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The axiomatic lower bound on the s- and u-channel slope parameter, denoted respectively by B,(s) and
B,(u), is investigated with the help of the unitarity of the S matrix, s-u crossing symmetry, and the
analyticity and polynomial upper boundedness of the scattering amplitude. The result is that at least one of
B\(s) and B,(u) has the lower bound B,(s) > const X s ~%(Ins)~® (> 0) for some sequence of s— o or
B,(u) > const X u ~%(Inu)~® (> 0) for some sequence of u— 0.

I. INTRODUCTION

It will be useful to know what kinds of restric-
tions on observable quantities can be derived from
the general principles on the scattering ampli-
tude. The celebrated restriction of this kind is
the Froissart upper bound on total cross sections!®

(1.1)

On the other hand, Jin and Martin® obtained the
lower bound on total cross sections

Otot(s) = const X (Ins)? as s =,

O (8)= const X s~8(1ns)™® (1.2)

for at least one sequence of s =, In deriving
(1.2), they used as general principles the unitar-
ity of the S matrix, analyticity in s and #, s-u
crossing symmetry, and the polynomial upper
boundedness of the scattering amplitude.

In this paper we use the same general principles
as those used by Jin and Martin, and investigate
the axiomatic lower bound on the s- and u-channel
slope parameter [denoted respectively by B, (s) and
B,(u)]. The result is that at least one of the B,(s)

J

o

F(s,)=A@)+B(t)(s -a+§t)+<8++%t>zu

MA+MB)2

and B,(u) has the lower bound

B,(s) =const X s™%(lns)™® (>0) (1.3)
for some sequence of s —%, or
B,(u)= const X «™®(lnu)™® (>0) (1.4)

for some sequence of u —~.

In Sec. II we formulate our general principles.
In Sec. III we derive the lower bound on the slope
parameter. In Sec. IV we discuss our result and
compare it with the other bound.

II. FORMULATION OF THE GENERAL PRINCIPLES

For simplicity we consider the spinless elastic
scattering A+ B - A + B (s channel) coupled by cros -
sing to A+ B—A +B (u channel). If we include spin,
the same result we obtain in this paper holds for
the imaginary part of the helicity -nonflip scat-
tering amplitude.

The analyticity in s and the polynomial upper
boundedness of the scattering amplitude F(s, ¢) make
it possible to write the dispersion relation with
two subtractions,?

ImFl(s,; t)
(s’ =0+ 3t)*(s" —s)

’

° ImF,, (', t) J
’ II 3
" j(MA»fMB)Zdu W -0+3t)0W —20+s+1) 2.1
1,\2 =Y
B N (u —0+31) l: , ImF;(s’, t)
=A(D) - B -0+ 31+ =2 waa)zds o
0 ImF, (4, t) :'
’ II >
* j(‘MA+MB)2 du @ —o+3tf W -u)l’ (2-2)
where Vi ~—
o ImFy; (u, t)=817—1;—2(2l+ 1)Im £ (u)
ImF,(s,t)= 81778— Z 21+ D)Imfi(s) o=
I 1=0
X P,(cosf 2.4
x P,(cosf;) (2.3) 2 ), (2.4)
and with
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s+t+u=2M,%+2My%= 20,
FI(S’ t)EF(S, t),

and

(2.5)

Fyy(u, t)=F(20 —u —t, ).

Here s (u), k; (ky), and 6; (8,) are the center-of-
mass (c.m.) energy squared, the c.m. momentum,
and the c.m. scattering angle in the s channel (u
channel), respectively.

The unitarity of the S matrix gives the con-
straints

0=|fi(sN]*=<Imfi(s")=1
and
0= | /i) |*=Imfi@)=1,
so that we have from (2.3) and (2.4)
ImF;(s’,0)=0,
3,ImF(s’, 0)= 0,
ImFy; (u’, 0)=0,

(2.6)

2.7

and
89 ImF;(u’,0)=0,

with the simplified notations

8,F (s, O)E%F(s, )

t=0

and (2.8)

9
8 Fysu, 0) =7 F (20 —u —1, 1)

$=0°*

Next, we prove that the polynomial upper boun-
dedness of the scattering amplitude

|F(s,t)=|s|¥ as |s| = (2.9)

leads to the polynomial upper boundedness of 9 .F;
(s,0) and 8,F;;(u, 0). (Throughout this paper we
explicitly prove relations involving F;, since re-
lations involving Fy; can be similarly obtained.)
The analyticity in ¢ of Fy(s, t) leads tc the Cauchy
integral formula near ¢=0.

