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A geometrical analysis of local gauge invariance is presented. By extending the four directions in space-time

which can define a light cone to an enlarged tangent space, we construct a superspace in which the intimate
relationship between purely kinematic invariances and those of local internal symmetry groups are explored.
Three applications are considered: (1) Local gauge theories in flat or curved space-time are derived from a
scalar action in superspace, As a result, the theory has an extra dimensional parameter. (2) Born-Infeld
electrodynamics and its non-Abelian counterpart are extended to curved space-time. This suggests a new set of
gravitational field equations. (3) The formalism is extended to the case in which the connection forms
anticommute and supersymmetric string models are constructed, which give action-principle formulations
of the known dual models involving fermions and suggest possibilities for constructing new models.
Applications to gravitation and local supersymmetry are pointed out.

I. INTRODUCTION

Theories unifying weak and electromagnetic in-
teractions offer an attractive framework for the
analysis of particle interactions. The basic prin-
ciple underlying all such schemes is that of local
gauge invariance. The differences in the strengths
of different interactions arise from some sort of
spontaneous symmetry breaking which leaves one
or more of these invariances exact at the final
stage. This is especially true if one attempts to
extend this description to strong interactions.

Exact local gauge invariance is defined over
Minkowski space-time. As a consequence, gauge
theories endow space-time with a richer struc-
ture than that implied by the relativity theory
and suggest the existence of intimate relation-
ships between purely kinematic invariances,
arising from the geometry of space-time, and in-
ternal-symmetry groups. The study of such rela-
tionships would entail a geometrical analysis of
local gauge invariance. In this paper we present
the results of one such analysis.

Special relativity defines a particular kind of
geometry for space-time by associating with each
point four directions from which a Light cone can be
constructed. The light-cone structures at differ-
ent points are all equivalent, however, since Poin-
care transformations act transitively in Minkow-
ski space. One then constrains the dynamics to
preserve such a light-cone structure. For local
gauge theories, which must necessarily satisfy
this requirement, we argue that the natural geo-
metry is defined in a larger manifold and has a
more complicated structure than that described

above. We shall associate with each point a tan-
gent space which contains more than four direc-
tions and which may be imagined to be broken
into "horizontal" and "vertical" sectors. The
horizontal sector contains the previous four di-
rections from which a light cone can be constructed.
Once again we require the equivalence of these
light cones with respect to Poincare transforma-
tions. There is no a priori reason to require
such equivalence for the directions in the vertical
sector, and we shall impose no such restrictions.
We then study the general transformations which
correlate such a structure at different points. An

important feature of these transformations which
we wish to emphasize is that they contain local
gauge transformations of Yang-Mills fields, thus
justifying such a geometrical description of local
gauge invariance. Our description of gauge trans-
formations as rotations of the base vectors in the
enlarged tangent space at each point is similar to
the one in general relativity. Indeed, our quantita-
tive discussion below will utilize many of the tech-
niques of this field where it is imperative that the
light cone be treated as a local concept.

It will be useful at this point to compare the
present approach to gauge invariance with the
more conventional one. Within the latter scheme,
one argues that'-' the phases of various functions
may be defined locally and looks for ways of cor-
relating such phases at different points, thus gen-
erating gauge fields. In the present framework,
the differential elements defining the extended tan-
gent space are precisely identifiable with the dif-
ferentials of local phase in the conventional ap-
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proach. 4 However, the geometrical picture is
advantageous for at least three reasons. Firstly,
it enables one to follow more closely the dynam-
ics of gauge fields, since the possible singularit-
ies are now amenable to classification by power-
ful differential geometric methods. Secondly, the
generalizations to local gauge theories in which
the relevant algebras are not Lie algebras but
graded Lie or nonassociative algebras, appear
to be more tractable in our approach. In this
paper we shall consider one such generalization
to supergauge symmetries. ' Finally, the frame-
work is well suited for the inclusion of gravitation,
both from the point of view in which it is itself
viewed as a gauge theory and from one in which
it is a prescribed curved manifold. ' " A detailed
discussion of gravitation and local supersymme-
tries from this point of view will be given in a
separate paper.

