
PH YSIC AL REVIEW D VOLUME 13, NUMBER 2 1 FEBRUARY 1976

Cabibbo angle and quark mass spectrum*

A. Zee
Department of Physics, Princeton University, Princeton, ¹wJersey 08540

(Received 22 September 1975)

We propose that the light quarks (p, &, and X are massless when the weak interaction is switched off. Because
of the mass degeneracy between the X and X fields the Cabibbo angle 8 is undefined. When the weak interaction
is switched on the light quarks manage to acquire masses by undergoing weak radiative processes involving
heavy quarks (such as the charm quark), thus lifting the mass degeneracy. By identifying appropriate linear
combinations of the and X fields as the physical &and X states one in effect determines the Cabibbo angle. In
this view, the orientation between the strong and weak interactions is controlled by the structure of the weak
interaction. We assume strong interactions to be asymptotically free. The implementation of this program
leads us to consider a "vector-like" weak interactiontheory which involves six quarks and right-handed
currents and which has been discussed on phenomenological grounds elsewhere. (One feature of this program
is that the smallness of the neutral kaon mass difference is ensured without further adjustments. ) The Cabibbo
angle 8 and the mass ratio m&/m„(which measures the extent of chiral symmetry breaking) are thus fixed in
terms of some of the other parameters appearing in the theory, namely the mass ratio of the two positively
charged heavy quarks and various mixing angles, for instance, the analog of 8 in the right-handed current.
These parameters are all measurable in principle. Our knowledge of 8 and m&/m), then enables us to make
various predictive statements about these ratios and consequently the structure of the weak interaction at
higher energies. Our point of view also leads naturally to an intimate connection between zero 8 and exact
chiral SU(2) symmetry.

I. INTRODUCTION

The origin of the angle' between the strong and
weak interactions has long been shrouded in mys-
tery. Evidently, to understand this angle one must
first construct reasonably good theories of both
interactions. Happily, we have seen, within recent
years, enormous progress in this direction so that
we are now fairly well assured that the fundamen-
tal interactions of the world involve color' quarks
and gauge gluons, with the strong interaction based
on the color group' and with the weak (and electro-
magnetic) interaction' based on a subgroup of the
flavor' group. How then can one understand the
Cabibbo angle within this framework?

To begin with, one may trivially remark that if
the X quark and the ~ quark are equal in mass then
the Cabibbo angle 0 is undefined. Thus the origin
of 8 must be intimately intertwined with the origin
of the quark mass spectrum. Whatever mecha-
nism that splits the X and ~ quark should also
generate the Cabibbo angle. In the next section we
will discuss our present knowledge of the quark
mass spectrum.

The rest of this paper is conveniently subdivided
into a number of sections. Our motivations and
point of view are discussed in Secs. II through VI.
These have already been partially explored in an
earlier work' by this author. The details of our
picture are given in Sec. VII while the conse-
quences, including, we hope, experimentally ac-
cessible ones, are discussed in Sec. VIII. A con-
clusion follows in Sec. IX. The considerations of

this paper are to a certain extent qualitatively
summarized in Eq. (8.15).

II. THE QUARK MASS SPECTRUM

The success of chiral symmetry' informs us
that the 6' and X quarks are almost massless and
considerably less massive than the ~ quark. The
tremendous series of experimental discoveries'
of the last months have provided strong evidence'
that the long-sought charm (c) quark" does exist.
Its mass appears to be substantially higher than
that of the ~ quark. Further experimental develop-
ments and theoretical considerations" have led to
the suggestion that there exist more quarks, be-
yond charm, and somewhat more massive than the
charmed quark. The reader should consult Ref. 11
for the arguments on which this conclusion is
based.

The following picture appears to emerge: There
are three quarks, almost massless, with mass
differences among themselves, but well-separat-
ed" in mass from another group of quarks. One
cannot rule out at this stage the possibility of yet
further groups of quarks, with mass differences
within each group but well separated in mass from
each other. At present, we will work with just
two groups of quarks. We will refer to the 6', X,
and & quarks as light quarks.

