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The mass splitting of Y(3100) and its pseudoscalar partner 7, is examined within the context of nonrelativistic
linear-potential models for bound charmed quarks. If the Coulomb-type short-range gluon interaction is the
sole contribution to this hyperfine splitting, then a mass splitting of 15-25 MeV is obtained. However, if the
long-range forces that confine quarks also produce shorter-range spin-spin interactions, then the -7, mass
splitting is predicted to be in the range 40-80 MeV. If one abandons the assignment of {’(3700) as the first
radial excitation of {(3100), then the 7, is predicted to lie 150-300 MeV below Y(3100). This possibility has
the consequence that the rate predicted for the yet-unobserved decay y—, + v is uncomfortably large.

I. INTRODUCTION

One of the most attractive interpretations® of
the newly discovered p, y’, and y’’ resonances® *
is that they are bound states of quark-antiquark
(c?) pairs, with the quarks carrying new quantum
numbers generically called charm.>® The
#(3100) is assumed to be the lowest 35, bound state
of the c¢ pair,' with y’(3700) and y’’(4200) the
radial excitations of the ground state, Following
this proposal, a number of potential models were
considered,” with the linear potential receiving the
greatest attention., A common feature of all these
models is the result that the low-lying levels of
the i system are nonrelativistic, with the charmed
quark mass heavy, i.e., in the 1,5-2,0 GeV range.
An immediate by-product of these models is an
extensive spectroscopy of ¢c states which as yet
has not been observed, aside from the 3, 3’, and
predicted y’’. X in fact y(3100) is the lowest c¢T
bound state with JP¢=1"" (also called ¢,), then
it is essential**® that there exist a c¢ bound state
with J7€=07* (5, or paracharmonium). It is the
purpose of this paper to present an estimate of the
mass of the 7, within the context of the nonrelativ-
istic linear potential models of quark confinement,

The alternatives to a dynamical calculation of
the 7, mass are SU(4) mixing schemes®*® based on
a Gell-Mann—-Okubo type formula and the identifi-
cation of 7, as a pure cc¢ state. Choosing ,X°,
and 1, as orthogonal states, Lee and Quigg obtain-
ed® M, M, = 3122 MeV, while if n, E, and 5, are the
orthogonal states of the mixing scheme M, = 3066
MeV is obtained.’ (It is extremely dxfﬁcult ‘to
understand M, >M, Within the framework of po-
tential models ) However, De Rajula, Georgi,
and Glashow have empha.smed10 that the transitions
g:q; ~ gluons~ q;q; make a contributions to the
mass matrix of the isoscalar mesons which varies
rapidly with energy if asymptotic freedom is rele-
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vant to this mechanism, As a result the eigenvec-
tors of the =0 meson mass matrix need not be
orthogonal.'* Therefore, 7, is essentially pure
c¢, but n and 5’ need not be orthogonal states. As
a consequence, no direct prediction of M,,c results,
and one must appeal to more detailed dynamics to
understand the mass of 7.

By postulating that bound cc heavy quarks have
a Coulomb-type (or positronium-like) spectros-
copy, Appelquist and Politzer' predicted the mass
difference of “orthocharmonium” and “parachar-
monium” to be roughly a %, ~ 10-30 MeV (based
on the estimate o~ 0.2-0.3 from asymptotic free-
dom). However, the Coulomb-type mechanism
underestimates the 3(3100)—’(3700) mass splitting
by a factor of 10, so that the prediction of the
charmonium hyperfine splitting may also be an
underestimate. Indeed, Appelquist et al.' make
use of the fact that in the Coulomb model the hyper-
fine splitting is proportional to | $(0)|?, the wave
function at the origin of the cc system, but use
empirical data to obtain |¢(0)|? and predict

1] 9 T—~ete) ]¥°
o[ BEz ]

c Otz e
=~ 80-90 MeV, (1.1)
where
2
-~ e*e”) = 167a?® l "(l?zl eq® (1.2)

in the three-color quark model [e02=-§— in the sim-
plest SU(4) model®]. From the assumption that the
¢ -n. hyperfine interaction comes entirely from
the short-distance 1/7 part of the ¢g interaction,
but by using this assumption in a different way
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from earlier calculations, De Rijula et al .'°
relate the ¢, -n, hyperfine splitting to the p-r
mass splitting and obtain

my\?
My —M, = M, - My) ( mc>

~ 217 MeV, (1.3)

where m, and m . are the masses of nucleon type
and charmed quark, respectively.