Fy(s, t)

g (2.10)

Fils, )= 5 1 fdt'

where C is the circle with
|¢’| =t,<min (4M,2,4Mz?). Then we have

fdt’FI(St) ,

atFI(S’O tlz

so that

1
|8tFI(s,0)|St—[s]N as |s|=.
0

Similarly
|9 Fus(u, 0] = Hul" as |u] ~=. Q.E.D.
0

(2.11)

III. DERIVATION OF THE LOWER BOUND ON THE
SLOPE PARAMETER

In this section we present the derivation of the
lower bound on the slope parameter. For this
purpose we prove that at least one of 3,ImF(s, 0)
and 8 ImFy;(u, 0) has the lower bound

8,ImF,(s, 0)= const X s™%(lns)™ (>0) (38.1)

for some sequence of s -, or

8,ImF; (u, 0)= const X »"*(Inu)™ (>0) (3.2)

for some sequence of -,
In the case where at least one of the four con-
ditions

lim s23,ReFy(s, 0)=0, (3.3)
s
lim s*3,ImF (s, 0)=0, (3.4)
so oo
lim %®3,ReFy;(u, 0)=0, (3.5)
4o
and
lim#*3 ImF;;(u, 0)=0 (3.6)

U= ©

does not hold, there exist nonvanishing constants
¢,—c, and sequences s, - and u,—~> such that at
least one of the following four relations holds:

lim s,29,ReF(s,, 0)=c, (0), (3.7)

feco

lim s,28,ImF;(s,, 0)=c, (#0), (3.8)

e o0

limu,?8 . ReFy; (u,, 0)= ¢, (*0), (3.9)
and

limu,’8 ImFy (u,, 0)=c, #0). (3.10)

N

Equation (3.8) [(3.10)] satisfies (3.1) [(3.2)]. On
the other hand, (3.7) [(3.9)] is shown to lead to
(3.1) [(3.2)]. From (3.7) we have
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L 2
k£31 Z(zzu Y2+ 1)fE (s)l

0< & <s“|3,.F1(s 0)[*~s*

L
< (167)s 2[2 @1+ 1)( +z)] [Z(zz+1)(zz+z)| 74s)] ]~81rs3L‘*atlmFI(s 0)

1=0
(3.11)
at sufficiently high energy s=s,. Here we used the Schwarz ihequality, the unitarity constraint (2.6), and

the fact that the existence of the nonvanishing constant ¢,?/2 makes it possible to make a reliable estimate
of 8,F;(s, 0) by the partial waves up to

L=KVslns (3.12)

provided K is taken sufficiently large.* Substituting (3.12) into (3.11), we find (3.1) Q.E.D.
In the following we prove that theve never occurs the case when (3.3)=(3.6) hold simultaneously. From
(2.1) and (2.2) we obtain after a tedious but straightforward calculation

® D
o6, 057 P60 ) =Duor Do 4D+ D)+ D) (3.13)
=0
and
9 . p, )
o4Fialu,0)(x 50 —u~t,0|_)Dywor D04 D)+ D)+ Do), (3.14)
=t
where
- ) / -9 ’
D,=B’(0)+ —f dw [ImFl(w +0,0)- ,ngn(w +0,0)  3,mF;(w’'+0,0) = JAmF (0w +0, 0)]’
T J, o -
® , . ) . ,
D=ar @+ 2Ry L [ [ BFulrs 0.0 2ME (0740, 0 PmFy(er 10,0 |
2 w "
D,=A(0) - B(O) 1 f [ImF (' +0,0) tImFI(w'"”"’O)“‘atIan(w’-»-a,O)J,
w,
D35 % f dw’ [a tImFu(w'+0', 0) —3tImFI(wI+O., 0)] , (3.15)
o
w ' ,
D4(w)5_llf dor £2AmFy (@ +0,0)
w W+ w
ImFy;(w’ + 0, 0)
[p— l o T
D (w)= f dw R iy

D= -1 [ aw LD

T —wfF

and

’

1 = w’d ImF;(w’ 0
Ds(w)z—})— ?f dw’ £ w’l((:’ 5 )
A -

with
W=ES —0=0 —u.