Parenthetically, we should remark that by "mass"
we mean the mass parameter that appears in the
Lagrangian. Since the theory allegedly produces
quark confinement" the physical mass of quarks
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FIG. 1. In order for a massless quark q to acquire
a mass from weak interaction, qR has to transform into
X by emitting an intermediate vector boson W and back
into qi by reabsorbing W. X is some massive quark.
The cross denotes a mass insertion on the X propagator.

is a meaningless concept. These mass param-
eters depend on the renormalization point'4 but the
dependence is w'eak enough to be neglected for the
purposes of this paper as long as the renormal-
ization point is well below the mass of the inter-
mediate vector boson. In any case, it is not ex-
actly clear how these mass parameters are to be
related to observed hadronic masses. For the
heavy quarks at least, one imagines that they form
loosely bound mesons' and their masses could
thus be identified. On the other hand, the light
quarks form deeply bound relativistic systems and
their actual masses are quite unknown.

Now, this picture of quark mass spectrum can
emerge within the framework of gauge theories in
two different ways:

(a) All the quarks become massive "at tree level"
from the vacuum expectation value of Higgs fields4
in the theory.

(b) Only some of the quarks become massive
"at tree level" from the vacuum expectation value
of Higgs fields. The rest remain massless for
some reason and become massive by dint of under-
going the radiative process depicted in Fig. 1.

We very much favor possibility (b) over (a).
Firstly, one would have to resort to artifice to
arrange the Higgs fields to produce widely dif-
ferent mass scales. Either the couplings or the
vacuum expectation values have to be vastly dif-
ferent, or else some of the Clebsch-Gordon coef-
ficients have to be abnormally large. Perhaps
more importantly, we may argue that we should
subscribe to the esthetically appealing view' that
Higgs fields are not elementary but are merely
manifestations of dynamical symmetry breaking. "
However, we expect that dynamical symmetry
breaking to produce only one mass scale. The
relatively small mass of the familiar 6', X, and ~
quarks can then only be the result of radiative
cor rection.

We thus propose a picture in which the X and X

quarks are massless at tree level. Weak radia-
tion then splits this degeneracy and picks out the
eigenstates corresponding to the true X and ~
quarks, thus defining a direction for strong inter-
action. At the same time, the relative strength
of the weak couplings of 6~ to 'X~ and ~~ become

determined, by weak interaction itself, so to
speak. This mechanism will be implemented in
what follows.

III. MASS FROM WEAK RADIATION

In order for a massless fermion q to acquire
a mass from weak and electromagnetic interac-
tions, it will be necessary to have a gauge boson
W which couples q~ to X~ and q„ to XR, where X
is some massive fermion (see Fig. 1). Hence, 6'~,

XR, and ~R must belong to some nontrivial rep-
resentation of the weak-interaction gauge group.
One is thus immediately threatened by the pres-
ence of right-handed current involving 6', X, and
A. quarks which may (i) void the success of the
current-algebraic' treatment of nonleptonic de-
cay" and (ii) ruin low-energy phenomenology.
These pose severe constraints on model building.

We must now commit ourselves to a specific
theory of weak interaction. The gauge group will
be conventionally chosen to be" SU(2)&&U(1). We
insist, however, that all quark fields, left- and
right-handed, be assigned to doublets. The at-
tractiveness of this assumption has been empha-
sized elsewhere. " For instance, the neutral cur-
rent in such a theory is a purely vector current
and the hadronic anomalies cancel. It also pro-
vides a possible rationale for the central feature
of weak interaction, namely parity violation. The
underlying coupling is perfectly symmetrical be-
tween right-handed and left-handed fields. The
fermion mass matrix happens to be such that the
right-handed currents couple light quarks to heavy
quarks only while the left-handed currents couple
light quarks to light quarks.

We have nothing to say about the leptons except
that we shall assume the known left-handed leptons
are assigned to doublets, viz. ,

(3.1)

It is easy to see that the design requirements
mentioned cannot be met with only four quarks at
one's disposal. We need at least six quarks. In
this paper we will assume the existence of six
quarks (although the ideas presented here are
readily adaptable to the case of more than six
quarks). Indeed, the present author has con-
structed some time ago a specific model' which
realizes precisely the remarks made here and
which involves six quarks. We will have more to
say about this model later.