This paper is organized as follows: In Sec. II
we introduce, from an intuitive point of view,
various concepts necessary for a quantitative
development of the scheme. A more complete
description of the technical apparatus which goes
along with these concepts will be postponed until
Sec. V, in which we identify our superspace as a
prototype of what is known mathematically as a
fiber bundle and discuss its differential geometry.
In particular, we obtain expressions for its con-
nection coefficients and scalar curvature, identify
the gauge potentials and field tensors, and show
explicitly that gauge transformations are just ro-
tations of the basis vectors of the superspace.

In Sec. III, we apply these concepts to non-Abel-
ian gauge theories with or without gravity. One
of the interesting results which emerges is that
the actions dictated by our geometry are endowed
with an additional dimensional parameter which
is the curvature scalar of the group manifold.
One can, if one wishes, relate this parameter to
the bag constant. "

In Sec. IV we extend the Born-Infeld electrody-
namics" and its non-Abelian counterpart to curved
space-time without altering the geometrical struc-
ture discussed in previous sections. The action of
this theory suggests a new set of gravitational
field equations. The presence of the extra dimen-
sional parameter is crucial in giving both the cor-
rect Born-Infeld theory with no gravitation and
Einstein's theory in the first approximation.

In Sec. VI, we apply the same techniques to
manifolds with metric tensors in which the analogs
of gauge potentials anticommute. In particular,
we construct a supersymmetric string (super-
string for short) model' which bears the same
relation to the dual models involving fermions as
the conventional string model has to Bose-type

dual models. In this model the action is invariant
not only under the general coordinate transforma-
tions of the world sheet of the superstring but
also under supergauge transformations in the
superspace. Moreover, the supergauge con-
straints arise naturally from the geometry of the
supe rspace.

Finally, Sec. VII contains our conclusions.

h "h'=Su
V V (2.2)

Then construct the normal vectors N„' such that

(2.3)

and their inverses such that

(2 4)

We take g„„(X)and g»(8) to be symmetric. If we
also require that G;, (Y) be symmetric then it is
easy to check that I,», g», Nu, together, have
the same number of components as 6;, , so that
we can use them to characterize the components
of G;, . The superspace so constructed is modeled

II. THE CONSTRUCTION OF THE SUPERSPACE

%'e want to describe from a physical point oi
view how a superspace associated with a geome-
trically unified theory is to be constructed. For
the moment we shall ignore the fact that such a
superspace is in fact a fiber bundle.

Let g&„(X)= components of the metric tensor of
a 4-dimensional space-time manifold. Also let
g»(8) = components of a metric tensor of an n-
dimensional group manifold associated with some
exact local symmetry (or supersymmetry) group
Given these, we want to construct an (n+ 4)-dimen-
sional manifold characterized by a metric tensor
G,~(Y), where

Y' = jx", 8"),

p =0~ ~ ~ ~ i 3)

A=1, . . . , n.
Clearly, the knowledge of g„„(X)andg»(8) is not
sufficient to determine G;, (Y) completely. So we
must supply further information for the determina-
tion of the components G;, This we do in the fol-
lowing way. Define (for a more rigorous definition
see Sec. V)

u
~Xu

gP

(2 I)
i =0, . . . , n+3,

p, =0, . . . , 3

with their inverses 8', defined such that
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after the way in which a hollow cylinder is con-
structed from a horizontal circle and a vertical
line. In our case the analog of the circle is the space-
time manifold (referred to as "base manifold" )

and the analog of the vertical line is the group
manifold (referred to as "fiber"). Thus, by con-
struction the superspace is the local direct pro-
duct of the space-time and group manifolds, and
the projection of the superspace into the base mani-
fold gives the connection between G;,. and g„,:

or

det(t";,. ) = det(g„, ) detg»

