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As a new approach to supergravity, an action containing only vierbein and Rarita-Schwinger
fields (V,&

and rj&) is presented together with supersymmetry transformations for these fields.
The action is explicitly shown to be invariant except for a $5 term in its variation. This term
may also vanish, depending on a complicated calculation. (Added note: This term has now
been shown to vanish by a computer calculation, so that the action presented here does
possess full local supersymmetry. )

Even early in the development of the Fermi-
Bose supersymmetry concept, it was thought thai
the new fermionic symmetry transformation might
be important for the theory of gravitation. ' Two
similar but apparently inequivalent approaches to
this theory of "supergravity" have been formulated
by Arnowitt, Nath, and Zumino' and by Zumino. '
These approaches exploit the geometry of "super-
space, "4 a manifold parametrized by four anti-
commuting spinor coordinates 8 in addition to the
normal Riemannian coordinates x~. The theories
are formulated in terms of superfields which con-
tain a very large number of ordinary fields —i.e.,
vectors, tensors, spinors, etc. Although it is ex-
pected that some component fields are merely gen-
eralized gauge excitations and not true physical
fields, the physical content of the Arnowitt-Nath-
Zumino theories has never been spelled oui, but
there are indications' that, as is perhaps desir-
able, the approaches necessarily bring in gauge
vector and spin-& particles in addition to tensor
and spin-& particles.

In this note we report on progress in a very dif-
ferent approach to supergravity in which we com-
mit ourselves from the start to a formulation with-
out super space in which the only fields in the grav-
itational supermultiplet are the metric tensor
g~„(x) [or, equivalently, the vierbein field V,~(x)]
and a Rarita-Schwinger field g„(x). If fully suc-
cessful, we would then expect to adjoin matter su-
permultiplets of lower-spin fields in much the
same way as matter fields are treated in conven-
tional gravitation.

There is a theorem' in the usual theory of global
supersymmetry which demonstrates the existence
of irreducible representations of the graded Lie
algebra of supersymmetry charges and Poincare
group generators. Some of these representations
act in the Hilbert space of helicity states of two

massless particles, one neutral boson and one
Majorana fermion of adjacent spins J and J+ &

(for any J = 0, —,, 1, . . .). It is therefore known that
a representation exists containing states of mass-
less spin-& and spin-2 particles, and it was sug-
gested' earlier that these particles form the grav-
itational supermultiplet. The theorem does not
guarantee that there exists a corresponding inter-
acting quantum field theory, but it is reasonable
to hope that it exists, and this is the basic mathe-
matical motivation for our approach. Many ques-
tions can be asked about the physical motivation
and consistency of both this treatment and the en-
tire concept of supergravity. We shall discuss
some of them at the end of this note, and we pro-
ceed now to the formulation.

The starting point of our approach is the gener-
ally covariant action'

I= d4x ~2+ ~, (2

d4x 4K-2i gR-21~~"" xxy5y„D„, x

describing the interaction of vierbein fields and
Rarita-Schwinger fields subject to the Majorana
constraint (,(x) = Cg, (x)r. The covariant deriva-
tive'

D,gp(x) = 8„(~(x) —I'„~g,+ zv„bH"g~

involves the standard Christoffel symbol (although
it cancels in Z, &2 because of the tensor density
e~'") and the vierbein connection

~„.,= -,'[v."(s„v,. e„v,„)+v.'v, (s.v.,)v „]
—(a—b),

while

c.b= lb. , r b].
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It is hoped that this Lagrangian, after possible
addition of subsidiary field terms, has a hidden
supersymmetry just as the Lagrangian for Yang-
Mills fields interacting with Majorana fermions
in the adjoint representation is known to have a
hidden supersymmetry. "

To investigate a possible supersymmetry, we
write down trial expressions for the transforma-
tion law:

two supersymmetry transformations is also im-
portant and will be discussed.

The variation of the action integral can be written
in functional notation as

6(,(x) = x 'D„e(x),

6V', (x) = ixe(x)y'(„(x),

6g, „(x)= ixe(x) [y,P„(x)+y„g,(x)],

(4)

(5)

(6)

Since the first two terms are linear in g and the
last term is cubic, the two sets must vanish sep-
arately if we are to have invariance.

To investigate the linear term we note the text-
book result

where the supersymmetry parameter is taken to
be an arbitrary Majorana spinor field e(x) of di-
mension l'~'. It is a big step to commit ourselves
to local supersymmetry (which has not previously
been achieved in any explicit model in four-di-
mensional" space-time), but it is necessary to
do this because we are already committed to gen-
eral coordinate invariance via the ansatz for the
Lagrangian and must therefore eschew such coor-
dinate-dependent notions as a constant, space-
time-independent, spinor &.

To motivate our trial expressions we note, as
essentially pointed out long ago, ' that the free
massless Rarita-Schwinger Lagrangian is invari-
ant under the gauge-type transformation 6g~
= &~&(x). We are therefore attempting to interpret
supersymmetry as the curved-space generaliza-
tion of the old Rarita-Schwinger gauge transfor-
mation. The trial expression for 5V,„resembles
the supersymmetry transformation" law of the
Yang-Mills gauge field 6B ', but it is basically
motivated by good results.

