
PHYSICAL REVIE% D VOLUME 13, NUMBER 2 15 JAN UAR Y 1976

Theory of fermion exchange in ~evasive quantum electrodynamics at high energy.
IV. Tenth-order perturbation theory*

Barry M. McCoyt
The Institute for Theoretical Physics, State University of New York at Stony Brook, Stony Brook, New York 11794

Tai Tsun Wu
Gordon McKay Laboratory, Harvard University, Cambridge, Massachusetts 02138

(Received 4 August 1975)

The detailed calculations of the preceding two papers are continued to tenth order. There are 41 Feynman
diagrams which must be considered. These diagrams fall into 3 categories: (1) fifteen which contribute to the
leading real part, (2) six which individually contribute to the leading imaginary part that cancel in pairs in the
sum, and (3) twenty which contribute to the leading imaginary part which do not cancel identically in the
sum.

I. INTRODUCTION

In the preceding two papers" we have presented
the details of our calculation of the asymptotic be-
havior as s-~ for t fixed of fermion exchange in
massive quantum electrodynamics in sixth- and
eighth-order perturbation theory. In this paper we
continue this study by computing tenth-order per-
turbation theory.

In the sixth- and eighth-order calculations our
computations have been very explicit and we have
laboriously written out many long tedious for-
mulas. Unfortunately, since in tenth-order there
are 41 Feynman diagrams which contribute to the
leading real or imaginary part, such a detailed
algebraic calculation would result in a paper of
prohibitive length. However, in these previous
papers we were able to achieve some simplifica-
tion by introducing the momentum-flow diagram.
In this paper we will enlarge upon that formalism
to such a degree that we will be able to dispense
entirely with the need to write out any formulas at
all except the final answers. Accordingly, most
of this paper will consist of illustrations. The use
of these illustrations will be explained in Sec. II.

In eighth order there were seven Feynman dia-
grams that contributed to the real part of the am-
plitude and an additional five that were needed to
compute the leading imaginary part. In tenth order
there are 15 Feynman diagrams which contribute
to the leading real part (Fig. 1) and there are an
additional 26 Feynman diagrams which contribute
to the leading imaginary part. However, these
26 are naturally divided into two subclasses since
six of them cancel in pairs (Fig. 2). The remain-
ing 20 diagrams (Fig. 2) are analogous io the five
diagrams of eighth order that contribute only to the
imaginary part.

Again, as in eighth order, there are many more

a(2r, ) =g'(2P, +m)

and

y(k ) 4g2(2 s) 3(k 2 + y2) 1 (1.2)

and the definition of the convolution. operation,

f(k ) f(0 )= Jd'k d(k')d(k„—k'). '

Then, defining%(")(s, r, ) for pair annihilation by

Sit'„"„'(s,r, ) = v (r, d. r, )y„Sit'"'(s, r, )y „u(r, —r, )

(1.4a)

and %(")(s, r, ) for backward Compton scattering by

2g(„"„)(s,r, ) =u(r, r, )y„9g(")(s,r, )y„u(r, —r, )—,

(1.4b)

tenth-order diagrams than those explicitly shown
here. We again assure the reader that there are
no other diagrams which contribute to the real or
imaginary leading order. In particular, it may be
verified that the diagram of Fig. 4 does not con-
tribute.

The conventions of the three previous papers"'
will be used throughout. In particular, when dis-
cussing an individual Feynman diagram the inte-
grations over transverse momentum are cut off
at k~,„. The limit k~,„-~ is taken only after
all diagrams are summed together.

To write out the final answer in compact form
we use the notation

424
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FIG. 1. The 15 Feynman diagrams which contribute to the leading order for s- of the real part of the tenth-order
amplitude for Compton scattering near the backward direction. In all these diagrams the external lines have the mo-
menta indicated on diagram 1. Only the photon momenta are indicated. The other momenta follow from momentum con-
servation.
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FIG. 2. The 6 Feynman diagrams that contribute to the leading-order imaginary part of the tenth-order backward
Compton amplitude which cancel (to leading order) in pairs. The pairs are 36 and 37, 38 and 39, and 40 and 41. The
external lines have the momenta indicated on diagram 1.
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FIG. 3. The remaining 20 Feynman diagrams which contribute to the leading imaginary part of the tenth-order back-
ward Compton amplitudes. The external lines have the momenta indicated on diagram 1.
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we have

5R'4'(s r ) =' —(1n's —4si 1n's) a'(2r )4! 2/~+m

+—wig'1n's --,"y(2r ) * +2a(2r )2y(2r, ) ~ —Sn'(2r~)&y(2r ) ~
2g ~+m 2f~ +m

a 2r-2(2P +m) —,'y(2r )'

-2 d' cPk, -'y k,j. 4y, ~ n, +2r ' ' ~,e,~+2r
(k,~+k, +2r, )'+m'

(1.5a)

SR'4'(s, r ) =: —1n4s a'(2r, )4! 2'P +m

——wig'1n's --,y(2r~) + +2a(2r~)&y(2r )* —Scan(2r )-y(2r )*a'(2r~) a'(2r~) a(2r~)
31

' ' '*2,. 2 ~+m +m

a 2r—2(2/~+m) 4y(2r~) ~

Ig+ k~g+ 2rg) +m

(1.5b)

It is unrealistic to expect that the casual reader
will read the whole of this paper. Therefore, we
recommerxi that on first reading one read only
Secs. II and V, leaving Secs. III, IV, and VI for
reference. Section II is necessary for further
extensions of this work to higher order and Sec.
V is necessary to illustrate the cancellation in

pairs, which first occurs in tenth order. The
remainder of the paper is mostly a verification
that all the cancellations expected do, in fact,
occur. If it is accepted that these cancellations
do in fact occur, then the labor of calculation de-
creases tremendously. This simpl, ification will
be exploited in a subsequent paper' on higher or-
ders of perturbation theory.

hand, this notation and streamlining will prove to
be essential in our treatment of higher orders of
perturbation theory to be presented in a following
paper. 4

In writing this section we have assumed a famil-
iarity with the device of the momentum-flow dia-
gram presented in the previous paper on sixth-
order perturbation theory. ' In addition, we will
cease to specify the momentum loops used to de-

II. DIAGRAMMATIC CALCULATIONS

In this section we expand the device of the mo-
mentum-flow diagram as used in the two pre-
ceding papers" to the point that almost all of the
computation will be presented graphically in the
illustrations. We will discuss the new notational
devices in separate subsections.

There is, of course, neither any new physics
nor any new mathematics being presented here.
We are merely introducing a streamlining of the
procedure previously employed. On the other

FIG. 4. A Feynman diagram which does not contribute
to the. lea~&~g-order in~nary part in tenth order.
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termine which poles to close on and will merely
indicate the poles themselves. If in some loop
there are more than one pole to close on, this will
be indicated.

A. Choice of momenta

In the Feynman diagrams of Figs. 1, 2, and 3
the internal momenta are specified by choosing the
momenta of the internal photons as independent
variables. This is the same choice of momenta
that was made in the previous papers and in those
papers these same coordinates were employed for
each separate momentum-flow diagram. We then
had to specify the region of integration in & space
and for the various momentum-flow diagrams there
were many different regions, although most of the
time the regions were tetrahedrons (of some ap-
propriate dimension} in some orientation.

Some degree of standardization and simplifica-
tion is obtained if for the plus and minus compo-
nents of momenta we use a different coordinate
specification from what we use for the transverse
momenta. We will leave the transverse momenta
as specified by Figs. 1, 2, and 3 but, for each
momentum-flow diagram, will allow the plus and
minus components of momenta (denoted by tf in-
stead of &) to be chosen differently for each dia-
gram. We choose these new coordinates q+,. and

q ~ so that q, always obeys the restriction

1

k„'+&' '

where k» is the transverse momentum of the
photon.

(ii} For each internal electron line of the trans-
verse diagram (indicated by a solid line) we have
the factor

(2.4}

transverse momenta k» of the original Feynman
diagram and m, and ~, are integers. Indeed, as
is seen in fourth, sixth, and eighth order for every
momentum-flow diagram associated with a given
Feynman diagram, (2.3) holds with the same f(t)
for each momentum-flow diagram.

Now it might be thought that the integrand of this
integral could be rather arbitrary. In fact, how-
ever, inspection of the fourth-, sixth-, and eighth-
order results reveals that this integrand is very
closely related to the original Feynman diagram
and can essentially be written down by inspection
without any calculation at all. This relation is
illustrated in Fig. 5 where to each contributing
Feynman diagram of fourth, sixth, and eighth or-
der we assign a corresponding "transverse dia-
gram" which gives the factor f(t). For the moment
we consider only the denominator factors of f(t)
The numerator is discussed in Sec. IID,

(i) For each internal photon line in the trans-
verse diagram (indicated by a dashed line} we
have the factor

q oP (2.1)

q, +q, —q, -0 (2.2)

is needed. Such a momentum region is called non-
tetrahedral (for obvious reasons). For these there
are several ways to choose coordinates q~.

B. Transverse diagrams

The result of expanding any Feynman diagram
of [2(n+1)]th order for s- ~ and t fixed is, to lead-
ing order, always an expression of the form

—[m, ln"s +m~(ln"s —nsi ln" 's)]f(t), (2.3)

where f(t) is a 2n-dimensional integral over the

Since q+& are always integrated out we will only
specify q &

on the momentum-flow diagram and
will usually omit the subscript —.

Usually there is only one choice of q, such that
(2.1) when combined with some inequality involving
2~ will guarantee that all the momenta P & of the
diagram will be positive. For example, in Figs.
'7, 8, 9, and 10 it is easily seen that the choice of

p~ given is (up to permutations) the only possible
one. Occasionally, such as in Fig. 31(j), an addi-
tional inequality such as

(2.5)

where p„ is the transverse momentum of the elec-
tron.

(iii) There is a factor of -(i/2)(2s) for each
independent variable k».

It is not difficult to see that the same process of
contraction that leads to the transverse diagrams
of Fig. 5 in fourth-, sixth-, and eighth-order per-
turbation theory will reduce the tenth-order Feyn-
man diagrams of Figs. 1, 2, and 3 to the corre-
sponding transverse diagrams of Fig. 6.

Several remarks are in order.
(1) There is no guess work involved in passing

from the Feynman diagram to the transverse dia-
gram. All the reader needs to do is to keep track
of all the k~-dependent factors. This was done in
the two previous papers but, since it saves a lot
of space by omitting them, we will leave these
factors out from now on.

(2) There can be more than one Feynman diagram
that leads to the same transverse diagram. For
example, in Fig. 6 Feynman diagrams 34 and 35
lead to the same transverse diagram.

(3) Many of the transverse diagrams involve a
photon line that leaves one vertex, turns around,
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and comes back to the same vertex making a loop
that we will call an "ear." Each of these ears
contributes a factor

l a'k, a

(2w)' k '+A' ' (2.6)

This, of course, diverges when the cutoff is re-
moved. These divergences will be canceled by
other divergences caused by factors in the numera-
tor of other transverse diagrams.

C. Momentum-flo~ diagrams

Since the function f(t) is specified by the trans-
verse diagram (and the numerator reduction) it
remains only to have a formalism to compute the
pair of integers (m„m, ) of (2.3) for each momen-
tum-flow diagram.

In the procedure followed previously, after we
integrate over q+& we are left with an integral over
q, where each line contributes a factor to the
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FIG. 5. (Continued on following page)
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integrand. The factors are the following:
(i}If the propagator of the line is closed on, the

factor is

1

p —p~2 —m2+ Ze

1
or 2 2-2coP —p~ —m +z6

(2.8)

1
Ipl' (2.7}

depending on the sign of P, .
(iii) All other propagators contribute

(Here P is the momentum of the line under con-
sideration. A momentum P is in general a linear
combination of the q, .}

(ii) If the line contains a momentum p+ = 0(2&v),
then the factor is

or

1
(for electrons)

P P+ —p~ —m

1
(for photons),

p p+ —pL2 —A. + ze

(2.9a)

(2.8b)
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bation theory. We draw either the backward Compton or the annihilation channel as is convenient. (a) is fourth order,
(b) is sixth order, and (c) is eighth order.
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FIG. 6. The transverse diagrams that correspond tothe Feynman diagrams of Figs. 1, 2, and 3.

satisfy
2 2p„+m~

(2.12)
where P+ must be expressed in terms of the P,~

of the poles closed on.
For our expanded momentum-flow diagram we

will indicate in a box by each line the factor con-
tributed by that line. We use the following nota-
tions corresponding to the 3 types of lines dis-
cussed above:

(i) For each propagator closed on,

(2.10)

(we do not need an absolute-value sign since our
coordinates are always chosen so that p &0). If
P = O(2~) we suppress the 2~ and write the factor
as 1.

