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The detailed calculations of the preceding two papers are continued to tenth order. There are 41 Feynman
diagrams which must be considered. These diagrams fall into 3 categories: (1) fifteen which contribute to the
leading real part, (2) six which individually contribute to the leading imaginary part that cancel in pairs in the
sum, and (3) twenty which contribute to the leading imaginary part which do not cancel identically in the

sum.

I. INTRODUCTION

In the preceding two papers!'? we have presented
the details of our calculation of the asymptotic be-
havior as s =« for ¢ fixed of fermion exchange in
massive quantum electrodynamics in sixth- and
eighth-order perturbation theory. In this paper we
continue this study by computing tenth-order per-
turbation theory.

In the sixth- and eighth-order calculations our
computations have been very explicit and we have
laboriously written out many long tedious for-
mulas. Unfortunately, since in tenth-order there
are 41 Feynman diagrams which contribute to the
leading real or imaginary part, such a detailed
algebraic calculation would result in a paper of
prohibitive length. However, in these previous
papers we were able to achieve some simplifica-
tion by introducing the momentum-flow diagram.
In this paper we will enlarge upon that formalism
to such a degree that we will be able to dispense
entirely with the need to write out any formulas at
all except the final answers. Accordingly, most
of this paper will consist of illustrations. The use
of these illustrations will be explained in Sec. II.

In eighth order there were seven Feynman dia-
grams that contributed to the real part of the am-
plitude and an additional five that were needed to
compute the leading imaginary part. In tenth order
there are 15 Feynman diagrams which contribute
to the leading real part (Fig. 1) and there are an
additional 26 Feynman diagrams which contribute
to the leading imaginary part. However, these
26 are naturally divided into two subclasses since
six of them cancel in pairs (Fig. 2). The remain-
ing 20 diagrams (Fig. 3) are analogous to the five
diagrams of eighth order that contribute only to the
imaginary part.

Again, as in eighth order, there are many more
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tenth-order diagrams than those explicitly shown
here. We again assure the reader that there are
no other diagrams which contribute to the real or
imaginary leading order. In particular, it may be
verified that the diagram of Fig. 4 does not con-
tribute.

The conventions of the three previous papers!'?'3
will be used throughout. In particular, when dis-
cussing an individual Feynman diagram the inte-
grations over transverse momentum are cut off
at K, max. The limit K, o~ is taken only after
all diagrams are summed together.

To write out the final answer in compact form
we use the notation

a(zFL) =g2(271. +m)

d’k, 27, +K, -m
@7y [(2F, +k, P+m?l(k, 2 +2?)
(1.1)
and
v(k,) =422@n) %k, 2 +2?) (1.2)

and the definition of the convolution operation,
£&)+AE)= [ ERARDAE, -RD.  0.9)

Then, defining ™ (s, 7,) for pair annihilation by
T (s,7,) =T, +7, )y (s, 7, Yy, u(r, - 7,)
(1.4a)
and IM™ (s, 7,) for backward Compton scattering by
M (s, 7,) =&, =7, WM (s, 7, ulr, -7,),
(1.4b)
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FIG. 1. (Continued on following page)
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FIG. 1. The 15 Feynman diagrams which contribute to the leading order for s— = of the real part of the tenth-order
amplitude for Compton scattering near the backward direction. In all these diagrams the external lines have the mo-
menta indicated on diagram 1. Only the photon momenta are indicated. The other momenta follow from momentum con-
servation.
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FIG. 2. The 6 Feynman diagrams that contribute to the leading-order imaginary part of the tenth-order backward
Compton amplitude which cancel (o leading order) in pairs. The pairs are 36 and 37, 38 and 39, and 40 and 41. The
external lines have the momenta indicated on diagram 1.
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FIG. 3. (Continued on following page)
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FIG. 3. The remaining 20 Feynman diagrams which contribute to the leading imaginary part of the tenth-order back-
ward Compton amplitudes. The external lines have the momenta indicated on diagram 1.
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we have

-~ 2 -
M (s, 7,)= —1'— (In*s — 4w lnss)—?‘g:—m at(2r,)

+3 1ig?In’s {_27(21.” * _ar(z%i +20(2F, Sy (2F,) * ;?21(_2:;3 -302(2r, Yiv(er,) * _2%(%1'_;%_
- 207, +m)br(2F,) * k]’

-2 f dzsz» f d2k31- 4Y(kz-l. )-Y(k:u.)a(ksL +2T,)—

and

M (s, 7,) = Zl-,— In

4 gz *
Sm (14(21‘J_)

1 a3(2r
=37 mig? lnas{—zy(ZrL) * —7—(7*—)

~207, +m>[,y(2rx) ‘

R}L‘L +R3J. + Z?J.

(kz; +k3L +2r, )2 +m?

a(E% +2FL)}

(1.5a)
+200F 07 S _sarar, e, S

a(2r,)

Foom

_Zfdzkzl_fd"'k3“'y(k21_)—y(kaj_)a(ku+2rl.) By + By + 27, = m afk, L+2ﬂ)}.

It is unrealistic to expect that the casual reader
will read the whole of this paper. Therefore, we
recommend that on first reading one read only
Secs. II and V, leaving Secs. III, IV, and VI for
reference. Section II is necessary for further
extensions of this work to higher order and Sec.
V is necessary to illustrate the cancellation in
pairs, which first occurs in tenth order. The
remainder of the paper is mostly a verification
that all the cancellations expected do, in fact,
occur. If it is accepted that these cancellations
do in fact occur, then the labor of calculation de-
creases tremendously. This simplification will
be exploited in a subsequent paper? on higher or-
ders of perturbation theory.

II. DIAGRAMMATIC CALCULATIONS

In this section we expand the device of the mo-
mentum-flow diagram as used in the two pre-
ceding papers!‘? to the point that almost all of the
computation will be presented graphically in the
illustrations. We will discuss the new notational
devices in separate subsections.

There is, of course, neither any new physics
nor any new mathematics being presented here.
We are merely introducing a streamlining of the
procedure previously employed. On the other

(Ezuk L +27, ) +m?

(1.5b)

r

hand, this notation and streamlining will prove to
be essential in our treatment of higher orders of
perturbation theory to be presented in a following
paper.*

In writing this section we have assumed a famil-
iarity with the device of the momentum-flow dia-
gram presented in the previous paper on sixth-
order perturbation theory.! In addition, we will
cease to specify the momentum loops used to de-

FIG. 4. A Feynman diagram which does not contribute
to the leading-order imaginary part in tenth order.
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termine which poles to close on and will merely
indicate the poles themselves. If in some loop
there are more than one pole to close on, this will
be indicated.

A. Choice of momenta

In the Feynman diagrams of Figs. 1, 2, and 3
the internal momenta are specified by choosing the
momenta of the internal photons as independent
variables. This is the same choice of momenta
that was made in the previous papers and in those
papers these same coordinates were employed for
each separate momentum-flow diagram. We then
had to specify the region of integration in # space
and for the various momentum-flow diagrams there
were many different regions, although most of the
time the regions were tetrahedrons (of some ap-
propriate dimension) in some orientation.

Some degree of standardization and simplifica-
tion is obtained if for the plus and minus compo-
nents of momenta we use a different coordinate
specification from what we use for the transverse
momenta. We will leave the transverse momenta
as specified by Figs. 1, 2, and 3 but, for each
momentum-flow diagram, will allow the plus and
minus components of momenta (denoted by ¢ in-
stead of k) to be chosen differently for each dia-
gram. We choose these new coordinates ¢.; and
q_; so that g_; always obeys the restriction

q.;=0. (2.1)

Since q+; are always integrated out we will only
specify ¢_; on the momentum-flow diagram and
will usually omit the subscript —.

Usually there is only one choice of ¢; such that
(2.1) when combined with some inequality involving
2w will guarantee that all the momenta p_, of the
diagram will be positive. For example, in Figs.
7, 8, 9, and 10 it is easily seen that the choice of
q; given is (up to permutations) the only possible
one. Occasionally, such as in Fig. 31(j), an addi-
tional inequality such as

ql +q3—q220 (2.2)
is needed. Such a momentum region is called non-
tetrahedral (for obvious reasons). For these there
are several ways to choose coordinates ¢q;.

B. Transverse diagrams

The result of expanding any Feynman diagram
of [2(n +1)lth order for s —« and ¢ fixed is, to lead-
ing order, always an expression of the form

LIy emy (s —nmi ISVAE), (2.3)

where f(t) is a 2n-dimensional integral over the

transverse momenta k 1; of the original Feynman
diagram and m, and m, are integers. Indeed, as

is seen in fourth, sixth, and eighth order for every
momentum-flow diagram associated with a given
Feynman diagram, (2.3) holds with the same f(t)
for each momentum-flow diagram.

Now it might be thought that the integrand of this
integral could be rather arbitrary. In fact, how-
ever, inspection of the fourth-, sixth-, and eighth-
order results reveals that this integrand is very
closely related to the original Feynman diagram
and can essentially be written down by inspection
without any calculation at all. This relation is
illustrated in Fig. 5 where to each contributing
Feynman diagram of fourth, sixth, and eighth or-
der we assign a corresponding “transverse dia-
gram” which gives the factor f(!). For the moment
we consider only the denominator factors of f(f).
The numerator is discussed in Sec. IID.

(i) For each internal photon line in the trans-
verse diagram (indicated by a dashed line) we
have the factor

_1
K, 2+a2’
where k, ; is the transverse momentum of the
photon.
(ii) For each internal electron line of the trans-

verse diagram (indicated by a solid line) we have
the factor

1

> 2 2
Py +m

(2.4)

(2.5)

where P, ; is the transverse momentum of the elec-
tron.

(iii) There is a factor of —(¢/2)(27)"3 for each
independent variable k Lje

It is not difficult to see that the same process of
contraction that leads to the transverse diagrams
of Fig. 5 in fourth-, sixth-, and eighth-order per-
turbation theory will reduce the tenth-order Feyn-
man diagrams of Figs. 1, 2, and 3 to the corre-
sponding transverse diagrams of Fig. 6.

Several remarks are in order.

(1) There is no guess work involved in passing
from the Feynman diagram to the transverse dia-
gram. All the reader needs to do is to keep track
of all the k, -dependent factors. This was done in
the two previous papers but, since it saves a lot
of space by omitting them, we will leave these
factors out from now on.

(2) There can be more than one Feynman diagram
that leads to the same transverse diagram. For
example, in Fig. 6 Feynman diagrams 34 and 35
lead to the same transverse diagram.

(3) Many of the transverse diagrams involve a
photon line that leaves one vertex, turns around,
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and comes back to the same vertex making a loop
that we will call an “ear.” Each of these ears
contributes a factor

%, 1

@y RPN @.6)

This, of course, diverges when the cutoff is re-
moved. These divergences will be canceled by
other divergences caused by factors in the numera-
tor of other transverse diagrams.
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C. Momentum-flow diagrams

Since the function f(t) is specified by the trans-
verse diagram (and the numerator reduction) it
remains only to have a formalism to compute the
pair of integers (m,,m,) of (2.3) for each momen-
tum-flow diagram.

In the procedure followed previously, after we
integrate over ¢q.; we are left with an integral over
q.; where each line contributes a factor to the
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FIG.5. (Continued on following page)
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integrand. The factors are the following: 1 or 1
(i) If the propagator of the line is closed on, the 2wp_—p,2-m?+ie —2wp_—p,2-m?+i€ ’
factor is 2.8)
1 depending on the sign of p..
Pl 2.7 (iii) All other propagators contribute
1
= . 2.
(Here p is the momentum of the line under con- p_ps—p.2-m? i€ (for electrons) (2.92)
sideration. A momentum p is in general a linear
s or
combination of the g;.)
(ii) If the line contains a momentum p. = O2w), 1
then the factor is p-Pi=D. 2 =N 1ic€ (for photons), (2.9b)
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FIG. 5. The Feynman diagrams and their related transverse diagrams for fourth-, sixth-, and eighth-order pertur-
bation theory. We draw either the backward Compton or the annihilation channel as is convenient. (a) is fourth order,
() is sixth order, and (c) is eighth order.
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FIG. 6. The transverse diagrams that correspond tothe Feynman diagrams of Figs. 1, 2, and 3.

where p. must be expressed in terms of the p,,
of the poles closed on.

For our expanded momentum-flow diagram we
will indicate in a box by each line the factor con-
tributed by that line. We use the following nota-
tions corresponding to the 3 types of lines dis-
cussed above:

(i) For each propagator closed on,

1
b-
(we do not need an absolute-value sign since our

coordinates are always chosen so that p_>0). If

p_ =0(2w) we suppress the 2w and write the factor
as 1.

(ii) For each line containing p, = OQ2w),
1
R
(The sign of p. will be taken care of later.)
(iii) For all other propagators we proceed as

follows: First of all, express p. of the line under
consideration as

P+=Zakp+k,

(2.10)

(2.11)

(2.12)

where p., refers to the poles closed upon, and

satisfy

Par= Bay 47"

P-r

(where m, is m if k refers to a fermion and is A
if R refers to a photon). It will turn out that a,
=%1,0. Then, since we are suppressing all such
factors as P, +m,? we write

[_1 al“p_“az'lp_z, oo 9an-lp-n]
’ p_ .

[1f in (2.12) some a, =0, these k are omitted from
(2.14).] The meaning of this symbol is that for

any ordering of momenta under consideration we
are to take the smallest factor inside the brackets.
Note: If p_ = O(2w) we will omit the term -1 (since
-1 is always larger than the remaining factors)
and we will omit p_ as well.

From now on we will use the term “momentum-
flow diagram” to mean a diagram with all of these
notations included.

There will at times be more than one set of poles
which must be closed on to compute a given mo-
mentum-flow diagram. Usually, for the cases con-
sidered here the choice of poles will occur only
in one of the momentum loops. When this is the
case we will label these poles as (a) and (b). When-
ever the factors are different for the two choices
of poles, the box will be split into two parts. The
factor in the upper half refers to pole (a) while the

(2.13)

(2.14)
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factor in the lower half refers to pole (b).

Once in a while there will be more sets of poles
than can conveniently be handled on one diagram.
Fortunately, in the cases considered here most of
these poles do not contribute. In cases like this
the poles which can be shown not to contribute will
be marked by a dotted cross instead of a solid one.