In (3.15), the integration variables s’ and #’ have been rewritten as w’+0, so that p=2M ,M,. Considering
the case where (3.4) [(3.6)] holds, we have inequalities

0=9 ImF(s,0)<s™ as s— (3.16)
[0=8ImF;(u,0)<u® as u—]. (3.17)
Furthermore, (3.16) [(3.17)] and (2.6) give

‘0=ImFy(s,0)<16m+css™ as s— (3.18)
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[0=ImF;;(u,0) <167+ cu® as u-~],
since we have

1

s> 8 ImFy(s,0)= 8n1};—1§— Py IZI:(ZH 1)+ DImfi(s) = Py {ImFI(s, 0) — 8w k—fImf(l,(s)] .

With the help of the above-obtained inequalities
(3.16)—(3.19), various integrals in (3.15) can be
evaluated. First, the constants D,, D,, 52, and
D, defined by (3.15) are found to be finite. Second,
the uniform convergence® of the integrals (3.15)
for w?D,(w) and w?D4(w) gives

lim w®D,(w)= —-1—1T- f dw'w'd ImFy (0w’ +0,0) (= -£,)
P

W=+
(3.21)
and

lim szs(w) = —l f dw’w’9,ImF; (w'+0,0) (= —fl)‘
P

Wes = ™

(3.22)
Third, we have® from (3.15), (3.18), and (3.19)
lim D (w)= lim Dy(w)=0. (3.23)

W=+ W= =
Finally, it is proved in the Appendix that (2.11),
(3.3), and (3.4) [(3.5) and (3.6)], and (3.15) lead to
lim wDg(w)=0
e (3.24)
[lim wD,(w)= 0].
()= =0

Then, (3.3)-(3.6), (3.13), (3.14), and (3.21)—(3.24)
give

D,=D,=D,=0, (3.25)
so that
D,= - lim wDy(w) (=0)
W=+
=~ lim wb5(w) (=0), (3.26)
which means
D,=0. (3.27)

Substituting (3.25) and (3.27) into (3.13) and (3.14),
we find

w?d Fy(w+0, 0)= w’D,(w)+ w'Ds(w) - f, +£,(w)

(3.28)
and
w? 1
(0 + 0l [(w+wg)+w;

(3.19)

(3.20)

w28, Fy1(0 —w, 0)= w?Dg(w) + WDy (@) £, +&5(w),

(3.29)
where
_1 ~ , w? ImF (0 +0,0)
gl(w)=7ﬁ dw o
= w?Dg(w) +f, (3.30)
and
_1 = w? ImF (0 +0,0)
gz(m:?_]‘: do w+w
= wW?D (W) + e (3.31)

At this stage, assuming that (3.3)-(3.6) are
satisfied, we consider two cases in terms of a,
and a, defined by

1 0
ale—f dw'ImF(w’ + 0, 0) (3.32)
m 4

and

1 o
@=— f dw'ImF (o’ +0,0). (3.33)
o

Case (A): a,=« or a,=%,
Case (B): a@,<« and @,<.

When a, (a,) is infinite as in case (A), (3.28)
[(3.29)] is shown to contradict (3.3) and (3.4)
[(3.5) and (3.6)] by applying the Phragmén-Lindelsf
theorem® to

Hl(w)E—ﬁlf(:%)— (3.34)

[Hz(w)z g:(w) jl

S5 (3.35)
5

Proof. First, g,(w) has a polynomial upper
bound by (2.11), (3.15), (3.17), (3.19), and (3.28).
Next, [w?D,(w)]™* is bounded in the region
R={w| |w|=1, 0=0=ir}, and analytic since
(3.15), a,=, and the formula

T {l(wg® = 02w+ wgt+ 20 we? + 20 We(W + Wg) + W] + [ 2w w W (W + Wg) + 2w, W’ T}

(3.36)
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give

lim [w?Dy(w)]™=0,
osoknTa

with

(3.37)

w=wp+iw;= |w|e’.

