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It has recently been shown that if a black hole is formed by gravitational collapse, spontaneous particle
creation will occur and a thermal spectrum of all species of particles will be emitted to infinity if the quantum
matter was initially in the vacuum state. In this paper we investigate the stimulated-emission effects which
occur if particles are present initially. We show in general that for a Hermitian scalar field in an external
potential or in curved, asymptotically flat spacetime, stimulated-emission effects can occur precisely in those
modes for which there is spontaneous particle creation from the vacuum. For the case of a Schwarzschild
black hole, this result appears paradoxical, since spontaneous emission occurs at late times but there is no
classical analog of stimulated emission at late times. The resolution of this paradox is that in order to induce
emission of particles which emerge at late times one must send in particles at early times, so that they reach
the black hole very near the instant of its formation. However, enormous energy is required of these incoming
particles in order to stimulate emission of particles which emerge at late times. Thus, for a Schwarzschild
black hole, even if particles are initially present (with limited energy) they will induce emission only at early
times; at late times one will see only the spontaneously emitted blackbody thermal radiation. For the case of a
Kerr black hole stimulated emission can be induced by particles sent in at late times with the appropriate
frequencies and angular dependence. If the number of incoming particles is large, this quantum stimulated
emission just gives the classical superradiant scattering. .

15 JUNE 1976

I. INTRODUCTION

It is generally accepted as true that spontaneous
emission of particles by a quantum system occurs
if and only if stimulated emission of these particles
can be induced if one perturbs the system by hav-
ing these particles present initially. Thus, for
example, if a spontaneous transition between two
levels in an atom with emission of a photon occurs,
then it must be possible to induce transitions be-
tween these levels by perturbing the atom with a
photon, and conversely. An argument show-
ing that this must be the case in atomic phys-
ics was first given by Einstein in 1916. He
assumed that the probability of inducing an atomic
transition between two levels was proportional to
the intensity of the perturbing electromagnetic
radiation. Furthermore, he assumed that if an
atom is placed in a thermal blackbody radiation
bath, equilibrium will be reached when the popula-
tion of the atomic levels is given by the Boltzmann
factor exp(~E/kT). Using the Planck formula for
the blackbody spectrum, it is easy to show that
these assumptions imply that the transition proba-
bility for spontaneous emission must be propor-
tional to that for stimulated emission.

In black-hole physics, it has been known for
several years that if one scatters classical scalar,
electromagnetic, or gravitational waves off a rota-
ting Kerr black hole, then if 0 < w < m Q, (where
w is the frequency of the wave, e'™? is its azi-
muthal dependence, and @, is the angular velocity
of the black hole) the scattered wave will have
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greater amplitude than the incident wave. This
phenomenon, known as superradiant’ scattering,
is analogous to stimulated emission in atomic
physics if one views a rotating black hole as an
excited state of a nonrotating black hole. If the
connection between spontaneous and stimulated
emission applies to this context, the existence of
classical superradiant scattering suggests that
quantum processes will result in the spontaneous
emission of these particles. On the basis of this
reasoning Zel'dovich? and Starobinski® first pro-
posed that rotating black holes spontaneously emit
particles. Formulas for the spontaneous-emis-
sion rate were then derived by Unruh* using quan-
tum field theory.

Recently, Hawking® showed that if a body under-
goes gravitational collapse and forms a black hole,
spontaneous particle creation occurs even if the
black hole is nonvotating. In fact, in the nonrota-
ting, Schwarzschild case, it has been shown®® that
one gets a steady rate of spontaneous emission at
late times which is identical in all aspects to
blackbody thermal emission at temperature kT
=7 Kk /21, where k is the surface gravity of the
black hole. For a Kerr black hole, the spontaneous
emission is not thermal®®; in the limit k — 0 one
gets the emission at superradiant frequencies
originally derived by Unruh.*

The nature of the spontaneous particle emission
from Schwarzschild and Kerr black holes has been
analyzed in detail.>° In the present paper, we an-
alyze the effects of stimulated emission. Specific-
ally, the aim of this paper-is to answer the follow-
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ing questions: (1) In the context of quantum field
theory in curved spacetime, is it generally true
that stimulated emission occurs whenever spon-
taneous emission occurs and vice versa? (2) What
is the nature of the quantum stimulated-emission
effects for black holes?

