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Is nuLssless quantum electrodynamics a free-field theory'
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We show that if the photon wave-function renormalization constant is finite, then in the limit of zero fermion
mass quantum electrodynamics is a free-field theory.

Investigations of the short-distance behavior of
quantum-electrodynamics (QED)" led to the pos-
sibility of finite renormalization constants. As
shown by Johnson, Baker, and Willey' a necessary
condition for finite QED is the eigenvalue equation

whe re Fy is the coeffic ient of the logarithmic al ly
divergent part of the one-fermion-loop contribu-
tion to the photon self-energy m, and , is the un-
renormalized coupling constant. Subsequently, it
was shown by Adler' that the zero of F, is of in-
finite order (essential singularity), and the in-
teresting possibility was raised' that the zero of
F, occurs at the physical coupling constant e, i.e. ,

=0 (n) 0).
dp

(2)

Efforts" to calculate 0. have been unsuccessful
so far, mainly" because F, is an infinite power
series in y and very little can be deduced from a
perturbative calculation.

From the scaling property of m it turns out that
F, can be calculated in a theory in which the fer-
mions are massless (m=0 where m is the renor-
malized mass). It is therefore clear that a better
understanding of massless QED is essential for
massive QED (note that "massless" and "massive"
refer always to the fermion mass).

The following interesting theorem results in
finite QED'. The 2n-point function with only pho-
tons as external lines vanishes for m-0; thus at
the eigenvalue

T„q „q(q„' ', q, „; rn)l, =0 (n, +n, =2n),

(3)

where 7' denotes amplitudes and qq are the photon
momenta. From Eq. {3) it is obvious that in a
world with massless fermions, ' an experimental-
ist performing a yy- yy experiment will observe
a zero cross section. Would he observe a null
result for other processes such as e e -e'e
too~

Johnson and Baker' speculated that the above
experimentalist will observe a null result for all
possible reactions. In other words, massless
QED is equivalent to a free-field theory. There-
fore in the absence of fermion mass there are no
interactions, in agreement with the experimental
absence of charged massless fermions. Proving
such an assertion along the lines leading to Eq.
(3) seems impossible since the Federbush-John-
son theorem' used to prove Eq. (3) does not hold
when external charged lines are present. We show
here, relying on unitarity and crossing arguments,
that massless QED is indeed a free-field theory.

Our aim is thus to show the following: If mass-
ive QED is finite (i.e. , the photon wave-function
renormalization is finite, and consequently all the
other renormalization constants are finite') then
massless QED is a free-field theory. It is again
important to note that one cannot attack the prob-
lem from low-order perturbation calculations;
results should hold for the amplitudes as an infin-
ite power series in the coupling constant.

Let us proceed in eight steps:
(l) Our starting point is Eq. (3), which —as stated

above —is equivalent to Eq. (2).' Note that Eq. (3)
holds for both virtual and real photons. From Eq.
(3) it follows that, in particular,

fmT„„(s, e=O)l, =O, (4)

where s is the square of the center-of-mass ener-
gy and 0 is the scattering angle.

(2) From the optical theorem we then obtain

o„z „(s)l, =0.

Divergences may cause difficulty in applying the
optical theorem to our case. However, since am-
plitudes that vanish for m-0 are proportional to
an (even) power of m, ' divergences in integrals
over intermediate states are probably avoided. '

(3) Now it is obvious that each partial cross
section with two photons as an incoming channel
has to vanish separately; in particular,

T~q, +. ..q l, =0 (0 =0)

for all values of the kinematic variables, where
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FIG. 1. Decomposition of e e —e e into an infinite sum of crossed-channels annihilation diagrams. Blobs represent
n-point functions. Each diagram stands for exchanges in the t channel plus exchanges in the u channel.

l denotes a lepton.
(4) Applying crossing symmetry we can write

T(@+2)y&+ dl- 0=0 (0-0) (7)

note that Fig. 1(a) by itself is an infinite power
series in the coupling constant.

(6) From the optical theorem

. , (s, '=0) = sc.-.--.-, (s).

for all values of the kinematic variables. Although
crossing symmetry may be difficult to apply to a
massless theory, since all thresholds are open at
zero energy we can apply it to the physical (finite)
mtO case first. Then, if the amplitudes in Eqs.
(6) and (7) are analytic continuations of each other
for m40, the proportionality of the amplitude in
Eq. (6) to m' implies the same for the amplitude
in Eq. (7). Now by letting m-0 after the continua-
tion Eq. (7) is recovered. '

Though the proportionality of amplitudes to a
power of m is of great help, one would certainly
like to have in the future a more rigorous treat-
ment of crossing and analyticity.

(5) Let us now analyze the process e e —e e ."
The above process has, unlike e e -e e
diagrams where one photon, two photons,
are exchanged in crossed channels (see Fig. 1)."
But according to Eq. (7) only the one-photon
crossed-channels annihilation diagrams [Fig. (la)]
survive, and we can write

T. . . , (s, e)i O=T,'5, ", , (s, 8)i-=, ; (8)

Since the one-photon-exchange annihilation con-
tribution [Fig. 1(a)] does not appear in Eq. (9)"
we conclude from Eqs. (8) and (9) that

ce-e- s-8 ( ) ~-0=0' (10)

T','-.-"-.-. (s, 8) ~.=,=0 (12)

We can now conclude from Eq. (12) that the vertex
function in massless QED vanishes identically.

To summarize, it was shown that at the eigen-
value, if it exists, m = 0 QED is a free-field theory.
Thus the electromagnetic interaction of leptons is
a consequence of their mass, and there are no
massless charged leptons in agreement with exper-
iment. It would be interesting to investigate wheth-
e r such an imput will fu rther simplify" the eigenvalue
equation, thereby leading hopefully to a calcula-
tion of +.

The authors would like to thank their colleagues
in Mainz for helpful discussions. One of the auth-
ors (G. E.) thanks the members of the Mainz group
for their hospitality.

(7) Now from Eq. (10) each cross sectionwithe e
as an incoming channel vanishes separately, in
part icul ar,

T. . . , (s, e) i--, =0.

(8) ComingbacktoEq. (8) andusing Eq. (11)we
find that the one-photon crossed-channels annihila-
tion contribution to e e -e e [Fig. 1(a)] vanishes
for all s and 8, i.e. ,
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