The assumption that the charmonium hyperfine
interaction comes only from the short-range
(Coulomb-type) gluon interactions is controversial.
The basis of this particular point of view is ab-
stracted from lattice gauge models,'? where the
spin-spin interaction is exponentially damped rela-
tive to the leading spin-independent force which
confines quarks.'® Certainly there are other pos-
sibilities even within the framework of linear po-
tential models of quark confinement. For example,
it has been conjectured!® that since the ¢ system
is nonrelativistic, the skeleton expansion of the
Bethe-Salpeter kernel might be truncated at the
single dressed ladder. This is suggested by QED,
where the single (undressed) ladder gives the
Schrodinger equation along with the lowest-order
hyperfine and other relativistic corrections. In
this case the same gluon exchange mechanism
which gives rise to quark confinement also leads
to the spin-spin and other relativistic corrections
to the nonrelativistic ¢cc system. Here the spin-
spin interaction is shorter range than the leading
spin-independent potential, but it is by no means
exponentially damped.

In this paper we will study the lowest-order
relativistic corrections to the ¢c system based on
a single dressed ladder approximation to the
Bethe-Salpeter kernel. In Sec. II we discuss the
effective Hamiltonian for the computation of the
lowest-order relativistic corrections to the cc
system. In Sec. III we discuss the perturbation
expansion of the charmonium energy levels in
terms of the natural expansion parameters of the
system, which is essentially (v/c), the average
velocity of the quark in the ground state. Using a
variational wave function, analytic expressions
for the ground-state relativistic corrections are
presented. Numerical estimates of the ¢, -1,
mass splitting are presented in Sec. IV based on
the results of Sec. III. We argue in the Appendix
that the analytical expressions of Sec. III re-
produce a computor calculation of the matrix
elements to an accuracy of better than 2%. Our
conclusions are presented in Sec. V.

II. AN EFFECTIVE HAMILTONIAN

Let us present an effective Hamiltonian suitable
for the computation of the lowest-order relativistic
corrections to the nonrelativistic charm-anticharm
bound states. In contrast to quantum electrody-
namics (QED), a systematic derivation of such a
Hamiltonian has not as yet been given from first
principles. Therefore, we must make some ad
hoc hypotheses to proceed. We assume the follow-
ing:

(1) After summing over the color indices of the
quarks (to obtain color singlets), the Bethe-Sal-
peter kernel for the cC system can be well approx-
imated by a single dressed ladder™* with an effec-
tive Abelian gluon propagator!®

Dy»(q)=8u,d(q%) (2.1)

in Feynman gauge.

(2) The nonrelativistic limit of the system is
obtained by treating the kernel in the instantaneous
(single-time) approximation.

(3) The effective quark-gluon vertex, to lowest
order in the natural expansion parameters of the
system (to be elaborated further in Sec. III), is
given by

T, = constXyy. (2.2)

These assumptions are motivated by an analogous
treatment of positronium in QED, but their justi-
fication is still a matter for the future. In partic-
ular, in QED the radiative corrections to the
electron -photon vertex make contributions to
positronium energy levels which are higher order
in o than the lowest-order fine-structure and
spin-spin interactions. This well-known result

is the basis for assumption (3).

It is a straightforward matter to obtain the effec-
tive Hamiltonian to leading order in (v/c)? from our
hypotheses (1)-(3). (We found the procedure out-
lined by Schwinger'® particularly useful.) The
static Fourier transform of d(q?) is

f d’r e";'?d(cfz)= constantx V{r), (2.3)

where the constants in (2.2) and (2.3) are chosen
so that V(r) is the static potential of the nonrela-
tivistic Schrodinger equation. The result in the
center of mass of the ¢gg system is'’
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Here m, (T,) and m, (T,) are the masses (coordi-
nates) of the quark and antiquark, respectively,
with» =| ¥, -T,|. The dyadic operator

K:['i-i\*ﬁl }V('r), 2.5)

with T the unit dyadic. It is understood that
P=-iV,, where 31 is the gradient with respect to
..