D. Numerator

The numerator of each Feynman diagram must
be approximated just as was done for fourth, sixth,
and eighth orders. However, we will dispense
with the demonstration that the omitted terms ac-
tually lead to a smaller contribution than the terms
retained.

There are several points to consider:

(i) If the electron has a momentum p such that
p+=0(@2uw), then the factor p. appears in the nu-
merator. This is usually approximated by 2w.
However, the factor of p. suppresses any pole
closed on that electron line. Therefore, poles on
these fast electron lines will be omitted from the
diagrams unless there is some loop momentum
p+ for which the only poles are poles on the fast
electron line. Such momentum-flow diagrams can
never contribute and hence the calculation is
stopped at this point.

(ii) The numerator reduction is carried out in
terms of the coordinate system of the original
Feynman diagram. As a result of this reduction
some of the momenta may have their plus or minus
component as a factor. This will be indicated on
the momentum-flow diagram by (+) or (-) by the
appropriate line. The direction of the momentum
q may not be the same as the direction of the mo-
mentum of the electron in the original Feynman
diagram. To compute the correct relative sign for
the numerator one traces the electron line through
the diagram from top to bottom. All (+) and (-)

lines whose momentum arrows point in the direc-
tion of the trace get a plus sign; all (+) and ()
lines whose momentum arrows lie opposite to the
trace get a minus sign. This signed combination
of + and - factors is indicated on the diagram as
“NUM =.”

(iii) All the rest of the numerator factors depend
only on transverse momenta and are recorded in
the text.

E. Computation of (m,m,)

To compute the pair of numbers (m,,m,) for
each momentum-flow diagram consider the product
formed by the factors in the boxes on the diagram
and the numerator factors given as “NUM =.” This
product is to be examined for all allowed orderings
of the momenta q; such as 0<gp, <qp,<gp,°*"
<qp,<2w. For each ordering that leads to an
expression of the form

1 1 1

4, 4, 4,

(2.15)

there will be a contribution of either +1 or -1 to
m, or m,. If the smallest ¢ points in the direction
of the electron line (as given in the original Feyn-
man diagram), then the contribution has an imagi-
nary part and hence contributes to m,. If the
smallest ¢ points opposite to the direction of the
electron line, there is no imaginary part and the
contribution is to m,.

To determine whether the contribution is +1 or
-1 we compute the product of the signs of:

(i) all contributing factors in boxes,

(ii) the sign of the numerator factor,

(iii) +1 for each ¢ on a fast line (with |g+|=2w)
which points in the direction of the electron, and

(iv) -1 for each g on a fast line (with |¢.|=2w)
which points opposite to the direction of the elec-
tron.

[II. DIAGRAMS CONTRIBUTING TO THE REAL PART

The 15 Feynman diagrams which contribute to the leading real part are displayed in Fig. 1. We will treat
each Feynman diagram in a separate subsection. The diagrams will be added together in Sec. VI

To save writing we use the notation

(m,, m,) = % [m, In*s +m,(In*s — 47i In3s)).

(3.1)

A. Feynman diagram 1

The numerator for Feynman diagram 1 is

N1 == gloﬁ(rg— 7'1)7’011('/3 - 7‘1 - k‘; +m)7u (—kq - 27‘1 +m)7/a2(—k3 - k4 - 27/1 +m)'ya1
X (_kg - 27‘1 +m)7a3("¢2 - k3 - 27‘1 +m)Ya2('k2 - 27’1 +m)7cx4
X (_kl - kg - 2’/1 +m)7a3('k1 - 2#1 +m)’ru(rz— kl - y[ +m)¥d4u(r2 - rl) . (3-2)
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This is approximated by
162w =k, )Rw—=k, )&, -7 )y, Ny, ulr,-1,),
where
N, = -8R, - 27, +m) Ry, +R,u+ 27, +m) (Koo - 271 +m)
X @ys+ 8o+ 28, +m) (<Ryu = 20, +m) R, 1+ Ry 427, +m) (=R, = 27, +m).

Using this numerator with the momentum-flow diagram of Fig. 7 we find

=) d*k,, d%k,, d%k, d%k

4) = L L 2l 4 L

WO 20,1 [ G G ot
where

D]_ = (].;11.2 + )\2)(1221.2 ‘*‘)‘2)("(31.2 +)\2)(E41.2 +A2)[(izu. +2;J.)2 +m2][(i;2:. +2FL)2 +m2]

X [(E:;J. + 2FJ. ) +m2][(E41.+ 21?1.)2 + mz] .

Nl Dl-l ’

B. Feynman diagram 2
The numerator for Feynman diagram 2 is
Ny == g0uy =7\ Vo (s =1y =¥y + MWy, (=B, = 20, + M), (< ;= ¥, = 27, + )7y,
X (=W, =20y +m)a (=K, = By = 27, + MY, (=K, = 20, + )y,
X (~ky =ty =21 +mW (= Wy = My = 1y +mYye (= = 1y e u(r, = 7).
This is approximated by
16Qw -k, )Qw=k -k, )Rw =k, )=k =k, Va(r, -7, Nyr,u(r,-7)),
where
N, = —g" (R - 28+ m)Rou +R,u + 28 4+ m) (R = 28 L +m) @y 4Ry 4 2P0+ m) (<R = 27, 4 m)
Using this numerator with the momentum-flow diagram of Fig. 8 we find

3‘[’1(4)&(0 _1)f d2EJA~ & dZEZLL EZE'&
: s (m) 2P @m)p (27)°

where
D,= (1-;1 24 )\2)&2;2 + )‘2)(E3L2 + 7‘2)&.“2 + )\2)[&21-_*.2;1_)2 + mz][(izar" 2F.|. ¥+ mz][(iq.ﬁ‘ 2F.L)2 + mZ] .

NZDZ_I ’

C. Feynman diagram 3
The numerator for Feynman diagram 3 is
Ny==g 10Uy =7 Wo (s =7, = ¥y +mhv, (=¥, = 20, +m)va, (¥, — ¥, = 27, + M)y
X~y = 20, + Mo (K, = ¥y = 20y + M) (= Wy = ¥y = 27, + ),
X (=t =¥, =21 +mhyo (~# =20, + myr, (Y, = ¥, =7 +m)ve u(ry = 7).
This is approximated by
162w -k, ) 2w =k, )=k, =k, )=k =Ry )1, = 7y, Ny, u(r, - 7,),

where

N, =—g'(-R,, - 27, +m) (R, + R, + 27, +m)(Ryu = 2P +m) ([ + Ry +Rou 4 2F L4 m) (=R - 2P +m).

Using this numerator with the momentum-flow diagram of Fig. 9 we find

- &k, &%k, d*%k,, d%k
4) = - 1L 2L 3L 4L
WP 0,1 [ G G G G

N3D3-1 ’
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(3.3b)

(3.4a)

(3.4b)

(3.5)
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(3.9)

(3.9

(3.9

(3.10)



438 BARRY M. McCOY AND TAI TSUN WU 13

where
D3 = (Eu.z + A2)(1(’21.2 + )‘2)(-1;3;2 + Az)(lz‘u.z + A2)[@’21,4.'*' 2;1. )2 +m2][(l;31.+ 2F1. )2 +m2][(i;41.+ 2;;)2 + mz} . (3—11)

D. Feynman diagram 4
Feynman diagram 4 is essentially diagram 3 turned upside down. Therefore, we immediately have from
Sec. IIIC
3?{(4)£(O _l)f dzﬁu. dzEzJ. f_i_& dz_ﬁ.u
o @mn)e @n? @) (27)

N,D,"t, (3.12)

= AVAYA
- 'qZ’,q3,'Q4 -1 _qa;Q3:q4
! q, q 9 ’ q,
1
42
qu %
| -d3,-q4 r -43,-qq4
g | faree araeS g
|
93
as
-|’ -q—4 q|+q2+q3 ‘Q|+q2+q3 - ’—q—q'__
q‘* q2+q3 Q|+q2+Q3
L
94
S—
44

E’ tarazrazea, Q*3*93rd, E]

7]

2w-0q,-q,-G3-d4

NUM=1 , CONTRIBUTING REGION: O < q,<<Q, <<g;<<q,<<2w
RESULT: (0,1)

FIG. 7. The momentum-flow diagrams for Feynman diagram 1.
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where

N4 =-gl°(—iﬂ - 2?1. +m)a21.+w34.+?41.+ 2?;‘*”‘)(-?21.' 2?1."’m)(ﬁ[l.+w21.+2?1.+m)(—il.l.— 2?1.'*’ m) (3.13)
and

D, = (.2 + 22)(K,, % + 22 (K, 2 + 22) (K02 + X2, L + 2T, )2 + m2 [k, + 27, P + m2 (K, + 27, 2 + 2] (3.14)

E. Feynman diagram 5
Feynman diagram 5 is essentially diagram 2 turned upside down. Therefore, we immediately have from
Sec. III B
- d’k,, d%k,, d%k,, d*k
(4) = - 1L 2L 3L 4L
0. [ Gt G Gt e

Nst-l ’ (3.15)

A,

o 'Q3t'Q4 A 9 +d, qI*'q2
T q,+ 4, —
-43:-d4
1,
a3
=4
'q+9,+q
- 94 4,+Q*q3 ! Lz 3
] ql+ q2+q3 ql+q2+q3
—
a4
E] 49i*9zt93+9,
Q+dx*d3+d,

2w-9,-9,-q3-q,
NUM=-q, , CONTRIBUTING REGION: O=<<q <<gy,<<qs< qa<<2w
RESULT: (O;1)
FIG. 8. The momentum-flow diagram for Feynman diagram 2.
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where

Ny=—g'0(=Ryy = 2P, +m)®,, + KR, + 2P, +m) (R, y = 27, +m) R, + Wy, + 2P, + m) (R, - 27, +m) (3.16)
and

Dy = (k. +20%)(k %+ 02) (kg 2 4 A2) (R, 2 + A2)[(k, 4 2F, P 4 m2][(K, 4 2F, P 4 m2 ][Ry, + 2F )2 4+ 2] (.17

F. Feynman diagram 6
The numerator for Feynman diagram 6 is
No==g 0 u(ry =7, o, (s =¥, = ¥y + My (=¥, = 20, + m)vo (=K, = K, = 27, + M7y,
X (=M =¥y =¥y =20 +m)o (W, = ¥y = 20 s m)ve, (<, = 20, +m)y,,
X(=b =W =20 +mW, 0y =¥ = K =7 s (F, = Wy + m)ve u(r, - 1) (3.18)
This is approximated by
162w — £y~ £, )20 - byt )@w = by ) =Ry = Ryu) (kg = Ry N(=Eipe = Ry VA, = 7, Ny u(r, = 7,),  (3.19)

where
Ne =—g“’(—V4;— 2?1.'*"")(?21.‘*?5%*‘?4;"" 2?1.'*‘"’)(‘?21." 2?1.‘*"”) . (3.20)
1 -Q2,-43,-dg l -Q2,-03,-44
-1, ————— _'| . A—
LT ’ G
) -42,-93,-d4 ) T92:-93,-94 |
! qq ! q
q+43 9% a ®
, 9210794 _; —93,-9 I l
1, a7, ]""quqa T2 T3
CRERER a,+Qp*dg
1, s | >a;eayeay Q40,40
AR
o 38 -1 ~9 “94
& ([ e b aeag
A4 P
G*0g+d3*q, 9,*4,*q5*q, 9+ 92t G5% 9, 9*92*A3% 0,
1] 0 ]
2w-9-0,-05-4d, 2w-0,-4,-93-q,

.- .9 .- - [
(a)NUM=-qy_q,, =~ Q' ( bYNUM=-(q,_+q, )(d,, +33,)=(q +q,) max [E; ! 5;]'
CONTRIBUTING REGION: O<q|<< G 5<qy<<q, << 2w NO REGION CONTRIBUTES
RESULT: (0,1) RESULT: (0,0)

FIG. 9. The 2 momentum-flow diagrams for Feynman diagram 3.
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Using this numerator with the momentum-flow diagrams of Fig. 10, we find

o PR, PR, SR PR <

f’n;“ =-(0,1)f 2n)? (2%3 (2”‘;3 @n)° NeDg ! ’ (3.21)
where

De = (Eu.a +)@)®‘L2 +)‘2)(E3L2 +A2)(E4J.2 +'\2)[(E21+2f1.)2 +m2][&“.+2'51-)2 +m21 . (3-22)

G. Feynman diagram 7

The numerator for Feynman diagram 7 is
Np= =g R0T(ry = 7, o, (Fy =, = My + MY (Fy = 1y = My =y Yy, (< = By = 20, 1Y (~Hy = 20, + T,
X (<l = by = 20, +m e (<K, = 20, s mWa (K~ = 2 e mYr, (= by — Uy =1 + Ve
X(Wy= ¥ =7 +mhyp u(r,=1,). (3.23)
This is approximated by
16Qw=-k, )Rw=R 4 =k ) Rw =k, =k, _)2w =k ) (=kys =k, ) (=R =k, )a(ry =7, Yy, Ny, ur, - 7,)), (3.24)

where
N,==-g'(~ L= 2?L+m)(?u+ﬁu+2?;+1n)(—?“— 2?J_+m) . (3.25)

-92,-93,-44

_I' q‘

 (a)

a -QSI-q‘
’ q| #qZ | 1 'Q3:'q4 q|*q2 ql‘qz

9% % ) -Q3, - Q4
4. 3a A
"G+ 0p* Oy
q,*+q,* a5
Q4 +Q+ 0, (+)
a3 Qg
g s |
1q 020, ] (=)
T3 9+ qz+4,

-q
T,

Q)+ Qp+ Q3+, Q)+ Qx+ 9349,

Eﬂ m E Q) +0+q5+ 0, 9 +Gp+Q3+0q,
g & E3

2w-q, ‘qz”;‘a'qo N m}

2w-q,-9,-95-q4

(a)NUM = QZ.Q3.Q4-‘ QZ% '

CONTRIBUTING REGION: 0<q<<q,<< Qz<< q4<<2w (b) NUM = -q,.(q)_+Gp.+Q4.0a},+ 05, +G3, )= 4, Bﬁ%iﬂ‘)
RESULT: (0, 1) NO CONTRIBUTING REGION  RESULT: (0,0)