Therefore, H,(w) is analytic and polynomially up-
per bounded in the region R. Furthermore, (3.3),
(3.4), (3.21), (3.28), (3.34), and (3.37) lead to

lim H (w)=-1. (3.38)
On the other hand, we find
I1'1|m H,(w)=0 (3.39)
6=r/4
with the help of (3.37) and
I1i|m g.(w)=0, (3.40)
6=r/4

which is obtained from (3.30) and (3.16), since the
integral w?Dy(w) is uniformly convergent.® How-
ever, (3.38) and (3.39) contradict the Phragmén-
Lindeldf theorem.®

Now the remaining case is only (B). In this
case w?Dy(w) in (3.28) [w?D,(w) in (3.29)] is cal-
culated by (3.15) as®

lim w?D,(w)= -a, (3.41)
W=+

|:1im w?D, ()= —al]. (3.42)
W= =

Then, (3.3), (3.4), (3.21), (3.28), and (3.41) [(3.5),
(3.6), (3.22), (3.29), and (3.42)] give

lim g, (w)=f,+fo+ a, (3.43)
[lim go(w)=fr+fo+ a{lo (3.44)

On the other hand, we have (3.40) and the corre-
sponding equation for g,(w). Therefore, the Phrag-
mén-Lindeldf theorem® applied to g,(w) and g,(w)

leads to
a,=a,=0. (3.45)

However, (3.45) is nothing but the physically un-
realizable condition

ImF;(w’+ 0, 0)=ImFy;(w’ + 0, 0)=0. (3.46)

Thus, we have proved that it never occurs that
(3.3)=(3.6) hold simultaneously.

Our conclusion is that we have at least one of
(3.1) and (3.2). If we use the Froissart bound*

ImF;(s,0)=const X s(lns)® as s—-w

and (3.47)

ImF;;(u, 0)=< const X u(lnu)® as wu -,

we obtain the lower bound on the s - and #-channel
slope parameter [denoted respectively by B,(s) and
B,(u)]. The result is that at least one of B,(s) and
B,(u) has the lower bound

9,ImF (s, 0)
s DDl X s™%(lns )™ (>
L(s) TmF (s, 0) const X s™%(Ilns)™® (>0)

(3.48)

for some sequence of s -, or

8 ImFy; (u, 0)

B )= o, 0)

il

=const X %7 (Inu)™® (>0)

(3.49)

for some sequence of - ©. In the special s-u
crossing-even case, we have both (3.48) and (3.49),
since B,(a) = B,(a).

IV. DISCUSSION

In this paper the axiomatic lower bound on the
s- and #-channel slope parameter [denoted respec-
tively by B,(s) and B,(u)] has been investigated with
the help of the unitarity of the S matrix, s-u cros-
sing symmetry, analyticity, and the polynomial
upper boundedness of the scattering amplitude.
The result is that at least one of B,(s) and B,(u)
has the lower bound

B,(s)= const X s™%(1ns)™® (>0) (4.1)
for some sequence of s -~, or
B,(u)= const X »%(1lnu)™® (>0) (4.2)

for some sequence of #— «. In the special s-u
crossing-even case, both (4.1) and (4.2) hold, since
B,(a) = B,(a).

In the process of the derivation of the lower
bound, the following situation complicated the
proof. The integrals (3.32) and (3.33) of the scat-
tering amplitude happen to diverge by the contri-
bution of the S waves, although we treat the case
of the partial derivative in ¢ of the scattering anm-
plitude to be strongly damping with s. As a result,
in order to treat 3,F(s, 0), we need a technique
which is more complicated than Simon’s technique’
in treating F(s, 0).