(ii) For each line containing P+ = O(2&v),

(2.11}

p, =g a„p„, (2.12)

where P+, refers to the poles closed upon, and

(The sign of P, will be taken care of later. )
(iii) For all other propagators we proceed as

follows: First of all, express P+ of the line under
consideration as

(where m, is m if & refers to a fermion and is &

if k refers to a photon). It will turn out that a„
= +1,0. Then, since we are suppressing all such
factors as p»'+~, ' me write

-1 W $ -1a, p„a, p„.. . ,a„p„
p- (2.14)

[If in (2.12) some a„=0, these & are omitted from
(2.14).] The meaning of this symbol is that for
any ordering of momenta under consideration me
are to take the smallest factor inside the brackets.
Note: If P = O(2'} we will omit the term -1 (since
-1 is always larger than the remaining factors)
and me mill omit P as well.

From now on we will use the term "momentum-
flow diagram" to mean a diagram with all of these
notations included.

There will at times be more than one set of poles
which must be closed on to compute a given mo-
mentum-f lorn diagram. Usually, for the cases con-
sidered here the choice of poles will occur only
in one of the momentum loops. When this is the
case we will label these poles as (a) and (b). When-
ever the factors are different for the two choices
of poles, the box mill be split into two parts. The
factor in the upper half refers to pole (a) while the
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factor in the lower half refers to pole (b).
Once in a while there will be more sets of poles

than can conveniently be handled on one diagram.
Fortunately, in the cases considered here most of
these poles do not contribute. In cases like this
the poles which can be shown not to contribute will
be marked by a dotted cross instead of a solid one.

D. Numerator

The numerator of each Feynman diagram must
be approximated just as was done for fourth, sixth,
and eighth orders. However, we will dispense
with the demonstration that the omitted terms ac-
tually lead to a smaller contribution than the terms
retained.

There are several points to consider:
(i} If the electron has a momentum P such that

P+ = O(2ur), then the factor P+ appears in the nu-
merator. This is usually approximated by 2'.
However, the factor of P+ suppresses any pole
closed on that electron line. Therefore, poles on
these fast electron lines will be omitted from the
diagrams unless there is some loop momentum

P+ for which the only poles are poles on the fast
electron line. Such momentum-flow diagrams can
never contribute and hence the calculation is
stopped at this point.

(ii) The numerator reduction is carried out in
terms of the coordinate system of the original
Feynman diagram. As a result of this reduction
some of the momenta may have their plus or minus
component as a factor. This will be indicated on
the momentum-flow diagram by (+) or (-) by the
appropriate line. The direction of the momentum
q may not be the same as the direction of the mo-
mentum of the electron in the original Feynman
diagram. To compute the correct relative sign for
the numerator one traces the electron line through
the diagram from top to bottom. All (+} and (-)

lines whose momentum arrows point in the direc-
tion of the trace get a plus sign; all (+) and (-)
lines whose momentum arrows lie opposite to the
trace get a minus sign. This signed combination
of + and —factors is indicated on the diagram as
"NUM —"

(iii) All the rest of the numerator factors depend
only on transverse momenta and are recorded in
the text.

1 1 1
~ ~ ~

g2 g„
(2.15)

there will be a contribution of either +1 or -1 to
~, or ~,. If the smallest g points in the direction
of the electron line (as given in the original Feyn-
man diagram), then the contribution has an imagi-
nary part and hence contributes to ~,. If the
smallest g points opposite to the direction of the
electron line, there is no imaginary part and the
contribution is to m, .

To determine whether the contribution is +1 or
-1 we compute the product of the signs of:

(i) all contributing factors in boxes,
(ii) the sign of the numerator factor,
(iii) +1 for each q on a fast line (with ~q (=2to)

which points in the direction of the electron, and

(iv) -1 for each q on a fast line (with ~q+(=2~)
which points opposite to the direction of the elec-
tron.

E. Computation of (m 1 ~2)

To compute the pair of numbers (m„m2) for
each momentum-flow diagram consider the product
formed by the factors in the boxes on the diagram
and the numerator factors given as "NUM =." This
product is to be examined for all allowed orderings
of the momenta g, such as 0&qs, «gs, «gs, '' '

«q~„«2&v. For each ordering that leads to an
expression of the form

III. DIAGRAMS CONTRIBUTING TO THE REAL PART

The 15 Feynman diagrams which contribute to the leading real part are displayed in Fig. 1. We will treat
each Feynman diagram in a separate subsection. The diagrams will be added together in Sec. VI.

To save writing we use the notation

(m„m, ) = —[m, ln4s + m, (ln"s —4 xi In's)].

A. Feynman diagram 1

The numerator for Feynman diagram 1 is

N, =—g"u(r, r, )y„(g, y', —g, + m)y„(-If, —2t', +m)y„(-g, —g, —2y', + m)y„

x (-|I,—2y', +m)y„(-tf, —tf, —2y', +m)y~(-g, —2y', +m)y„

x (-g, —g, —2$, + m)y„(-tf, —2y', + m)y„(y', —tI, —y', +m)y„, u(r, —r, ) . (3.2)
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This is approximated by

16(2~ —k, ,)(2w k, )u(r, —r, )y„Ã,y, u(r, —r, ),

where

N, = g"(-g,~-2)~+m}g»+g, ~+2g~+m)(-g»-2p, +m}

x g»+g, ~+ 2/~+ m)(-p, ~- 2p~ + m}g,~+/, ~+ 2g'~ + m)(-g, ~- 2p~ + m) .
Using this numerator with the momentum-flow diagram of Fig. 7 we find

(3.3a)

(3.3b)

%~'='(01} ' ' ND
(2w)' (2w)' (2w}' (2w)'

where

D, = (k»'+X')(k ~2+X')(k»2+&w)$, ~2+&2)[(k»+2r~} +mw][(k ~+2r~} +m2]

x[(k»+2r~)2+m'][(k~~+2r~} +m'].

(3.4a)

(3.4b)

The numerator for Feynman diagram 2 is

B. Feynman diagram 2

N = —g'Ou(r, —r, )y„(g, —1', —g + m)y& (-g4 —2g', +m)y+(-g, —g —2y', + m)y~

x (-g, —21', +m)y~ (-g, —g, —2y', +m}y+(-g, —21', +m)y„

x (-g, —g, —21', +m)y„(y', —g, —g, —y', +m)y„(1', —g, —g, +m)y u(r, —r, ).

This is approximated by

16(2&v —k„}(2~—k„—k, ,}(2u& —k, }(-k, —k, }u(r, —r, )y„N,y„u(r, —r, ),
where

N, = —g'0(-g»-2/~+m)g»+P ~+2/, +m)(-P»-2$, +m}(g ~+/»+2P~+m)(-g, -2/~+m}.

Using this numerator with the momentum-flow diagram of Fig. 8 we find

(3 6)

(3.6a)

(3.6b)

K' '='. (0, -1} ' ' N D
(2w}& (2w)& (2w)& (2w)&

where

D, = (k„'+X')$ ~'+A2)(k»'+32)$»'+&2)[$, +2r, } +m2][(k»+2r~}'+mw][$»+2r~}'+m'].

(3.7)

(3.8)

C. Feynman diagram 3

The numerator for Feynman diagram 3 is

N, =-g'ou(r, —r, )y (1', —1', —g +m)y„(-jV, —21', +m)y+(-g, —g —21', +m)y

x (-g, —21', + m)y (-g2- $, - 21', + m)y (-g, —g, —g, —21', +m)y+

x (-g, —g, —2y', +m)y„(-g, —21', + m)y„(y', —g, —1', + m)y„u(r, —r, ) . (3.9)

This is approximated by

16(2&v —k, )(2~ —k, )( k, —k, )(--k„-k „}u(r,—r )y„N,y„u(r, —r, ),
where

N, =-g"(-P„-2P, + m)(|t„+g„+2P, + m)(-g, ~- 2)~+m)(g„+g„+P»+ 2P~+ m)(-P„- 2/~+ m) .
Using this numerator with the momentum-flow diagram of Fig. 9 we find

(3.9'}

(3 9 II)

cg(4) '
(0 1) 1J. » Ri 4J. N D -1

(2w)' (2w)' (2w}' (2w)'
(3.10)
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where

D, = (k,~'+&')(km~'+ A2)(k»'+ &')(k«2 + A2)[(k, ~+2r~) +m'][(k,~+2r~) + m2][(k, ~+2r~)~ +m2].

D. Feynman diagram 4

Feynman diagram 4 is essentially diagram 3 turned upside down. Therefore, we immediately have from
Sec. III C

K' '='(0 -1) ' ' N D
(2w)' (2')' (2w)' (2w)'

(2.12)

-q&-q& -q~
ql

-q2-qs-q&

q2

q + q
J1 ql+q2

l 2 ql+q2 -1,
ql+q2

qp

-q+
' ql'q2'qS

ql+ q2+q~

I

q+

+ + -q+ql'q2'q3 -I, 4
ql+q2+qp

q l+q2+g&+q +

2~-ql q2 qS q

NUM= I, CONTRI8UTING REGION-' 0 ql q2 q& q+ pcs
RESULT: (0, 1)

FIG. 7. The momentum-How diagrams for Feynman diagram 1.
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where

Ã, =-g"(-P„—2P, +m)g»+g»+g„+2/, +m}(-g,,-2$,+m)g„+g„+2),+m)(-g„-2P, +m)

and

D, = (k„'+&')(k»'+ &')fr»'+ &')$,~'+ &')[(k»+ 2r, }'+m'][(k, ~+ 2r, }'+m'J[(k, ~+ 2r~)' + m'J .

(3.13)

(3.14)

E. Feynman diagram 5

Feynman diagram 5 is essentially diagram 2 turned upside down. Therefore, we immediately have from
Sec. III B

2
4' ='(0 -1) Pk, ~ d k» %» d k~~ N D

J (2m)' (2w)' (2w}' (2w}'
(3.15)

qa qS q4
q)

ql

qa
ql+ q~

ql+ q~+ q~

l

q4

ql q2%5 q

2~-q -q -q -q
I R 5 4

NUM = -qp, CONTRIBUTING REGION' 0 q( q& q& «q4 2m
RESULT: (0;l }

FIG. 8. The momentum-How diagram for Feynman diagram 2.
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where

N, = —g'0(-P»-2jF~+m)g, ~+)»+2/, +m)(-g ~-2P, +m)g«+g, +2P~+m)(-g, ,-2/~+m)

and

D, = (k»' + &')(k„'+&')(k„' + &')(k„'+&')[(k»+ 2r, )'+ m'][(k»+ 2r~ P + m'][(k»+ 2r, )'+ m'] .

(3.16)

(3.17)

The numerator for Feynman diagram 6 is

F. Feynman diagram 6

N = -g'0 u(r, —r, )y~ (1', —p', —g, + m)y„(-g, - 21', + m)y~ (-g, —g, —21', + m)y„

x (-g, —g, —$, -2y', +m)y~ (-g2 —g, —21', +m)y~ (-g -21', +m)y~

x( g, g —21', +m)y„(1', —g, - g, -1', +m)y„(1', —g, +m)y u(r, —r, ).
This is approximated by

16(2~ —k, —k, )(2~ —k, +)(2ur —k, )(-k, , —k, ,)(-k, —k, )(-k,, —k, ,)u(r, r, )y„N,y„u(r, —r, ),
where

N, =-g'0(-g«- 2/~+m)g»+g»+g, ~+2jF~+m)(-f2~- 2/~+m).

(3.18)

(3 18)

(3.20)

qp -Qp -Q4
-1,

l
1,

q

q~+q&

-qp

qi+ Qs
I

-qp~-q4
q'+q

q 4

-1,
Q~+g +q&

q
-1,

q) 'qp'q~'Q4

~n.
2'-q~-q&-q3 —q4

(a)NUM=-q& q&
qz

CONTRIBUTING REGION: O~Q & q~~q ~~q ~~2~
1 2

RESULT: (0;1 )

IW

1 2 3 4

b) NUM = (q)-+q )(q +qs, ) = (q +q ) mcx . —
NO REGION CONTRIBUTES
RESULT: (0, 0)

FIG. 9. The 2 momentum-Qow diagrams for Feynman diagram 3.
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U'sing this numerator with the momentum-flaw diagrams of Fig. 10, we find

3R«& —'(P 1) ~& ~& ~& ~4& N ~ -&

(2n)' (2w}' (2r)' (2n}'

where

D, = $„'+&')$,~'+&')(k»'+&')$, ~'++')[(k,~+2r~)'+m'][(k4~+2F, } +m'J.

(3.21)

(3.22)

The numerator for Feynman diagram 7 is

G. Feynman diagram 7

N, =-g''u(r~ —r, )y (1'3-y', —g +m)y+(y' -y', —g —g +m)y„(-g —g —2y', +m)y (-g -2g, ~m)y

x (-g~ —g —2g', + m)y~ (-g —2y', + m)y„(-g, —g —2y', +m)y„(y' —g, —g —y', + m)y~

x(y', -y, -y', +m)y u(r, r, ). -
This is approximated by

16(2&v —k, )(2&v —k„—k, ,}(2&v—k, —k, }(2&u —k, )(-k,, —k, ,)(-k, —k, )u(r, —r, )y„N,y„u(r, —r, },
where

N, = g"(-f, --2P m)g, +g, +2/ m}(-g —2$ m).