FIG. 10. The 2 momentum-flow diagrams for Feynman diagram 6.
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Using this numerator with the momentum-flow diagram of Fig. 11, we find

= 4 - d*k,, d*%k,, d%k, d%k,, < . -
( - L L L L
T+ 0,1) [ G G G i NP (3.26)

where
D, =&, 2 +2)(K,, 2 + 22)(ky, 2 + N2)(k, 2 + N2k, + 2F, P + m ][, + 2, +m?]. (3.27)

H. Feynman diagram 8

Feynman diagram 8 is essentially diagram 6 turned upside down. Therefore, we immediately have from
Sec. IITF

3&;4’%(0,1)fﬂ1i Dy, Ay d_zku_ﬁaps-ly

en® e @’ @ (8.28)
where
Na =-g‘°(—ﬁ3;— 2?1.+m)(El.L*'WzJ."’EsL*z?-L+m)(—iu_2?L+m) (3.29)
and
Dy = (&, 2 +22)([K,. % + ) (g, 2 +A2) (k. 2 + 02k, o + 2, P + m2 )[Ry, + 2F 2 + ). (3.30)
|
I VAV
L
_ 'QQt’QS"QQ q
1, q, q, 2
=) 4 Z92:-03.-0g
9, q, ’ q
o J937%a | g +q, q,+9;
T 9+ q, |
7 . 93279 -
T3 ' G+9 '\.—qll—q: 9,+9,
1
qa ~ q -qi'-qﬂ
CTECH
. 9+q,+0s 9, +G,+d; a
' Q;+Gp+0y
a,
‘1,—‘——q|.q2 a0, o —a G*95*q5 4,*9,*G,
&_ 1 q va,ra, -
P _ “Ya
m l q,+qp+q3
2w-q, G, +0+Q3+04

o Pzt &l

2w-q,-9,-93 -q
1792793 g E 2w-q4 94

2w-q,-0d;-03-04 ] “

(a) NUM = Qp-G4, = %%, q|’Q2*Q3*Q4

CONTRIBUTING REGION 0<q,<<q, <<q y<<q, <<2w (D)NUM = 0, (4,,+9 451 q,, )= qz%;, NO REGION CONTRIBUTES
RESULT : (0, 1) RESULT: (0,0)

FIG. 11. The 2 momentum-flow diagrams for Feynman diagram 7.
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L Feynman diagram 9
The numerator for Feynman diagram 9 is

I\/'9 =—gl°17(”'3 - 'Vl )Yal (7‘3 - 7‘1 - y‘; +m)7/p (_ﬂ‘; - 27‘1 +m)7a2 (—kg - k.; - 27/1 +m)7¢xl
x (—kg - 2?‘1 +m)Ya3(—y2 - ﬂg - 27‘1 +m)7a4 (_kl - kg - ka - 27‘1 + m)Yv

IvV....

x(yg-yl "kz—kg_rl +m)7a2("2-y1 —yg_yl +m)7a3(?‘2"k1_7‘1 +m)7/a4u(72-rl)o

This is approximated as

16(2(’-’_ k1+ _k2+ -—k3+)(2(4) —kq—)(zw - k1+ -k2+)(2w - k1+)(_k2— - kg-)

X (_kl- - kz- - ka-)ﬁ(ra - Vl)yu Nsnu(yz - rl) ’

where
Ng = _glo(_W‘“‘_ 2?L+m)a31. +R41.+271.+m)(_?31.- 27;"‘"1) .

Using this numerator with the momentum-flow diagram of Fig. 12, we find

- d%k,, d%,, d%k, d%,, -
(4) = — L "2l 73l - 4l -1
E)"’9 . (1 ’ O)J‘ (2 n.)a (2 Tf)3 (2 ”)3 (2 ﬂ)a N9 D9 ’

where

D, = (EU_2+ )\2)(E21_2 + Az)(E3L2+ Az)(iuz + Az)[(l‘tsL-t»Zl"J_)’ +m2][&41_+2ﬂ)2 +m?],

443

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

- -0d2,-d4
' 9+4s
'IL q,+q,+q q,+9,+q -1__%.___.
'Q+Qy+qy 1727 3 1772703 " q,+Q,%q3
|
Qs
)l‘ Ava

Q,+Q+Q3+d,

[

G+ 95*93*0,

2w-q,-q2—q3—a‘4 m
(b) RESULT : (0,0)
(a)NUM = (q, +a5_)q;.
CONTRIBUTING REGION: O < q,<<Qp<<qz<<q <<2w
RESULT : (1,0)

FIG. 12. The 2 momentum-flow diagrams for Feynman diagram 9.

b 4
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J. Feynman diagram 10
The numerator for Feynman diagram 10 is
Nyp==gY0u(y =7, s =1y = Kyt My (<K, = 20, Yo (W =y = 20+ Yo (~Hy — #y = H, = 27, + ),
X (=l = My = Uy By = 20, sy (o = = My = 20, + M (= By = 20, +m Y (~Hy = 20, +m)y,
Xy =1 = +m)ve ur, - 7). (3.36)
This is approximated as

16(2“-’ - k1+)(2w - k4— )(-k1+ - k2+ - k3+)(-k3- - k4—)(-k1+ - kg+)("k2- - ks- - kq-)i(rs - Tl)‘)’“ I_vloYV u(72 - ’Vl) ’

(8.37)
where
Nxo == gm(_?u." 2?.L+m)(iu.+ 2.1.'*’?31.*‘?41."’2?4."‘7”)("?11.‘ 2?.L+m) . (3.38)
Using this numerator with the momentum-flow diagram of Fig. 13, we find
d%k,, d%k,, d%k,, d%k, -
(4) 1L 2L 3l 4L -1
W =0 O)f @ @ @np @y Mol (3.39)
where
Dyo= (1% +2A)(K;. 2 + A2 (g2 + A1) R, 12 4 AN (K, o+ 2T P 4,y + 281 )2 4 2] (3.40)

K. Feynman diagram 11

Feynman diagram 11 is essentially diagram 9 turned upside down. Therefore, we immediately have
from Sec. IIII

ko_ dkL dkal dk,L

W +0,0 [ G G @t @y Ml (3.41)
where

Ny, == g%, - 27, +m) [, + %y s + 2P +m) (=K, - 27, +m) (3.42)
and

Dy, = &, 2 +22)(,02 +22)(,02 + A2 (K, 2+ MO, 02 + 2T, P +m2 ]k, + 2F, P +m?]. (3.43)

L. Feynman diagram 12

The numerator for Feynman diagram 12 is
Nyp==g Uy =7\ Wo (s =11 = ¥y +mWo (Fs =¥y = ¥y = By vy, (s = ¥, = 27, +mm)re, (<H - 20, + )y,
X (M =Wy =20 Yo, (¥ = My = 20 +mYy, (= Wy =Ky = ¥ =7+,
Xy =t =M =7 +m)va (= # = 1y s M) u(r, = 7). (3.44)
This is approximated as
16Qw -k, —k,, =k )w—Fk, -k, )2w—-k,_)2w-Fk ., -k,,)2w-k )
X (<kgy = kya)(—hye = By )(=Ryo = kyo = by )BTy =7, Nypryu(r, = 7,), (3.45)
where
Ny, =-g"(-Ry - 2F,+m) (3.46)

Using this numerator with the momentum-flow diagram of Fig. 14, we find

~ dzk dzk da*k,, d%k,, — -
WY 1,0 [ G Gt @op @ TP 3.47)

’
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q, Y
) “92:°93:-94 -1,_“5'&_&'_
[ Q)
}
~a, 93,4
4 192 "9379 N q, —l,%
e q, |
%05
9
| S2 a (e
N
N
q*9,
9+,

Q,+Q,+Q3+0, 9j+Qz+q3+d,4

I

2w-09,-9,-93-04

(a)NUM =g, (@p,+93,)04-(q)-+ Gp_+ Qg.)
. % L
Pole a: NUM = a, (a,+ ay+ a,) max (qz’qa)
CONTRIBUTING REGION: 0 < q,<<q,<<q;<<q,<<2w

RESULT:((I.O) )
: - %9+ 9%04) [
Pole b: NUM % mal(qz'qa, qa)
NO REGION CONTRIBUTES, RESULT: (0,0)
TOTAL RESULT:(1,0)

q -Q2,"93-44 0 -Q2-Q3-dg
! q N 9

R %3
’ q Cq
93*d4:-9

-], =4 "4

93

G*9z+03*9%

[AVAV, *
2w=-q,-G,-q3-04
_ Q4la5+a,) [
(0) NUM="05,(d3.+ 94.) (90 #0300 = ~—2 = max (g, )

Pole a: CONTRIBUTING REGION: O<g,<<gp<<Qs<<qq<< 2w
RESULT: (1,0)

Pole b:  CONTRIBUTING REGION: 0=<q, <<q,<<q, <<q, <<2w

RESULT : (-1,0)
TOTAL RESULT: (0,0}

Q,+Q2*Q3
(+)

dq qs
' (-) N+ %*9,
1,

Q+Qp+G3+0,

G+ 02+ 934 E
N\ * -
2w-q,-9p-03"04

(B)NUM= (G,,+q,,)(Q, #9493, ) (9,_+q4.) (Q,+Q,_+ Q)

(9,+a4) Lo
S Py (q,+q,+q,) max(q—a.a—‘)

NO REGION CONTRIBUTES
RESULT: (0,0)

9+ 0y
SACNIN

G+ %+ Gy*g

N\ *
2w-q,-9,-43-94

(d) NUM = -q_a,3,9, (q, +q,.)

NO REGION CONTRIBUTES
FOR EITHER POLE

FIG. 13. The 4 momentum-flow diagrams for Feynman diagram 10.
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T
' G +Qp+dy
0
3| 3°%" %

G+ 9g*93

Q)+ Gp*Qyeq,

(]

(+)9%  2w-q;q305°q,

q
() NUM = -03(0,503.)aq, = g (9+03)
CONTRIBUTING REGION: O<q <<qp<<qy<<q <<2w
RESULT: (-1,0)

(b) NO CONTRIBUTION

'Q,+Q,+ 0y
G +9geay

(c) NO CONTRIBUTION (d) NUM = q,_(q,+qy.) (q,,+05,2a5,+a,,)
NO REGION CONTRIBUTES

FIG. 14. The 4 momentum-flow diagrams for Feynman diagram 12.
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where

D],z = &1;2 +Az)d;ziz +A2)<E31.2 “'Az)(ﬁqlz +X2) [&314'2;1.)2 +m2] .

(3.48)

M. Feynman diagram 13

Feynman diagram 13 is essentially diagram 12 turned upside down. Therefore, we immediately have

from Sec. IIIL

L d¥,, d’k d%k
4) = 2 Bt ® Mgl @ N4t -1
R = (1,0 [ Got G @ @r @ur el (8.49)
where
Ny ==g'(-¥,. - 27, +m) (3.50)
and
D13 = (Eu.z + Az)&zxz +A2)(E3L +A2)(E41.2 +A2) [(Ezr*’zf'.l.)z +m2] . (3-51)
N. Feynman diagram 14
The numerator for Feynman diagram 14 is
Nu = _gloi(ra - rl)’)’al (’3 - f], - ﬂq '*‘m)Yu ("“4 - 27‘1 +m)7'az(_¥s - ﬁq - 2’; +m)7a3
X (—”2 - ys - ”4 - 2#1 +m)7a4(_’1 - kg - ’4 - 2’1 +m)7|l
x(fz’ﬂ]_ 'yz— ﬁg‘lﬁ "f]_ +m)Ya.l(rz‘¥1 —’z—ﬁs—fl +m)7a,2
X (yg - ﬂl - ﬂz - r), +m)7as(rg - pl - ?‘, ‘*"”)‘Va4 u(ra - 71) . (3'52)
This is approximated as find
16(2w’k4-)(2w-k1+"k2+ "k3+"k ) 4) = d‘EgL dzEu. N -1
o *1 (0 'l)j (2,,.)3 (2,)3 (2 ”)3 (2,): Nstls ’
Ruw-Fk -k -k )2w~Fk ~k,,)
_ = 3.57
XQw=Fk )a, -7, N u@,-7r), (3.53) (3.57)
where
where
N14=-glo(_i41.-2?‘,+m). (3.54) Nu 4 ( y“‘ 2?L+m) (3'58)
Using this numerator with the momentum-flow and
diagrams of Fig. 15, we find D, = (k,,2 +22)0,, 2 + 22)(k,. 2 + A2) (K, % +2%)
d*k,, d*k,, d%,, - - x[(k,, +2F, P +m?]. (3.59)
W +0,1) [ £ (2;,; (2‘,‘,3: G G D, w25
(3.55) IV. DIAGRAMS THAT CONTRIBUTE TO THE
where IMAGINARY PART
Dy, =, 2+ 22) ;% + A2k, 2 + 22) (K, .2 +22) In this section we will evaluate the 20 Feynman
x[@nzfl)ﬁ +m?], (3.56) diagrams of Fig. 3 which contribute to the leading

O. Feynman diagram 15

Feynman diagram 15 is essentially diagram 14
turned upside down. Therefore, from Sec. IIIN we

imaginary part of M “’ and which do not cancel in
pairs. The 6 diagrams of Fig. 2 which cancel in
pairs will be studied in Sec. V. As in Sec. III, each
diagram will be treated in a separate subsection.
The diagrams will be summed in Sec. VI.
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-3t 240,
L) 4.927%
'Q+d,+q, '+,

q+q440, q,+q,*950q,

o
&l m

%
¥

2w-4,-4p-03-04

(a) NUM=-q,(q;+q,)(q +qzq,)
CONTRIBUTING REGION: O<q, <<Qp<<qF< Q<< 2w
RESULT : (O,1)

(b) NO CONTRIBUTION

S
*

(d) NO CONTRIBUTION

(c) NO CONTRIBUTION

FIG. 15. The 4 momentum-~flow diagrams for Feynman diagram 14.
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A. Feynman diagram 16
The numerator for Feynman diagram 16 is
Ny == 81000, = 7, W, (o = Vs = By 1Yo (Fy = 1y =y = By + Yy,
X (=W =¥y =20 Yo (< Wy = By = ¥, = 20, +mYye (<K, = #y = 20, + ),
Xty =y =y = 2, Y (s =y = 28, Y (= Wy =y =y 41 Oy =y =T, )Y 0, = 7).