As shown in Sec. II the answer to the first ques-
tion is “yes.” For a Hermitian scalar field in
curved, asymptotically flat spacetime, we derive
the expression for the state vector describing the
final state assuming one or more particles are
originally present. For a given outgoing mode, we
show that it is always possible to choose an n-par-
ticle initial state such that the expected number of
outgoing particles in the given mode is greater
than or equal to z plus the expected number of
particles spontaneously created from the vacuum,
with strict inequality possible precisely when
spontaneous emission occurs. The analysis of
Sec. II follows closely and extends the analysis
given in Ref. 6 for spontaneous particle creation
from the vacuum.

Stimulated-emission effects for black holes are
analyzed in Sec. III. The result of Sec. II that
spontaneous emission implies that stimulated
emission can be induced may seem, atfirstglance,
paradoxical for the case of a Schwarzschild black
hole, since spontaneous emission occurs at late
times, but there is no classical analog of stimu-
lated emission for wave packets sent. in at late
times. The resolution of this paradox is that
stimulated emission at late times for a Schwarz-
schild black hole can indeed be induced, but only by
sending in particles at early times, so that they
reach the black hole very near the instant of its
formation. Since black holes are formed by the
collapse of matter, one might expect to have many
incoming particles near the instant of black-hole
formation. Therefore, it might be thought that the
stimulated-emission effects caused by these parti-
cles will affect the predictions of the emission one
expects to see at late times. However, we show
that the energy required of an incoming particle
to induce emission of particles which emerge at
retarded time ¢ varies as exp(¢fx). Hence, enor-
mous incoming energies are required to induce
emission at late times. If the energy of the incom-
ing particles is bounded, one will see only the
spontaneous blackbody thermal radiation at late
times.

Finally, we analyze stimulated emission for a
Kerr black hole. Here it is found that stimulated
emission occurs for particles sent in at late times
with superradiant frequencies. We derive the
probability distribution for finding % outgoing par-
ticles in a superradiant mode assuming » particles
were sent in. The expected number of outgoing

particles is just the sum of the spontaneous emis-
sion plus the superradiance factor times the num-
ber of incoming particles. For a large number of
incoming particles the quantum stimulated emis-
sion agrees with classical superradiant scattering.

II. STIMULATED EMISSION IN QUANTUM FIELD
THEORY IN CURVED, ASYMPTOTICALLY FLAT
SPACETIME

In this section we derive expressions for the
state vector and expected number of particles in
the final state for a Hermitian scalar field in
curved, asymptotically flat spacetime (or in an
external potential) assuming that particles are
present initially. The results given here extend
the analysis of Ref. 6, where the case of no parti-
cles initially present (i.e., spontaneous particle
creation from the vacuum) was analyzed in detail.
We first briefly review the notation and relevant
results of Ref. 6.

We wish to consider a quantum theory of the
Hermitian scalar field interacting with gravity in
the approximation in which the gravitational field
is treated classically. We represent the scalar
field ¢ as an operator-valued distribution acting
on a Hilbert space of states. ¢ satisfies

[V, V¥ +m® +V(x)]¢ =0, (2.1)

where V, denotes the covariant derivative, and,
for generality, we have allowed for the possibility
of an external potential V(x) acting onthe system.
Furthermore, if the spacetime is asymptotically
flat, we.assume that in the distant past and future,
the states of the actual, interacting Hilbert space
can be identified with states of the free-field Fock
space such that the action of the interacting-field
operator approaches that of the free-field operator.