IV. ANGLES AND MASS RATIOS

For the moment let us anticipate what will
emerge from the detailed analysis to be given in
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Secs. VII and VIII. Our problem is a standard one
in degenerate perturbation theory. After weak in-
teraction is switched on, we will encounter a two-
by-two mass matrix for the X and ~ system. We
diagonalize this matrix in order to pick out the
physical X and X state (and thus determine the
Cabibbo angle). With six quarks in three left-
handed and three right-handed doublets there will
in general be a number of mixing angles. Indeed,
the Cabibbo angle is just one among this multitude
of angles. Thus, we can only expect to obtain rela-
tions between these angles and various quark mass
ratios, including in particular m~/mz. These
relations, to be given below in Sec. VIII, are not
without predictive value, however; when heavy
quark states are produced, their relative cou-
plings and mass ratio should be accessible to
measurement.

V. RIGHT-HANDED CURRENTS

One necessary feature of the present scheme is
the presence of right-handed currents. Recently,
such currents have been extensively discussed by
several groups of theorists. " In particular,
Wilczek, Zee, Kingsley, and Treiman" have pro-
posed a number of models, among which they favor
one with six quarks.

We write the proposed model here with the Ca-
bibbo angle set equal to zero for simplicity:

Here r and s denote two additional quarks beyond
the charmed quark c, and the model is represent-
ed, as is customary, by the doublet content of the
weak gauge group. We will take this opportunity
to summarize briefly the features of this model as
discussed by Wilczek et al."

(a) Copious production of dimuons. The coupling
of c„ to X~ allows for copious production of di-
muons p. p, pair in neutrino experiments. "

(b) &r, -&s mass difference and rare K decay
&e couples to the same quark (namely r) as X~.
This is necessary to avoid an excessively large
mass difference between K~ and K~.

(c}Nonleptonic decay and V-A phenomenology.
The constraints (i} and (ii) mentioned in Sec. III
are satisf ied.

(d) Wrong sign dimuons. The neutral mesons D'
and D can mix via the heavy s in order 6'. This
may provide a possible explanation" for the pro-
duction of "wrong" sign dimuon g p, pairs in
neutrino experiments.

Since there are now as many as six quarks and
since the nomenclature is far from unified it may
be convenient to provide a dictionary of quark

names here:
the up quark;
the down quark;
the strange quark;

c: the charm quark; however, it need not be
coupled in precisely the same way as in Ref. 10.

r: a charge + —', quark;
s: a charge —-', quark coupled plainly to 6'~.

VI. CABIBBO ANGLE AND CHIRAL SYMMETRY

VII. WEAK INTERACTION WITH SIX QUARKS

Keeping all the preceding remarks in mind, we
now assign the six quarks as follows:

(-(P sino+cosac(li))
(7.1)

((P cos o. + sin ac(P) )

/'r(P))

The model written in the previous section is
evidently an idealization of the real world with
various possible mixing angles all set equal to
zero. Its very simplicity, however, allows us to
have a preliminary glimpse of how the mechanism
discussed here will actually function before we
launch ourselves into a detailed investigation. Let
us then imagine that for some reason the 6', X,
and X quarks are all massless. Now switch on
weak interaction. The ~ quark acquires mass
through its coupling to the massive r quark. In
contrast the 6' and X quarks remain massless since
6'~ and X~ are coupled to each other. Thus the de-
generacy between '2 and ~ will be lifted but in a
way such that the Cabibbo angle remains zero and
such that chiral SU(2)x SU(2} is an exact symmetry
That an intimate connection exists between zero
Cabibbo angle and exact chiral SU(2}xSU(2) has
been suspected for a long time. "'" Within our
present framework, it is a necessary consequence
of the doublet assignments and has been discussed
by us in Ref. 6. It holds, in particular, for the
model to be discussed in the next section.
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where cz(tl) and r~(P) are two orthogonal mixtures
of c~ and r

c~(P) =cosP c~+ sinPrz,

r~(P) =-sintlc~+cosPr~.