(3.23)

(3.24)

(3.25}

-qeo-qy ~~ ~

-1,
t

,
-qe. -q~, -q~

1q I

I
'

e Ve,

-4~ -Qq
-1,

-4&, -4+'
-1,

QJ+ qe -Qy~ -qy

4)+Qe

4~+ Q +4 4)+qe+ Qg

' qi 4'&s~
q

ql Qe+44

q, + 4&+43+4+

q, +qe+q~+q~

2'-q, -qe-qs-q4
Q~(o) NUM =qe 4+q~ ~4~4

CONTRI BUT ING REGION: 9 4
~ Qe qy 4 y~~2QP

RESULT: (0, 1 )

NPv
qi qe qi 4

(qi-'Qa-'4, -)(q 'qe +qs+) q
(4,+4&+4& )

NO CONTRIBUTING RFGION RESULT: (O, O)

FIG. 10. The 2 momentum-floor diagrams for Feynman diagram 5.
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Using this numerator with the momentum-flow diagram of Fig. 11, we find

%'4&=:(0 1) '~ ~~ ' 4 ÃD
(2w}' (2 w)' (2w)' (2w}'

where

D, = (k,~' + &') (k, &

' + &')(k»'+ &')$,&
'+ &')[(k,~+ 2r~ }'+m][(k, & + 2r~)'+ m'] .

(3 26)

(3.27)

H. Feynman diagram 8

Feynman diagram 8 is essentially diagram 6 turned upside down. Therefore, we immediately have from
Sec. III F

31)&4&
.

(0 1} k, ~ a&. A» k4J g D 1

(2w}' (2 w}' (2w)' (2 w)'

where

Ã, = —g"(-g» —2/~+m}g, &+/»+g»+2P~+m)(-g» —2(~+m}

and

Ds = (k»w +&')(k»~+&w)$»'+&')(k4~'+&')[(k«+2r& p+m'][(k»+2r~} +m'].

(3.23)

(3.29)

(3.30)

Qgw Qgw Q+
'

-1 4)

-QSw-Qe
-1,

Q)+ Qp
-Q& -4+-l,

4(+q~

-qp~-q4
' 4, +q~

-Qy

Q, +Q~+q

2cU -4

4, +q, +43

' 4 [+qp+qp

q) +qa+45+Q4

' qi'Qa'qs
-q„

-1,' qi ' qe+Qs,

2'-Q -4 -Q -4
I 2

"vW
2 -q -q-q -q2 3 4

(a)NUV*Q q
4

CONTRISUTI NG REGI ON 0 q, q ~ q q

RESULT: (O, I )

0j'4
(b) NUM = q (q&+q+q +q ) = ~, NO REGION CONTRIBUTES

4&

RESULT: (0 0)

FIG. 11. The 2 momentum-Qow diagrams for Feynman diagram 7.
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E. Feynman diagram 9

The numerator for Feynman diagram 9 is

N, =-g"u(r, —r, )y (y', —p', —g, +m)y~(-g, —2y', +m)y~(-g, —k', —2y', +m)y„

~(-K, —21', +m)y. ,( g,-f,— 2)—', +m)y.,(-K, —l, —K, —2f, +m)y.

x (T, —jV, —g, —g, —y', + m)y„(p', —g, —g, —y', + m)y, (p', —g, —)', + m)y„u(r, —r, ) .
This is approximated as

16(2(u —k„—k2, —k, ,)(2(u —k4 )(2(u —k„—k, +)(2(a) —k, +)(-k, —k, )

(3.31)

where

x( k, -k —k, )u(r, —r, )y N, y„u(r —r, ), (3.32)

N =-g'0(-$, ~-2/~+m)g»+P«+2j7~+m)(-g»-2$, +m).

Using this numerator with the momentum-flow diagram of Fig. 12, we find

cg(4) '
(1 ()) \&»» 4& PD

(2 n)' (2 n)' (2 w)' (2 w}'

where

D, = (k,~'+ A.')(k, '+A')(R»'+ P.')(k, ~'+)P)[$»+2r~}'+m'][(k„+2r~} +m'].

(3.33)

(3.34)

(3.36)

q2 -qy-l,
q 7

I

Q3

' qi+ qp+

q&

(a) NUM = (q) +q~ )q&

CONTRIBUTING REGION: 0 q, qz qz q& «2e
RESULT. : (I,O)

(b) RESULT: (0,0)

FIG. 12. The 2 momentum-Qow diagrams for Feynman diagram 9.
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J. Feynman diagram 10

The numerator for Feynman diagram 10 is

(3.36)

16(2(0—k, +}(2(0—k, )(-k, + —k, + —k„)(-k, —k, )( k, + -- k, +)(-k, —k, —k, )u(r, - r, )y„N, y„u(r, —r, ),
(3.37)

where

N„= g-"u(r, —r, )y„(y'3 —1', —$4+m)y„(-g4 —2)', +m)y„(-g3 —It('4-2I)', +m)y„(-g2 —g3 —)}('4 —2g, +m)y„

x (-I(), —)}((, —g, —g, —2y', +m)y (-g, —g, —)t((, —21", +m)y„(-g, —g, —21', +m)y„(-g, —21', +m)y„

x (})), y', —f, +m)y„ u (r, —r, ) .
This is approximated as

N, =-g'0(-p —2p +m)(p, +g +g, +g +2jF m}(-p, - 2p +m). (3.38)

Using this numerator with the

3}1(4) '
(1 P) 11 2J

(2 )))3 (2 )))3

where

momentum-flow diagram of Fig. 13, we find

d k4L
(2)))3 (2)))3 10 10 (3.39)

D„=(k„'+&')(k, '+&')(k„'+)(3)(t(, '+&3)[(t(„+2r }'+m'][/, +2r )'+m']. (3.4P)

K. Feynman diagram 11

Feynman diagram 11 is essentially diagram 9 turned upside down. Therefore, we immediately have
from Sec. III I

3|1(4) '
(1 P) 1J. 2J. 2J. 4J. N D -I

(2)))' (2)))' (2w)' (2w)'

where

2„=-g'0(-g 1-2/~+m)g, 1+$2J+2p1+m}(-$,4-2/~+m)

and

D„=(k, ~2 + A2)(k2~2 + &2)(k3~2+ )(2)(k '+ X2)[$,)2 + 2r J }3+m3][$2) +2r4 }'+m'] .

(3.41)

(3.42)

(3.43)

L. Feynman diagram 12

The numerator for Feynman diagram 12 is

N„= "g(u, r-r, )y( ', 1-y', -g, +)my( ,1- ', 1-g, -g, +)m(y-g, -g, - p'2, +)my(-g, - y'2, +m) ,y
x (-K2 —K3-2y', +m)y, ( K, 02 —-K3- 2t-', +m)y. (1'3 —l, K3- P3--1', +m)r~

x (1' —g, —g, —g, +m)y„(y' —g, —y', +m)y u(r —r, ).
This is approximated as

16(2cu —k, 4 —k24 —k34)(2(0 —k, —k, }(2&@—k, )(2(u —k„—k24)(2(O —k, 4)

(3.44)

x( k„k,,)(-k, —k, )( k, —k, —k-, )u(r, —r, )y„N„y„u(r, —r, }, (3.46)

where

N, 2
= —g'0(-f3~- 2/~+m)

Using this numerator with the momentum-flow diagram of Fig. 14, we find

(3.46)

cg(4) '
( 1 P) +(J. k2J. + 3J. }(4J. N(»)' (2)))' (2))}' (2)))3

(3.47)
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I ) Q

-42 -43)~
-I,

l

42 43 44-I,
1

tte -qe -qe~
-1,

1

-42 -43 43.-Q4

4, '4
2 43~

~

' 4~+44
4 ~+44

q4

q, + q2+q3+q4

2'-q -q -q -q
I 2 3 4

(o) NUM= q2 (q2 q3 q4 (q, q q )

Pote o: NUM= —(q q + q t mox (—,—
)

44 e I I

42 I 2 4 (q2'q3

CONTRIBUTING REGION: 0 q, q2 q q
RESULT: (1,0)

Pote b: NUM=P+ '

(
' '

)max

NO REGION CONTRIBUTES, RESULT: (0,0)
TOTAL RESULT: (1,0)

2~-qi 42 43 44

(»NUM=(q(, -42.)«i. 42. 43.) (qi -44 ) (Qi .42 .Q~)

(4( '44)
( I I(q +q +q ) max I—,—'I

2 4 (43 44/

NO REGION CONTRIBUTES
RESULT: (0,0)

I

4)+ 42

4)

1 q

42. 43 44
I,

-42)-43)-44 Ql+Q2

qqq+

42
' Ql+43+44

44'

43
-Q4

-I,' Qi'42'43

43
'

4&+4 +4

ql+ 42+4

a 2+44)
-44

42

2m ql q2 43 44 2'-q, -q2-43-44

Pole a: CONTRIBUTING REGION:
RESULT: (I, O)

Pole b: CONTRIBUTING REGION:

RESULT: (-I,O)
TOTAL RESULT: (0,0)

Ocq ccq ccq ccq cc
I 2 3 4

0cq ccq ccq ccq cc 2+
I 2 3 4

(c) NUM=-q2, (q3 +q4 )(4„+43,)44 = max( —,—,~42' 44' (d) NUM = —q q3 q (42+44 )

NO REGION CONTRIBUTES
FOR EITHER POLE

FIG. 13. The 4 momentum-Qow diagrams for Feynman diagram 10.
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Qao qio

-l, q

+qy

Ql + VQS+4

Q~(o) NUV ~ -Q,.(Q, Q3 )Q~, ~
q (Q,.q, )C

CONTR BUTINS REGION O~qi «qeceq Ecq cc2ol
RESULT: (-1,0)

(b ) NO CONTRIBUTION

%go-Qiog

( c) NO CONTRIBUTION (4) ININ 4&.(qi 4&) (q& 4& q 4+ )

N0 RESON CONTR ISUT ES

FIG. 14. The 4 momentum-flower diagrams for Feynman diagram 12.
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where

D„=(k(&$+&$)(k$ $+&($)(k$ $+A$)(k$ $+X$) [(k, +2r, }'+m$]. (3.48)

M. Feynman diagram 13

Feynman diagram 13 is essentially diagram 12 turned upside down. Therefore, we immediately have
from Sec. IGL

cg($& ( 1 0) (& ~»» 4~N
($ t (2&()$ (2&(}$ (2g}$ (2&()$1$ ($ (3.49)

where

N( =-g"(-}($i-2'�™)
and

D($ =(k,~$+&$)(k,&$+&($)(t($&. +&$)$»$+&($) [(t(,&+2r& }$+m$].

(3.50)

(3.51)

N. Feynman diagram 14

The numerator for Feynman diagram 14 is

N„=—gMu(r, —r, )y+(y'$ —g, —g, +m)y„(-ff, —2f, +m)y+(-g, —g, —2}&', +m)y

x (-K, l, -P, --2t', +m)y, (-k, - k, - g, - 2p', +m}y.

x (H$ - f, f$ -K$ -K, -t', + m)y~-(1'$ - K, - K$
- l$ - y', +m)y+

x(y', -((, -1(', -y', m+)y (y', F, -t-', + )ym, ( u, -r)r. (3.52)

This is approximated as

16(2((& —k, )(2(o —k„-k,, —k,, —k$, )

x (2 ((& - k(+ —k$ ~ -k„)(2((& -k„-k ~)

x (2~ -k„)u(r, —r, }y„N«y„u(r, —r, ),
where

(3.53)

find

g, (, & ~,0 1) --,i (Pk$$» .iN D -(
(2&(}$ (2x)$ (2&()$ (2x)'

(3.5'1}

where

N„=-g($(-g,~-2/~+m) . (3.54) N, $
= -g($(-g, ~ —2P~+ m } (3.58)

Using this numerator with the momentum-flow
diagrams of Fig. 15, we find

38&4&=(0 1) " ~' " "N D -'«t (2&()$ (2 &()$ (2&()$ (2&()$14 14

and

D„=(k„$ + &($)$„$+&($)(k„$+&($)(k„$+ &$)

&( [(((„+2r, }'+m$] . (3.59)

where

(3.55) IV. DIAGRAMS THAT CONTRIBUTE TO THE

IMAGINARY PART

&( [(k„+2r, }'+m'] . (3.56)

O. Feynman diagram 15

Feynman diagram 15 is essentially diagram 14
turned upside down. Therefore, from Sec. IIIN we

In this section we will evaluate the 20 Feynman
diagrams of Fig. 3 which contribute to the leading
imaginary part of %"' and which do not cancel in

pairs. The 8 diagrams of Fig. 2 which cancel in

pairs will be studied in Sec. V. As in Sec. III, each
diagram will be treated in a separate subsection.
The diagrams will be summed in Sec. VI.
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~4q

'q, +q&+q&

), q)+q~W~+qg

2 -q, -q~-q~-q~

( o ) NUM= -q+(q~+q+)(q~+q&+q&)

CONTRIBUTING REGION: 0& q, «q&«qg&q+«2'
RESULT: (0;1)

( b ) NO CONTRIBUTION

( c ) NO CONTRIBUTION

(d) NO CONTRIBUTION

FIG. 15. The 4 momentuxn-flow diagrams for Feynman diagram 14.
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A. Feynman diagram 16

The numerator for Feynman diagram 16 is

N„=-g"u(r, —r, )y„(}(',—f'( —)((, + m)y+ (p', —p', —g, —g, + m)y„

x (-)(( —)f, —2y'(+m)y„(-)fw —g, —g, —2f'(+m)y+(-g, —)|,—2f', +m)y„

x (-(}f,-)t, —g, —21', +m)y„(-g( -)'f, —2t'(+m)y„()', —I((( -(t( —f'(+m)y„()t', —g, —y', +m}y„u(r - r ) .
(4.1}

This is approximated by

16(2&v —k„)(2u( —k„—k„)(2ur —k, +)(2&v —k, + —k„)u(r, r,-)y„N„y„u(r, —r, ),
where

N, 8 =-g(0(-P ~-g, j - 2/~+m)g»+k»+g, ~+2/(+m)(-P» —g»- 2/~+m)

x ()t»+g 2(g+»+ 2jF~ m+)(-g, ( - g, ( - 2P~+ m) .