4.1)
This is approximated by
16Qw -k )Cw—Fk ., =k )Rw =k, )Cw=k,, -k, AT, =7y, Nygryu(r,—7,), 4.2)
where
Nig=-g (R~ Ryr = 20 +m)Ryu + Ry + Ky 4 2+ ) (<R = Ry = 20+ )
X @+ R+ Ror 4204 m) (R = Uy = 27, 4m). 4.3)

We now take advantage of a “symmetry” of this diagram to reduce the number of momentum-flow dia-
grams we need to evaluate by a factor of two. If we reverse any momentum-flow diagram of diagram 16
left for right and reverse the direction of all arrows, then we obtain another momentum-flow diagram.
The denominators of these two distinct momentum-flow diagrams will be the same, but their numerators
will be different. However, the leading order (4.2) shows that these two numerators are also the same.
Therefore, in Fig. 16 we have not drawn diagrams obtainable from the ones shown by reversing right for
left and reversing all arrows and we have used two for the numerator factor instead of one. Then, using
Fig. 16 and (4.2) we find

- - Pk, %k, %k, Ak o o -
MY =(-2,2) [ G B G @ MaeDio (4.4)
where
D= (Euz +)‘2)(k>21.2 +)‘2)(123J.2 +7\2)(E4J.2 +h2)[(i{>11.+izx+2;.|.)2 +m?] [(k.:u. +§21.+ 2r, § +m2][(i244. +E2L+2FL)2 +m?],
(4.5)

B. Feynman diagram 17
The numerator for Feynman diagram 17 is
Ny ==Y Uy =7 o, Wy =¥y = My s )y (<K, = 27 4 Yo, (K = H = 20, s m)re (< Wy = ¥y~ = 27, + mYye
X (=Wy = ¥y =27, +mYro (<Fy = Wy = ¥y = 20, + m)Ye, (K, = ¥y = 21, +m)y,
XWy =1 =t =Wy + e (V=1 =y +m)re u(ry = 7). (4.6)

r

the direction of all arrows. This time the - com-
ponents in the approximate numerator (4.8) are not
invariant under the operation and hence the two
terms on the diagram for NUM = are slightly dif-
ferent. Then, using (4.8) with the momentum-flow
diagrams of Fig. 17 we find

This is approximated as
16QRw-k,_)2w—k =k, ) 2w =k ) (=R, -k, )

Xﬁ(?‘s - 71 )Yu Nyy)’uu('rz - 71) ) (4-7)

where
N” = —g“’(—?‘u- 2?1. + m)(sz '*‘Rgx. +R;L+ 271. +m)
X (‘Eg;' V:;L - 2?1. + m)(?u. +?21. +?31+ 2?L+m)
X(—i?u—i?%—z?ﬁm). (4.8)
We again reduce the number of momentum-flow

diagrams by considering the pairs of diagrams
related by reversing right for left and reversing

- d%k,, d%k,, &k, &k, <
4) = - 1L L L L
7 =@, 2)f 2n)? (2153 (2133 (2153 A,

Dl'l-l ’
(4.9)

17

where
Dy, =12 + 220,02 + 22 (K02 +22) (K, .2 +22)
X[(&, L +K,y + 2F, )7 +m?]

X[(&,, +kq, + 27, P +m2)[(&,, + 2T, 2 +m2?]. (4.10)
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a
q,*q, qQ,
q* 4,
|
LE}
a3
q*asa,
1 9 T
g va,4a, %

G +0p+035¢q,
q,+03+a,

a

2w-q,-43-q4 2w-q,"9,-q3-q4

(a) NUM=2

POLE a: CONTRIBUTING REGION: 0<q,<<Q,<<a3<<Q4<<2w
RESULT :(-2,0)

POLE b: NO CONTRIBUTION

Q2 ; q
_I_“qs';h a,
-
ap %4+9; —
|, 9394 a0 42,-d3-04
''q,+q, A
_ll-qg-qqs.-q.;
| SR T E—)
q,+q5
Q*Gp* 0y a3

G3+9g-4
.,‘_a__._q; 4

E] G,*az+Q5*q, E]

~—x <1
2w-q,-0a4 2w-q,-4-q3-d4

(b) NUM =2

POLE o: CONTRIBUTING REGION: 0<q;<<qp<«<q3<<qgq<<2w
RESULT : (0,2)

POLE b: NO CONTRIBUTION

FIG. 16. Two of the 4 momentum-~flow diagrams for
Feynman diagram 16. The other 2 are obtained from
these by turning the arrows on the diagram right for
left and then reversing the direction of all the arrows.
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13
a,+q, q,
Q)
a -Qp-94:-9
3. R
-l ,%1& 9,+q, 9 Q2+0d4:04 Lh
(- ' Q2 1 “Q2,-93:-4g
| 1 ! 9
z
B *
a3
CRTREN q,+q5
L. e
-1, Gp+q, -Q,-q,
§¥45% @ chi e
Q2:94 1+493
I [P 192 %
> * "q,+a,
G+ G+ 03+0, Gy +Q2*G3+4,
VAV, *
2w-q,-92-03-04
(0) NUM = - (qp.+Q4.) - G-
POLE a: CONTRIBUTING REGION: 0<q|«qe<<qs<<q4«2w
RESULT: (2,0)
POLE b: NO CONTRIBUTION
AVAV]
92 %G
q
L‘&'-:'l'-q!

9+ 9p*ds
3 -4
T gva,as ] -q3
quzoqs' A -, G ara
T aGerq, )
0 Q,+0,*A3+0, 0 9+ 05+05+ %
VAV, %

2w-q)-0-03-04

(b) NUM= -(q;+Qp+q4)-qy4

CONTRIBUTING REGION: O<q,<<qg<qz<<qg<<2w
RESULT: (0,-2)

FIG. 17. Two of the 4 momentum-flow diagrams for
Feynman diagram 17. The other two are obtained from
them by the right-left symmetry operation.



13 THEORY OF FERMION EXCHANGE IN MASSIVE.... 1IV.... 451

C. Feynman diagram 18 where
ng =_g10(_?41._ ﬁax— 2?J.+m)(w21. +?3L+?4L+ 2?1."‘7")
Feynman diagram 18 is essentially diagram 17 X (=R, = Ryr = 2P, +m)
turned upside down, Therefore, from Sec. IVB we s
find X 1.L+i21.+w31.+2?1.+m)('iu—2?;+m) (4.12)
and
~ . d%,, d%k,, d®k.,, d%k,, — - _ 2 2 2 N2\VA 2,2 2 z2
ml(:) =@ —2).[ (2111); (215; (ZW:;; (2113; NigDys™t, Dy = (EI-L +A3(l;21- +X )-(.ka.l. :A )&:-L +A%)
X[(l:“_+ 21'1.)2 +m2][(k2_‘_+k31.+ Zr.\.)z +m2]
4.11) x[(k,, +K,, +2F, 2 +m?], (4.13)

D. Feynman diagram 19

The numerator for Feynman diagram 19 is
ng =—g1072(73 -7 )Yal (?‘3 - 7‘1 - K4 +m)7u (-k‘; - 27’1 +m)7a2(—#3 - y‘; - 27‘1 +m)7a1
X (—yg - 27‘1 +m)7a3("y2 - k:; - 27‘1 +m)7/a4(-y1 - kz - kB - 27‘1 +m)‘}/a2

X(~# =K =2t +mI (=1 —Hy = By v (V= 7y =y s Yy u(r, = 7). (4.14)
This is approximated as
162w -, )20 = By = byt )Rw =Ry )(—kye = By V(=7 Nygry (7, = 7,) (4.15)
where
Ny =-g" (=R, = 27+ m) Ry, +Rys + 2714+ m) (R 4+ 2P L 4 m) Ry 48y + W + 2+ m) (K = Ry = 2R+ )
(4.16)

Using this numerator with the momentum-flow diagram of Fig. 18, we find

=) - &k, dk,, dk, dk, - . -
(4) = (_ 1L L 3L 4L 1
smw 'T( lyl)f (2")3 (21,-)3 (277)3 (2,)8 N19D19 4 (4-17)

N/
. \YAY
+q
4 9209304 e ata
] rUe 92
Q5" :
' q,+q
(R T,
g
q;+q3 = 93
Q,+Q,+qy
Qq,+Gp+Qz
Q+q,*q
e — 1 L S q
R . . ,da
q,+q,+qy | q|oq29q3. q,+q,*q3 ‘.q"qa'qs
T
- v %
a4
Qu+05+q
= Qreap+dy+ag Q405+ 03¢0, Q) +92*03+9, Q+ 92493+,
[ ~
AN~ * - 2w-q;-95-03-q
2w-0,-0,-0, -4 1792-03-94
(a) NUM = (q,+q3) (b) NUM = qg
CONTRIBUTING REGION: 0 <q, <<g, <<q3<<q4<<2w CONTRIBUTING REGION:  0<q, <<q, <<q3<<q4<<2w

RESULT : (-1,0) RESULT: (O,1)

FIG. 18. The 2 momentum-flow diagrams of Feynman diagram 19.
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where
D19 = 6;11.2 +X2)(E2L2 +A2)(i231.2 + )\z)dzu.z + )"2)[(1-;1L+EZJ.+ ZFJ.)Z +m2][&31.+ 2FJ.)2 + mZ][(E‘u."‘ 2FL)2 +m2] . (4~18)

E. Feynnan diagram 20
The numerator for Feynman diagram 20 is
Nyo == Y70, = 7\ (s = ¥, = o+ (= 20, Yy (g =y = 201 )
X (= By — Uy = 20 +mYye (W = H = 20 s mYre (- ¥, - By —27, +m)r,,

X (=Fy = Wy = 20, Yy (=20 s (fy — e m)ye, u(r, = 7). (4.19)
This is approximated by
16(2w =k, )2 = Ry )(=ky 4 = by )=y = B, )EE =7,y Nygry ur, = 7)), (4.20)
where
Ny ==g"(-Ryu = 2P0+ m) @y 4Ry +Ryu + 270+ m) (<R = Ry = 2714 mm) Ryu+ Wy 4Ry + 27+ m) (R, - 2F 4 m)
(4.21)

Using this numerator with the momentum-flow diagrams of Fig. 19, we find

dzﬁlL dzizl- dzizal. dzEu.

W LD [ G G Bt @ Tl .22)
where
Dy = (X0 pu? + ) Rps? + A Fa? NNy 2ELF 4y B+ 2F, P ot Ryu 4 2ELF 4] (4.23)

F. Feynman diagram 21

Feynman diagram 21 is essentially diagram 19 turned upside down, Therefore, we find from Sec. IVD
that
K, &%k, d%k, d%k, - . -

) = a 1
W+ LD [ Gl @ @ @ o (@.24)

where
Nzl =_glo(_w3l.—?4.l.- 27L+m)(a21.+i31.+ 4Lt 271.'*"")(“?21.— 2?L+m) @11."'?21.4'2?1.4’"1)(_?11._ 2?1.+m) (4-25)

and
Dy = (&, 2 +20)(,.2 + 22 &,.2 + 2,02 + 02K, + 28 P+ m2][(k,. + 27 ) + 2[R, + K, + 28, P 4m?]. (4.26)

G. Feynman diagram 22

The numerator for Feynman diagram 22 is
Npp ==810U(ry =7\ We, s = ¥y = By + Yo, (Vs = ¥y = Hy = Ky + )y,
X (g My = 20, )y (= = By = 20y -y (b — By = 20, sy,
X (b~ M= ¥ =21 +mYr (< K, =20 +mW, (= =y = Ky v )Y,

x(#z"?ﬁ‘k], +m)7a4u(72_rl)- (4.27)
This is approximated by
16Qw-k )2w=-k -k )Rw—-Fk, -k, )Qw—Fk, )a(r,—7)yN,nul,-r,), (4.28)

where

N,, = "gm(‘iax_zu._ 2?L+m)(i2L+w3L+WqL+ 2?;*’”)(‘?2;‘?3;’ 2?.\.+m)
X&1L+i24.+wu+27;+m)(—wu.'wgJ.‘ 2?1_+m). (4.29)
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q U
_"-&.:! vy _I"qz';?s-"h
\
P :,:_.q‘ q 192 ;;. [
1

Q+9x*G3°ds Q,+Qp+a5+ 0,

q/\,q\'::;‘:a +qq

* < VAV, *
20-0,-0-05-04 20-9,-9-a5-q4 [
b R Y
() NUM=-0g, (+qp.+a,.)= [ 32 %% o ¢ (D) NUM =d,,q4- = 3,
92 CONTRIBUTING REGION: 0<q, <q, <<qy <<q, << 2w
-h'.q!»q‘)mox[ial.—q‘,- le] POLE b RESULT : (0,1)

POLE o: CONTRIBUTING REGION: 0<q, ®q, <<y <<q, <<2w
RESULT : (-1,0)

POLE b: NO CONTRIBUTION

_L-qg.-qq;-q.
]
S | S
9
—-
G2
L 3
7q,+q, a,+q, 7
a -Q3,-Qq Q3+Qe
P 949 93.9¢
O3+
Q3+,
e 9y+9p+93+ 9, n) G+ Qp¢Qy+q, a Q)+ Ap*ay*q, m 9+ 3%,
AN/ * = AN * -
2w-q,-q,-03-q,

2w -q--q5-04

(c) NUM= (ql’oqh)q‘_ =-q, max [‘qu. ‘qL.} (d)NUM = q,, (a5 +q,.)

POLE 0: CONTRIBUTING REGION: 0<q,<<qq <<q3 <<Qq << 2 NO REGION CONTRIBUTES FOR EITHER POLE
RESULT: (-1,0)

POLE b: CONTRIBUTING REGION: 0<q,<<qj <<qy3<<q, <<2w
RESULT : (1,0)
TOTAL RESULT: (0,0)

FIG. 19. The 4 momentum-flow diagrams of Feynman diagram 20.