Several remarks are in order here.
(1) This would have been the most general as-

signment if we had also put in an angle mixing P~
with c„and rR. However, we know from P decay
and hyperon decay that this angle has to be very
small. " Our analysis will not be substantially af-
fected by carrying this very small angle along. In
the interest of notational simplicity we will set
this angle to zero.

(2) It is important to note that X and Xo are
massless and degenerate at this stage. Thus, one

may take arbitrary linear combinations of P» and

$3~ and of P,~ and $,L ~ In particul ar, we have
chosen linear combinations such that p~ does not

appear in g,~.
(3}Also, at this stage 'X,~ and 'Xo„are merely

symbols for two-component fields that may not
have anything to do with each other. The same
holds true for Xpg and ~». We should have put
"primes, " say, on the left-handed fields to empha-
size this trifling failing of notation. What X«and
~«actually are in terms of the physical X~ and ~~
fields is, of course, for weak interaction to de-
cide and for us to determine for the rest of this
paper.

To be sure, it behooves one to exhibit a specific
model which actually possesses all the desired
features: the presence of three naturally massless
quarks and the absence of right-handed currents
coupling these quarks to each other. This state
of affairs will have to come about in a natural way
so that the masses acquired by the quarks are
calculable. "Naturalness" is a powerful constraint
on model building and has been particularly em-
phasized by Weinberg in a series of papers. "

Here we only wish to know that such a model in

fact exists. In Ref. 6 we have constructed pre-
cisely a model of this kind. Unfortunately, in the
present state of the art, symmetry breaking" has

to be induced by elementary Higgs fields. In the
model of Ref. 6 we had to introduce, besides a
multitude of Higgs fields, three sets of SU(2} gauge
fields. Finite and calculable masses result from
cancellation among these gauge fields.

In this paper we will not be concerned with
such details. We will be agnostic on the be-
havior of weak interaction for energy much larger
than -100 GeV. ViTe will not inquire into the origin
of the heavy quark masses. In fact, all we need to
know is that the mass acquired by q in the process
depicted in Fig. 1 is proportional to the mass of
X, the coupling of q~ to X„, and the coupling of

q~ to X~. The proportionality factor is a numerical
constant of order e times a logarithmic factor of
a large mass of the order m~.

Qur assumption that the strong interaction is
asymptotically free" enables one to neglect strong
interactions entirely, at least in calculating the
contribution of the high-frequency region. We as-
sume that this contribution dominates.

An important remark is the following. As dis-
cussed in Ref. 11 and as mentioned in Sec. V the
K~-K~ mass difference imposes a severe con-
straint on the way right-handed currents can be
introduced. The diagram in Fig. 2(a) gives a large
high-frequency contribution. We note, however,
that within the program outlined here the leading
contribution cancels to zero since the physical X
and ~ states are diagonal to this order of weak
interaction. In other words, the diagram in Fig.
2(b) is zero by construction and the diagrams in

Fig. 2(a) and Fig. 2(b) involve the same combina-
tions of couplings and masses. This illustrates
a particular mechanism" for suppressing the lead-
ing "left-right" contribution to the K~-K~ mass
difference, namely by cancellation among the con-
tributions of various charge +-', quarks.

VIII. RELATIONS BETWEEN ANGLES AND MASS RATIOS

Having said all this we can now write down the
masses acquired by the low-lying quarks merely
by inspecting Eq. (7.1). The (P-quark mass is

me = &ms sinn (8.1)

ng „~X

x,

o
Xy

(b)

Here g denotes all those factors which were men-
tioned and which do not concern us, including a
factor which may depend on the nature of weak in-
teraction at high frequencies. The mass acquired
by the X-~ system may be described by the follow-
ing contribution to the effective Lagrangian:

FIG. 2. (a) High-frequency contribution to Kl -K~
mass difference from second-order weak interaction.
(b) Off-diagonal elements of the mass matrix for the
physical Q and A, states vanish by definition. where m denotes a two-by-two mass matrix

(8.2)
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(m, sinn cosP m„sinn sing)

-m, sinP m, cosP
(8.3)

(m~ 0
Rr(9) mR„(p) =

~

(0 m, )
(8.4)

The rotation angle 8 is the Cabibbo angle, of
course, viz. ,

( cos9 sin9) f'51)
!