(4.2)

(4 8)

We now take advantage of a "symmetry" of this diagram to reduce the number of momentum-flow dia-
grams we need to evaluate by a factor of two. If we reverse any momentum-flow diagram of diagram 16
left for right and reverse the direction of all arrows, then we obtain another momentum-flow diagram.
The denominators of these two distinct momentum-flow diagrams will be the same, but their numerators
will be different. However, the leading order (4.2) shows that these two numerators are also the same.
Therefore, in Fig. 16 we have not drawn diagrams obtainable from the ones shown by reversing right for
left and reversing all arrows and we have used two for the numerator factor instead of one. Then, using
Fig. 16 and (4.2} we find

cg(4) '
( 2 2) «1(. «2(. k» k4(. N D (

(2w)' (2w)' (2w)' (2w)'
(4.4)

where

D„=(k, ('+ ~')(k„'+&')(k,~'+ &')(k„' + &')[(k»+ k»+ 2r, )' + mw] [(k»+k»+ 2r~ )'+ m'][(k»+k»+2r~)w + m'] .

(4.6)

B. Feynman diagram 17

The numerator for Feynman diagram 17 is

N„= g"u(r,——r, )y (y', —p', —)I(, + m)y„(-g, —2y'(y m)y+(-g, —If, —21'( + m)y„(-g, —g, —|t, —2f', + m)y„

x (-g —g, —2y', +m)y„(-g, —g —jV, —2y', +m)y (-g, —g —2f', +m)y„

x(y -1, -(f, —g +m)y (f' —p', —K, +m)y~ u(r, —r, ). (4.6)

This is approximated as

16(2(u —k, )(2(u —k(~- k2(. )(2(u —k(~)(-k~ —k, )

xu(r, —r, )y„N„y„u(r, —r, ), (4.7)

where

N„=-g'0(-k~j - 2jF~+ m) @2~+/»+$4~+ 2/~+m }

x (-k,~-k»- 2/~+m)()t'(~+$2~+/»+g~+m)

x (-g„-g„-2jF, + m) . (4.8)

the direction of all arrows. This time the —com-
ponents in the approximate numerator (4.8}are not
invariant under the operation and hence the two
terms on the diagram for NUM = are slightly dif-
ferent. Then, using (4.8) with the momentum-flow
diagrams of Fig. 17 we find

6g(4) .
(2 2) 4(& d k, ( Pk» Pk4i N D

(2w)' (2w)' (2w)' (2w)'
(4.9)

where

We again reduce the number o1 momentum-flow
diagrams by considering the pairs of diagrams
related by reversing right for left and reversing

x [(k„+k„+2r, )'+ m']

x[(k ~+k»+2rj) +mw][(k4~+2r~) +m~]. (4.10)



450 BARRY M. McCOY AND TAI TSUN WU

,
4) qa[

Qi+ Q~

1

-I, 43' Qg

-1,' 4)+QP+43

4) 4~

, Qi

43
-1, —

q

4)+ q

-I 43'4
~ q ~q ) P

)

4)+4~+43
q

'I'

-I,
q

qp -43
-1,

Q)

Ji

Qp+Qy-I,

I

/1

43

4)+4&
b

qa'q~ -1 4
Qp~qy

' 4)+43
Qp+ Qg

'V

I 5

2'-4) -43-4~ 4)+Qp 3+4'

(a) NUM=2

POlE 0: CONTRIBUTING REGION:
RESULT: (-2,0)

POLE b: NO CONTR I BUTION

«Qi & 42 43««44
(o) NUM = -

(q& +q~ ) - 4+

2~-4) -q~-q3-q~

POLF 0: CONTRIBUTING REGION: O&q) «q «q «q~«2~
RESULT: (2,0)

POLE b: NO CONTRIBUTION

1'
j4i

4
i

+ QP+ Q3

4& Qi+ 4~

-1,' Qi'43

4, +43

-QP -43-Qy
-1,

-I,
Q3

I l q

, ~ q)+ 4&+4&

-q~
-1,

Qp

4)+Qp
-43 -44'

4)+Q
l

-I, 4

4) +43

-qy

4)
-41 Wg-4

4)

4i

+Q

43+4'

2&u -4, - 4&- q3-4+

(b) NUM =2
POLE o' CONTRIBUTING REGION: 0«4, «4&~43«4&«2~

RESULT: (0,2)

POLE b: NO CONTRIBUTION ( b) NUM = -(q, +4&+4+) —q~
CONTRIBUTING REGION: 0«q) «4«q~«q «2~
RESULT: (0,-2)

FIG. 16. Two of the 4 momentum-flow diagrams for
Feynman diagram 16. The other 2 are obtained from
these by turning the arrows on the diagram right for
left and then reversing the direction of all the arrows.

FIG. 17. Two of the 4 momentum-flow diagrams for
Feynman diagram 17. The other two are obtained from
them by the right-left symmetry operation.
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C. Feynman diagram 18

Feynman diagram 18 is essentially diagram 17
turned upside down. Therefore, from Sec. IVB we
find

where

N„= g-"(-g„-P»- 2P, + m)g„+jF»+jF„+2/, +m)

x ( g„g»- 2p, m)

x g«+g, ~+)»+ 2/~+m)(-g, ~-2/~+m} (4.12)

and

c@(4) ~

(2 2)

klan

+k2J ~%1 +k4J.
(2(()& (2g)& (2(()~ (2(()&

(4.11)

x [(k«+ 2r, )'+ m'][(k»+k»+ 2r j }'+m']

x [0(„+k„+2r, )'+ m'] . (4.13)

D. Feynman diagram 19

The numerator for Feynman diagram 19 is

N, 9
= g' u(-r, —r, )y (P', —1, —It, +m)y„(-I(', —2P', +m)y (-I(', —I(4 —2t', +m)y„

x (—I(', —&f, +m)y (-I(, —I(, —2y', +m)y (-It, —f —I(, —2p', ™)y
x (-I|,—It, —2f'(+ m)y„(},—p', —g, —I|,+ m)y~ (}('2 —1'( —I(', + m)y+ u(r, —r, ).

This is approximated as

16(2~ —k, ,}(2&v- k„—k, + }(2&v-k„)(-k, —k, )u(r, —r, )y„N„y„u(r, —r, ),
where

N„=-g'o(-g ~-2)~~m}(g, +g«+2p~+m)(-g, ~y2$~+m)g»+g»+p»+2I((, +m)(-g»-g~-2/~+m),

(4.14)

(4.15)

(4.16)

Using this numerator with the momentum-flow diagram of Fig. 18, we find

cg(4j '
( 1 1) 1J. 9J. sJ. 4J. N D -(

(2 (()~ (2(()~ (2 (()~ (2g)~ (4.17)

qa Qs qe-I,
I

Qp -Qpe-Qy ~-q
-I,

%2

-I ' Q}'Qa'Qs
-qe

-1,
ql+Q2 Q3

-Q4
-1,' Q~+ Q~+Q~

q}+ Qp+Qy

-I
~ QI+q&+ qa

3+ Qe

2' qi qa qs q4
2~ -qi -qq-qq-q

(o ) NUM = (q}+qz)

CONTRIBUTING REGION: 0 &q} ccq~ &&Q&&cqe &c 2(u

RESULT: (-1,0)

(b) NUM =q~

CONTR IBUTI NG REGION:

RESULT: (0, I )

O&q } ccq & &cq & &cq e &c 2

FIG. 18. The 2 momentum-Qow diagrams of Feynman diagram 19.
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where

D„=(k«'+%2}(k»'+&')(k»'+X~)(k~i2+A2)[(k, i+k, ~+2ri)'+m2][(k, i+2ri) +m2][(k, i+2ri) +m']. (4.18)

E. Feynman diagram 20

The numerator for Feynman diagram 20 is

N =-g'Ou(r -r, )y (y' -y', —g +m)y„(-g —2g, +m}y„(-g —g —2}&', +m)y„

x (—t&', —g, —$4 —2g& +m)y„(-g —g, —2y', + m }y„(-g&—g, —g, —21', + m)y„

x (-g, —&}t, —21', + m)y„(-g, —2y'& + m)y„(1', —
g& + m)y„u (r, —r, ) .

This is approximated by

16(2u, k, ,)(2~ k, )(-k„—k, ,)(-k, —k, ) u(r, r, )y„N„y„u(r, —r, ),

(4.19)

(4.20)

where

N, =-g&o(-k«- 2)i+m) g, i+ /, i+/«+ 2/i+ m)(-g, -k»- 2ji+ m) /&i+), i+k»+2)i+ m)(-g» —2)i+ m) .
(4.21)

Using this numerator with the momentum-flow diagrams of Fig. 19, we find

5F(&4) '
( 1 1) «»» k4j. N D I

(2 &&)' (2 w)' (2 &r)' (2r)'

where

D» = (k, &. + ~ )(k, i' + ~') (k»' + &')(k«' + &')[(k&i+ 2ri )' + m'][(k, i+k»+ 2r ) + m'][(k i+ 2r i )2 + m'] .

(4.22)

(4.23)

F. Feynman diagram 21

Feynman diagram 21 is essentially diagram 19 turned upside down. Therefore, we find from Sec. IVD
that

58'&4& —'( 1 1) &i 2» 4j. N DI ~ '
(2 7&)& (2 &&)& (2 &f}3 (2 &&)3

(4.24)

where

N~, =-g'0(-g, i-g i- 2/i+m)(k' i+),~+II|,i+2/i+m)(-g, i- 2/i+ m) (t&', i+/»+2gi+m)(-P, i- 2ji+m) (4,25)

and

D, =(k, i'iA. ')(k, i'+A. '}(k,i'iA. ')(k i'+A. ')[(k&i+2ri)'+mm][(k»+2ri)'+m'][(k, i+k ~+2ri) +m']. (4.26)

G. Feynman diagram 22

The numerator for Feynman diagram 22 is

N„= —g "u(r, —r, )y„(1',—1', —&}&', + m )y„(p', —p', —g, —g, + m)y„

x (-g, —ff, —21'& + m)y~ (-g, —g, —g, —2y'& + m)y„(-&}t, —t&', —2y'& + m)y

x (-g& —g2 —I&', —2T& +m)y„(-g& —g, —2y'& +m)y„(g —
g& —g, —g, +m)y

x (p', y', —g, + m)y„u(r, —r, ) .
This is approximated by

16(2&v —k„)(2ur —k„—k„)(2~ k, —k, )(2&v —k, )u(r, —r, )y„N„y„u(r, —r, ),
where

N„= —g'0(-g, i-g —2P +m)(k, +t|, +g +2/ +m)(-g»-g, —2jFi+m)

x g&i+k2i+ P»+ 2jFi+ m)(-g, &
-g»- 2/i+m) .

