) is
noteworthy because it provides an example of a
term which vanishes in the soft-pion limit be-
ing comparable to the soft-pion estimate. This

i d
K, T
(a)
1 d
]§/ T

(b)

FIG. 3. Contributions to d’—K ~n* that vanish in the
soft-pion limit.

is due to the large baryon mass difference here,
which forces the pion momentum components
to be far from zero, and is in marked contrast to
our earlier results involving hyperon decay.
Charmed-meson two-body decays can also be
examined in the soft-pion limit, keeping in mind
that there may be large terms that disappear as
we let g% — 0 (see Fig. 3). Here, we shall study the
7K~ decay mode of the nonstrange, singly charmed
meson d° The soft-pion techniques allow us to
write as ¢'; - 0,

(N*K']H‘;C“|d°>-——F(K [[F2,HLC=]|d®)

- EC|LFL, HLE |20

"11!»-'

= ‘F(I_{ °|H %= aC. (63)

Similarly, we note that as g% ~0,

<n0n0|HAS 1IK0>_,

<7T0'HAS 1|K0> (64)

By considering a ratio, we can hopefully avoid the
enhancement problem since we expect the enhance-
ment to be the same in both H 45! and H4°=1.
Thus, we have

<7T+K IHAC:lld())
<1TO HAS 1|K0>

The bag model allows us to calculate the reduced
matrix elements with the result

&\ H5%11d°)

@Sy - O

<7Y+K |HAC-1‘d0 m 1/2 I
———-—ﬂ—-——<WO7TDIHAs_1|K >> 2V2cotq,( —2 T (66)
1r

where I is the integral used in calculating the K

to 7 matrix element Eq. (50), and I’ is the same
integral but with 4° instead of kaon parameters.
Numerically, I’/I=1.05 if Z,=1.9, B/4=135 MeV,
so that

(TK-IH5C=11d%="T.9X 10" m,. (67)

This implies the corresponding ratio of decay
widths,
l"(d '~ 7*K”)
(K, —~ °1°)

It hardly needs to be emphasized that the predic-
tion in Eq. (68) should be viewed with caution in
view of our difficulty in attempting to describe
kaon decay. However, it does point out that sub-
stantial differences might occur in the decays of
charmed particles relative to strange particles.

~65. (68)

IV. CONCLUSION

In conclusion, we discuss how the fixed-sphere
MIT bag model has performed in the various situa-
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tions examined here.
The result

7 Dax = Dem

is consistent with existing data.” As better data
become available, the axial radius (r2),, can be
useful in differentiating between various quark
models, as the result is sensitive to the small
components in the quark’s wave function. Even
the nonrelativistic quark model’s prediction

is consistent with the present data.

The presence of a new energy scale needed to
account for the recently discovered mesons is ac-
commodated easily by the introduction of a heavy
charmed quark with mass m = 1300 — 1500 MeV.
The energies of predicted charm-bearing hadrons
are similar to other estimates in the literature.*3!
Unfortunately, there is little data with which to
compare our results. A Brookhaven bubble-cham-
ber event®? provides a candidate for a C=1, S=0
baryon of mass 2426 MeV. This is not in appreci-
able disagreement with the corresponding value
listed in Table II. However, the fine detail of the
known ¢¢ mesons does not agree with the predic-
tions of the bag model studied here. If ¥(3684) is
interpreted as an excited state of ¥(3095), the
fixed-sphere bag model cannot reproduce the re-
quired excitation energy. This mirrors the diffi-
culty that was encountered in constructing excited
states of the uncharmed baryons. In addition, if
the observed particle with mass 2800 MeV is the
pseudoscalar charmonium state, our model does
not predict the correct vector-pseudoscalar mass
splitting for any reasonable values of the bag pa-
rameters. This is a serious failure, since these
splittings are reasonably predicted in the case of
ordinary hadrons, where the measure of the gluon
coupling strength is found to be® 0.5 @,<0.8.
Unfortunately, the observed splitting between or-
thocharmonium and paracharmonium evidently re-
quires a,>1, which is inconsistent with both the
ground-state results and the use of a perturbation
expansion. There does exist one approach which
can improve the bag prediction for the vector-
pseudoscalar mass splitting. Instead of perform-
ing perturbation theory about a mean mass, ‘it is
possible to treat the J=0,1 states completely
separately. This leads to a differing bag radius
for J=0 and J=1, with the result that A is in-
creased markedly,® although it is still too small
by almost a factor of 2 to fit experiment.