454 BARRY M. McCOY ANPxTAI TSUN WU 13

Using this numerator with the momentum-flow diagrams of Fig. 20, we find

- dxk,, &%k, dk, d%,, -
(4) = (_ adiiiy €3 2+ = 3l 4L -1
mzz T( 2’ z)f (2")3 (2")3 (2")3 (2")3 szDzz ’ (4-30)
where
Dzz = 0’(“2 +k2)(l‘.:u3 *‘AZ)(E:;LQ ‘*‘kz)(i.u.z +A2)[G1L+E2J.+ 2?1_)2 +m2] [&21. "‘ng"‘ 2FJ.)2 “‘mz][&sx"'ﬁu*'z;;)z +m2] .
(4.31)

H. Feynman diagram 23
The numerator for Feynman diagram 23 is
Nyy == 8100y = 7, Yo, (Fy = = By 41V, Oy = Vs = by = Wy e 1Yy, (=g = Hy = 20+ (= = Fy = 20, +mre
X (=ky = by = 2y +m¥ra (= by = By = 20, Y, (= Vs =y = By = o+ Y
Xy =ty = b=l +m)ve, 0y =1y - H s M)y u(r, - 7). (4.32)
This is approximated by
16Qw =k, )Rw =k, =k )Rw—Fky, -k, =k ) 2w -k, ) 2w -k, —k,_)(=k,_ -k, —k,_)
XAy =1 Nygriu(r, = 7,), (4.33)

where

Nyy= =g 0(-Ry =Ry 2P +m) @y 4Ry 4R+ 204 m) (<R = Ry - 2714 m). (4.34)
Using the numerator with the momentum-flow diagrams of Fig. 21, we find

Y az,-z)f% %})ﬁé ig%; ﬁg%,ﬁfrzsu,;l, (4.35)
where

Dy, = (&, .2 +A2)(K,, 2 + A7)y, 2 + A2) (K, 2 + A, + Ky + 2F, P + 2[R, + K, + 2T P +m2] (4.36)

I. Feynman diagram 24

The numerator for Feynman diagram 24 is

Npy == 81000y = 7, a, (s = s = b+ MW (= ¥y = By = Fy +mYy,
X (=W = By = 20, + Yo (K = My = Wy = 20, + Yo (< — Wy~ Hs - K - 2, + )y,
X (b, = by~ by = 20, +mve (g = by = 20 Y, (= Vo =y = By e (Fy =, = By 2 Yo, = 7).
(4.37)
This is approximated as
16w -k, )2w=k . =k )Rw -k, )ew -k,  —k,_ )~k =y —k,_)(=F . -k = Ry.)
X Gy = 1 Nyryu(,-7,), (4.38)

where

ﬁzq = _gm("?n. - i“_— 2?L+m)(7u+?,;+?,1+?4;+ 2?4.*‘"‘)(—?14.‘?11' 2?;.'*"1) . (4.39)
Using this numerator with the momentum-flow diagrams of Fig. 22, we find

= 4 - &k, d%,, d%, d%, = . -

My =(2,-2) [ Got Gt G e Ml (4.40)
where

D,, = (Eu.z + )\2)@;2 + A2)6231.3 + 7‘2)&“.2 + Xz)[(ﬁu +E31.+ 2F1.)2 +m2][(ﬁzx+iqu.+ 2;4.)2 +mz] . (4.41)
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9 q,+q, q, q,
| 92,93 7 Ge 9 q, +q ) 92,93394 Urda l E
-I.%:_' H - 9,49,
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Q,+Q,+q,+q,
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AN — -
2w-q,-q;7q3-q4 2w -q

2w-q~q;q5 94 2w-a,
0 O
(a) NUM =1

(b) NUM =1
NO CONTRIBUTION

NO CONTRIBUTION

q,+q, q
| ~92-9;93
q,+4, a9, Aq |9
I ~9237937%
e
~——
-
Qy Q,+4,
f 9,+9,49y
Qe
[ :
T 5]
——%
Q,+Q2+q4 q,
-l
Q) +Q2+03+q a4
b U 1T Ly Q,+Q,+Q34d4
-~ H—— a AN/ - - =
2w-q, 2w-q-959579, 2w-q,-q, 2w-0,-05-05-q4
o e 0
(e) NUM =1 929
CONTRIBUTING REGION: 0<gq, <¢q, €<q<<q, << 2w

(d)NUM=1
RESULT : (0,1)

POLE a: CONTRIBUTING REGION: 0<Q,<<Qy<€qy<€q << 2w
RESULT : (-1,0)
POLE b: NO CONTRIBUTION

FIG. 20. (Continued on following page)
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’ q2 g, +q,
il AV3
N
LEY
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! gy
Q403 -1 :'2'*::
q, .95
9, +q3 a,+a,
9a Q+05+03+0,
VAVAY; —
2w -q, 2w -q,~9,"q37q,
(@) NUM =1

POLE o: CONTRIBUTING REGION: 0<gq,<<q,<<q3<<qy<< 2w
RESULT: (-1,0)
POLE b: NO CONTRIBUTION

92
q; +Q,+qy ’
- _q‘
' q+q+q,
¥
94
b
Q; +3,+A5+0,
q,+0,+q, /0
NN/ -3 *
2w-q,-q,"q, 2w-q,-q,-95"q,
m
(g)NUM =1

POLE 0. CONTRIBUTING REGION: 0<q, €€q,<<q,<<q, <« 2w
RESULT: (O,1)
POLE b’ NO CONTRIBUTION
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LA FY %

9

=45 -Qq
Y 9% R N
RSN N T
4, K EL . -G3 44
hd 'Tq, +q,

N

9%

[ o
a5,

Q4 +9q 3444

QU +Q;+Aye0, SR ey

—
x

2w-q,-0,~q5"04 2w-qy-q,
~q3,"94
(f)NUM =1

NO CONTRIBUTION FROM EITHER POLE

" i
Q) +Q,+95
Y 9,+03
q a4
- oy
"'——l——Q:—.
dz + d3
92
9
=9, »°q,
o — [ ]
=q; 79374,
= " |.qa, T
h Q;+Q2 2 Qs
o ~93;94 ¢
! 9,+9q;
Q) +0,+05+q,

2w -q,-G,-q,
o
(93]

NEITHER POLE CONTRIBUTES

2w=-q,-q,-43-q4

(h)NUM =1

FIG. 20. The 8 momentum-flow diagrams of Feynman diagram 22.
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&0

9)+0p+Q3+q,

N\s ¥ AVAV, x* *
2w-03-q, 20-0,-05-05-04 2w-q,-93-q, E 2w-Q;-Qp-05-04
(a) NUM (b) NUM = q4
e " 9*a3 POLE a: CONTRIBUTING REGION: O < 2
POLE o: CONTRIBUTING REGIONS: RESWLT: (1.0) DAL B di g
0<ageayecayecq ec2u POLE b NO CONTRIBUTION
0<q,<<q, «q3«q4<<2u
RESULT : (1)
POLE b:  NO CONTRIBUTION
a -Q2,-q3.-qq
G;+Qz+Q3+q,
NN\~

[AVAV,

2w-0;-03-0,

2w-q,-0p-03G4 o
1"92-03° 44
(c) NUM = q5.
d) NO TRIBUTION
POLE a: CONTRIBUTING REGIONS: (d} CoN

0<q'<<q2<<q3<<q‘<< 2w
0 <q,<<qy <<Qp<<qq<<2w
RESULT: (2,0)

POLE b: CONTRIBUTING REGION:
0<q,«qy<<q << qq <<2w

RESULT: (-1,0)
TOTAL RESULT: (1,0)

FIG. 21. (Continued on following page)
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9*A593

_ T%079%
' q,+0,

9,+9,+Q,+q, Q) +Q2+ Q3+

AvAYS

2w-0)-0,795-0q4 2w-q,

7N
2w=-9;=0,"q5°q, 2w-q,

o

(e)NUM = -q, (f)NO CONTRIBUTION

CONTRIBUTING REGION: 0<gq, <<q,<<qy<¢q << 2w
RESULT: (0,-1)

Bl

" q,vq,

Qj+0,*G3+9,

N\~ X
(g) NO CONTRIBUTION 2w-q, 2w-q,-9,-9,-9,
(h) NUM =q,
POLE o: CONTRIBUTING REGION: 0<q,<<q,<<q,<<q,<<2w
RESULT : (-1,0)
POLE b: CONTRIBUTING REGION: 0 <q,<<q,<<q5<<q,<<2w
RESULT : (1,0)

TOTAL RESULT: (0,0)

FIG. 21. The 8 momentum-flow diagrams of Feynman diagram 23.
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.
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A\ - .
.L'_"z‘_“é.:ﬁa ag qQ
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" ) eyl
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L
93 T -5 b
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2w-q-9,05q, 2w-q3-q4 2w-q,-Q-03-04
[(ag+a,)] - - (qgeq,)
(¢) POLE o: NUM=-(q,+q,,70, -G, (q,_+qy )= 5:—3_&; ?(qloq,)mx[q—g,q—lﬂ‘]
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2" 2’ 942 CONTRIBUTING REGION: 0<Qq,<<Qg<<q, <<qy<<2w
CONTRIBUTING REGION: 0<q<«<q, <<q,4<<q3<<2w RESULT : (O,-1)
RESULT: (0,1)
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FIG. 22. (Continued on following page)
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\N\N AVAY;
9,44, a5

AVav,

AY

(d ) NO CONTRIBUTION (e) NO CONTRIBUTION

FIG. 22. The 5 momentum-flow diagrams of Feynman diagram 24. Momentum-~flow diagram (c) has been drawn twice
in order to accommodate all the poles. In (c) the pole ong,+ g, has been used even though there is a second pole in that
momentum circuit ongq,. In (c’) the pole on g, is treated.

J. Feynman diagram 25

Feynman diagram 25 is essentially diagram 23 turned upside down. Therefore, from Sec. IVH we find

i 0,0 [ Sy T £ Hen o e
where

Ny == g0, ~ Ry = 27+ m) @, 1+ Ry +Ryu + 20+ ) (<R, L~ Ry = 27, +m) (4.43)
and

Dy = (&, 1% +2)(,.2 +22) Ky, + 2,02 + 2K, L +Ky, + 2T, ) + 2[R, + K50+ 28 P 4+ 2] (4.44)

K. Feynman diagram 26
The numerator for Feynman diagram 26 is
Ny == 007y =7, Wa, (o = Vs = o+ W (k= 2, 7Y (= By = 20, 470 v (= By = By = 20, +mYve,
X (<t = by = My = By = 2, em Yy, (b = By = By = 2, Y (s =y = 2, sy = 1 = = Wy + e,
Xy =1 = H +mva u(r, = 7y). (4.45)
This is approximated by
16Qw—FR, ) Cw =Ry =k, ) Rw =k, )=k y = kye =Ry )(=ky =y =k, _)(=Ry. =k, )AT, =7, Nygr, u(r,-1,),

(4.46)
where
IT/“ =—gto(- 4l Z?J.*'m)@;*?g;'*?g;*’?u.*’z?;*'m) (—K;—Vg;— 2?.\.*’"‘) . (4.47)
Using this numerator with the momentum-flow diagrams of Fig. 23, we find
- d%k,, d%, d%, 4K, ~
@) = (_ Padis ¥ 5 2L ‘gL 4L -1
WYL [ G G @ @ el (4.48)
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FIG. 23. The 4 momentum-flow diagrams for Feynman diagram 26.
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where

D, = 0‘;“-2 +)\2)(Ez,_2 + Az)(i;gxz +A2)&4.L2 +22) [(i;u +E2.L+ 2;1_)2 "'mz]'[&u.*'zfx)z +m2] . (4.49)

L. Feynman diagram 27

Feynman diagram 27 is essentially diagram 26 turned upside down. Therefore, from Sec. IVJ we find

dzﬁu dzﬁzl dzEsL dzEu- N

T+ 10 [ B G G e TP 459
where

Ny ==g'o(~R, = Ryu = 27, +m) Ry 4Ry s +Kyu 48,0 + 27 4m) (<R, = 2P, +m) (4.51)
and

Dy = (kyu2 +22)([K,02 + 22)(K,, 2 + A2)(K, 2 +02) (R, +2F, P + m?) [, +K,, + 2F, P +m2]. (4.52)

M. Feynman diagram 28

The numerator for diagram 28 is

st =_g10a‘(73 - 71)7011 (7‘3 - '/1 - pq +m)‘y“(-y4 - 27‘1 +m)ya2("ﬁ3 - ﬁq - 2?‘1 +mb’tx3(—¥z - ys - yg - 2’1 +m)7u1
X ("yz - Vg - 27‘1 +m)7a4(-k1 - yz - ﬂg = 2"‘1 +m)Yv(I/z - yl _#3 - Vg —?‘1 +m)¥az("g _yl - yg ‘7‘1 +m)7aa

X (7‘2 - ﬂl = 7‘1 +m)7a4“(72 -7).

This is approximated by
16Qw=-k )Rw—-F -k, )QRw—-F -k, —k,,)
XQRuw-Fk, )~k -k, -k, )k, -k,)

Xu(@, =7 Ny u(r, - 7,), (4.54)

where
Nyg==g'(-R, - 27, +m)®, +¥o + R0 + 27, +m)
X (<R, =Ry = 2F, +m). (4.55)

Using this numerator with the momentum-flow
diagrams of Fig. 24, we obtain

=@ d%k,, d%k,, Pk, %k, ~ -
mza T( lll)f (2")3 (2")3 (2".)3 (2,".)3 NZBDZB

(4.56)
where
Dye= (&), 2 +22)(k,.2 +22) (K5, 2 +22) (k, .2 +22)
x[(l:u+§3l+2FL)2 +m?)
X[(ky, +2F, 2 +m?]. 4.57)

(4.53)

N. Feynman diagram 29

Feynman diagram 29 is essentially diagram 28
turned upside down. Therefore, from Sec. IVL we
find
dziu. dﬁzal. daial dgEA.L

WY 21,0 [ G Gt G el Fe s

(4.58)
where

I—Vzg =‘gl°(‘mx-?g;— 2?;.‘*‘"‘)
X 1L+i2,_+i84_+27,_+m)(- 11-2?L+m)

O. Feynman diagram 30

The numerator for diagram 30 is

Ny =—g'ou(r, - rl)'yal(fs -1 -k +m)7a2(7‘3 AR R AL OACT Y A A +m)7al("¥s -27, +m)‘ya3
X (‘kz - ka - 2?‘1 +M))fa4(—ﬂl - kz - yg - 27‘1 +m)7u2(_y1 - #3 - 27‘1 +m)YV(¢2 - "1 - yl - ”z +m)7a3

X (7‘2 - 7‘1 - kl «Lm)y%u(r2 - rl) .