Our notation is as follows: We denote vectors in
the symmetric Fock space F(3C) associated with
the one-particle Hilbert space 3C by capital Greek
letters. We denote n-particle states by lower
case Greek letters with #» upper Latin indices.
Thus, a vector ¥ € F(¥C) can be written as

qJ:.(c’ lpu’(pab,lpubc’ ot )) (2'2)

where ¢ is the vacuum amplitude, §° is the one-
particle amplitude, etc. For one-particle states,
the upper Latin index will often be dropped, e.g.
pE 3. We will explicity deal with the dual Hilbert
space 3¢ so that all our maps will be linear rather
than antilinear. The vector in 3 naturally associ-
ated with <3¢ will be denoted ¥,, or simply J.
The annihilation operator for a stated €% is de-
fined by

a@)¥ = (5, V2 ¥ 5, V3 PG, . . . ), (2.3)
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and the creation operator for o € ¥ is given by
a' ) ¥=(0,c0®, V2 o@D, V3 @), . .. ). (2.4)

The relevant information for the outcomes of
all possible scattering experiments is contained
in the S matrix, S: T, (#C) =~ Fou ¢C), which associ-
ates to every incoming free particle state the out-
going free particle state which it approaches in
the future. It was shown in Ref. 6 that the above-
stated minimal assumptions about the nature of
quantum field theory in curved spacetime suffice
to uniquely determine S and that the theory one
obtains is well behaved mathematically. To ex-
plicitly construct the quantum S matrix given the
spacetime curvature and external potential, it is
convenient to introduce the operators A :3¢ - 3C,
B :3 = 3, C:3 —i¢, and D :3C - 3¢, which are
determined by the curvature and potential and
which may be thought of as classical S-matrix
operators for the scattering of positive-frequency
waves. The operator A is defined as follows: A
vectoro & 3C is naturally associated with a positive-
frequency solution of the free Klein-Gordon equa-
tion. One gives this solution as data in the asymp-
totic future in the curved spacetime, and propa-
gates it backward into the past. In the distant past,
the wave will again look like a solution of the free
Klein-Gordon equation. Ac is defined as the state
associated with the positive-frequency part of this
solution in the past. The definition of B is similar
except one takes the negative-frequency part in
the past. The definitions of C and D are the time
reverse of those of A and B. As shown in Ref. 6
these operators satisfy the following relations:

B=-D". (2.7b)

Let a, a" denote the annihilation and creation
operators on &, (5), letb, 5" denote the annihila-
tion and creation operators on Fou(3).. As shown
in Ref. 6, the annihilation and creation operators
for the “in” and “out” states are related by

Sa'()s*=b"(Co) -b(D0). (2.8)
Similarly, we have
ST @)S=d'(Ao) —a(Bo). (2.9)

Finally, the formula for S¥,, where ¥, is the vacu-
um “in” state, can be derived from the adjoint of
Eq. (2.8). The result is as follows: LetE =DC-!.
One can view E :3 - as an element of £® J¢. By
Eq. (2.6b) E is symmetric and, provided tr(E'E)
<, one can associate E with a two-particle

state €®®. Then we have®

A
X1\
Sqf0=c<1,o, #)Y2e%, 0, <%é> €@eed) o, .),

(2.10)

where ¢ is a normalization constant. This com-
pletes the review of the results of Ref. 6.

It is now not difficult to derive the expression
for the state vector describing the final state of
the system corresponding to starting initially with
a single particle in the statec. We simply apply
the operator on the left-hand side of Eq. (2.8) to
the state on the left-hand side of Eq. (2.10) and
equate it with the result obtained by applying the
right-hand side of Eq. (2.8) to the right-hand side
of Eq. (2.10). We obtain

A'A -B'B =1, (2.52)
cfc -’ -1, (2.5b) S(@" ©)%) =[b"(Co) -b(Do)]

— — 1y1/2 _ab
B'Z=A"B, (2.62) Xe(1,0, (3)Y2€%,0,. . .). (2.11)

1= _ AT 2.6b Using Eqgs. (2.5b), (Z.le, (2.7a), and the definition
b Cc=C'D, (2.6b) of €®® in terms of E =DC"!, Eq. (2.11) can be
A=C", (2.7a) simplified as
J

+ s 5% 3 1/2

S(a (U)\I’o) =C(0; ,}/a, 0, (5)1/2 ,}Xaebc)’ 0’<;1X_2> aEbcede)’ o,.. ') ’ (2-12)
where

y=A"'c. (2.13)