-sin 8 cos 8
(8.5)

The angle f is its right-handed analog and mea-
sures the relative strength of c„coupling to X„
and &~.

Equation (8.4) informs us that there exist three
relations enabling us to determine the three pa-
rameters f 9, 4z, m~/m~} in terms of the three pa-
rameters (zr, P, m, /m„j or vice versa. We may
perhaps list these relations at this point. A cer-
tain amount of arithmetic yields

sinzzz = (I,I,)/(I, I,},
(m, /m„)' = (I,I,)/(I, I,),
t any (I,I,)/=(I, I,},

where

(8.6)

(8.7)

(8.8}

The (asymmetric) mass matrix m will now reveal
to us which linear combinations of X, and ~, are in
fact the physical X and & states if we will bring it
to diagonal form by performing independent rota-
tions on the left and on the right:

ficult to estimate, particularly since one has to
invoke strange PCAC to obtain these numbers. Our
feeling is that the ratio m~/m~ is probably not as
small as —,'o. Other considerations, based on cur-
rent-algebra and/or quark-model analysis, sug-
gest that m~/m ~ may be more like ——,'. In any
case, we believe that these two values probably
bracket the correct value. With our assumption
about the lepton sector [Eq. (3.1)] we must take
the angle n to be quite small. (This assumption
may well be wrong, but so far there is no evidence
to contradict it. ) Define &—:1 —G 8/G„= the devia-
tion from unity of the ratio of coupling strengths
in P decay and ]L(, decay. In our theory & =1
—cos e cos 8. The determination of & suffers from
uncertainty in calculating the radiative correc-
tions" to P decay. A typical value cited is & -2/(.-, .
The uncertainty in 8 as determined from K decay
(typically 0.21 & 9~ 0.27) certainly allows a value
for + of the order of —,', . As has already been
explained, the deviations of the Cabibbo angle
from zero and of chiral symmetry from being
exact depend on the deviation of + from zero.
What we have to show, in fact, is that a relatively
small e can generate a relatively large 8.

The remaining parameters are, of course,
totally unknown. However, we can, and will, use
Eqs. (8.6)-(8.8) to determine 4z, P, and m, /m„.
Thus, when and if the new quark r is discovered
we will have ready-made predictions about its
mass and its couplings on the left (P} and on the
right (P).

We will proceed by first requiring that z almost
vanishes. From Eq. (8.6) we see that this implies
either I, =0 or I, =0. These two possibilities are,
in fact, equivalent and trivially related by a re-
naming. It suffices to consider I, =0 which in fact
fixes (II):

I, =cos9 cosy + sin 9 sing(mvz/m&, ),
I, =sin9 sinp+cos9 cosy(m~/m~),

I, =sing cos9z —cos 9 sing(m~/m„),

I, =-cos9 sin&p+sin9 cosy'(m~/m~).

(8.8)

tan9z = -m&/(m z tan 9) . (8.10)

(By a y, transformation we can always choose 9 to
be positive. The relative sign between 8 and P is
then fixed. } Eliminating 4z from Eqs. (8.7) and

(8.8) we then obtain

In principle, all of these parameters can be
measured and the three relations contained in Eqs.
(8.6)-(8.8) can be checked. In practice, however,
we know little or nothing about most of these pa-
rameters. The angle 8 is quite well measured,
and is of order —,'. The ratio m~/m~ measures the
extent of chiral-symmetry breaking and is known
to be rather small from the analysis of Gell-Mann
eI, al." Its precise value, however, is not known.
The numerical results usually quoted' '" corre-
spond to m&/mz -+o and mz/m&- —,'. The uncer-
tainties on these numbers are very large and dif-

(1/sin'9)(m~/m „)sin a
1+ (1/tan'9)(m~/m ~)'

16(m~/m ~}sinn
1+16 (m~/m ~)'

tan 9 [1 + (1/tan'9) (m~/m ~)']
[1- (m~/m, }']sino

1 1 + 16(m~/m &}
(1 sinn).