(4.59)
and
Dy = (ky 2 +22)(K, .2 +202)(,,2 + A2) (R, 1% +2%)
x[@;‘*z;.\.y +m’]
X[®L+E3L+ 2FL)2 +m2] . (4.60)
(4.61)
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AVAV,

v
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(0) NUM = -(q,+qs)(q)+qp+qs)
CONTRIBUTING REGIONS:
[o] <Qq << qp <€Qy <<qq << 2w
0<qp<<q) <<qy <<qq << 2w
RESULT: (1,1)

q, a3 Q) +Q2+qy
Q1+ 0y 1G4
1 +Q2+0y

Q+Q2+q3+0,

Q) +Q2+0Q3+ Qs m

V)

AN

2w-q, ~q2-03-04

(c) NUM = -q;5q,
POLE o : CONTRIBUTING REGION: O <q,<<qy <<q3<<Q4<< 2w
RESULT : (-1,0)
POLE b : NO CONTRIBUTION
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Q1+Q2+Q3

q)+Q2+Q3+Q4

Q1+02+0Q3+Q4
[AVAV, E

2w-q,-0G,-q3-04

(b) NUM = —qy(q,+q,)
CONTRIBUTING REGION :
RESULT : (-1,0)

0<qy<<Qp << q3<<qq<<w

[aVAV

(d) NO CONTRIBUTION

FIG. 24. The 4 momentum-flow diagrams for Feynman diagram 28.
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This is approximated as
16Qw -k, )Qw =k, -k, )Rw—Fk,_ —k,_)
X QW = by )—hye =y )(=kys =R, 1)
X@(ry =1 Negry ur, - 7,), (4.62)
where
Nyy==g"(-Ry. 2P, +m)R, L+ %y, + Ry, + 27, +m)
X (<R =Ry = 20, 4+m). (4.63)

Using this numerator with the momentum-flow dia-
grams of Fig. 25, we find

dz_ﬁu. dzEz-L dzEaJ. dzE.u. N. D.-!
@n)® (@n)° (@n)?® (@) 0w

’

oMY =:(1,—1)f

(4.64)
where

Dao = &11.2 + A2)(E2L2 + Az)(123.|.2 + A2)(E41.2 + )‘2)
X[@ﬁizw 21‘71.)2 +m2] [&3J.+2F.L)2 +m2] .
(4.65)

P. Feynman diagram 31

Feynman diagram 31 is essentially diagram 30
turned upside down, Therefore, we find from
Sec. IVN that

= d%k,, d%,, dk, 4%, - . -
fm;:)—-_—'(l,-—l)f (2"1); (2,”25;. (2"3; (277‘;; Ny Dy Y

(4.66)
where

Nal=—glo(—?31._i41.—27;+m)
X 21.4’?31,"'?41.'*‘2?1.‘*”1) (- a.L_2?J.+m)

4.67)

and

D31 = (Eu.z +A'2)(E2.L2 +A2)<E3J.2 + A2)(1243.2 + )‘2)

X [(k,, + 27, )7 +m?) (6, +Kk,, + 2T, )2 +m2].
(4.68)

Q. Feynman diagram 32

The numerator for Feynman diagram 32 is

N32 =_g1°1,—t(1'3 - Tl)'}’ql (7‘3 - 7‘1 - #4 +m)7a2(7‘3 - 7‘1 - ﬂg - ﬂq +m)‘y1.1 (_Eg - ¢4 - 27‘1 +m)7a3(_y2 - ys - y.; - 2/"1 +m)7a4
X (-'El_ - yg - E3 _yq - 2‘/1 +m)yu(¢2 - f), - yl - yz - y:; - 1‘4 +m)7al(7‘2 - 7‘1 - kl "us +m)7a2

X (fz - 7‘1 - kl - kz +m)7a3(rz - ‘/1 - kl +m))/a4u(1'2 - 71) .

This is approximated as

(4.69)

16w =k )Rw =k s -k )Rw—F Ry =R, ) 2w =Ry =k, =k -k,
XQRu=—ky =k )Rw-k, )~k —k, ks —k, )k, —ky ~k,_ )=k, -k, — Ry )ud(r, - 7 NGy u(r, -7,

where

Ny, =-g"-K, -%,, - 2%, +m). 4.m)

Using this numerator with the momentum-flow
diagrams of Fig. 26, we find

dzﬁxl dzﬁz& dzEa.L daEqJ. N D.."!
(2")3 2n)3 (2”,)3 (@7)® 2T

MY = (-1,1)
(4.72)
where
D32 = &1:_2 +X")(Eg;2 +A2)&3J_2 +)‘2)&412 +A2)

X[(ky, +k, +2F, P +m?], 4.73)

(4.70)

R. Feynman diagram 33

Feynman diagram 33 is essentially diagram 32
turned upside down. Therefore, we find from
Sec. IVP that

dzﬁu. dzﬁz.l. dzisi. dzl;u N

iy +(-1,1) | @ @ @t @i Yel=
4.74)
where
Nyy=—g'o(-R, .~ R - 2F.+m) (4.75)
and

D33 = Gu.z +A2)&212 +A2)(E31.2 +A2)&4.L2 +A2)

X[(,, +K,, + 2T, P +m2], (4.76)
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-]‘-_-—q-’—
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&
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2w-0,-q5-G3-0g

(b) NO CONTRIBUTION

Q)+ G+G3+4,

&

a3
(d) NUM = -Q3_ Qg4 = - %

CONTRIBUTING REGION: 0 <q,<<qp <<qy<<Qq<<2w

RESULT: (0,-1)

FIG. 25. The 4 momentum-flow diagrams for Feynman diagram 30.

S. Feynman diagram 34

The numerator for Feynman diagram 34 is

N34 =—gl°17(73 —rl)’}/al(7‘3"¢1 “y“ +m)7a2(7‘3 _7‘1 - yg _k4 +m)7a3(¢3' 71 _kg —kg_ y‘; +m)7;_|
x(—kz _kg- ﬂ‘; _27‘1 +m)Yal('—k2_ kg - 27‘1 +m)‘)/a4(-k1 -kz -ka = 27‘1 +m)7’v(7/2 -7/1 _yl - %2"”3 +m)‘)’a2

X (’/2 _71 - kl - yz +m)‘yot3(7‘2 _7‘1 - kl +m)yd4u(7’2 - Tl) .

This is approximated as

4.77)

16Qw =k, )Qw=ky s — Byt )@w =y = kyy = By ) Qw =k, ) 2w =k, —k,_)
X (2(-!) - kg— - kg- - kq-)(-kl— - k2- - k3- )("k2+ - k3+ - k4+)77(7'3 - 71)YuN34YU u(rz - 71) y (4-78)
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(=) =
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9 +Q2+Q3+ 04 ‘

&

2w-q) -9,-q3-q, (]

(0) NUM = (q,+q)(q,+q,+qy)
CONTRIBUTING REGIONS:
0<q,<<q,<<q3<< qq<< 2w
0<Qy<<qy<< q3<<qq<< 2w
O‘Qz«qs“ql <<q‘<< 2w
RESULT:(-1,-2)

Q2," 04
q
~92:93:"94
qQ

-1,

LI PACH

q3 G, +GQ2+G3+0,
Qi +G2+Qy

ad

2w-0)-qz-q3-04

VAV,

(c)INUM = qulq,+q,)

POLE a : CONTRIBUTING REGIONS:
0<q << Q<< qy<<q << 2w
0<Qq)<<qy<cqq<<qy<<22w
RESULT: (0,0)

POLE b : CONTRIBUTING REGION:
0<q,<<q2 <<q‘<<q3<<2w
RESULT: (0, 1)

TOTAL RESULT: (0,1)

(e) NO CONTRIBUTION
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Q) +Q3+d,

&)

%

2w-q;-q3-q, o

(b)NUM = q(q, +q,)
CONTRIBUTING REGIONS:
0<qy<<cqp<<qy<<qy << 2w
0<gp<cq)<< gz<cqq<< 2w

RESULT : (0,2)

(d) NO CONTRIBUTION

VAV
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FIG. 26. (Continued on following page)
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(g ) NO CONTRIBUTION (h) NO CONTRIBUTION

FIG. 26. The 8 momentum-~flow diagrams for Feynman diagram 32.

where

Ny == g"(-R, =Ry = 27, +m). (4.79)
Using this numerator with the momentum-flow diagrams of Fig. 27, we find

iy 2, -1) [ Do Ty Phy Fhu§ b, (4.80)
where

D, =&, .2 +22)&,, 2 +22)(K,, 2 + 22)(&, .2 + 22)[(K,, +K,, + 2F, ) +m2]. (4.81)

T. Feynman diagram 35
The numerator for Feynman diagram 35 is
Nyy == g0y = 7, Yo, Oy = 1 = by + MV 0y =, = by = By Y, 0y = 1 = by =y =y e,
X (=l = By = Wy = 20, +mYve (<l = = 20y + Y (s = b=y = 20, + Y, (Fy =y = My = Wy = Vo 4
X (=t =ty =1, + Mo,y =y =7y + M u(r, = 7). (4.82)
This is approximated by
16QRw—k,,)Rw=FR . =k ) Qw—R . = kyy =k, ) 2w =k, )2w—k, -k, )
XQuw—Fk, -k, =k, _)(=k,_ =Ry =k, )=ky, =Ry, =k Ay -7, Ny, u(r,-7), (4.83)
where N, is given by (4.79). Using this numerator with the momentum-flow diagrams of Fig. 28 we find
M = 2D | (4.84)

V. DIAGRAMS WHICH CANCEL IN PAIRS

In Fig. 2 we display the six Feynman diagrams which, to leading order, cancel in pairs. The pair 38
and 39 is essentially 36 and 37 upside down. Therefore, we need only consider the pairs 36, 37 and 40,
41. These will be discussed in separate subsections.

A. Feynman diagrams 36 and 37
The numerator for Feynman diagram 36 is
Nyg == 810Uy =7 Wa (g =1y =¥y +mYyo Oy =¥y = ¥y = My )y, (= =y = 20, s Yo (-, — ¥y = By = 2, + )y,
X (== W= =20 +mYyo (W =Wy = ¥y =20 +mIW (=, - Ky =7 v )Y,
X (fy =y =1+ w7y =7,) (5.1)
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This is approximated by
16QRw—F)Rw=FRyy =k YRw =Ry =Ry =R )QRw =k, )2w -k, —k, )=k, =k, —Fk,)
Xﬁ(rg-rl)-y“jvge)/uu 72—71)) (5-2)

where
1—\735 = —gm(—i?g;— E‘“__ 271.‘*' "’Z)(Eu. +E2L+i3.|. +?41_+ 2?1_'*'"1)(_?11_— Wzl‘ Wa_,l_— 2?1_"‘7”) . (53)

Using this numerator with the momentum-flow diagrams of Fig. 29, we find that

k,, &%k, d*k, d%K,,

m;:) =: (2’ —2)[ (2")3 (271)3 (2Tf)3 (2")3 38 ! (5'4)

38

>}

-1 "%
' Q1+Q2+45
Q;+Q+q
1 2+9> -dq
G, +92+03
E] Q,+G2+q3+d4 Q1+02+03+04
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] ]
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0 ok

_+Qa. q
(a) NUM = —(q..'a;.)q..=—q¢q-‘q_i (b) NUM = -q3. am-f

NO CONTRIBUTION NO CONTRIBUTION

9,+Q,*05+q,

Q+G,*q5q,

(c) NO CONTRIBUTION (d) NO CONTRIBUTION

FIG. 27. (Continued on following page)
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where
Dy =K, 12+ X2)(, .2 + M)y 2 + 02K, 2 4 ANy 4Ky 4Ky + 28, P 4 2[Ry, + Ky, + 2F, P +m?). (5.5)
The numerator for Feynman diagram 37 is
Ny == g'00(ry = 7\ Yre, 0 = 1y = gt e, (Fy = 7y = M = By )y, (—Hy = My = 20, + ) (= Hy — Wy = My = 20, 4y,
X (=l — Uy = By — Uy =27, +myy (<W, - ¥y — ¥y = 2/ +m)y,
Xy =1 =W =Wy =Ky +mlv (o =7 = ¥y = Wyt MYy, (F, =¥ = Hy + mYvu(r, = 1), (5.6)
which is approximated by
16Qw—F,)Rw—FR ,— ks, )w~Fy = ky = Ry )Ruw—F, ) Rw -k, — k,_ )~k — -k, )
XUy =7 Y Nogry u(ry— 7). (6.7)

) q,

q;+Q2+q3

Ry
' G)+ Q2403

m 2w-q,-q2-93-q4

2w-q, Qu+Q2+44 2w-q-4z-04

- B
q
-°3 3

Q+Q2+0Q4

] “h e, -1
[93 ] RN
' Qp+Q2+04
_ __aq

(0)NUM= —ay.q4, = - 2 (£)NUM = q,(q,4+024+04s)

POLE a: CONTRIBUTING REGION: O <@, << g, << Q3 << Q4 << 2w POLE o : NO CONTRIBUTION
RESULT: (1,0) POLE b : CONTRIBUTING REGION: 0 <Qq,<<Qqy<<Q3<<qq<<2w
POLE b: NO CONTRIBUTION RESULT : (0.-1)
AN/
(@) NO CONTRIBUTION (h) NO CONTRIBUTION

FIG. 27. The 8 momentum-flow diagrams for Feynman diagram 34.
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RESULT : (-2,0)
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FIG. 28. (Continued on following page)
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(+)

( @ ) NO CONTRIBUTION (f) NO CONTRIBUTION

=)

(+)

(g) NO CONTRIBUTION (h) NO CONTRIBUTION

FIG. 28. The 8 momentum-flow diagrams for Feynman diagram 35.