Notice that the amplitude for finding an even number of particles in the final state is zero, as must be the
case if all created particles come in pairs. The final state corresponding to any incoming state can be
found by repeated application of the operators of Eq. (2.8) to the states of Eq. (2.10). In particular, if the
initial state consists of #» incoming particles in states, ¢,,0,,...,0,, the final state is

n

S (gaf(c'i)‘l’o> ={H[bT(C0’;) —b(DO‘i)]}C(l,O, G)Yze® 0, . .. ).

i=1

(2.14)

The most relevant quantity insofar as stimulated emission is concerned is the expected number of parti-
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cles, {(N), in the final state. This quantity, as well as everything else about the final state, can, of
course, be calculated directly from the above expressions for the final state vector. However, it is simp-
ler in practice to derive an expression for (N) directly as follows: The number operator for particles in
the final state 7 is bT('r)b (7). Hence, if one starts with a single particle in the state o, the expected number

of particles in the state 7 at late times is given by
(N(7)) =(Sa" ) %, BT (DD (D)Sa " () %)
=(a' () %, Sb" (1)SS~ b (F)Sa’ (o) &,)

= (%, a@)a' A7) —aBD][a@T) —a' BD]a'©0)¥,),

where Eq. (2.9) has been used in the last step. An
elementary calculation now yields

(N(T) =| (AT,0) |2+| BT,0) |2+|| BT||? (2.16)

=|(7,Co) |?+| (r,D5) |*+|| BT|?, (2.17)

where Eqgs. (2.7a) and (2.7b) were used in obtaining
the second expression. The expected total number
of particles in the final state is obtained by sum-
ming Eq. (2.17) over an orthonormal basis of states
Tis

(N) = 22N (7))
=21l (5, Co) [*+] (7,55) |2 +|| B 17

=||Co ||2+|| Do ||?+tr®B'B). (2.18)

These results are easily generalized to the case
where initially we have n incoming particles in
statesoy,. . ., g, (where the 0; need not be distinct).
We obtain

n

(N() = 2 1(AT,05) |2 +] BT, q)) |2] +|| BT

j=1

(2.19)

and

<N>=§(llellz+|lDoj|lz)+tr<BTB). (2.20)

In particular, for » incoming particles all in the
state ¢, we have

(N(T) =n[| A7,0) |+ (BT,0) |?] +|| BT||?
(2.21)

and

(N) =n(||Co ||2+]|| Do ||®) +tr(B'B). (2.22)

For n =0, i.e., no incoming particles, Egs. (2.21)
and (2.22) reduce to the previously obtained re-
sults for spontaneous emission®

(2.15)
(N(T) =|| B3, (2.23)
(N) =tr(B'B). (2.24)

Let us now examine the relationship between
spontaneous emission and the emission resulting
when one has a single particle ¢ in the initial state.
Suppose there is no spontaneous emission of parti-
cles in the state 7. By Eq. (2.23) this is equivalent
to the condition B7 =0. It follows from Eq. (2.5a)
that ||A7|| =1. Hence, by Eq. (2.16), no matter
what incoming one-particle state ¢ we start with,
we always have (N(7)) < 1. Equality is achieved
when 0=A7=C~'7, i.e., when the initial state
corresponds to a wave packet which classically
would be scattered into the state 7. Since €**7,
=0, it can be seen from the expression for the
state vector, Eq. (2.12), that if the incoming state
is.0=AT, the final state corresponds to a simple
product state of a single particle in the state 7
with the vector S ¥, describing spontaneous parti-
cle creation. Thus we conclude that there are no
stimulated-emission effects in modes for which
there is no spontaneous particle creation from the
vacuum.

On the other hand, suppose particles in the state
7 are spontaneously produced. Then BT # 0 and by
Eq. (2.5a) we have ||A7]|| >1. If we choose
o0 =A7/||A7]|| as our initial incoming one-particle
state we get

(N(p= || AtlI?+|[B7]|?