(2.12)

For an Abelian theory g» =1 and (2.11) reduces
to the metric given by Kaluza' for electrodynam-
ics and gravitation. With G;,. given by (2.11) it
follows that in superspace

dS' =G, . dY''dY'

gpv=hp hvG

g~"= I,"avG' (2.5)

= dX "g„,dz'

+ (d8" +N„"dX")g»(d8 +N, dX') . (2.13)

Similarly, the projection into the fiber gives

g AB =NA NBG f',

—AB ~A~BG i j (2.6)

~X"
5V)vo)» ~ a)3

&x"
A

= 0) A. = 4). . . , VL + 3 .
gYA

(2.7)

Then we have

(2.8)

By (2.3)

x~-o,
so that

These relations can then be solved for the compo-
nents of G;, . To be more explicit, let us take the
Y"s such that

From this the manner in which the extended tan-
gent space is partitioned is quite clear.

It will be shown in Sec. V that the quantities NA"

have all the properties required of the potentials
in gauge theories. Since they appear explicitly in
the metric tensor, the metric tensor and the con-
nection coefficients are in general gauge depen-
dent and their complete specification involves a
choice of gauge. Since the components of the
metric tensor are specified in a given basis, one

may inquire if there exists a basis in which the
components of the metric tensor as well as the
connection coefficients depend only on the gauge-
covariant or -invariant quantities. It is shown in
Sec. V that such a basis in fact exists.

Given the properties we have outlined above, it
is now straightforward to compute the connection
coefficients, the Ricci tensor, and the scalar
curvature of the superspace. These have been
carried out in Sec. V. Here we want to draw
attention to the form of the scalar curvature of
the superspace

N„' = (O, N„) = (0, 5„) .

From (2.4) we find the h„' to be

i=v

(2.9) R =R„+RG—4 F~„"FA

where

R „=scalar curvature of
the space-time manifold,

(2.14)

-Np, i =A. (2.10)
RG = scalar curvature of the group manifold,

Using these results in, for example, (2.6), one

finds

GAa =rAB.

and

=Np U Nv p+fscNp N, .-
(2.15)

(2.16)

gpv+gAB +p +v g AB+p

N, g»

ggv g PV~B

G*'=
I NA+ pv + +~A pP + pv

(2.11)

The other components of G;,. can be obtained in a
similar fashion. Then one gets

From these expressions the relevance of this for-
malism to local gauge theories is already clear.
Note in particular the appearance of R~ in the ex-
pression for R.

III. LOCAL GAUGE THEORIES IN FLAT OR
CURVED SPACE-TIME

In the spirit of our geometrical unification, the
action of a theory based on our superspace must
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depend only on the geometrical quantities charac-
teristic of this manifold. The prime candidates
are G=det(G;, . ), R, and R;, Since G is indepen-
dent of E„,", the action must also depend on R or
R;,. or both. Beyond this the geometry alone can-
not distinguish among the Lagrangians

2, =V-GR,

Z, =4-G R, cy =real number

Z, =v'-GR;;R",

etc.

(3.1)

(3.2)

(3.3)

I, = d'XdVgv'-GR

If we demand that in the limit of flat space-time
the equations of motion for E„,"be the same as
those for non-Abelian gauge theories and that with

E„,"=0 Einstein's equation be obtained, then 2, is
the only choice. Thus let us consider the action

Lagrangian (3.5):

I ~ = —— P4X Py E "E (3 't)

This is indeed the correct choice for theories in
which the fields extend over the entire space-
time. However, in theories in which the fields
extend over a limited region of space-time, such
as in the bag model, " it is no longer necessary to
eliminate the group curvature term, and RG will
contribute to or may be interpreted as the bag
constant. Thus, fiber-bundle manif olds provide
a natural theoretical framework for theories with

bag constants.
(d) Let us consider the field equations which fol-

low from the action (3.7) where F„„"is given by
(2.15). Variation of the action in both the group
and the space-time directions gives