Then using the momentum-flow diagrams of Fig. 30, we have

- &k, &k, &Ik, &k, -
4) = (- LESTY £ 23 & B4y -1
ma-: . ( 2’ 2)[ (2”)3 (21',)3 (21’,)3 (2")8 NSBDBO (5-8)
and therefore to leading order
ME +IMY =0, (5.9)

B. Feynman diagrams 40 and 41
The numerator for Feynman diagram 40 is
Nig==g"0(ry = 1y o, 0y = 1, = Ky 1Yy (Fy = 1 = Wy = Wy + Yo (Fy = s = = = By )y,
X (=Wy = Uy = Wy =20 +mYrye (=W = Uy = Wy = K = 20, +m)yy (W — Wy = Hy = 20 + )y,
Xy =ty = =Wy = Uy +myy (o =7y =y = Uy + Yy (Fy = ¥y = By s Yy ulr, = 7). (5.10)
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FIG. 29. (Continued on following page)
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FIG. 29. The 8 momentum-flow diagrams for Feynman diagram 36.
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This is approximated by
16QRw—ky)Rw =k, =k )Rw=F ~ by =k ) Rw -k, )Rw =k, ~k, ) RQw—-k,_ -k, —F,_)

XAy =7 Nygryulr, = 7)), (6.11)
where

Nm =_gm(_yu"iu"ﬁu" 2?1.+m)(ilL+w2L+HSJ.+R4.L+2?L+m)(_ill_?21._ wu‘ 2?;.4' m). (5.12)

This diagram is symmetric under right-left reversal plus reversing the direction of all arrows. Under
this operation momentum-flow diagrams (i) and (j) of Fig. 31 go into themselves while the other momentum-
flow diagrams are transformed into a different momentum-flow diagram. For these latter we treat ex-
plicitly only one member of the pair and use 2 for the numerator instead of 1. Therefore, we find

oo 7k, &k, d%k, d%k, -
4) = (= Z L © ol @ Pl @ P4 -1
M’ =( 2,2)f @r? Cn° @ @n) NyoDyo s (5.13)
where
D,,o=(E“_2+7k3)(§u2+A2)(Eu2+A2)(Eu2+)\2)[(E1L+E“+E3_L+2FL)2+m2][(Eu+'Eu+E“_+2FL)2+m2]. (5.14)
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CONTRIBUTING REGION: 0<q,=<qg<qy=q,<<2w
RESULT : (-1,0)

FIG. 30. (Continued on following page)
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Qe+ Q3

Q,+qg*q5

"

q +q4

a4+ G4 . 93 T

' qp*qy a
0503
92 15+ q |

-]
E CIRT RN

)+ 9+ 03¢, E]

2w-q3-q 2w-q,-0,-05-q, * Vv * L]
“4374% 479279379 2w-q,-q,-q . 2w-q,-9,-q3-9
(&) NUM=-qq 1749375 m 1792743744
POLE a: CONTRIBUTING REGIONS:
0<q <<q;=q5%q =2w

(1) NUM = - (q, +q,)

POLE a‘ CONTRIBUTING REGION: 0<q,<<q,*<q, =g <<2w
O<qz«q,«q3«q,«2w RESULT :(0,-1)
RESULT: (1,1) POLE b: NO CONTRIBUTION
POLE b: NO CONTRIBUTION

Q+ 0y q 9z a3 Vv
9

q, +Q;

b
_, %+ 9z¢Gs q, U+9s 94
(=) " =) o
B
' 91+9p+4, q, E
] bl °
) q3+q
9,+95+0, Hl, ———— 3%04
qQ,+0,+03+9 E 1+H3+ 5 ’ q
T q,+G,+05+q, :" qz 3 '+q
41,78
b e ol FILLE Y%
A 292 q,+d, 05 9
q,+9,+q »
ARt/ - (qs*ag) A3+ Gy
m a o -937 9%
* ¥* ¥*
2w=-q,-0,-05-, 2w=-q,-q5-q, 2w-qra505q, 2w-a,-q,

(h)NUM =-(q,+q,)
(g)NUM= —(q,+q,+q,)

POLE a: CONTRIBUTING REGIONS:

POLE o CONTRIBUTING REGION: 0<q<<q, <<qy <<q4<< 2w 0<Qq<<qy<<qy <<q, <<2w 0 <<q,<< q3<<Q,p<q 2w

RESULT : (0,-1) 0<Q,<<q) << §3<< qqec 2W 0<<qy<<q, <€ 4 <cq 2w

RESULT: (1,3)
POLE b' NO CONTRIBUTION

FIG. 30. (Continued on following page)
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AN

3 9 91492 93

Q) +0p*q3 TG ¥
q — q
: ! qrapa, 3
Q+0,+0, (-) q,
4
% “
9s
X qragea, a, 9i+d2+94 9 :
; = Q,+0,+05+0, 1 1,
Q+q3+0, ] 937G E
q,+0,4, 92 Q,+0,+03+9, E] q,+q5+q,
Q,+05+0, ) _0i79a79 =0 S
L % | > b g
'9,+ 93+ 9,
-(q,+Q3+qy) 7
o )
* n/ *
2w-9,-05704 2w-01=9;-03794 2w-Q, -Qp-G3-q4 2w-q,-93-q4
(i) NUM=-q, (j)NUM = -q,
POLE a: CONTRIBUTING REGION: 0<Q, €<q,<<q<<q << 2w POLE a: CONTRIBUTING REGIONS:
RESULT:(-1,0) 0<q,<<q, Q3 <<q 4 << 2w
POLE b: NO CONTRIBUTION 0= q,<<q3<<q, <q4 “<2w

RESULT: (-2,0)
POLE b: NO CONTRIBUTION

FIG. 30. The 10 momentum-flow diagrams for Feynman diagram 37.

The numerator of Feynman diagram 41 is
Ny ==g0ury = 7)o, (s =7y =My v m)r (Fs = Fy — Uy = Ky s mYre (Fs = 1y — Uy = Uy = Ky +m)y,
X (=l = By = Wy =27+ )y, (b + Uy + By + By + 20+ )y, (<) = By = By = 27 +m)y,
Xy =1y =ty =My = U (= 7y = Wy =My s )y, (= 1y = Ky s m)y u(r, = 7)), (5.15)
which is approximated by
16Qw—k,)Rw=Fy, =k )Rw =k, —kyy =Ry ) Cw—k, ) Rw =R, — k) Quw—k,. =k, —k,_)
XA, =7 )y Nygr, ury—7) . (5.16)

Using this numerator with the momentum-flow diagrams of Fig. 32, (where the right-left symmetry has
been used) we obtain

&%k, dk,, dk,, &%, - -
(271,) (21,.)3 (277)3 (21T)3 N40D4o 1‘ (5-17)

Therefore, to leading order

‘Jllj‘}’ (2,-2)

G +MP =0, (5.18)

VI. SUMMATION OF DIAGRAMS

It remains to sum together all the terms previously computed. This can, of course, be done by brute
force, but an appropriate grouping of terms can simplify the labor somewhat. We first consider the 15
terms which contribute to the real part and note that Feynman diagrams 1-8 and 14-15 are proportional
to (0, 1) while diagrams 9-13 are proportional to (1,0). Define 3{* by

_ &k, &K, 4K, -
gm(‘l) 1 ‘l)f (2,")3 27;)3 (21r)3 (2”)3 N{D{ 1’ (6-1)

for { =9, 10, 11, 12, and 13. Then M ® —E)Il§“’ is proportional to (0, 1) for { =9-13,

Define K®’ to be the coefficient of (0, 1) in the sum of all contributing tenth-order diagrams. Then
15

13
SOGE = 0, DKW 30 6.2)
i=1 i=9
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—%-
q,+q3 qQ Py
q,+qy Q3 Q,+q q,
q, +q3+Qq,
% Q,+Qy+Q3+Qq, E]
3 -
2w-q 2w-q3-q 2w-q,-9,-95-9,
(a) NUM =1 4 37 1727937 %
NO CONTRIBUTION (b)NUM =2
NO CONTRIBUTION
9 a2 q, Q¢ Qa3 ap
q, 9+ 9 a3 Q¢ Q5 9 Q+qz+d3 Q3 Q2
x 1
'
Q) +q4 q,+q,
42
q, +q,
18279
T qeq,
Q +Q+ Q3¢ 0,
L2
q, b
- O, S o
X% * %
2w-q, 2w-q,-05-0, 2w-q,-qp -q3-q4 2w-q, 2w-q;-0-3-Q4 2w-q,-05-0,
(c) NUM =2 (d) NUM = 2
NO CONTRIBUTION POLE a: CONTRIBUTING REGION: 0<gq,<<q, *<q,<<qz<2w

RESULT: (-2,0)

POLE b: NO CONTRIBUTION

FIG. 31. (Continued on following page)
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|
[Q| +Qpt QJ

IR
Q3

G+ G793 R
- e
s % ]

1

9,*9,

Q.44

q,~qa'qa~q4 aq,+q,
q+0,

(9% "9]

2w-q, qzqsu., 2w-q,-9,-q,

2w-q,-q,

(e) NUM = 2 (f) NUM =1

NO CONTRIBUTION
NO CONTRIBUTION

9 93 9,* 9379, a

|
9+ q, %t 9a

2w-q,-q 2w-q,-Q3-9,
(g) NUM =1
CONTRIBUTING REGIONS:
0<q,=ag=qy=q <2
0= 8y~ ~q ~2w
RESULT: (0,2)

x

2w-Qp-0,

FIG. 31. Seven of the 11 momentum-flow diagrams for Feynman diagram 40. The additional diagrams are obtained
from diagrams (), (c), d), and (e) by the right-left symmetry operation discussed in the text.
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9 +% 9 a3
v, q,*q3 9 9 92
1 5
Q) ¢ Gp+03+0,
$
0 2
Vay, * —*—
2w-q, 2w-q,-q3-q4 2w-q,-0,-93-q, 2w-a, 2w-q,-9p-03Q4  2w-q;-Qp-Q4
(a) NUM =2 (b) NUM =2
CONTRIBUTING REGION: 0<q,=qs<qy=<qq<<2w POLE a: CONTRIBUTING REGIONS:
RESULT : (2,0) 0<q,<<q,%<q;<<q =< 2w

0<Q,<<q<q,<<q << 2w
RESULT : (4,0)
POLE b: NO CONTRIBUTION

a2 qQ q,+a;3

q+ Qa3

qQ +Qp+Q3+q, E]

E] “(a,+q,) Ej (ag+q,)

* AVAV; *
20-q,-0,-03-94 2w-q,-q, 20-9,-G5-93794  20-dp-Qy
(cINUM -2 (d) NUM = 1
CONTRIBUTING REGIONS: CONTRIBUTING REGIONS:

0<q, =<q,*=<q;%q, 2w 0<q, *=q,<<qy<<qs=2w 0<q, <<qy<<q, *<q =<2
0<9, <<q,=<q;%<qs=<2w 0= q,<<q, <<qy<<q = < g, *qye<

Q2 <Q; <<q3<<q4%2w 0= ap =Qqy=<q,<<q4<<2w
RESULT:(-2,-2) 0=y <q, =<qy==q =2u 0«45 =qg <0, *qq =20

RESULT : (-2,-4)

FIG. 32. (Continued on following page)
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| | N
9,+3; T+ 9,40

a a+a, i+ ap+a, q,+ay [; q a+a,
q 9 75
| q, + Q,+Q. £
91 %"94 | e 2 9+ 92
q 93 - -Q4 G *as 5
b LN 31 *93% A9 > , 2092 * da 7%
! o a M. . A, —s % 3
K q, +Qy z q,+q, J:
“ w o,
:‘\ A
s M —
213 ’ SRALLLL
Q) G -9,-94=05
4,2 s
1% q g -q 4,-1793794 -9,-959
~1.9;"93 ) Q2 _Z__
I Qp E] Q,+Q3+q, 93 q,+Q2+Q,
q+a,
S Q) +Qy+05+q,
(q,+q,) f q,oq,,), Qy
=q1,-Qq é 1~Q3-Qg m (q,+q3+q,) % -(q,+q+q4)
2w-q, -q, 2w-q,-q3-q, 2w-q, -G,-q3-q4 2w-q-q3-q, 2w-Q,-0p-Q3Qq 2w-q,-9,-Q4
(e)NUM =2 (f)NUM =1
POLE a: CONTRIBUTING REGION: 0<q,<<q,<<q,+q &<2u CONTRIBUTING REGIONS:
RESULT: (0,2) 0 <q2<q*q3%q <20
POLE b: NO CONTRIBUTION 0<qo<q eq<<q <<2w
RESULT: (0,2)

FIG. 32. Six of the 10 momentum-flow diagrams for Feynman diagram 41. The additional diagrams are obtained
from diagrams (a), (), (c), and (e) by the right-left symmetry operation discussed in the text.

and we find . R .
K® =_gto 6(1—22%'53" ‘(1—221:}2)‘} ?22:)3 @1y Tk &, 2+ 2)E,, %+ ) (K, 2 +22)(K,, 2+ )k, +2F, P + m? G, , +27, )% + m?)
X (&, +2F, P +m2)[(&, +2F, P +m?]} !
X{(~K, = 2P +m) Ry + R + 27+ m) (=K, = 2F  +m) R, + K, + 2F  +m)
X (=R, = 27+ m) (R + Ry, + 27+ m)(<R, - 27 +m)
— (&, +2F, P +m? (=K, - 27 +m)®y, + K, + 27+ m) (=K, = 27 + m) R,y + By + 27 +m) (<K, — 207, +m)
- (&, +2F, P +m?)(-R,, = 27 +m) ([, +K,, +2F +m) (K, - 2F, +m)
X(ﬁu+ 2L+'}z31_+271_+m)(—12“_—2?l+m)
= (R, + 28, 2+ m2) (=R, - 27 L+ m) @y + By + Wy + 2F 4 m) (<R, - 27 4 m)
X(y“_+ 21_+27 +m)(—ﬁlL—2?L+m)
~ (&, +2F, P +m?)(-Ky, - 27 +m) [, + Ry, + 27, +m) (=Ry — 27+ m) R, + K, + 27+ m) (=K, - 2F , + m)
+[0&,, +2F, P +m?|[(k,, +2F, ) +m2)(-K,, - 27, +m)®, + K, +2F, + m) (=K, - 2F, + m)
+[(&,, +2F, P +m?)[®,, + 27, )2 +m2) (K, - 2P, + m)®,  + K, + Ry + 27  +m) (=K, - 2¢, +m)
+[@&,, +2F P + m?|[(&,, +2F, P +m2) (K, - 27, +m)®,  + %, +Rs, + R, +2F, +m) (K, - 2F, +m)
+[&,, +2F P+ m?)[(K,, +2F, 2 + m?)(-R,, - 27, +m) [, +R,, + 27, +m)(-K,, — 27, +m)
+[[&,  +2F, P +m? [, +2F, )% + m2)(-K,, - 27, +m)®,, + K, +R, +2F +m)(-K,, - 2F, +m)
+[®, +2F, P+ m? )[R,y +2F )2+ m?) (<R, - 27 +m) Ry, + R, + 27+ m) (K — 27+ m)
- [®u+ 27, P+ m? ][y, + 27, P+ m? [, + 2, ) + m?| (=R, - 27, +m)
- &, +2F, )2 +m? ][, , + 2T, )* + m?] (- R, - 27+ m)
- [®,, +2F, ® +m?][(k,, +2F, P + m?|[(k,, +2F, )% + m®|(-R,, — 27, + m)
= [, + 27, P+ m? ][, + 27, P + m? )[Ry, + 27, ) + 2| (<R, - 27, + m)}. (6.3)