A reasonable assumption for the potential, which
can be abstracted from speculative analyses of
non-Abelian gauge theories, is’

Vr)=ar+C —a,/r. (2.6)

The linear part of the potential represents the
long-range part of the cc forces (acting between
color singlets), and the Coulomb-type piece char-
acterizes the short-range gluon exchange, as
expected in gauge theories which are asymptot-
ically free.'® The constant C subsumes those spin-
independent interactions not included explicitly in
the 7 -dependent part of the potential.’® In practical
applications to § spectroscopy the (a,/7) term can
be considered a perturbation, since it only con-
tributes® about 60 MeV to the 3’(3700)- (3100)
energy difference for a,~ 0.2, a typical value
suggested by asymptotic freedom.

Let us concentrate on the relativistic correc-
tions to the lowest S, and 'S, states of the c¢ sys-
tem, orthocharmonium and paracharmonium. The
effective Hamiltonian appropriate to the diagonal
matrix elements of the n=1, %S, states of the cC
system simplifies to

PRI S 46
(15{)3sl 2m+ 2= 4 +Vr)
1 o= 5 _,
+{?p-A-p+ 12m2v V(T)J , 2.7

with m, =m,=m the mass of the charmed quark.
The ortho-paracharmonium mass splitting, to
lowest order in (v/c)?, is given by

1 - -
:I"' 6m1m201'azvzv(r)} . (2.4)

VE =—6—717[<6‘°52)381 - (51.32)130] (v2Ver)

2
3m®

(VEV (), (2.8)

where the expectation value is to be taken with
the n=1,S state eigenfunction of the nonrelativis-
tic Hamiltonian, 2m+%%/2m+ V(). In principle
there is also a contributionto A E from ¢c¢ -~ gluons
—~cC annihilation; however, with a;~ 0.2-0.3 this
is negligible compared to the energy shift given
by Eq. (2.8). We therefore neglect the gluon anni-
hilation mechanism in what follows.

III. EXPANSION PARAMETERS

Positronium served as a suggestive analog to
Appelquist and Politzer,' who predicted the exis-
tence of charmonium bound states of cc pairs.

The positronium atom is a nonrelativistic system
bound by Coulomb forces whose energy levels can
be expressed as a perturbation series with succes-
sive terms of order

a?m,, a*m,, am,,... (3.1)

corresponding to the Bohr levels, fine-structure
corrections, and Lamb shift, respectively, where
m, is the mass of the electron. (The Schwinger
correction to the electron magnetic moment makes
its first contribution to energy levels in order
a’m,.) Equation (3.1) can also be identified with
the series expansion whose terms are ordered

w/c)m,, (v/c)*m,, W/c)m,,..., (3.2)

where v is the average electron velocity in the
positronium atom.

It is not unreasonable to expect an expansion
similar to (3.2) to hold for the nonrelativistic bound
states of charm quarks and antiquarks. One can-
not use the analog of Eq. (3.1) directly, since the
Coulomb model of Appelquist and Politzer® is in-
adequate in that it underestimates level spacings
of $’(3700) and y(3100) by a factor of 10. K the
linear potential given by Eq. (2.6) gives an ade-
quate phonemenological description of the low-
lying levels of the ¢ system, with the Coulomb-
type term, o,/r, a perturbation, then we argue
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that an expansion similar to (3.1) holds for the
nonrelativistic ¢¢ system but with fwo expansion
parameters, o, and (a/m?)Y°. Semiclassical
arguments, virial theorems,? or dimensional
analysis allow us to identify

/e~ (-25) ™ (3.9

for the average velocity of a charmed quark in the
nonrelativistic states of charmonium bound by the
potential

Vo=ar +C. (3.4)

Indeed the S-wave radial excitations of this sys-
tem, computed by the WKB method,? are

2/3

E=2m+[-—\/%_l(n'+%)]m<-r%> m+C, (3.5)

where »n’ is the number of radial nodes of the wave
function. The energy levels of the leading Regge
trajectory, obtained from the loaded string model?
are a series in (T,/m?)?® in the nonrelativistic
limit, where T, is the rest tension of the string,

so that the dependence of the energy levels on the
parameter (z/m??° is the same as the loaded

string as expected from intuitive arguments based
on (3.1)-(3.4). Let us define the dimensionless
parameter

p-(%)" (3.6)

If the Coulomb-type term a /r appearing in (2.6)
is treated as a perturbation in the system bound by
the potential (3.4), then the Hamiltonian given by
(2.7) leads to the expansion for low-lying levels

EC{Bz! Ba81 ﬁ4’ ﬁsas!"" (3’7)

which is the perturbation expansion in the param-
eters g and a,, accurate to O((v/c)* a,), and
neglecting terms of order (v/c)® or % In ana-
logy with positronium, we conjecture that non-
trivial corrections to the effective quark-gluon
vertex (2.2) make their first contribution to charm-
onium energy levels in order (v/c)® and hence can
be neglected.?® [This is to be expected if form-
factor or anomalous-magnetic-moment corrections
to Eq. (2.2) vanish with the momentum transfer

to the quarks which will make them higher order
in (v/c) than the terms we keep.]