4 1- (m~/mz, }'

(8.11)

(8.12)

We have inserted the value tan8--,'. Combining
these two equations we obtain a relation indepen-
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dent of sinn (provided that it is small)

(m./m„) t~P =
1 —(mz/m~)' sin9 cos9

=m~/(m ~ sin 9 cos 9) . (8.13)

To illustrate these relations numerically, let
us take a-+, and m~/m~--, '. Then

tang = —1,
m, /m, = -'„

tanI3= 5.
(8.14)

In other words, the structure of the weak inter-
action looks like (approximately)

(-6')
/

c ) ( r

(- —,'.~" /~ —,'..'} ( -c l

(8.15)

Experimental implications can be read off in the
usual way. For example, c quark states and r
quark states are produced off X quarks by neutri-
nos with roughly equal strength. The r-quark
analog of the 3.1 GeV narrow resonance should
occur at -15 GeV. Also noteworthy is the fact
that in the left-handed sector the r quark prefers
not to couple to the light quarks.

So far, we have not been concerned with the 6'

quark. In this scheme it requires mass from a
different heavy quark(s} than X and &. Thus we

can only use the near equality of m~ and mz to
estimate m, . Taking the determinant of (8.3}we
find the simple relation

(m~'/m~m~) = (m, '/m, m„) sino. , (8.16)

which may be rewritten as

(m, /m, ) = (m~/m~)[1 + 16 (m~/m z)']'~'/(4 sin o ) .
(8.17)

Again, with m~/m~- —,
' and n-+, we find

(m,/, )-3.5(m / ). (8.18)

Thus, an ss resonance should exist around 5 or 6

GeV.
On the other hand, if (mz/m~) is much smaller,

of the order +, or +, , then (m, /m„) also becomes
very small, of the order 16 sinn(m~/m~). In that
case, hadronic states composed of r quarks will
be too massive to be seen in the current round of
experiments. In contrast, the mass ratio (m, /m, )
and the angle P are relatively insensitive to the

precise value of (mz/m~).
For illustrative purposes let us take m~/m ~

——,',
and e- —,'0 again. Then the structure of the weak
interaction looks as follows:

(' —6' c

S R + 5~ g 5++~

(
——'(P+ —,'c+r} !6'+—'(—',c+r)} / —c+ —',ri

s /, ( 7I+-,'Z )~ (--,'6I+X/,

Unfortunately, our ignorance of the precise value
of mz/m~ prevents us from making more definite
statements. "

IX. CONCLUSION

We have proposed a mechanism for generating
the Cabibbo angle. In our picture the light quarks,
6', 'X, and ~, acquire their masses via weak radia-
tion which in turn fixes the orientation between the
weak and the strong interactions. From this point
of view the Cabibbo angle is merely one particular
angle among many. These angles, however, are
not arbitrary but are constrained, together with
mass ratios, by a number of relations. These
relations can hopefully be tested experimentally
in the near future.

This picture leads us naturally to a model of six
quarks, distributed symmetrically among three
left-handed and three right-handed doublets. Be-
sides being anomaly free and having a vector neu-
tral current, it also provides a possible explana-
tion for the glaring parity asymmetry of weak in-
teraction. Various recent experimental observa-
tions can be accommodated and the leading con-
tribution to neutral kaon mass difference is sup-
pressed.

Our point of view is clearly based crucially on
our prejudices about the quark mass spectrum.
It would be incorrect if the light quarks were al-
ready massive at tree level. In that case weak
radiation will only re-orient the interactions slight-
ly.

We have nothing to say about leptons. However,
people have speculated" that the electron also
acquires its mass from weak radiation via the
muon and/or perhaps heavy leptons. It could be
that virtually all hitherto known masses come from
weak interaction. If that is indeed so then we have
only begun to explore the structure of weak inter-
action.
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