We compare our result with the other lower
bound

Tior” 1
= - —_— .
B= 3670 O(kz) ’ (4.3)
which has been given by MacDowell and Martin.®
Their bound is the good bound to make a compar-

ison between the experimental values of both sides.
But unfortunately their bound (4.3) does not give
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a lower bound with respect to s, since their analy- per bounded in the region R,={w||w|=1,
sis allows a value B(s)=0. In fact, the situation 0<o=3m} [R.={w||w|=1, 7= 6<0}], where
B(s)=0 is realized when only the S wave exists in w= |w|e‘9. The constant N in (A3) is the constant
the s channel. On the other hand, our result gives in (2.9). Then, (2.11) gives
the.: lower bound for B,(u), even in this special situ- lim |Ti(w)| <a, (A4)
ation. lwlse
G=am [ 2
APPENDIX where a is some constant. Furthermore, (3.3)
In the case where (3.3) and (3.4) hold, we shall and (3.4) give
prove only lim T,(w)=0. (A5)
1. D _ W= +00
w.l,ri @ Dg(w) =0, a1 Applying the Phragmén-Lindeldf theorem® to T,(w)
since satisfying (A4) and (A5), we find that
- . )
lim wD,(w)=0 (A2) |T,(w)| =B (B is some constant) (a8)
W= holds throughout the region R,. Therefore, we
is similarly concluded from (3.5) and (3.6). have
First define the £ ti d
oy irst, we define the functions 7,(w) and T_(w) |8,Fy(w+0,0)| = Bw|-2te/riol (A7)
. 1
= (/TN (Inw)? 2 provided |w|= 1and 0<|6|=3m.
T w)=e w9 Fy(w+0,0), (A3) With the help of (A7), we can prove (Al) as fol-
so that T,(w)[T.(w)] is analytic and polynomially up - lows. Equation (3.15) is rewritten as

Dy(w) =28, ImF(w + 0, 0)

] 1<f1/w3/4 1-1/w 1-e/w 1+1/w w .
= lim - dx+f dx+f dx+f d’”f dx> 5
e=>+0 T 1/w3/4 1=1/w 1+ efw 1w r_10t ImF(wx +0,0)

=8, (w)+ 6,(w) + 0, (w) + 6,(w) + 6, (w) . (A8)

From (3.16) we have

1
OSBtImFI(w+0’,0)SE as w-, (A9)
so that
0<8,ImF(w+0,0) <A (A is some constant) (A10)

for any w(=p). Then, 6,(w) in (A8) is evaluated by (A10) as

0= —51(w)5$—w'3/2 as w-o, (A11)

Next, (A9) gives the estimation

11 prve 1
= _ = _ -_ -
0= ~5,(w) = — = fl/ws/4dxx2(1—x) as w- (A12)
and
OSG(w)S—l-—L as w=o. (A13)
5 T w2

On the other hand, 8,(w )+ 6,(w) in (A8) is rewritten as

1/w
Ba(w)+ 64(w)=lim% f dt %[StImFI(w+ w&+0,0) -8, ImF;(w — w&+0,0)]
e/w

€=+0

1 1/w
+lim? d&[8 ImF (w+ w&+ 0, 0)+ 8, ImF;(w — w&+ 0, 0)] =dy(w) +d,(w).
€=0 e/w (A14)
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Then, d,(w) in (A14) is found by (A9) to be

1
0= d4(w)£7zr-F as w-—=o,

(A15)

Finally, the analyticity of 8 F;(w + 0, 0) in the cut w plane gives the following expression for d,(w ) in (A14):

dy(w) -9,ReFi(w+0,0)= ~ 1

Therefore, (A7) and (A16) lead to

|dy(w) -8, ReF (w+0,0)| = Bu 2@ M/1h/w a5 () —o,

1
- dw’ + f dw’)——BtF (w+w'+0,0).
2mi <-L'.~e"¢,o<o<r w' =9, -1<p<0 w’ ! ’

(A16)

(A17)

Then (Al) is concluded from (3.3), (3.4), (A8), (A11)—(A15), and (A17).
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