We can go beyond these intuitive arguments to
establish the connection between (3.7) and the
Hamiltonian (2.7). Although the Schrodinger equa-
tion for S-wave bound states, with the potential
(3.4), can be solved analytically in terms of Airy

functions, the matrix elements of the relativistic
correction terms in (3.7) cannot be evaluated in
terms of special functions, but require numerical
computation. However, we can finesse these
difficulties and exhibit an aralytic estimate of the
relativistic corrections, with the correct depen-
dence on the expansion parameters of the problem,
by using a complete set of harmonic-oscillator
functions as a basis for the computation of matrix
elements. Of course, in this basis the “unpertur-
bed” Hamiltonian

2

=\

H,=2m+ +ar+C (3.8)

2m

is not diagonal, so that a given eigenfunction of
(3.8) requires an infinite series of oscillator func-
tions. In practice, we can express the ground-
state wave function of (3.8), to an excellent approx-
imation, in terms of a single oscillator wave func-
tion by using a variational principle to select the
optimal oscillator interaction strength. This
procedure leads to at most a 5% error in the
numerical evaluation of the energy shifts given by
(2.7) and (2.8), and gives the analytical behavior
on the expansion parameters expected. (See the
Appendix.)

Consider the three-dimensional harmonic oscil-
lator, restricted to S wave,

(- et 457 )= G = D), (3.9

where =1, n=1,2,3,..., and

_ %)
¥,0r)= p” (3.10)

is the S-wave oscillator wave function, with

w<-2§)” (3.11)

The normalized solution to (3.9) is

1 zg V2 . .
uyr) =7T7_[ 122512, 1) !] Hapy(E7)e 2677,

(3.12)

where £ = (mw)Y?= (3mK)Y*, and H, (x) is the Her-
mite polynomial. The ground-state wave function
for the system (3.8) is given by

o) = f: ), (3.13)
n=0

where ¢, are constants, and the y,(r)are given by



78 HOWARD J. SCHNITZER 13

(3.10)-(3.12). Let us make the approximation that
Bolr) = Yolr), (3.14)

with the optimal choice of the interaction strength
K given by the variational principle

6ol Holpo)= 0 (3.15)

with normalized solutions (¥,l¢,) =1. Since

V2
<¢0|Hollpo> = g(%) +<lpo| (a7 _%Krz)lll’o)
_3(26\¥* 2 (2 \"
_4<m > +J"_<mK> ,  (3.16)

we find from (3.15) that the oscillator strength for
this approximation is

128 3 a 4/3
K = <Tﬂ'2> <W> m3. (3.17)
Thus, for the ground state
2 1/2
m(z) Nwz(%>
c m
39 /3 2/3
=<§> <'::?> m, (3.18)

as expected from the considerations which led to
(3.3), (3.6), and (3.7). [A more detailed discussion
of the approximation (3.14) and (3.15), together
with an estimate of its accuracy, is to be found in
the Appendix.]

The approximate ground-state wave function
given by (3.12), (3.14), and (3.17) allows an ex-
plicit computation of the diagonal matrix elements
of (2.7) and (2.8) in terms of the parameters of the
model specified by the potential (2.6). The results
are, using the definition (3.6),

(40 ({immv) b0) = 3(%) “om,  (319)
<¢o L:'i ¢’o> = <L62—>1/3‘135m, (3.20)
;:Fwol (02| po) = g(—;—z) uaB‘*m, (3.21)

o= [-a.s+ 4 () 8]

(3.22)

1 - e
W(ﬁbolp”\’p

%)

[0u01%+ 2% ( wolvo)

2 V3
=[a333+4<—3ﬂ—2) ﬂ":'m,
(3.23)

where we have used | ¢4(0)|>=ma/4n appropriate
to the linear potential.