It is not clear where the blame for these inade-
quacies lies. Perhaps the bag-model approach is
wrong in its entirety, or perhaps only the spheri-
cal shape needs to be abandoned. Given the suc-
cess of the bag model in describing the hadron
ground state, we may even be led to question the

usual interpretation of the newly observed mesons,
in particular the state at 2800 MeV, about which
little is known. Only future experimental and the-
oretical work can tell us which is correct. Con-
struction of nonspherical bag models is underway.
In studying the nonleptonic weak decays, we
have seen how the short-distance behavior and the
hadronic wave functions can combine to produce
an enhancement of the hyperon decay amplitudes.
However, several very serious problems re-
main: (1) the hyperon amplitudes are still too
small for reasonable values of the enhancement;
(2) the SU(3) structure (d/f) is incorrect in the
hyperon decays; (3) there is a AI=% contribution
to hyperon decays which vanishes in the soft-pion
limit and can be estimated via a factorization ap-
proach to be substantially larger than that found
experimentally; in kaon decays, (4) the ratio of
AI=%to AI=3}terms is unacceptably large, and
(5) the AI=% contribution evaluated in the soft-pion
limit is roughly an order of magnitude too small.
Problems (1) and (5) are associated with specific
predictions of our model, although since, as we
noted, the scale of these contributions is set by
the hadron radius,®® these problems might be ex-
pected to occur in other quark models also. In
particular, any claim of a successful calculation
for nonleptonic decay amplitudes should be treated
with caution unless accompanied by an acceptable
value of, say, the charge radius. Problem (2) is
common to all quark models with SU(6) wave func-
tions. Thus, any such evaluation of the hyperon
nonleptonic decay amplitude in the soft-pion limit
will have d/f =—1. We have indicated how the
existence of corrections to the soft-pion estimate
can, in principle, remedy this situation, although
the model correction terms considered here are
too small. Problems (3) and (4) depend most
heavily on the structure of the weak Hamiltonian
H , and suggest that the AT =3 effects are not
sufficiently suppressed in the conventional short
distance analysis of H,. In view of these difficul-
ties, perhaps it would be wise to remind the
reader of the precise role played by the bag for-
malism here. We have consistently assumed the
validity of current algebra and partial conservation
of axial-vector current in relating amplitudes with
varying numbers of external pions. The fixed-
sphere bag model was used only to take hadron
structure explicitly into account. In particular, the
bag model was not used to justify the association of
a pion field with a current divergence because, as
mentioned in the Introduction, chiral symmetry
has not yet successfully been described in the bag
formalism. Just how serious this is remains an
open question at this time. Although we feel that
the weak Hamiltonian used in this paper is the
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source of trouble, the above remarks should be
kept in mind.

An interesting by-product of our bag-model anal-
ysis is to reopen the question of using current
algebra to dynamically generate the AT=3% rule for
kaon decay. The standard approach® relies upon
the importance of the vacuum-to-kaon matrix ele-
ment of H

O|HL?|K™=A,,,mS, , K". (37

That is, matrix elements of H/2 between kaon and
one and two pion states can be expressed in terms
of A,,,. However, as we have pointed out, A4, ,,
vanishes in any model where the kaon is a gg com-
posite. Given this fact, we were led to describe
kaon decays in terms of B, ,,, B;,, parameters de-
fined in Egs. (39), (40). Now if, in fact, the actual
kaon-pion matrix elements are dominated by the
energy-independent term A, ,,, we must clearly
take explicit account of the gg “sea” in the kaon
wave function. It will be interesting to see whether
the amount of sea necessary to reproduce the phe-
nomenological value of A,,, is in accord with esti-
mates obtained, e.g., from neutrino scattering.3
A study of this type is underway.

Finally, we have examined several possible
weak-decay modes of charmed particles, giving
the type of effects expected and crude estimates

of each. These might be useful in testing present
theoreies of the weak interaction if it proves pos-
sible to experimentally study charm-changing de-
cays in detail.

We have encountered difficulties of several
types in attempting to extend the bag model in dif-
ferent directions, while reinforcing its success in
describing static properties of ground state bary-
ons. Our feeling is that the era in which the sim-
plest bag model could claim practically unquali-
fied success has come to an end. The challenge of
constructing more complex and hopefully more
realistic descriptions in the bag framework con-
fronts us. An even greater task involves welding
together a satisfactory quark model with an im-
proved weak Hamiltonian which will allow realistic
calculations of nonleptonic decay rates. Perhaps
progress will not be forthcoming until we increase
the number of basic degrees of freedom.%®
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