(4.27)

(4.28)

(4.29)
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-Qee-qg rQ'
-I,

q

-I, Qe+43
I

Qe+43

bt

't qe

q 1

-4e -Qp, -qy I

-1,

I,

qi+qe

-Qg
1~ 4+4 +

e+qg

' QI+qe+Qp

Qe qs 4

(.) ~--q„(4„.4 ~,.)~ 4 '4 '4
qe

+, q q )mom 4
—— POLE b

Qe+Qs ~

POLE a: CONTRIBUTING REGION- 0«q, «qe ««43 ««4+««2+
RESULT: (-I,O)

POlE b: NO CONTRIBUTION

(b) NUM = qe Q~
~q

e
CONTRI SUTING REGION: O«q

&

««4 ««4 ««q ««2~

RESULT: (0, 1)

4 (+Qe

4(
-qee Q~~ Qg

q

QI +Qe

5'Qe

-qee-43 Qg

-I,
qi +Qe

4)+ Qe

I

q,

q~+qz. -q&-I,
I

4e

-Qgo

4 )+Qe

W)o-Qie %g
4

Qi 43 %-I,

4) gpss

QI+Q
I

,
QI Qg,

4 +4 +4+

2" qi qe Qs Qi

(c) NUIN* (q +4 )q -q max
I+ 5+

POLE 0: CONTRIBUTING REGION: O«q, ««qe««q& ««4+ ««2»
RESULT: (-I,O)

POLE b: CONTRIBUTING REGION: O«q (
««q e ««q

& ««q~ ««Ra

RESULT: (1,0)
TOTAL RESULT: (O, O)

(d)NUIN* 4) (qe +q~)
NO RE6ION CONTRIBUTES FOR EITHER POLE

FIG. 19. The 4 momentum-How diagrams of F~~~ diagram 20.
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Using this numerator with the momentum-flow diagrams of Fig. 20, we find

cN'(4& '
( 2 2) &i $$ $i 4 N D

(2$}$ (2w)$ (2n)$ (2w)$
(4.30)

where

D» —$»$ + &$)(k»'+ &$){k$i$+1$)(k,i$+ &$)[(k«+R,i+ 2r$ } +m'] [$,$+k$$+2r$)'+ m$][(k»+ k,i+2ri)'+ m'] .
(4.31)

H. Feynman diagram 23

The numerator for Feynman diagram 23 is

N„=-g' $u(r, — r)y ( '1, -p —g, +m)y„(y', —g, —g, —g, + m)y„{-g, - g, —2p', + m)y„(-g, —g, —g, —21', + m)y„

x (-g, - g, - 21', + m}y„(-g, - g, - g, —2y', + m}y„(y,- p', - g, - g, - g, + m)y„

x(y', y', g, -g, +m)y+(1', -y', -g, +m)y u(r, —r, ). (4.32)

This is approximated by

16(2(u —k„)(2(u —k, ~ —k$~}(2(u- k, ~ —k i —k, ~)(2(u —k )(2$$ —k —k }(-k, —k —k }

xu{r, —r, )y„N y„u(r —r, ), {4.33)

where

(-R$&-R$i 27i+m)(R$$+R$~+R$i+2Pi+m)( P$i- R$$2F&+m) ~

Using the numerator with the momentum-flow diagrams of Fig. 21, we find

%"'='(2 -2) 'i * "$~ 4i N D$$ { t (2g)$ (2g}$ (2g)$ (2g)$ $$ $$

where

D»=(k»'+&$)$ i$+&$)(k»$+&$)$, |$+&$)[(R»+k,i+2ri} +m$][$ i+k,i+2ri}'+m'].

(4.34)

(4.35)

(4.36)

I. Feynman diagram 24

The numerator for Feynman diagram 24 is

N$$ =-z"u(r$-r, h~ {1'$-P', —P, +mb~9'$-y', P, k, +m—)y„-
x( g$ g, 2y, +mb. ( g$ g$ g, 2y', + )y~( g, g$ g$ g, 21', + h„
x (-g, —g, —g, —21', + m)y„(-g, —g$ —2y', + m)y„(1'$ —1', —g, —g$ +m)y„(y'$ —y', - g, +m)y„u(r, —r, ) .

(4.37)

This is approximated as

16(2(o —k, i)(2(g)-k, — k$)+( &2u- k$)(2(u —k$ —k$ )(-k —k —k )(-k, —k, —k, )

x u(r, —r, )„yNy„u(r, —r, ), (4.38)

where

N$$ — E ( g~$ gqi 2'IF$+m)N|i+gqi+g$i+gqi+2Pi+m}( gij. $$2Pi+m),
Using this numerator with the momentum-flow diagrams of Fig. 22, we find

+
%"'='(2 -2} I

' ' ' N D$4 I (2g)$ (2g}$ (2g)$ (2g}$ $4 $4

where

D$, = {k,i$+ A$)(k $$+ &$)$»$+ &$)$$$$+ &$)[$,i+k ~+2ri } +m$][$ $+k»+2r~} +m$].

(4.39)

(4.40)

(4.41)
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FIG. 20. (Costissed os follescieg page)
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FIG. 20. The 8 momentum-Qow diagrams of Feynman diagram 22.
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FIG. 21. (Continued on folLoauing page)
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FIG. 21. The 8 momentum-How diagrams of Feynman diagram 23.
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FIG. 22. (Continaed on following page)
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41

(cI ) NO CONTRIBUTION ( e ) NO CONTRIBUTION

FIG. 22. The 5 momentum-flow diagr~m~ of Feyn~~n diagram 24. Momentum-flow diagram (c) has been drawn twice
in order to accommodate all the poles. In (c) the yoke onq&+ q4 has been used even though there is a second pole in that
momentum circuit on q&. In (c') the pole on q2 is treated.

J. Feynman diagram 25

(4.42}

where

Feynman diagram 25 is essentially diagram 23 turned upside down. Therefore, from Sec. IVH we find

SR's' ='(2 -2)
" Pksi Pksi diss A4 N Dss ~ & (2g)s (2g)s (2g}s (2g)s ss ss

and

Nss =-g"(-Q,-P„-g,+m)g„+g„+g„+2/, +m)(-g„-gsi-2P, +m)

D» —-$,is+&s)(k»s+&s)(k»+&s}g, is+&s)[$,i+ksi+2r~) +ms][(lk i+ksi+2ri} +ms].

(4.42)

(4.44)

K. Feynman diagram 26

The numerator for Feynman diagram 26 is

N„=-g'su(r, —r, )y~ g, —y', —g, +m)y„(-g4 —2y', +m)y„(-Its —I(4 —2y', +m)y„(-gs —Its —I(, —2y', +m)y„

x (-g, —g, —I(, —g, —21', +m)y„(-I(, —I(, —I(, —21', + m)y„(-g, —gs —21', +

m)rsvp,

—y', —I(, —g, + m)y

x (y', —y', —g, + m)y„u(r, —r, ) . (4.45)

This is approximated by

16(2&u —k, +)(2+ —k, + k, +)(2+-k, -)( k, + —k, + k, +-)( k, —k-, —k,-)( k, k, )u(r,--r,-)y„N„y, u(r, —r, ),
(4.46}

where

Nss =-g"(-g„-g,+m)g„+g„+P„+g„+g,+m) ( g„g„-2P,+m).

Using this numerator with the momentum-flow diagrams of Fig. 23, we find

(4.47}

%"'—'(11) ' ' ' 4 N D
(2m)s (2w)s (2s}' (2w)s

(4.48)
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POLE a: CONTRIBUTING REGION: 0&q ) «qp «qs«qq«2+

RESULT: (-1,0)
POLE b: NO CONTRIB UTION

-4)-qa-Qs qi

(b ) NUM = (4)++q~~&s+)(4) +Q~ )(q, +4& +4~ )

4)+ Qe
(4)+Qp+Qy)

NO CONTR I BUTION

1

42
1

4)+ Qs

4&+4+ "4&-I,

b
1

-1,

-Qa, -qs, -Qi1

1

4) +Qs

' 4) +Qa

1

4 +q~

42) 4+

4&+4&

d

-4s
~ 4)+Qp+

4)+Qs+Qs

~ 4) +Qs+Qs

2'-4)-4&-qs-4+ 42 qs qe

(c) NUM = (Q)++qs+)q, (q, +4, +q, )

POLE a '. NO CONTRIBUTION

POLE b: NUM = -Q~(Q)+qz+q~) )))dx (—~)I

CONTRIBUTING REGION: O&q)«q2«qs«Q&«2+
RESULT: (0, 1)

(d) NUM = qs+ q~ (4& +4+ ) q (Qs+Qg)

NO CONTR I BUT ION

FIG. 23. The 4 momentum-Qow diagrams for Feynman diagram 26.
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where

D,8
= (k»'+ A')(k„'+ x')(k, i'+ A.')(k, ~'+ A.') [(k»+k»+ 2r~}'+m~] [$ i+2ri }'+mI] . (4.49)

L. Feynman diagram 27

Feynman diagram 27 is essentially diagram 26 turned upside down. Therefore, from Sec. IVJ we find

311(~& .
( 1 1) . . » k4iN

(211}' (21r}' (2w)' (2w}'

where

N~, =-g' (-$4~-g~~- 2Pj.+m) g, ~+g~~+g~j. +g~i+2P~+m) (-f,~- 2)~+m)

and

„=(ki~'+ ')(k»'+ ')(k,i'+~')(k„'+~') [(fc„+2r,}'+m*] [(k„+k„+2r,)'+m'].

(4.5O)

(4.51)

(4.52)

M. Feynman diagram 28

The numerator for diagram 28 is

N„= g'Ou(r, -—r, )y„(y', —y', —g, +m)y„(-g, —21', +m)y+(-g, —g, —2y', +m)y„(-gn —g —g -2g, +m)y

x ( g, g, —2y', + m)y„(-g, —g, —g, —2y', + m)y„{1',—g, —g, —g, —y', +m)y+(p', —g, —g, —y', + m)y~

x (y', —g, —1', +m)y„u(r, r, ) (4.53)

where

xu(r, —r, )y„N y, u(r, —r, ), (4.54}

N~s =-g (-R4i- 27i+ m)(Q~+Rgj. +R4i+ 2P + m)

x (-g —P —2)~+ m). (4.55)

Using this numerator with the momentum-flow
diagrams of Fig. 24, we obtain

%"'='(-1 1) ' ' ' 4' N D
(2w}' (2n}' (2w}' (2w}'

(4.56}

where

This is approximated by

16(2(u —k|+)(2(u —k, , —k, +)(2(u —k„-k~„—k, ~)

x(2(u k, )(-k, k, -k, )(-k, k )

N. Feynman diagram 29

where

(4.56}

N~ =-g"(-g,~-g,~-2/~+m)

x g|~+pl~~g~~~2p~ym)(-g|~-2)~pm)

(4.59)

Feynman diagram 29 is essentially diagram 28
turned upside down. Therefore, from Sec. IVL we
find

x [(k„+k„+2r, )'+ m']

x [(k„+2r~)'+m'] . (4.57)

D~= (k, i'+&')$,~'+&')$,~'+&')$,~'+x')

x [(k„+2r,}'+m*]

x[(k„+fc„+2r,) +m']. (4.60)

The numerator for diagram 30 is

O. Feynman diagram 30

N, = g'Ou(r, —-r, )y„(y', —p', —g, + m)y+(1', —y', —g, —g, + m)y„(-g, —$4 —2y', + m)y~ (-g, —2y', +m)y~

x (—k', —g, —21', +m)y~ (-k', —k', —g, —2y', +m)y+(-g, —g~ —2y', +m}y„(y' —1', —g~ —g~+m)y+

x(y', —g, —k', +m)y u(r, —r, ). (4.61)



THEORY OF FERMION EXCHANGE IN MASSIVE. . . . IV. . . .

4) -Qg~-qy

4~+4~

I

Qi+ 43

1

Q~+Qg

~ QI+4~3 Q3

I

-1, 41+41+45 4&+43

1

4)+ qy

g%

2~ 4~ Qz Qs qi 2~-4) -q~-Qq-q~

(o ) NUM = -(4,+43)(q, +qz+q&)

CONTRIBUTING REGIONS:

0 c ql cc 42 CC45 ccq4 cc 2

0 c4~ ccq ccq ccq cc 2
RESULT: (1,1)

( b ) NUM = -qs (qua+4„)

CONTRIBUTING REGION: 0 c q, ccqz ccqsccq~cc 2~
RESULT: (-1,0)

4) +43,-43-1,

1

b 1

4a

1

4)+Qg
4» 43
q, +q3

4~+ Qg+43

' 4) + Qg+Qy,

Qg 43-Qi

(c) NUM = -434&
POLE o '. CONTRIBUTING REGION: 0 4, «qz«q&ccq+ c2~
RESULT: (-1,0)
POLE b: NO CONTRIBUTION

(d) NO CONTRIBUTION

FIG. 24. The 4 momentum-Qow diagrams for Feynman diagram 28.
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This is approximated as

16(20J —k, 4)(20J —k„-kS, )(21tJ —k —k4 )

x(21JJ k }( k, k, )( k, , k„}
xu(r —r, )y„N y„u(r, —r, }, (4.62}

where

N~ =-g'0(-g, —2p +m)N, +k +g, +2( +m)

x (-g,~-g ~-2)~+m}. (4.63}

Using this numerator with the momentum-Qow dia-
grams of Fig. 25, we find

3R(4& .
(1 1) dktJ dksJ- PkSJ Pk4 N D30 ~ t (2«)3 {2«)3 (2«)3 (2«)3 30 $0

P. Feynman diagram 31

Feynman diagram 31 is essentially diagram 30
turned upside down. Therefore, we find from
See. IVN that

egf
(4)

(1 1)
-1114 WtsJ kss k4J N31 t (2 «}3 (2«)3 (2 «)3 (2 «)3 31 $1

(4.66)
where

N =-g' (-g -g —2P +m)

xg, 4g, 4g,~+gs+m) (-$$~ —2jF~+m)

(4.ev)

where
(4.64)

and

D„=(k, i'+ &')(k, i'+~')(kSi'+ ~')(k4 '+ ~')

x [(k,~+k$~+ 2r~ p +m$] [(k»+2r4p + ms] .
(4.65)

x[{k~+2r~P+m$] [$3$+k4~+2rsP+m$].