Inserting (3.19)-(3.23) into (2.7) we find for the
energy of the n=1,%, state

#(%IV"‘V(V)I%) =-;11; <¢0 (%asas(?n—iﬂ)
4

14

1
r

m

v3
(3SI|H|3SI)=2m+C+3<—él;> Bm
16 3 2 V3
~(3) " (55) e

+1—;"(5ﬂ—12)a533m. (3.24)

The estimate of the ortho-paracharmonium mass
splitting obtained from (2.8) and (3.23) is

AE:Md’c _Mnc
2 2 \¥, s
~ 3[4<3n2> B*+a B }m

Note that we have verified the form of the pertur-
bation expansion, (3.7), expected from general
principles. Numerical estimates of AE will be
made in the next section.

There are of course additional relativistic cor-
rections to be considered; retardation corrections
in the ladder approximation, vertex corrections
to (2.2), etc., but these are all expected to be at
least of order (v/c) smaller, i.e., of over-all
order g%,8%, ,B%>, ... .

(3.25)

IV. HYPERFINE SPLITTING OF CHARMONIUM

Equation (3.25) presents our prediction for the
mass splitting of the ground states of orthocharm-
onium and paracharmonium. Since the dominant
term in AE varies as gYm=a¥%" % its value is
sensitive to the particular values of the param-
eters. We shall consider several typical models
employing the linear potential” so as to be able to
survey the range of values of AE that result. Using
the energy of the first radial excitation of (3100)
[usually taken as 3’(3700)], and the leptonic decay
rate I'(p~1*1~) as input, one may fix the param-
eters of a potential model of the cc system. Since
T@—1*17)~|¢(0)|>~am in the linear-potential
model, in fact AE~ m™3, if the leptonic decay rate
is considered fixed. H ’(3700) is not the first
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radial excitation of §,* it has been shown®® that

the charmed quark mass must be light, m <1, GeV
say, as compared to the usual range occurring in
the charm models where 1.5sm < 2 GeV. Conse-
quently, if /(3700) is not a radial excitation of 3,
the pseudoscalar partner of y will be considerably
lower than otherwise expected. We now turn to a
summary of the predictions of AE resulting from
a number of models. A discussion of the accuracy
of our calculation is to be found in the Appendix.

A. Model of Eichten et al.”
These authors obtained
a=0.194 GeV?,
a,=0.2,
m=1.6 GeV,
B=0.42,

(4.1)

for which we find
AE =(55.5+16.2) MeV
=171.2 MeV, (4.2)

where 55.5 MeV comes from the g* term, and
16.2 MeV is from the short-range part of the po-
tential. (I a,=~ 0.3, then the short-range contribu-
tion is increased to ~ 25 MeV.) An alternative
solution is”

a=0.194 GeV?,

m=2.0 GeV,

a,=0,

B=0.362,

(4.3)

for which Eq. (3.25) predicts
AE = 38 MeV. (4.4)

B. Model of Kang and Schnitzer’

Kang and Schnitzer studied a potential model,
based on theoretical speculations originating from
gauge theories, and found

a=0.30 GeV?,
m=2.0 GeV,
a,=0,

B=0.42.

(4.5)

These parameters, used in conjunction with Eq.
(3.25), imply

AE=617.5 MeV (4.6)

for the orthocharmonium-paracharmonium mass
splitting.

C. If ¥'(3700) is not a radial excitation of { (Refs. 24 and 25)

To raise the energy of the radial excitation of §
to 4.2 GeV or higher, one must increase the pa-
rameter ¢ and decrease m so as to keep I'(¢—~ I*17)
fixed. For example, if the energy of the first
radial excitation of y is ~ 4.2 GeV, then

a=0.4 GeV?,
a,=0, (4.7
m=1GeV

will be a typical set of parameters which makes
this possible in the linear potential model. Al-
though g8=0.74, nevertheless consider Eq. (3.25)
to be applicable, obtaining

AE= 330 MeV, (4.8)

which may be somewhat of an overestimate in view
of the known p-7 and the K*-K mass splittings.
Nonetheless the qualitative effect is evident.

V. CONCLUSIONS

We have presented a number of estimates of the
mass splitting of §(3100) and its pseudoscalar
partner, 7., based on nonrelativistic potential
models of bound charmed quarks, together with
lowest-order relativistic corrections. K the
Coulomb-type short-range gluon interactions is
the sole contribution to the charmonium hyperfine
splitting, we find

AE~15-25 MeV, (5.1)

in agreement with other authors.'®?° [Compare
Eq. (1.3) with the second term of Eq. (4.2), using
a,=0.2-0.3.] On the other hand, if the long-range
forces that confine quarks also produce shorter-
range spin-spin interactions, as suggested by the
Bethe-Salpeter equation, then our estimate of the
¢.-n. mass splittings is

AE~ 40-80 MeV. (5.2)

[See Egs. (4.2), (4.4), and (4.6).]