L+ 2F P +m?
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We will reduce K’ by comparing it with the eighth-order coefficient of (1,0) (for backward Compton
scattering), K, where

d’k,, d%k,, d’k,, - = o=
K(3)=—g8fms'3" @0’ @y T, 20K, %+ 22) (&, 2+ 22 [(k,, + 2T, )2 + m? ][(122J_+21‘L)"’ﬁtr'r'tz][(l‘:3l+2xl)2+mz]}-1

X{(~Ry, = 27, +m) @y, + Ry + 27 +m) (=K, = 27 +m) R, + K, + 2F  + m) (K, - 2F  +m)
= [, +2F, 2+ m?) (<R, - 27 +m) Ry, + Wy, 427+ m) (R, = 27 +m)
=@, +2F P m?) (R = 27 L +m) Ry + Wy + R + 27+ m) (<R, = 27+ )
- (&g, + 28, P +m?)(- Ry - 27 +m)®,  + Ky, + 27 +m) (<K, - 27, +m)
+[®,, +2F P +m? )[Ry, + 2F 2 +m2) (=R, = 27 L+ m)+ [, o+ 2F, P+ m® ][R, + 2F, P+ ] (=K, — 27, +m)
[, + 28, P+ m? [y, + 28, P+ m?) (=R, ~ 27, +m)} (6.4)

and we know from the paper on eighth-order perturbation theory that

K®=-g f (2.”)3 (2" d 3 J' {(1L +A? )(lzuz +2%) (Eu +)\2)[(Eu_+2fl)2 +m2][®1_+211)2+m2][(1231_+211)2+m2]}_1
X (-K,, - 27, +m)(2? +m)(- VZL—ZF +m) 2 +m) (=K, - 2F, +m)

__& = \3
= 2?L+m [a(zrj.)] . (6-5)

We use this previous reduction of K by computing
Pk, (=R, - 2F, +m)F +m)K®
@n’ [k, +2F, >2+m2 &% +2%)
g0 (LR Ik, &K, &Ky, 2,52 2,52 2, 2 2 )2 2,2
=g @ @t oy 21r)3 T IR 24 2%)(K,, % +22) (&K, 2 +02)(K,, 2 + A2)[(K,  +2F, )2 +m?][(K,, + 2F, )? + m?]
X[k, +2F, P + m?)[&,, +2F, P +m?]}
X ({[&,, +2F, 2 + m?| (=R, = 2.+ m) + [y, + 27, )2 + m?] (<R, - 27+ m)}
x 2L+?3L+27L+m)(—i?u—2?L+m)(1¥u+ b+ 2B +m) (=R, - 2F +m)
= [, +2F, P +m?]{[(Ry, + 27, P +m? P (<R, - 27+ m) + [, + 20, P + m?) (=K, - 27, +m)}
X @y, + Wy, + 27, +m) (=R, — 2F +m)
= (&, + 2F, 2 + m?){[®&,, + 2F, 2 + m?)(-R,, - 2P, +m) +[(K,, + 2T, ? + m?)(-K,, - 27, + m)}
X R, + Ry, + Ry + 27, +m) (=R, = 2F, + m)
- [®yy+ 28, P +m?{[(,  + 25, P +m?] + (<R, — 20 + m) Ry +Ro, + 27, + )}
(-Rou = 22 +m) R, + K, + 27+ m) (=K, = 27+ m)
= (&, + 2F, 2 +m?| (<K, = 2P+ m) [y, + Ko, + 2P+ m) (=R, = 2P +m) R + R, + 27, + m) (=R, ~ 2F, +m)
+[@®,, +27, )% + m?) (&, +2F,  + m?] (=R, = 2P+ m) R, +K,, + 20, +m)(-R, - 27, + m)
+[&,, +2F,)% + m2)[K, , + 2F, 2 + m?| (<K, = 27+ m) R, + Ky, + Ry + 2P+ m) (<R, — 27 + m)
+[@&, + 287 + m2 )[R, + 28, 2 + m?) (<R — 27+ m) Ry + Ky + 27+ m) (<R, — 2F 4 m)
+[®,, +2F )2 +m2 (&, +2F 2+ m2 | {[(K, , + 2F, P+ m2] (=K, , =27, + m)R,  + K, + Ry, + 20, + m)H (=R, ,—2F, + m)
(&, L+ 282 + m2 ][y, + 28, P + m? ] {[(R, , + 28, + m? (=R, = 27+ m) Ry, + R, + 27, + m)H(=Ry, — 20, + )
+ (&, + 28, 2 + m2 ][, + 28, 2 + m2{[(R,, +2,)% + m?] (-Ry, — 27 +mm) + [y, + 27, P +m?] (=R, — 27, + m)}
= [, + 25, P + m? )[R, + 27, )7 + m? )&, , + 28, P + m?) (=R, L = 2F  +m)
- (& + 25 + mP )[R, + 27, P+ m? )[R, + 25, P + m?) (=K, = 27+ m)
- (&, + 25 P + m? (R, + 27, P + m?J(®, , + 25, P + m?) (=Ko, = 27, +m)
[

—[(izu_+2?,_)2+mz][(lzu+2ﬁ_)2+m2](’n+2r Y+ m?)(- 1Z4L—2?J_+m))
=0. (6.6)

K(4) +g.2
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To obtain (6.6) we have combined the terms of K as follows [where the first entry is the number of the
term in (6.3) and the second entry is the number of the term in (6.4) and a “—” in the second entry means
that no term of (6.4) is used]:

(1!1)’ (2’2)1 (3v3)9 (4y4); (5)—)y (6,—), (7,—), (99_)) (895),
(10’0)) (11)7); (121_)1 (13,_)1 (14,—)y (15,—-).

Therefore,

K““=7g—2[a(2ﬁ)]“. 6.7)

1tm
In (6.7) the cPtoff kmax may be removed. However, this does not allow the cutoff to be removed in (6.2)
because ;3 9" will diverge in that limit. These extra 5 terms on the right-hand side of (6.2) are purely

imaginary and must be combined with the sum Y iz, 9 before a convergent result may be obtained.
=169

To compute explicitly the leading imaginary part it is convenient to group the terms together as
Z M +Za?ifl,“” = @S +IME) +IMLE) +IMLE) + 20M ) + 208 + 291 SY) + 29M Q)
+ GRS TG+ 2GY + 2L~ 2 - 2L - 2ALY)
+ O3 -9 + MY + MG — MG — 2L — 29D)
+ORG — MGG+ +IMS) +9MG® +9) + ORSE — MG - MG+ 49 +9RL)
+ O —IME) LML) +IME) +IEL +IME) + (D +9IMLD +ID + 20T + 290 D) (6.8)
Now use the identities
(=2, 2)N;6 + (2, =2)[(k, , +K,, + 27, )2 + m?] Npy + (2, =2)[(K,, +K,, +2F, P +m?| N,
+(2, =2)[[K,, +K,, + 2T, ? + m?] Ny +2(=1, 1)[K,, +K,, +2F, )? +m?|[®, , +K,, + 2F, % + m?] N,
+2(=1, )[R, +K,, +2F, P + m?[(K,, +K,, +2F, P + m?| N,
+2(-1,1)[®, , +Kk,, + 27, P + m?][K,, +K,, + 2F, ? + m?] N,,
==g'(=2, 2) (K, ~ Ky = 2P+ m) (W - 27 - m) (<R, - Ry, — 2 +m) (R, - 27, - m) (R, - R,, - 27, +m),

(6.9)
(2, =2)Ny, = 2, =2)[(k,, + 27, )* + m?] Ny + 2(=1, 1)[(K,, +K,, + 2F, )2 + m?] N,,

+2(=1, 1)k, , +Kk,, + 2F, 2 + m?| N,g - 2(-1, 1)[&,, +K,, + 2F, % + m?)[(K,, + 2F, ) + m2] N,
- 2(-1, D[&,, +K,, +2F, P + m?][(k,, + 2%, )? +m?] N,,
== g"(@2, =2)(-K, - 27 +m) (=27 - m) (K, - K, = 27+ m) (-R,, - 27, - m)(-K,, - K, - 27, + m)
-g'°(-2, 2)[k,, +K,, + 2F 2 + m?][(K,, +K,, + 2F, P+ m2)(-K,, - 2F,+m) . (6.10)
(2, =2)N, - (2, =2)[(k, + 2T, ) + m?| N,, + 2(=1, 1)[(k,, +K,, + 27, % + m?] N,,
+2(=1, D)[K,, +K,, + 2T, P + m?| N,, = 2(-1, 1)[(K, , +2F, ? + m?][(K,, +K,, + 27, ¥ +m?] N,
-2(-1,1)[k, +2F, P + m?|[®,, +k,, +2F, > + m?] N,,
==g'°Q, =2)(-K, - Ry, = 27+ m)(-Hy - 27 + m) (K, - Ry - 27+ m) (=27, - m)(-R, - 27, +m)
-g'(=2, 2)[(&,, +Ky, + 2T, P + m?|[(R,, + K, + 28, P+ m2 (<R, - 27, - m), (6.11)
where in N,, we have made the substitution of variables k, — k,,
(=1, )N,y = (=1, 1)[(&,, + 2T, )2 + m?] N,g + (1, =1)[(k,, + 2F, ) + m2] N,,
+(=1, D[R, +2F, P + m?][(k,, + 25, )? + m2] Nyy + (1, =1)[(k, , +K,, + 2F, * + m?] N,
+ (=1, D&, +K,, +2F, P +m? ][, + 2T, ) + m?] Ny,
== g 0=1, 1)(-K,, = 27, +m) (=27 - m) (R, - 27, + m)(-2F .- m)(-R,, - R,, - 2F, +m)
—glo@1, -1)[(&,, +k, +2F, ) + m?|[&,, + 27, )? + m?|(-K,, - 2F, +m), (6.12)
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(-1, 1)N,g = (=1, 1), + 2F, P + m?] Npg = (=1, 1), + 2F, P+ m?] Ny
+ (=1, 1)K, + 2F, P + m?][(&,  + 2, P +m?] Ny + (1, 1)K, +K,, + 27, ) +m?] Ny,
= - g1, 1) (R, - 2F, + m)(-2F - m)(-R,, - Ry, - 2F + m)(=2F - m)(-K, .- 27 + m)
-g" (1, ~1)[®,, +K,, + 2F P4 m? [{[[&,, +2F, )% + m?| (<R, = 27, +m)+ [, + 2F,  + m?) (=K, - 2 + )},

(6.13)
(=1, 1)N,, = (=1, 1)[(k,, +2F, P + m?] N,, + (1, =1)[(k,, + 2, ¥ + m?] Ny,

+(=1, D&, + 2F, P + m?)[®,, + 2F, P +m*] Ny, + (1, 1), + K, + 25, P + m?| Ny,
+(=1, 1)[(k, , +2F, ) +m?|[(k,, +K,, + 27, )? +m?] N,
=g'=1,1) (R, =R, = 2F, +m) (=2F = m)(-R,, - 2F, + m) (=27 - m)(-K, , - 27, +m)
—g0(1, -1)[[&,, +K,, + 27, P + m?|[&,, + 2F, ) + m®)(-R, , - 2¥, + m), (6.14)
and
(=2, 2)N,, + (2, =2)[&,, +K,, + 2F, P + m?] Ny, + (2, =2)[(K,, +K,, +2F, ¥ + m?| Ny,
+2(=1,1)[(&, , +K,, + 2F, )? + m?][(k,, +K,, + 2F P + m?] N,,
=g1(-2, 2)(-K,, - K., - 2%+ m)(-Ky, = 27, - m) (=R, = Ry = 2P+ m) (<K, - 27 - m)(-R,, - K,, - 2F, +m)
-g'%(=2, 2)[(&,, +K;, + 25, P + m?)(-Ry, — Ry = 27 +m) (= 2F = m) (<R, - Ry - 2F 4+ m), (6.15)

and obtain

- 13, a3k 1 a32F, +k,,)
4 g = g4 -2,2 f 2L Lt B2y
* ;, ¢ g*( ) (27|-)3 k,“_2+)\2 27L+?2J_+m

i=16

1 2F, +k
+g (2 —2)&(21‘_‘_)[ (2 )3 > +A2 ;‘;(‘:‘L-*- f:rz
2L

4 1 oP(2F+k,,)
+g (2 —2)(1(er)] (2 )3 k:”_ +22 27_L+i3,|.f;"

4 1 o(2F,+k,,)
+g*(-1,1)a?(2F, )f @) Kyt N 2?.1."‘?%:;;”

. dgk 1 a(ZF +E )
" aL 3
+g%( 1,1>«f(2h’f @1 Ko P+A® 274Ky 4m

&k 1 a(2F, +Kk,,)
_1 1 2 2 f 4l L 4L
+g ( )a ( r ) 2 )3 k41.2 +A2 2?1."" Lm

a’k 1 1 Ry + 27, —m) +
8(_ _.Z.J-._B.L

8 “’f @n° (217)3 Euzm ﬁuzm olfy,+ 21, )Tf?‘k o s ) @t 20
o(_ +27,) 1 ak,, +27,)
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where o(2F,) is given by (1.1).

Finally we combine (6.2), (6.7), and (6.16) and use the definitions (1.2), (1.3), and (3.1) and obtain the
desired result (1.5).
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