(3.8)

Using the structural equation
O'X dVov' gg (R „-+Re ——,

' E„,"E„"'). (3.4)~ ~

~a E"„=-fa~c E c (3.9)

One may find it tempting to integrate formally
over the group parameters, leaving only the inte-
gration with respect to the space-time coordinates.
Although this can be done for the action (3.4), we
find it contrary to the idea of constructing a super-
space. Therefore, we obtain the equations of mo-
tion directly from (3.4) without averaging over the
bundle. Let us consider some of the important
features of the action (3.4):

(a) The direct coupling of the gauge field to
gravity is completely fixed. This is a general
feature of the geometrically unified theories and
is in particular true for theories based on Lagran-
gians (3.1)-(3.3).

(b) The curvature of the group manifold Ro pro-
vides the theory with another dimensional parame-
ter. But since in the action (3.4) R appears linear-
ly, this dependence on RG is not essential in the
sense that it can be eliminated by the replacement

2, —2,' =4-G(R-Ro) . (3.5)

(3.6)

Here again the term proportional to RG can be dis-
carded by working with the flat-space limit of the

Otherwise, it plays the role of a cosmological con-
stant in curved space time. Since there is no di-
rect connection between the scale of length in
space-time and that in group manifold, the con-
stant RG is not fixed by the theory and is arbitrary.

(c) Consider the flat-space-time limit of the ac-
tion (3.4):

obtained in Sec. V from the Jacobi identity, we
find

p EA +fBA+p Ec (3.10)

IV. A NEW EXTENSION OF BORN-INFELD THEORY

TO CURVED SPACE-TIME

We want to show in this section that the fiber
bundle superspace suggests a natural way of ex-
tending the Born-Infeld theory" and its non-Abel-
ian counterpart to curved space-time. This in

Thus Eq. (3.8) breaks up into two, one for the
variation of E„," in the group parameters and the
other for the variation in space-time. The latter
is of course the familiar equation for E„"' in non-
Abelian gauge theories. Because (3.8) breaks up
into (3.9) and (3.10) the classical theory based on
the superspace becomes equivalent to the usual
non-Abelian gauge theories.

Consider the structural equation (3.9) in more
detail. Applying the operator D on both sides and
contracting B and D indices we get

q s & E„„"(6)=j f" f E„,(8). (3.11)

The operator q B~~~ is the Laplace-Beltrami op-
erator of the relevant group. Therefore, the 6) de-
pendence of E„," can be expressed in terms of a
generalized spherical harmonic associated with
the local symmetry group. Because of the decou-
pling of (3.9) from (3.10), one can substitute these
solutions in (3.'f) and integrate over the group de-
grees of freedom to obtain an action which depends
only on space-time parameters.
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turn yields a new set of gravitational field equa-
tions.

The physical requirements we must keep in
mind are (a) that for a flat-space-time manifold
the formalism automatically reduces to the usual
Born-Infeld theory and (b) that the resulting gravi-
tational theory must give Einstein' s theory to a
first approximation, so that it be compatible with
weak field consequences of Einstein's theory. To
these we add the further requirement that the ac-
tion of this theory depend only on the geometrical
quantities associated with our fiber bundle. That
is, to a,chieve this objective we do not alter the
geometry from that of the previous section. We
merely make a different choice of action. This
means, in particular, that the structural equa-
tions which follow from Jacobi identity, etc. re-
main the same as those used in the previous sec-
tion.

The appropriate actions satisfying our require-
ments are

= J 4-G (R„+R ——,
' F "F„"")'~'d'XdV, ,

(4.1)

I'= d XdV v'-GR ' '(R' '-R 'i')

'X dV~ v'-G ([Ro(R„+Ro——,
' F')]'~' -R o}.