I 3’(3700) is not the first radial excitation of
#(3100),2* then the mass splittings of the pseudo-
scalar n, from y(3100) must be considerably larger
than that given by Egs. (5.2)—(5.1). Considering
Eq. (4.8) as an overestimate, we suggest that this
would require

AE~150-300 MeV, (5.3)

say, together with light charmed quarks.?® (By
way of comparison, the p-7 splitting is ~ 600 MeV,
while the K*-K splitting is ~ 300 MeV.) A very
uncomfortable consequence of Eq. (5.3) is that one
would predict?® a large rate for the transition
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PN+, (5.4)

which in fact has not been observed. An absolute
lower limit on the mass of 7, can be found by
assuming® that the width of the mode (5.4) be no
greater than the total width I'(y~ all). Gaillard,
Lee, and Rosner® require M, > 2.7 GeV or

M, > 2.95 GeV, depending on ‘how the rate for

(5 4) is computed.

As yet the assumptions presented in Sec. II,
which are the basis of our calculations, do not
have secure theoretical support. We find a natural
expansion parameter (a/m?)?%® for the problem
(cf. Sec. IM) which suggests that it might be pos-
sible to find an expansion of the complete Bethe-
Salpeter kernel in terms of this (or a similar)
parameter for nonrelativistic quark systems. The
difficulty with this idea is that (q¢/m?)Y? does not
represent a constant in the underlying Lagrangian,
contrary to the role of the charge e in electrody-
namics. Nonetheless the simplicity of the connec-
tion of (a/m?)® with (v/c) indicates that such a
search might not be futile.
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APPENDIX

Let us use Egs. (3.10), (3.12), and (3.17) to rep-
resent the eigenfunctions of the Hamiltonian (3.8).
The ground-state wave function is given by (3.13),
with a similar expansion for the excited S states
of the linear potential. The energy matrix for the
S states

~ 1
3 0 _ﬁ...
N
3/ 2K 12
<l/)mlHo|¢,,> = _IE 89 . Z <—WT> b
_\[3-0 6 12

(A1)

with K given by (3.17). The diagonalization of (A1)
will give the eigenvalues and eigenfunctions of the

linear potential in terms of oscillator wave func-
tions. From the small values of the off-diagonal
matrix elements, we expect Eq. (3.14) to be a
very good approximation.

Suppose we truncate the energy matrix (Al), and
approximate it by the 3X 3 submatrix whose matrix
elements are explicitly shown. Diagonalizing
this submatrix, we find

o) = o) +0.021y, (r) + 0.049,(r), (A2)

which shows a 5% admixture of 3,(r) and ¥,() in

the ground-state wave function ¢,"). [A diagonal

matrix element {$,/6V]¢,), computed with (3.13),

differs from (y,|6V|y,) by terms of order

23, .0 caSoloVly,), neglecting terms of O(c,c,).]
A further test is given by the wave function at

the origin, where

[¢o(0)|2 =0.0795ma (A3)

for the linear potential. Our approximation (3.14)
together with (3.17) gives

2ma

[0 (0)*= [9(0)|*=

=0.0675ma, (A4)
while (A2) with (3.17) gives

| 0O = [9,(0) + 0.0213,(0) + 0.049y,(0) |
=0.0734ma, (A5)

which suggest reasonable convergence to the exact
answer (A3).

Finally we note that Borenstein'” has evaluated
Eq. (3.20) numerically by computer, using tabu-
lated values of the Airy function for ¢,, which is
the exact S-wave ground-state wave function for
the Hamiltonian (3.8). His numerical value differs
from our expression (3.20) by only 2%. Since the
dependence on gm follows from dimensional anal-
ysis alone, we conclude that the over-all numerical
constant in (3.20) represents the actual value to
within 2%. Therefore, our analytic evaluation of
(3.23), which follows from (3.21) and (A3), must
be accurate to better than 2%. Since AE, given
by (2.8), only requires (3.23) for its evaluation,
we can be confident that the numerical values pre-
sented in Sec. IV correctly represent our model,
and are not an artifact of the variational calcula-
tion.
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