(4.66)

Q. Feynman diagram 32

The numerator for Feynman diagram 32 is

N~ =-g"u(r, —r, )y (1'3 —y', —$4+ m)y+(y'3 —7', —$$ —((4 + m)y„(-g, —g, —21', + m)y„(-g, —g, —g, —2y', + m)y

x( K, K, K, -P, —2t', +m)y, (X, -1', f, -t-, -K, -K, +m)y, (y', -1', k, -K, +-m)y~

x (7t, —y', —g, —g, + m)y (y', —y', —g, +m)yo u(r, —r, ) . (4.69)

This is approximated as

16(20J —k„)(21tJ—k, 4 —k$4)(20J —k„—k„-k„)(211J—k„-k„—k„—k 4)

x (2 &v - k, —k )(20J - k )(-k, —k —k —k )(-k, —k, —k )(-k, —k —k, )u (r, - r, )y„N, y„ u (r, —r, ),
(4.70)

where R. Feynman diagram 33

N„= -g"(-g„-g„-2P, +m). (4.71}

Using this numerator with the momentum-flow
diagrams of Fig. 26, we find

tm(41 '
( 1 1) 1J SJ $J 4J N D

(2«}$ (2«)$ (2«) (2«)

(4.72}

Feynman diagram 33 is essentially diagram 32
turned upside down. Therefore, we find from
Sec. IVP that

3)1(41 f 1 1 )
~1J. $$ 3J 4J N D 133, I t (2«}3 (2«}3 (2«}$ (2«}$33 33

(4.v4)

where

where

and

N„=- g1(0-g„-g„-27,+m) (4.ve)

D~ = (k, ~s + &$)$$~$ + &$)(kS~' + &$)(k4J 3 + &3)

x [(k„+k„+2r, )'+ m'] . (4.73)

D„=(k,~s 4XS)$ ~3+As)(k»3+AS)$4~3+&3)

x [(k„+k„+2r, p +m'] . (4.76)
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(0 ) NO CONTRIBUTION ( b ) NO CONTRIBUTION

1

q) + q2
1

q2

-1
7

q

-q&, -q4
q)+ q2

-q2. -qa-1,

1

q2

-qz
&+ q2+q3

q2+qy+ qy q}+qq+q3+qq

(q, +q, )
(c) NUM = —

(q~ +q& )q

CONTRIBUTING REGION: 0 & q &cq &&q «q « 2»
RESULT: (1,0)

(d) NUM = -q, q, + = ——
CONTRIBUTING REGION: 0 & q1cc qa c&qi ccqicc 2»
RESULT: (0, -1)

FIG. 25. The 4 momentum-flow diagrams for Feynman diagram 30.

S. Feynman diagram 34

The numerator for Feynman diagram 34 is

N~ =-g'ou(r, —r, y„}(y',—1, —$4+m)y„(1, —p', —g, —$4+m)y„()', —p', —g —g, —g +m)y&

x (—g —g, —g~ —2y', + m)y (-g, —g, —21', + m)y (-g, —It, —jV, —2y', +m)y„(1' —y', —g, —k' —11, + m)y

x (p', —H, —P, —0, +)rm(f, - P, —K, +m)r u(r, —r, ) . (4.77)

This is approximated as

16(2(u —k, +)(2(u —k„—k2, )(2(ar —k„—km~ —k, +}(2(u—k, )(2(a) —k~ —k~ )

x(2m k, -k, —k )( k, -k, —k, )(-k, + —k, + —k, +}u(r, —r, )y„N„y„u(r, —r, ), (4.78)
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,
4)+Qg

I

4(+Qy

' 4 ~+ Qp+ Qq

Qt+Qg+Qy+Qg

'Qi+ Qq

ij QI+QS+Qi

pi

Qi+4.-4&
'4&+Qs qa

I

4 p+Qg

1

4p+ Qy

-Q -q -q

( o) NUM = (4(+Qg)(4, +4, +4,)
CONTR I BUTI NG R EGI ONS:

0 & q& «q&&c q&c& q4c& 2w

0 & qg«q) «qs&c qy«2
0 & q &&4~&& Q~ c&q && 2w

RESULT: (-1,-2)

Lt

-4)- 43- Qy [g
( b ) NUM = Qi(4) + Qi)

CONTRIBUTING REGIONS:

0&qqccq~ccq~ccqqcc 2w

0 c 4&&& Q&cc 4&cc 4+ cc 2w

RESULT: (0,2)

2w 42

Qp Q
1,

' 4)+ 44
-Qg -43
4)+ Qg4 ~

y 42' 4+1 i

Ql

-1 '4) + Qg+Qy

2w-4) -Qg-Qg

( c ) NUM = 4~(q, +4~)
POLE a '. CONTRIBUTING REGIONS:

0 4, & qp& qq q~ &2w

Oc 4& c&4&&&4&«43&&2w

RESULT- (0,0)
POLE b: CONTRIBUTING REGION:

0 q, qp q~«q~«2
RESULT: (0, 1)

TOTAL RESULT: (0, 1)

4)+ Qg+Qy

Qi+Qq+43+Qg

QI

L/
F%

2w-q~- Qp-Qq-Qq

(d) NO CONTRIBUTION

( e ) NO CONTRIBUTION {f ) NO CCNTRIBUTION

FIG. 26. (Continued on following page)
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(g ) NO CCNTRIBUTION (h) NO CONTRIBUTION

FIG. 26. The 8 momentum-flow diagrams for Feynrnan diagram 32.

where

N„=-g(0(-g»- h»- 2P, +m) .
Using this numerator with the momentum-flow diagrams of Fig. 27, we find

cg(4) '
(1 1) (J. 2J. 3J. 4J. N D -1

(2(()' (2(()' (2v) (2(()

where

DM = (k, ~'+& )(k» + &')$»2+ &')$«'+&2)[(k,~+k»+2r~)2+mm].

(4.79)

(4.80)

(4.81)

T. Feynman diagram 35

The numerator for Feynman diagram 35 is

N„=-g"u (r, —r, )y+ (y', —f', —g, + m)y+ (y', —f', —|f, —g, + m)y~ (y', —}(', —jf, —g, —g, + m)y„

x (-g —tf, —I}| —2f', + m)y+ (-)f, —)f, —2f', + m}y„(-(tf, —g, —g, —2y', + m)y„(f', —g, —)f —g, —1', + m)y,

x(1, y, y, -f', m)y~(f', -g, -i', +m)y u(r, —,). (4.82}

This is approximated by

18(2(u —k, ~)(2(u —k, + —k, )(2(u —k, + —k2, —k„}(2&v—k )(2(d —k2 —k4 }
x (2(d k, —k, —k, }(-k, —k, —k, )(-k„—k„—k„)u(r, —r, )y„N~y„u(r, —r, ), (4.82)

(4.84}

where NM is given by (4. '19). Using this numerator with the momentum-flow diagrams of Fig. 28 we find

Sn«) =. -2it «~.
35 ~ 34

V. DIAGRAMS WHICH CANCEL IN PAIRS

In Fig. 2 we display the six Feynman diagrams which, to leading order, cancel in pairs. The pair 38
and 39 is essentially 36 and 37 upside down. Therefore, we need only consider the pairs 36, 37 and 40,
41. These will be discussed in separate subsections.

A. Feynman diagrams 36 and 37

The numerator for Feynman diagram 36 is

N, = g'Ou(r, —-r, )y (1', —f'( —g +m)y (y', —1', —1(, —g, +m)y„(-g, —Jf, —2y', +m)y„(-g, —g, —)f, —2f', +m)y

x (-g, —g, —g, —[f4 —2y', + m)y (-g, —g, —lf, —2f', + m)y„(y'2 —g, —g2 —f', +m)y

x (y', —g, —f', + m)y„u(r, —r, ) . (5.1)
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This is approximated by

16(2(u —k, „)(2(u —k„—k„)(2(u —k„—k„—k, ~)(2(u —k, )(2(gp —k, —k )(-k, —k, —k )

x ~(r, —r, )y„N„y, u(r, —r, ), (5.2)

where

N3~ ——g (-f3~ —P4~ —2jP~+ m)g~~+g2~+kqj +gq~+ 2' + n))(-g'q~ —gq~ —gq~ —2Pj +m) .

Using this numerator with the momentum-flow diagrams of Fig. 29, we find that

k tPk ~'k d k
(2w)' (2v)' (2m)' (2w)'

(5.3)

(5.4)

-1 Q) Q2' Q4
1

I+q 3

1

QI+Q3

Q~+Q2

1

Q (+Q2

1
QI Qa

q&+q&W3

2+q3

Q2 Q4

Q)+ Q3

3
-Q4

Ql+Q2+Q3

Q &+Q24q3+Q4 Q, +q&+Q3+Q4

QI-+ Q3-(o) NUM = (q&-+Q3-)Q4+=

NO CONTRIBUTION

( b) NUM =-q q
q3

3- 4+ q 4

NO CONTR I BUT ION

QP+Q3

q4

( c ) NO CONTRIBUTION (d) NO CONTRIBUTION

FIG. 27. (Continued on following page)



13 THEORY OF F ERMION EXCHANGE IN MASSIVE. . . . IV 469

where

D~~ =(k, ~2+& )$~~~+&')$,~2+&2)$,~ +&2)[(k,~+k ~+k,~+2F~) +mmj[$~~+k~~+2r~} +m2].

The numerator for Feynman diagram 3V is

N„=-g'Ou(r, —r, )y~ (p', —y', —f, +m)y„(p', —y', —1I, —I(, + m)y~ (-II, —1(4 —2y, + m)y„, (-I(, —II, —$4 —2p', + m)y~

x ( I(-, —II, —I(, —II~ —2f, +m)y~, (-II, —I(~ —II, —2T, +m)y„

x (y'2 —y', —II, —It, —'II, +m)y„(y' —y', —II, —I(~+ m)y (y' —y', —ff, + m)y„u(r —r, ),
which is approximated by

16(2(u —k~~)(2(v —k~~-k~+)(2(v —k~~-km~-k~, }(2(g)—k~ )(2&v- k~ —k4 }(-km —k - k )

xu(r, -r, )y„N„y„u(r, —r, ). (5.7)

-qg~ -ao q)
1, 4

-Qgg-Qy)-Qg
-1,

-Qge-Qy
-1,

-Qgs-Qse-~
-1,

-I ' 4)+ Qg

-I
4&+4&

'Q)+Qp

-I ' 4}+Qg

"Qy
' 4(+qg

43

+4&+a~

-q~
' 4(+Qg+Qg

4(-Qp-Qy

I
1

(Oqs

Is' 4(+ Qg+Qy

( y) NUM = -q q~~ = —&
POLEo: CONTRIBUTING REGION: 0 q& «qz«q~«q~«2~

RESULT: (1,0)
POLE b: NO CONTRIBUTION

(f ) NUM = Q~ (4,++4~++4~+)

POLE a .'NO CONTRIBUTION

POLE b: CONTRIBUTING REGION: 0 & q, &+a&«q& «4+«2'
RESULT: (O,-I)

( g) NO CONTRIBUTION ( h ) NO CONTRIBUTION

FIG. 27. The 8 momentum-Qow diagrams for Feynman diagram 34.
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42TQ -I
42

( +qs

I

QI +43

Qy 241- q 42+43+Qy

-I '
q, +42+q~

(a) NUM= q (q +q +q } = ——qg

CONTRIBUTING REGION: 0«q, «4& «q&«q~«2'
RESULT: (0, 1)

(b) NUM =- (q + Q~ )4+

CONTRIBUTING REGIONS: 0&Q~ «q&«43«q&«2'
4&«2~

RESULT: (I, I )

I

q(+Q2

Qt +42

-4, -4;,q,

4I

-I,
I

I

2

q, +q2

-qz
' 4(+qg

-I
Q~ +qg

l
-Q.

I

4(+Q2+qg+Qg q+q +q

-4&
-I,'

4, +4~+4

q~
( C ) NUM= -Q& 4+

q~

CONTRIBUTING REGION: 0&qt «q&«q «q «2~
RESULT: (-I,O)

(d ) NUM = -4& 4++ = ——Qa

POLE, 0: CONTRIBUTING REGIONS: 0&q,«qz«q z«q&«2~
0&q, «qq«q~«q~«2~

RESULT: (-2,0)

POLE b: NO CONTR I BUT ION

FIG. 28. (Continued on following page)
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( 0 ) NO CONTRIBUTION ( f ) NO CONTRIBUTION

( g) NO CONTRIBUTION ( h ) NO CONTRIBUTION

FIG. 28. The 8 xnomentum-Qow diagrams for Feynman diagram 35.