> 1+||B7]|2. (2.25)

Thus, the number of 7 particles in the final state
is greater than the number of spontaneously pro-
duced particles (|| B7||?) plus the initial number
of particles (1). We interpret this as stimulated
emission induced by the initial particles =A7/
||AT||. [If AT and BT are not orthogonal (N(7)) can
be made even greater, i.e., more emission can
be induced, by choosing ¢ to be an optimal linear
combination of AT and B7.] In fact, stimulated
emission occurs for every one-particle initial
state ¢ with Do#0. Namely, by Eq. (2.18) the
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expected total number of outgoing particles is
(N)=|| Co ||2+|| Do ||?+trB'B)

=1+tr@B'B)+2|| Do ||3, (2.26)

where Eq. (2.5b) was used. Thus, (N) is always
greater than or equal to the expected spontaneous
emission (trB'B) plus the initial number of parti-
cles (1) and is strictly greater whenever Dg+0.
(When Do =0, the final state vector is simply the
product of the particle Co with the spontaneous
emission S¥,.)

" These results generalize in a straightforward
manner to the case where initially one has »n parti-
cles in the statesg;,. . .,0,. The expected total
number of particles in the final state is

(N) =n +tr(BTB)+ZZI|Do,-||2, 2.27

=1
which again is at least as great as the initial num-
ber of particles n plus the expected spontaneous
emission. Thus, in this case stimulated emission
always occurs unless each of the incoming parti-
cles satisfies Do; =0. It is not difficult to show
that this conclusion is also valid for an arbitrary
n-particle initial state (i.e., one that cannot neces-
sarily be written as a simple product of one-par-
ticle states).

Thus, we have demonstrated the existence of
stimulated-emission effects in quantum field
theory in curved spacetime. Furthermore, in the
sense described above, stimulated emission is
possible in precisely those situations where spon-
taneous emission occurs. We should emphasize,
however, that the above results apply only to the
case where the initial state has a definite number
of particles. If the incoming state is not an eigen-
state of the total number operator, it is no longer
true that the outgoing (N) must be greater than or
equal to Tr(B TB) plus the expected number of in-
coming particles. Indeed, if the initial state is
chosen to be S™'¥,, there will be no particles in
the final state.

In the next section we apply these results to the
case of particle emission by black holes.

1. STIMULATED EMISSION BY BLACK HOLES

In the preceding section we analyzed stimulated
emission for a quantized scalar field in curved
spacetime and established its general relationship
with spontaneous emission. In this section, we
apply these results to the case of particle produc-
tion by black holes formed by gravitational col-
lapse. We begin by analyzing the case of spheri-
cal gravitational collapse to a Schwarzschild black
hole. We shall discuss the massless scalar field
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in order to avoid some technical difficulties in
defining asymptotic states. If there are no in-
coming particles, then at late times there will be
a steady rate of emission of particles to infinity
with a thermal spectrum at temperature 2T
=7ik/2m, where k is the surface gravity of the
black hole. What stimulated-emission effects are
possible if particles are present initially?

As is well known, an observer at infinity never
sees a black hole form; the collapsing body ap-
pears only to asymptotically approach its Sch-
warzschild .radius. However, in the following
manner one can define a retarded time ¢, such
that for all practical purposes an observer at
infinity would say that a black hole has formed at
time ~¢,. Let y be the advanced time correspond-
ing to the formation of the black hole, i.e., radial
null geodesics emanating from 4~ at time v, reach
the origin of spherical symmetry at the instant
when the event horizon forms. Radial null geodes-
ics from 9~ prior to ¢y, will pass through the origin
and reach 9. We define ¢, as the retarded time at
which radial null geodesics which leave ¥~ at time
k~'= 2X10 ~5(M/M,) sec priortov,reachd*. Rough-
ly speaking at time #,, the collapsing body will ap-
pear to be within alight travel time of forming ablack
hole. The intensity light received from the surfaceto
the collapsing body will be greatly diminished (as
well as red-shifted) by time ¢, and will continue to
decay exponentially in time.” Thus, in practice,
an observer at infinity would say a black hole is
present at f = ¢,.