We now discuss the possible invariance of our
action under the trial transformation laws and
shall find, to speak cryptically for a moment,
that the action is partly invariant and can be mod-
ified to be more invariant. The commutator of

(8)

for arbitrary variations of the metric in which
we insert the specific variation (6). The linear
term in 61,&, can be shown to cancel (8) by a
heartwarming calculation which we can only out-
line here. After partial integration and use of
the Majorana property this linear term can be
written as

6I,&, =x ' d'xc" ~"'ZDqD, y,y&g~.

The Ricci identity" is then used to bring in the
full curvature tensor R„q„. After some Dirac
algebra and use of the cyclic property

'B„z~~=0, one finds that the only surviving
term involves the Einstein tensor and exactly
cancels (8). We consider this cancellation a very
positive indicator for our approach because the
intimate structure of the Dirac algebra and the
apparatus of Riemannian geometry enter the proof.

We turn now to the cubic term, which is es-
sentially determined by the energy-momentum
tensor of the spin-& field. After some Dirac al-
gebra one obtains

bZ, ,&,
= —,ivy ~""(g~y„g~)((7y,y" D„g„)+—,ic„' [D„(Zy,g,) —D, (ey, g„)+D,(Zy„g, )]j. ' (10)

To be strictly correct, one must pay careful at-
tention to the covariant derivatives which appear
with both Riemann (Greek) and vierbein or local
Lorentz (Latin) indices. However, it is usually
sufficient to work locally in a flat coordinate sys-
tem and obtain final results by invoking general
covariance. For full invariance jd'xAS, &, must
vanish for all possible trial functions e(x}, V,„(x),
and g„(x), and one can show that this does not
happen by choosing the trial functions V, &(x) =q, &

(global flat Lorentz metric) and g„(x) =B„e(x}with
suitable spinor" fields e(x) and e(x). We have
now learned that the action (1}is invariant under
the transformations (4)-(6) up to, but not in-
cluding, terms cubic in g, and we will show below
that this situation can be improved by modifica-
tion of (1) and (4)-(6).

Let us examine the commutator of two super-
symmetry transformations, using (4) and (5).
After straightforward Dirac and vierbein algebra,
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we find

[5„5,] V,„(x)=Dp), (x),

g, (x) = i'(x)y, e, (x).

The additional result

[5„5,]g„,(x) =D„&„(x)+D„)„(x)

(12)

x(IT y„(a)(l„y.A)

One can verify that the new action

(15)

I' = d'x 2+23(2+24 (16)

is invariant up to, but not including, terms of
order IjI' under the transformations (5) and (14).
In order to verify this result, note tha, t (i) the new
term in 5ItI„cancels those terms in (10) where co.-
variant derivatives are applied to g fields, (ii) the
cubic part of 5Z, cancels those terms in (10) with
derivatives of e(x), and (iii) there is the curious
identity

VdbcC e = ~ dc ~e + Cpabd cef

foHows immediately if we use the relation g„,
= V,„V', between vierbein field and metric ten-
sor. Equations (11) and (13) exactly describe
general coordinate transformations with infintesi-
mal parameter g p(x), and suggest that the con-
ventional r elation between global supersymmetry
transformations and translations generalizes very
elegantly in the local case considered here. We
postpone discussion of [5„5,]g„(x) because this
commutator simplifies after the modification to
which we previously alluded.

We now show that the partial invariance of the
action can be improved by modifying the action
(1) and the transformation laws (4)-(6). It is
natural to try to include auxiliary fields (i.e. , no
derivatives) in the Lagrangian, because such fields
have always appeared in conventional supersym-
metry. However, our attempts to do this met with
little success, and we now believe that the auxil-
iary field structure is more complicated in super-
gravity than in previous supersymmetry models.

A different strategy succeeds. Namely, we try
to cancel the noninvariant cubic term &2,&, by
adding terms bilinear in IjI to the trial" expression
(4) for 5IjI„and adding a quartic term to the La-
grangian. The modified transformation" is

5$p(x) =K 'D e+4iK(2ITIpy, )2+),y $2)o' e (14)

and the quartic modification of the Lagrangian is
1 K2(—g) 1 2(CT+aue $2p+ET+puf Y~I3

ET apus '/2a)-
1 7 7

'y2y„D. kp =o (2o)

were used. There are additional terms ig 4 of
order IjI' which are quite complicated and which we
have not yet studied.