X/2

I2- d XdV~ R~ 1 — F' -R~,
4R~

(4.3)

so that R& is related to the cutoff length or the
maximum field strength of this theory.

On the other hand, when E» -0

I2 d XdV~V-G Rc(1+R„R~)' -R~
(4.4)

It is clear that now, in contrast to the last section,
the quantity Rc is an essential parameter of the
theory and cannot be eliminated from the Lagran-
gian. In fact, its presence is crucial for the
agreement of the present theory with the weak-
field consequences of Einstein's theory. Taking
Ro to be large, we have from (4.4)

(4.2)

In flat space-time, these reduce effectively to the
Born-Infeld theor y. For example,

I2-V~ d Xv'-g R~ 1+R„~R~ ' '-R~

=V d Xv'-gR (4.5)

V. THE GEOMETRY OF A FIBER BUNDLE AND ITS
RELATION TO GAUGE THEORIES

As was mentioned in Sec. II, the construction of
a fiber bundle is modeled after the way in which
a cylinder can be constructed from a horizontal
ring and a vertical line. For a more formal de-
finition we refer the reader to books on modern
differential geometry. In the bundle manifolds of
interest to us the horizontal cross section is iden-
tified with the space-time manifold and the vertical
fiber with the group manifold, so that locally the
bundle manifold is the direct product of the space-
time and group manifolds.

To describe the properties of the bundle mani-
fold, we will introduce a basis which is related to
the bases in space-time and group manifolds. So
we begin with a description of bases.

In modern differential geometry" the basis vec-
tors are taken to be a set of vector fields identical
with directional derivatives. Consider, for exam-
ple, in some neighborhood the n quantities X"
(p. =1, . . . , n) whose values X"(P) are the coordi-
nates of the point P. The operator S„defined by

8f (X', . . . , X")
~X"

is the vector tangent to the lines X' = const (k a p, ).
The n operators

R~ must also be large if we want to obtain the con-
ventional gauge theories in flat space-time as a
first approximation to the action (4.3). This cri-
terion can be used to estimate R~ in terms of the
maximum field strengths allowed in (4.3) by rela-
ting it to the characteristic charges and masses of
the exact extended solutions of the equations of
motion. For the Abelian theory it is easy to check
that Rz does turn out to be large.

Since the justification for the appearance of R g
lies in the fiber-bundle geometry, which in turn
came about as a result of our geometrical unifica-
tion of space-time and color symmetries, the the-
ory presented in this section is one of a set of re-
sults which could not have been arrived at other-
wise. For one thing, without a fiber-bundle mani-
fold it would be tempting to take for the general-
ized theory the Lagrangian

2 =g-g [(1—F')'~'+R„] .

We hope to return to a more detailed discussion
of our version of the theory elsewhere.
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are called basis vectors. Here the index p. specif-
ies not which component but which vector field.
For obvious reasons this set is called a coordinate-
induced basis. Generally, a basis is coordinate-
induced if

[e„e,.]=0 (coordinate basis) .
It is often convenient to choose a basis for which
this requirement is not satisfied. That is, in gen-
eral,

[e;, e, ]=C,. e, ,

where C;,'. are the commutation coefficients of the
basis e;. For example, consider the components
of the velocity vector in spherical coordinates. In
the coordinate basis

8 8 8[S 8 8}-=rr Ds

V = V"&„+V & + V ~&&,

where

e d6) y d
dt' dt ' dt

However, we usually find it more convenient to
write V as

7 = p" e„+V eee+ V~e@,

where

dr de . dPfV" V V }= —r —rsine-
dt ' dt ' dt

Since V is the same vector as the one above, then
we must have

1 1
r) e) @j r) r e) r sing

clearly,

[e„e~]v0.
Consider next the notion of a metric. Physically,

the metric is a structure which determines dis-
tances between nearby points. More abstractly,
it is defined as a bilinear nonsingular function
which acts on pairs of vectors to produce a scal-
ar. Since we are going to make use of the latter
definition, we briefly sketch the equivalence of
the two definitions. Consider a vector V connect-
ing two nearby points P and Q with coordinate dif-
ferences ~X". According to the first definition

~S' =g„,&X"&X',

where g„, are the components of the metric tensor.
Alternatively, expanding V in the basis pe„}= (~„},
we get

V =~X~e„,

4S' = V V = &X»X"e„.e, .