We wish to analyze the nature of the incoming
single-particle states which induce emission of
particles which reach 9* at time ¢ 2 £,. Let 7 be
such a late time one-particle state at §*. (For
example, we may take 7 to be the state associated
with the wave packet P;, of Refs. 5 and 6 withn
sufficiently large.) From Eq. (2.16) we see that in
order to produce more particles in the state 7 than
would be spontaneously emitted, we need the in-
coming particle state o to be a linear combination
of A7 and BT.

Recall the definitions of A7 and B7: If we propa-
gate the wave packet corresponding to the state 7
at 9* backward into the past, A7 and BT corre-
spondi, respectively, to its positive- and negative-
frequency parts at 9. There are two contribu-
tions® to A7: Part of the wave packet (A7), is
scattered by the static Schwarzschild geometry
and reaches 9~ at late advanced times (>v,). The
other part (A7), is scattered through the collaps-
ing body and reaches 9~ just prior to y,. Only the
part of the wave packet which is scattered through
the collapsing body contributes to Bt [i.e., (BT),
=0] since scattering by the static Schwarzschild
geometry does not change frequencies.
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Suppose we choose the incoming particle ¢ to
correspond to the first contribution to A7, i.e.,
o=(7),/|| (A7),||. Then it is not difficult to see
from Eq. (2.16) that the expected number of 7 par-
ticles at 9* is simply the spontaneous emission
|| B7||? plus the fraction of the wave packet o
which does not get absorbed by the black hole. In
fact for an appropriate choice of definition of posi-
tive frequency at the future event horizon—namely,
one which agrees with that obtained from the
Killing parameter on the horizon at late times—
we have Do =0, and the final state vector is sim-
ply the product state of the scattered wave Co
with the spontaneous emission S¥,. (With a dif-
ferent definition of positive frequency on the hori-
zon, Do has a nonzero horizon part and one might
say that there is stimulated emission of particles,
all of which go into the black hole. However, the
physical interpretation of “particles which go into
the black hole” is, at present, unclear. Only par-
ticles which reach infinity have an unambiguous
physical interpretation and, as shown in Ref. 6, the
density matrix describing these particles is inde-
pendent of this ambiguity in the definition of posi-
tive frequency on the horizon.) Thus, there is no
stimulated-emission effect for incoming particles
sent in at late times; one gets only the classical
scattering of these particles superimposed on the
spontaneous emission.

In order to get stimulated emission we must
choose the incoming particle o to be a linear com-
bination of the early time components (A7), and
(BT),. We can roughly estimate the properties of
o as follows: A past-directed radial null geodesic
which leaves 9% at retarded time ¢ 2 #, will reach
g~ at advanced time v given by

vo—v=Kk""exp[ —k(t-1,)]. (3.1)

Hence, we expect that if 7 represents a particle
which reaches 4" at time ~ ¢ = ¢,, then A7 and
BT will have a time spread Av around 4, at 4~
given by

Av~k~texp[ —k(t-1,)]. (3.2)

By the uncertainty relation, we have AwAv ~ 1 so
A7 and BT must be composed of frequencies at
least as large as

w~ K exp[k(t—1,)] - (3.3)

Thus, in order to stimulate emission of particles
which reach g* at time ¢, it appears that we must
send in particles within a time spread around y,
given by Eq. (3.2) and with frequencies given by
Eq. (3.3). Hence, for a solar-mass black hole, in
order to stimulate emission of particles which reach
9" only one second after time #,, one must send in
a particle within 107%°°% sec of y, with energy

Fw~10%°° erg. For smaller black holes for
which quantum emission is important (say M ~10%
g), k is much larger and the energy and time re-
quirements for the incoming particle to stimulate
emission are enormously stronger. Clearly, if
any reasonable contraints are placed on the energy
and time resolution of the incoming particle, there
will be no stimulated emission seen at * very
shortly after the black hole is formed. At late
times one will see only the spontaneously emitted
thermal radiation.