We now try to give a tentative interpretation of
the algebra of supersymmetry transformations
pending further investigation. The third terms in
(18) and (19) are quite simple. They are just the
original supersymmetry tra.nsformation (6) and (4),
with field-dependent parameter e'(x) = -Kg ~ IjI. The
action is separately invariant under this e' trans-
formation, as the earlier discussion surrounding
(8) and (9) shows. The e'(x) terms are a, local
symmetry of the action even when 'Ey and E, are
constant and are similar to the field-dependent
gauge transformation known to occur in the super-
symmetry algebra of combined gauge and super-
symmetric field theories. " Such terms should not
affect the algebra of physical states and the trans-
formation law (Ward identities) of observable S-

The quintic term in 5I' is very complicated, and
we are studying it. It is conceivable that it van-
ishes, because it has a superficial resemblence
to a term known to vanish in the combined non-
Abelian supersymmetric models. " Since one can
show (essentially by dimensional analysis) that
further modification involving order-P' terms in I'
and order-IjI" terms in 5(„cannot cancel the quin-
tic term, it is critical to verify whether it van-
ishes.

We now discuss the commutators of the super-
symmetry transforms. tions (5) and (14). The
Jacobi identity and the Poisson bracket structure
of symmetries guarantee that [5„5)I'vanishes up
to but not including terms of order IjI', but it is
still useful to examine the explicit variation of the
fields. The previous expression (11) for [5„5gV,p
now acquires an additional term quadratic in IjI

which is awkward to write. The change ing» is
somewhat simpler and is given by

[5u 52]gpv =Dphv+Dv(p iKV' ((yp4p+yuIj'p) ~

(18)

In a moment we will discuss the new term by which
(18) differs from a general coordinate transfor-
mation. For the field IjI& we find, using a Fierz
transformation and some tensor and spinor calcu-
lus, the expression

[51 5JI„=P.'DpIjp+(Dpi')4p-Dp($ Ij)+@ (19)

The first two terms are the expected general co-
ordinate transformation. The third term will be
discussed shortly. The remainder (8 contains
terms linear in IrI which would vanish if the mini-
mal curved-space Rarita-Schwinger equation
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matrix elements. Terms in a transformation of
fields which vanish as a consequence of the equa-
tions of motion also do not affect the algebra of
physical states, and the terms in (R. seem to be of
this character. It therefore seems very likely that
the algebra of field transformations (6), (14), (18),
and (19) reduces to the standard supersymmetry
algebra when applied to physical states for con-
stant c„e,. We have verified this by explicit cal-
culation using the linearized limit of the trans-
formations and the free spin-2 and spin=~ particle
states of the linearized action obtained by the sub-
stitution in (1) of

V,„(x)=q,
&

+&8 zv, „(x),
g„„(x)=q„, +v8 «(v„, +v,„)

and the subsequent limit x-0.
It is clear that this approach to supergravity

requires complicated and critical calculations
before its full success will be known. The results
so far obtained are hopeful, and we would like to
make some final comments predicated upon suc-
cess.

We have used only vierbein and spin- —,
' fields in

our construction, but there may exist an equiva-
lent formulation using auxiliary fields, for which
the Lagrangian would reduce to the form given
here when the auxiliary variables are eliminated.
Previous supersymmetry models suggest that this
is the case and that the auxiliary field would facili-
tate the extension of the present theory to include
supermultiplets of lower-spin particles.

It is useful to pose and tentatively answer at this
stage some questions concerning the physical ap-
plicability of supergravity theory. The action (16)
has a global chiral symmetry (&gp =i 8y, gp) im-
plying that the spin--, particle is massless. It is
doubtful that such a particle exists in Nature even
though its coupling strength is very weak. This
means that we must hope for spontaneous break-
down of the local supersymmetry leading to a
massive spin- —,

' particle via a "super-Higgs"
mechanism. " This may occur only after coupling
to lower-spin supermultiplets. Such a scenario for

supersymmetry breakdown would be attractive
because fermion and boson masses are in general
unequal in nature and because there is no candi-
date for a Goldstone neutrino, "which would be
required if spontaneous breakdown occurs in the
absence of a super-Higgs effect.

The present renormalizability situation' in
quantum gravity gives added motivation for the
study of supergravity theory. One may hope that
the added local fermionic invariance improves the
situation, at least for one-loop diagrams. It is
curious that even with tbe present partially in-
variant action (16) one can contemplate a study of
the ultraviolet structure of one-loop Feynman
diagrams with up to four external spin- —,

' particles.
Added note. The quintic term mentioned in the

text has now been shown to vanish by a computer
calculation, and we briefly outline the method.

The quintic term is given by

&C4
~

BLl4
~

6V '~ 6ttCP P

where only the P part of Eq. (14) is used. This
expression is complicated, and it was not clear
how to exploit all the symmetries due to the Pauli
interchange and tensor relations. We therefore
decomposed the spinors into chiral components in
a representation with y, diagonal, and obtained
an expression of the form

t"'"' "(g, v, g,}(g„o,g&}(c a g„},

where v, = (1, o') with o, the Pauli matrices and t
an integer-valued tensor constructed from e sym-
bols and Kronecker ~'s. We then constructed a
computer program which evaluated the coeffi-
cients of all independent, properly antisymme-
trized, spinor combinations. These coefficients
vanished.
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