Then using the momentum-flow diagrams of Fig. 30, we have

cled(4) ( 2 2) 1J. 41 4J 4J N g)
(2w)' (2w)' (2w)' (2w)'

and therefore to leading order

B. Feynman diagrams 40 and 41

The numerator for Feynman diagram 40 is

N~o -gi4u(r3- ri)y+ (y'~ —y', —I(4+m)y+(y'~ —g, —II4 —J(4+ m)y„(p', —y', —g, —I(, —g, +m)y„

x( /f4 —j(3 —I(4 -—21i+m)y„(-I(i —p'2 —jf~ —g4 —2y', +m)y~ (-g, —g2 —|(4 —2p', +m)y„

x (p'2 —T, —k, —$4 —$3+m)y~($4 —p', —g, —jim+ m)y (1 4
—y', —f, + m)y~u(r, —r, ) .
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,

4)+ Qp

1

Qp+ Qy

Qi+ 43 Qp+ Qp 4)

-4)g-4
-1,

4 (+Qp+Qg

-q
-1 2

'Qi+ Qq+Qg

4)+ Qp+Qy

' 4 (+ Qg+Qy

q Ji
I

Qa Qs. Qo-1,

4~+ Qq

-4),-qg
' Qg+ Qg
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-1, 4(+ Qg

Q~+ Qp+43+Qg
Q~ +Qq+Qq+ Qq

OI

2QJ -44

(o ) NUM = -(qz+q~)

4 ( -Qg-Qy —Qg
2~-4, -qz -43-q~

(b) NUM = -(q, iqz+qz)

Qg

NO CONTR I BUTION CONTRIBUTING REGION 0 c q, «qz «q3 «4+ cc 2e
RESULT: ( I, O)

1

4(+ Qp

1

+ Qp+Qy

1

4~+ 4&
1

Qp

-Qg, —
-I,

Qgrqy
l

$ q

-qp
I ' qi+Qi

-Qa~-Qs-1

Q~+ 4g+Qq
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q~+ 4~ Qi+ Q~+ Q~

4~ + 4~+4~„

-Qg
' qi~ qq+Qq

I

Qy

4~+4~&43+4~
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1 q

„4~+Qy+Qg
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Qi+ Qs-Qz

1

4)+ Qy-Qg

Qp

-Qg
1

Qg

Qg

A

I

~a

4~+4~

Qg-Q~-Qy
Qg+Qyb -1,

2(U -4
( -Qg- Qy

( c ) NUM = -(4(+4/

I

4y

( d) NUM = —{q,iq~)

Qa Q~

4 i+Qs-Qz

POLE a: CONTRIBUTING REGION-' 0 c q, «4& ccq&«q~ cc 2'
RESULT: (0,- I )

POLE b: NO CONTRIBUTION

POLE a . CONTRIBUTING REGIONS:

4 4

0 c q&cc q, cc 4&ccq cc 2~

RESULT: {0,-2)

POLE b: NO CONTRIBUTION

FIG. 29. (Continued on following page)
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I

aI+ qz

-1
QI+

-qg)w
) q

+'44)-'44

Qz

Qz ,
-Qz-44

' QI+qg

-Qz)&4-1' QI+43

QI+43
q
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Q
P
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1
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1)'az
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(e) NUM =-44
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~
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'
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(h) NUM -q4
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RESULT: ( I,O)
POLK b: NO CONTRIBUTION

FIG. 29. The 8 momentum-flow diagrams for Feynman diagram 36.
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This is approximated by

16(2(u —k, ~}(2&v—k„—k$~}(2(u- k„—k$, —k$~)(2(o —k, )(2+ —k, —k4 )(2(a) —k —k, —k )

x u(r, —r, )y„N,$y„u(r$ —r, ), (5.11)
where

N„=-g"(-IF,„-IF„-IF„-2jF, +m)N'„+IF„+IF„+IF„+2jF,+m)(-IF„-IF„-g„-2jF, + m) . (5.12)

This diagram is symmetric under right-left reversal plus reversing the direction of all arrows. Under
this operation momentum-flow diagrams (i) and (j) of Fig. 31 go into themselves while the other momentum-
flow diagrams are transformed into a different momentum-flow diagram. For these latter we treat ex-
plicitly only one member of the pair and use 2 for the numerator instead of 1. Therefore, we find

($) ( 2 2) tjk$J cPk$J dt$J IPR4J
N4$ ' r

(2 v)$ (2v)$ (2 s)$ (2v)$40 40

where

D„=(Ic,~$ + &$)(R„$+ A$)(Ic$~$ + X$)(Ic„$+ 1$)[(Ic„+R„*Ic„+2r~)'+ m$][cc„+k„+k„+2r, )'+ m$j . (5.14)

( 0 ) NO (X)NTRIBUTION (b ) NO CONTRIBUTION

4)

qg$ 43$
q

-I
4& a3 44

"QI$WI$
'

-I,'
Qg 44

Qp+ qg
I

ql
' 4) cage 44,

-Qg$4g '

' ~

II 44 Qc+ 4~+4~+44
ac+ 4&+4&

'4, . +4&+43

q4

—)
)

2cs-44

( c) NUM & -(ql+q4)
NO CONTRIBUTION

S\

2cs-4
I
-42-45-44 2cs-q4

( d ) NUM ~ - (4) + 43tq4)

CONTRISJTING REGION: 0~a)~~~~~4~2ec
RESULT: (-1,0)

FIG. 30. (Continued ow follocrieg page)
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I
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43+44- 44
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I
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I
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I
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n

I
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-I

-I,
4)+43 Q4
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( g ) NUIVI = —(q, +4 +4 )

POLE a' CONTRIBUTING REGION: Ocq ccq «q3«q4«2&
RESULT: (O, -I)

POLE a: CONTRIBUTING REGIONS:

Ocq, ccq «q3 ccQ4 cc 2~
q2 ql c 43cc q4C 2@i

RESULT: ( I,3)
POLE b: NO CONTRIBUTION

0 «q(«43cca2«q4c 2cu

0 43«a, 42 «4 2e

FIG. 30. (Continued on following page)
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I

Qi +Q2

I

Q3
I

Qi+ Qp

I

Q3

Q Q 9

q&+Q3+Q4

q, +qa+q4

q~+Q3, Q4

Q i+ Q3+Q4

-(Q (+Q5+Q4)

-q, -q, ;Q4

2w-Q&-q3-q4

Q2

Q2

Q2

q&+Q2+Q4

—q 3

q(+q2+q4

Q +Q2+q3+Q4

2~ Qi-Q2-Q3 Q4

Q4[

Qi

I

++2

Qi+ Q4,

( i) NUM =-q4

POLE a: CONTRIBUTING REGION: 0&q& ++Qg«q3«q4«2'
RESULT: (- I,O)

POLE b: NO CONTRIBUTION

(;) NUM --Q,
POLE a: CONTRIBUTING REGIONS:

O c q cd ~ ccq cc 2u&

qs Qa qa
RESULT: (-2,0)

POLE b: NO CONTRIBUTION

I"IG. 30. The 10 momentum-flow diagrams for Feynman diagram 37.

The numerator of Feynman diagram 41 is

N« = g'Ou(r-, —r, )y„(g, —1'& —
I&&, + m}y+(1', —1'& —If, —Jf, + m)y, (y', —y &

—1(, —
1&&,

—g, +m)y„

x ( If2 —tf-, —II4 —21'& + m) y„()f, + g, + 1I~ + g4 + 21
&

+ m)y„, (- If&
—lf2 —g, —21

&
+ m )y„

x (y', —
g&

—
g&

—g, —If, )y (1, —y'& —
I&&

—f, + m)y (1', —g, —
)&I& + m)y u(r2 —r, ),

which is approximated by

16(2«& —k&, )(2u& —k„—k2, )(2(u —k„—k2, —k3+)(2«& —k~ )(2«& —k2 —k4 ) (2&L& —k~ —k~ —k4 )

(5.15)

x u(r, —r&)y„N«y„u(r, —r, ) . (5.16)

Using this numerator with the momentum-flow diagrams of Fig. 32, (where the right-left symmetry has
been used) we obtain

3g&&& —' (2 2} &&- ~&. ~&. 4&. N I&
(2 w) (2 w) (2 w) (2 w)

Therefore, to leading order

%"'+%"'='0
40 41

(5.17)

(5.18)

Vl. SUMMATION OF DIAGRAMS

(6 1)

for i =9, 10, 11, 12, and 13. Then 3R«4' -3)1I4& is proportional to (0, 1) for i =9-13.
Define K' ' to be the coefficient of (0, 1) in the sum of all contributing tenth-order diagrams. Then

15

It remains to sum together all the terms previously computed. This can, of course, be done by brute
force, but an appropriate grouping of terms can simplify the labor somewhat. We first consider the 15
terms which contribute to the real part and note that Feynman diagrams 1-8 and 14-15 are proportional.
to (0, 1) while diagrams 9-13 are proportional to (1, 0). DefineKI4& by

K
3tf &4& (1 1) 1&. d 2&. + M. d k4&. N D

(2w)' (2w)' (2w)' (2w)'

f=9i=1
+3g&'& = (0, 1)Z&" ++3g&'& (6.2)
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FIG. 31. (Continued on following page)
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q( + qgrqg
-I,
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, qe
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I
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4e

qe '4
QI'43 4e
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I
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2' + qi qa&e

(g) NUM I 1
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O»qi qe 43m+

RESULT: (0.2 )

FIG. 31. Seven of the 11 momentum-flow diagrams for Feynman diagram 40. The additional diagrams are obtained
from diagrams (b), (c), (d), and (e) by the right-left symmetry operation discussed in the text.
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FIG. 32. (Continued on follouing page)
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FIG. 32. Six of the 10 momentum-Qow diagrams for Feynman diagram 41. The additional diagrams are obtained
from diagrams (a), (b), (c), and (e) by the right-left symmetry operation discussed in the text.

and we find

2 2 ' 2 ' 2 ' +~ +~ ),~ +~, +A. k, +2r +ng ~~+2r +pyg

x [(k„+2Fi)' + m4][(k«+ 2Fi)' + m'])

x/(-g, —2jF, + m) g,~+ IF«+ 2jFi+ m)(-g, i- 2jF~+ m) g, i+IF»+ 2jFi+ m)

x (-IF —2jF +m)(IF, i+IF»+2jF +m)(-IF»-2jFi+m)
—[(k,i+ 2F, P + m'](-IF, i- 2jF, + m)g„+IF„+2jF, + m)(-IF, —2jF, + m) g, i+IF»+ 2jFi+ m)(-IF»- 2jFi+ m)
—[(k,i+ 2riP + m4](-g«- 2jFi+m) g»+g«+2jF + m)(-]F,i- 2jFi+ m)

x g„+j7»+g„+2jF,+m)(-g„-2jF,+m)

—[(k,i+ 2r, P + m'](-tI«- 2jFi+ m) g, i+ /»+IF«+ 2/i+ m) (-tI,i- 2jF~+ m)

x g, +IF, +2jF +m)(-IF, —2jFi+m)

—[(k,i+2F, P +m'](-g, i- 2/i+m)gzi+k»+2jF, +m)(-IF, i-2jFi+m)g, i+IF4i+2jF, +m)(-g, i- 2jF, +m)

+ [(k,i+ 2Fi) + m~][(jk4i+ 2Fi)4 + m4](-g4i- 2jFi+ m) g, i+/, i+ 2jFi+ m)(-g, i- 2jFi+ m)

+ [(k»+ 2Fi P + m'][(k, i+ 2Fi)~ + m'](-IF»- 2jFi+ m)g«+IF»+IF»+ 2jFi+ m)(-IF»- 2jFi+ m)

+[(k, +2F P+m'][(k, +2r )'+m'](-lf„-2jF +m)g, +IF, +IF, +IF, +2jF +m)(-g, —2jF +m)

+ [(k,~+ 2F, ) + m'][@«+2Fi)'+ m'](-k, ,- 2P, + m) g»+k»+ 2jF, + m)(-k, ,- 2jFi+ m)

+ [(k, i+ 2F~)' + m4][(k»+ 2F~)' + m'](-IF«- 2jFi+ m) g4i+(F, i+/«+ 2jFi+ m)(-g4i- 2jFi+ m)

+ [(k, i+ 2ri P + m'][(k, i+ 2ri)4 + m4](-IF«- 2jFi+ m) g»+IF«+ 2P~+ m) (-tI,i- 2jFi+ m)

—[g,i+ 2ri)' + m ][(k,i+ 2Fi)4 + m4][(k«+ 2ri)4 + m ](-IF,i —2/i+ m)

—[(k, i+ 2FiP + m'][(k, i+2Fi)4+ m4][(k«+ 2')4+ m ](-IF,i- 2/i+ m)

—[g,i+ 2Fi P + m4][(k, i+ 2F~)4 + m4][$4i+ 2Fi)4 + m4](-IF»- 2jFi+ m)

—[(k,i+ 2Fi P + m'][(k4i+ 2Fi)' + m'][(k, i+ 2Fi)4 + m4] (-g« —2fi+ m)) . (6.3)
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We will reduce K' ' by comparing it with the eighth-order coefficient of (1, 0} (for backward Compton
scattering), K"', where

2k 2 2

K g 3 3 3,~' + A.
' k,~' + A.