The above conclusions were based on the rough
estimates of Av and w, Eqgs. (3.2) and (3.3). How-
ever, for the case where 7 corresponds to a P,
wave packet at 4%, it is not difficult to show from
the results of Ref. 6 that Eqs. (3.2) and (3.3) are
indeed valid [although the frequency spectrum is
quite flat so that the energy of an incoming parti-
cle does not have to be quite as high as indicated
by (3.3) to produce some stimulated emission].
Explicitly, Eq. (3.2) follows from the fact that the
total wave packet has this time resolution[see Eq.
(4.14) of Ref. 6], while the positive- or negative-
frequency part of the wave packet can be expressed
as a sum of the total wave packet and its time re-
flection about y,. The explicit expressions for At
and BT are given, respectively, in Egs. (A.7) and
(A.9) of Ref. 6.

Thus, we conclude that stimulated emission is
of no importance for particle creation near a
Schwarzschild black hole formed by spherical col-
lapse. Particles sent in so that they reach the
black hole very near to the instant of its formation
can, in principle, stimulate emission but the ener-
gy required of these particles to stimulate emis-
sion of particles which come out at even moder-
ately late times is absolutely enormous. If parti-
cles are sent in at late times, the outgoing state
is merely the classical scattering of these parti-
cles superimposed upon the spontaneous emission.

If the gravitational collapse is not spherical but
still results in a Schwarzschild black hole, then
(A7), and (BT), will differ and thus the precise
state of an incoming particle required to stimulate
emission in a given outgoing mode 7 will be differ-
ent. However, the nature of the required state
(i.e., its narrow time resolution about 3, and its
enormous energy) will be the same as in the ex-
actly spherical case, and the conclusions about
stimulated emission remain unchanged. For the
same reasons, these conclusions also apply to
stimulated emission in nonsuperradiant modes
when the gravitational collapse produces a Kerr
black hole. However, for the superradiant modes
0<w<m Qy—where w is the frequency, m is the
azimuthal quantum number of the wave, and Q is
the angular velocity of the black hole—the situa-
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tion is different.

Suppose that we are interested in inducing emis-
sion into a superradiant mode 7 at late times.
(A1), and (B7), will again be states of enormously
high energy and narrow time resolution about ,,
so we cannot, in practice, hope to stimulate emis-
sion by having incoming particles in these states.
However, now we have || (A7),||®=|7|?*> 1, where
7 is the reflection amplitude for the mode 7.
Furthermore, D(A7),#0. Hence, if we send ina
particle in the state o =(47),/|| (A7), || we shall get
stimulated emission. This is, of course, the
quantum analog of superradiant scattering.

It is interesting to examine some of the proper-
ties of the state vector Eq. (2.14) describing the
outgoing emission in the classically superradiant
mode 7 assuming one sends in z particles in the
states =(A7),/||(A7),||. In the limit k~0 cor-
responding to no thermal emission, it is a
straightforward matter to compute the probability
B, of observing k outgoing particles in the state 7,
using Eq. (2.14) and the expression for € given
in Eq. (5.6) of Ref. 6. One finds that B, =0 for
k< nandfork=n

k! | ¢

PkOC(—k—_‘n—)T GERE (3.4)
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where ¢ is the transmission amplitude of the mode
(and thus |7 |2=|#|2=1). This “negative binomial”
distribution was previously obtained by Page (un-
published) from heuristic considerations. For
n =0 it reduces to the previously derived proba-
bility distribution® for spontaneous superradiant
emission.

The mean number of outgoing particles for the
distribution (3.4) is given by

(R =n|7|?+| t]% (3.5)

[ This equation can also be obtained directly from
Eq. (2.21).] For large n we have (k) =n |7 |?, in
agreement with classical superradiance, since

|7 |? is just the amplification factor. The standard
deviation of the distribution (3.4) is

(& =C(END] V2= +1)V2| t| |7 ]. (3.6)

Thus, for large » the distribution is sharply
peaked about the mean number of particles Eq.
(3.5) and the quantum stimulated emission goes
over to classical superradiant scattering.

*The research reported in this paper has been supported
by the National Science Foundation under Grant No.
MPS 74-17456 with the University of Chicago.
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source of confusion.
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