Comparing the two expressions for 45', we find

g„„=e„~e„=g(e„,e„)

and by linearity of the operator g
4S' = &X»X"g( e„,e„)=—g( V, V) .

In general one writes

d(0 (Id(d g]~ =g)
where the set (d&u~} (of one-forms) is a basis dual
to I e,}:

(d (u', e; )= P; .
In the study of group manifolds it is convenient

to choose the basis vectors and the metric such
that they commute with the generators of the iso-
metrics (Killing vectors) associated with the mani-
fold. The most straightforward way of doing this
is to take the metric to be Euclidean or pseudo-
Euclidean. One can take it to be, e.g. , the Killing
metric

GAB fAC fDB

except when Abelian groups or subgroups are in-
volved. By writing the differential quadratic form
for the group manifold in the two equivalent forms

~2 =g„,(e)de" de'

=q~d 0 (sdQ

it can be seen that the simplification in the compo-
nents of the metric tensor is achieved at the ex-
pense of making the dual basis (d0"}more com-
plicated. That is, they are no longer simple dif-
ferentials of the coordinates. Therefore, the
basis vectors (EA} to which (d 0"}are dual are no
longer simple partial derivatives of the coordi-
nates, and

[E„,E )x0.
Even in cases such as that of the space-time mani-
fold, where the choice of a coordinate basis has
traditionally been employed, it often turns out to
be more transparent and technically much simpler
to work in a noncoordinate basis. In fact, the
gauge-covariant basis we mentioned in Sec. II is
one such noncoordinate basis.

The specification of a basis (E;}involves the
specification of the metric tensor

t" )=E E)

which reflects the symmetric properties of the
basis and the specification of the commutators

[E;,E, ] =Cii~E»
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which reflect the antisymmetric properties of the
basis.

Bases in space-time and group manifolds. As
the simplest basis in the base manifold we take
one that is induced by the coordinates. That is,
we take"

8
ep ~+p y pr 0

y ~ ~ ~
y

3

[e„,e,]=0.
(5 I)

For the group manifold it is not convenient to
work in a coordinate basis because the description
of isometrics in such manifolds can best be car-
ried out in terms of an invariant basis. For one
thing, this guarantees that they commute with the
generators of isometrics (Killing vectors). There
are also technical advantages, as can be seen by
the ease with which the components of the metric
tensor and connection coefficients are evaluated
below.

An invariant basis Pe~„"}can be set up at some
point P, of the group manifold. Its elements may
be taken to be isomorphic to the algebra of the

group (the Killing vectors). Then the basis at
other points of the manifold can be set up by trans-
lating the set (e~~"}from P, Suppo. se, e.g. , that
we identify P, with the identity I of the group
manifold. Then the transformation which takes
P, to some other point Q can also be used to re-
late the bases at Q to those at P, . This relation
may be established in many ways, such as via
Lie derivatives with Killing vectors, right trans-
lations, left translations, etc. Thus, if, e.g. , the
basis is invariant under right translations, then
the commutation coefficients of the basis will not
change from point to point, and we have at every
point in the group manifold a basis (e„}such that

[e~ es]=f»e. . (5.2)

To specify the properties of the basis completely,
its symmetric properties are given by specifying
a metric

g~ =e~'ea (5.3)

Bases for the bundle manifold. Since locally the
bundle is the direct product of the base and the
group manifolds, the tangent space at each point
of the bundle is the direct sum of a horizontal
subspace and a vertical subspace. So one possi-
bility is to take the bases in these subspaces to
be, respectively, isomorphic to those in the space-
time and group manifolds. That is, for the basis
in the tangent spaces to the points of the bundle
we take the set [K;}(i =(p, A}), with

[119,11,] =0,

[h~, &a J=f» hc

[h„,h„]=0.