' k, ' + ~') k, ~+ 2r )' + rpg' k, + 2r ' + m' k + 2r ' + m2

x((-}F»-2jF~+ m }@~~+}F»+2jF~+ m }(-}F~~—2P~+ m}g, ~+ lFz~+ 2jF~+ m)(-]F, ~- 2jF~+ m)

—[(k,~+ 2F~ )' + m'](-iF»- 2jF~+ m) g,~+]F,~+ 2P~+ m}(-}Fz~-2 IF~+ m }

—[(k»+ 2r )' + m'](-]F,~
—2jF~+ m) g, ~+ }F,~+ }F»+2p~+ m}(-}F«-2jF~+ m }

—[(k»+ 2F~)~ + m~](-]F»- 2IF~+ m) g, ~+]F,~+ 2jF~+ m) (-]F»—2P~+ m)

+ [$, + 2r, )' + m' ][(k„+2F, )' + m'] (-lF, ~ —2jF~+ m ) + [(k,~+ 2F~ p+ m'][(k»+ 2r~ )'+ m '] (-}F,~ —2IF~+m )

+ [(k»+ 2r ~)' + m'][(k»+ 2r~)' + m'](-}F,~- 2jF~+ m)) (6.4)

and we know from the paper on eighth-order perturbation theory that

2 2 2g"' =-g' ', ', ', k, '+A. k, +A.' k, '+A.', +2r '+pyg +2r +ypg k +2r '+ng'

x (-]F,~ —2j7~+ m)(2/~+m)(-}Fz~- 2jF~+m)(2ljF~+m)(-]F, ~- 2jF~+m)
2

[o(» )]
2 ~+m

%'e use this previous reduction of K"' by computing

(6.5)

d'k«(-g«- 2jF~+m)(2jF~+m)K"'
Z&'&+@2

(2 q) [(k, + 2r) + m ](k4~ + ~ )

=g'
2 ), 2 ), (2 ), (2

', ((k, '+~')(k, '+&')(k, '+&')(k, '+X')[(k, +2r, )'+m'][(k, +2F~)'+m']
x [$»+2F~P +m'][(k«+2F~) +m~]}

x (([$,~+ 2r~ )' + m'](-}F«—2jF~+ m }+ [(k~~+ 2r~)'+ m'](-]F3~ —2jF~+ m)]

x g,~+]F»+ 2p~+ m)(-g, ~- 2jF~+m) g, ~+/, ~+ 2/~+m}( g, ~
—2IF~+ m)-

—[(k, + 2r )'+m~]([(k„+2r~)' +m']'(-]F«- 2/~+m) + [(k«+ 2r~p+ m'](-tF»- 2IF, +m)]

x (]F, +]F»+2jF +m)(-g, —2jF,+m)

—[(k„+2F )' + m']([(k, + 2r~)'+ m']( —]F«- 2jF~+ m} + [(k«+ 2r~)'+ m'](-}F»—2(~+ m))

x g,~+]F„+]F„+2IF,+ m)(-]F„-2P, + m)

—[(k,~+ 2F~ P + m']([(k«+ 2r~)'+ m'] + (-g —2jF~+ m) g,~+]F +2jF + m))

x (-}F»-2jF +m)g, ~+]F, +2jF~+m)(-}F, —2IF, +m)

—[(k«+ 2r~ )' + m'](-]F,~- 2jF~+ m) g~~+ }F»+2P~+ m) (-g~~- 2P~+ m) g,~+]F~~+2jF~+ m)(-}F»- 2IF~+ m)

+ [(k»+ 2r~)' + m'][(k«+ 2r~ P + m'](-}F»- 2jF~+ m) g»+]F»+ 2jF~+ m)(-}F,~- 2P~+ m)

+ [(k,~+ 2r~ }'+ m'][(k«+ 2r~ }'+ m'](-iF» —2jF~+ m) N»+]F»+ g»+ 2jF~+ m }(-]F,~ —2jF~+ m)

+ [(k,~+ 2r~)'+ m'][(k«+ 2r~P +m'](-]F,~- 2jF~+ m) g,~+)»+ 2jF~+ m}(-]F,~- 2jF~+ m)

+ [(k»+2r, )'+m'][(k, ~+2r, )'+ m'] ([(k, + 2r )'+ m']+(-g«-2jF~+ m )g»+]F»+ g»+ 2jF~+ m)] (-]F»-2jF~+ m )

+ [(k,~+ 2F~)'+ m'][(k~~+ 2F~)'+ m']([(k«+ 2r~)' + m']+(-f4~- 2jF + m) g»+ g»+ 2jF~+ m))(-g, ~—2jF~+ m)

+[(k»+2r, )'+m'][(k, ~+2r~)'+m']([(k, +2r )'+m'](-}F,~-2jF~+m)+[(k, ~+2r~)~+m'](-]F, ~-2jF~+m))

—[(k,~+ 2r~)'+m'][(k, ~+ 2r~)'+ m'][(k, +2r~)'+m~](-]F, ~- 2jF~+m)

—[(k, + 2r~ )' + m'][(k, + 2F, )' + m'][(k«+ 2r~ P + m'] (-g» —2jF~+ m )

—[(k, ~+2r~)'+m'][(k, ~+2r~)'+ m'][(k, +2r~)'+m'](-}F»-2jF, +m)

—[(k, ~+ 2r„)' + m'][(k, ~+ 2r~)' + m'][(k, ~+ 2r~ )~ + m'](-f4 ~- 2jF~+ m))
=0 (6.6)
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To obtain (6.6) we have combined the terms of K"' as follows [where the first entry is the number of the
term in (6.3) and the second entry is the number of the term in (6.4) and a "—"in the second entry means
that no term of (6.4) is used]:

(1,1), (2,2), (3,3), (4,4), (5,—), (6,—), (7,—), (9,—), (8,5),

(10,0), (11,7), (12,—), (13,—), (14,—), (15,-).
Therefore,

2K"' = g [o (2F,)]'. (6.7)
2P~+ m

In (6.7) the cutoff k,„may be removed. However, this does not allow the cutoff to be removed in (6.2)
because Q", ,%I4' will diverge in that limit. These extra 5 terms on the right-hand side of (6.2) are purely
imaginary and must be combined wkh the sum +, ,8%I~' before a convergent result may be obtained.

To compute explicitly the leading imaginary part it is convenient to group the terms together as
13

f%! '+~~%"' = (%"'+%"'+%"'+%' '+2%' '+2%'~'+2%"'+2%"')1B 23 24 25 32 33 34 35
f=lB f=9

+ (9R"' -%"'+29R"'+2%"'—2%"' —2%"' —2%"'}17 25 2B 28 33 34 35

+ (%"' -9R"'+29R"'+29R"' —29R"' —29m"' —29tt"')18 23 27 29 32 34 35

Now use the identities

+ (9R,',"
+ (9R"'

21

-%'4'
2B

-%'4'
27

+9R"' +l9t"'+ 9t}"'+ i9t"')+ (9R"' -%"'-%"'+9}t"'+9tt"'+%"')30 33 9 12 20 28 29 34 35 10

%+"' Si+t"'+9K"'+%"')+ (%"'+9lt"'+%"'+2%"'+29it"') .31 32 11 13 22 23 25 34 35 (6.6)

(-2, 2)N 6+ (2, -2)[(k,i+k»+2F~)2+m'] N»+ (2, -2)[$»+k»+2r~P+m']N24

+(2, -2)[(k,~+k, ~+2r~) +m )N»+2(-l, I}[(f,~+4»+2Fi)'+m2][(k, ~+k2~+2r~) +m']N, 2

+ 2(-1, 1)[$,~+4»+ 2r~ P + m'][(k, ~+ k4~+ 2Fi P + m2] N33

+ 2(-1, 1)[(k„+k„+2r, P + m'][(k„+k„+2r, P + m'] N„
=-g'0(-2, 2}(-g, —}F,,—2jF + m)(-g, ~- 2jF —m)(-|F,~- iF,,- 2jF~+m)(-]F,~- 2jF~- m)(-|F, —]F,,- 2jF, +m),

(6.9)
(2, -2)N» —(2, -2)[(k,~+ 2F )'+ m'] N» + 2(-l, 1)[(k,~+k, + 2r~)'+ m2] N»

+2(-1, 1)[(k, +k, i+ 2r~)'+ m'] N~ —2(-1, 1)[(k»+k, + 2r~)'+ m'][(k, ~+ 2r~)' + m'] N»

—2(-1, 1)[(k, +k»+2r~) +m~][$,~+2F~)2+m2]N

=-g'0(2, -2}(-g«-2jF~+m)(-2jF~ —m)(-]F»-)F»-2/~+m)(-g, ~-2jF~- m)(-]F,~-]F, —2jF +m)

-g"(-2, 2}[(k,~+k, ~+2Fi)'+m'][(k +k,~+2F~) +m'](-]F«- 2jF +m) . (6.10)

(2, -2)N„—(2, -2)[(k,~+ 2r~)' +m'] N» + 2 (-1,1)[(k,~+k»+ 2r~)' + m'] N„
+2(-1, 1)[(k»+k«+2r~ p+m']N2, —2(-1, 1)[(k,~+2Fi)'+m'][(k, ~+k»+2r~p+m']N»
—2(-1, 1)[(R~~+2F~ P +m2][(k3~+k«+2r~)~+m2]N~

=-g (2, -2}(-g~~—iF3~ —2jFi+m)(-]F~i —27~+m)(-tan~-]F» —2jF~+m)(-2jF —m)(-]F —2p +m)

-g' (-2, 2)[(k»+k, ~+2r~P+m'][(k»+k«+2r~)'+m'](-tF, -2P —m), (6.11)
where in N23 we have made the substitution of variables k, —k3,

(-1, 1)N» —(—1, 1 )[(k»+ 2r~ P + m'] N„+ (1, -1)[(k«+ 2r~ )' + m'] N, o

+ (-1,1)[(k»+2r~P +m ][(k«+ 2r~)'+ m'] N»+ (1, -1)[(k,~+k,~+2r~) +m ]N~

+ (-1,1)[(k,~+ k2~+ 2F~ P + m ][(k«+ 2r, )2 + m ]N, 2

= —g"(-1, I)(-]F«- 2jF~+ m)(-2jF~- m) (-iF»- 2jF~+ m)(-2jgi- m)(-|I', i-g»- 2jF~+ m)

-g '0(1, -1)[(k»+k»+ 2r~ P + m~][(k, ~+ 2r~)2 + m2](-k«- 2jF~+ m), (6.12)
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(-1, 1)N20- (-1,1)[$,,+2r~}'+m']N28 —(-1,1)[$„+2r„)'+m2]N~

+ (-1,1)[(k«+2F~)' + m'][/»+ 2r~) + m'] N~ + (1, -l)[(k,~+k»+ 2r~)'+ m2] N,

= -g'0(-l, 1)(-$4~- 2jF~+ m)(-2jF~- m)(-f2~- g»- 2jF~+ m)(-2p~- m)(-}F,~- 2IF~+ m)

-g'0(1, -1)[$»+k,~+ 2r~)'+ m2]([(k, ~+2F~)'+ m'](-}F, —2P + m)+ [gr»+ 2r~)' + m'](-jF, ~- 2jF~+ m}),
(6.13}

(-1,1)N„—(-1,1)[(k»+2r~)'+m'] N»+ (1, -1)[$,~+2r~} +m']N»

+ (-1,1)[(%»+ 2r~ }'+m'][(k»+ 2r~ }'+m'] N~ + (1, -1)[(k»+k„+2r~)'+ m'] N„

+ (-1,1)[(k, ~+ 2r~ } + m'][(k»+ k«+ 2r~ )' + m'] N»

= g'o(-1, 1)(-]F»-}F«-2P, +m)(-2jF~- m)(-}F,~- 2jF~+ m)(-2jF~- m}(-]F»- 2/~+ m}

-g'o(1, -1)[(k»+k«+ 2t~)'+ m'][(k»+ 2r~} + m'](-}F»- 2jF~+ m),

and

(-2, 2)N2, + (2, -2)[$,~+k»+ 2F~ ) + m2] N» + (2, -2}[(k,~ +k4~+ 2r~ }'+ m'] N2,

+ 2(-1, 1)[(k,~+k, ~+ 2r~)'+ m'][(k»+k«+ 2r~} + m'] N„

=g'0(-2, 2)(-g»-]F«- 2jF~+ m)(-}F»- 2jF~- m)(-]F»-]F»- 2jF~+ m)(-]F»- 2jF~- m)(-g»-f2~- 2IF~+ m)

-g'0(-2, 2)[$,~+k»+2r~)'+ma](-g»-}F, ~-2jF~+m)(-2jF~- m)(-g, ~- g ~- 2jF~+m),

and obtain

35 13 3

(2w)' k„'+~' 2IF +I' ™
(2 -2) (2 }

d'k, 1 o (2r+k, )
(2s}' k, '+~' 2jF~+]F, +m

'(2, -2) (2 )
dk, 1 n (2r +k )
(2w)' k»'+A. ' 2jF, +jp»+m

'(-1 1) '(2 )
d'k„ 1 (2F,+k„)
(2v}' k,~'+X' g,+}F„+m

d%,~ d'fc, ~ I'„+jF„+2jF,—m)
+g (-2, 2)

(2
~)3 (2 ~)3 2 2 2 2 9(jkg +2r ) '

2 ~yy 2] Ql(k2j +2r }
2&) V&) k2g + ~ k3g + ~

d'k„ 1 o$»+ 2r~) d'k» 1 o (k,~+ 2r~)
+g (-2, 2)(2P +m

(2w~)3 k, 2+32 }F, +2P +m (2m~)s k 2+F2 }F +2P +m, (6.16)

where n(2r~) is given by (1.1).
Finally we combine (6.2), (6. f), and (6.16) and use the definitions (1.2), (1.3}, and (3.1) and obtain the

desired result (1.5).
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