(5.4)

This is not a convenient basis for physical in-
terpretation as well as for calculations, however,
and we shall look for a basis in which the line ele-
ment in the bundle manifold breaks up into a line
element in the base manifold and one in the group
manifold, with no cross terms. In other words,
we want a basis PE;}in which the components G;,.

of the metric tensor G are in block diagonal form:

[E„,E„J=—F„",E~ = —Fq„E~ —F„,"E„. (5.6)

The right-hand side of this expression is not com-
pletely arbitrary because the E „'s are linear com-
binations of the vectors h„and h„, so that the hori-
zontal projection of E„must be equal to h„. That
ls,

II(Eq) =hq,

II[K p, Eu]= [h„) hu]= 0,
{5.7)

where II is the projection map of the fiber into a
point of the base manifold. To satisfy this require-
ment we must set E„„=O, which amounts to re-
quiring that the corresponding gauge potentials
satisfy the Maurer-Carten equations. Thus, in
the gauge-covariant basis we have

[E„,E,J= —F„",E~,

[E„,Es]=f„~Ec ~ {5.8)

[E„,E„]=0.
Next, consider the basis [N'} dual to (h, }and

the basis JLQ'} dual to [E,}, i.e. ,

(N', h, )= 5,', (5.9)

GAB EA EB AAB ~

GAP=EA Ep=o.

One clear advantage of such a basis is that the
raising and lowering indices with respect to G;,.
are the same as those with respect to space-time
and group indices. It will also be seen below that
in this basis the metric tensor, the connection co-
efficients, the components of the Ricci tensor, etc.
are all given in terms of either gauge-covariant or
gauge-invariant quantities. For this reason we
call this the "gauge-covariant basis. "

The vertical part of the basis [E;}, i.e. the [E„},
can still be taken to be isomorphic to [h„}. But
with requirements (5.5) it is no longer possible to
demand that [E„}be a coordinate basis. So in gen-
eral we have
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(0, E)}=5) . (5.10)

We can use these normalization conditions to find
the relation between the direct product and the
gauge-covariant basis vectors. Expanding one in

terms of the other we write

hA =AAEc,

NA NAg

g
hu heE

N" =N]' 0'.
(5.11)

(5.12)

In order that hA satisfy the algebra of the gauge
group, we must have

~A ~A ' ' ~A ~A ~A (5.12)

Using now (5.9) and (5.10) for different values of i
and j, it is easy to show that

N„=5A, NA=O,

h( =N( =5(, hp
—— ti"„. -

(5.14)

(5.15)

(5.16)

(g» 0 (E& E„

g AB

(ggv 0

E~ ~ Esj '

(5.1V)

(5.18)

To obtain the components of G in the direct prod-
uct basis, we make use of the relations (5.15) be-
tween the two bases. Thus

The results (5.13) and (5.14) are the same as
those in (2.8)-(2.10). Here we have obtained them

by more formal considerations. By means of
these, we simplify (5.11) and (5.12) to

N =0 +N Q~ N"=0".
JJ

Solving (5.15) for E „and noting that K„=f„ it is
clear that E„has the form of a covariant deriva-
tive operator. This is further confirmed by look-
ing at the commutator [E„,E,) in (5.8).

The comjonents of the metric tensor G. By de-
finition, in the gauge-covariant basis the metric
tensor is block diagonal, so we can write down

trivially

A A A
Fpv;3 +Fop;v+Fvx;p (5.21)

An equation similar to (5.20} for the variation of
h"„(or N"„) along the fiber can be obtained by using
the relations (5.15}in the commutator [h„,K„]=0.
The result is

(5.22}

Finally, we want to relate the two functions F„",
and N"„which we have introduced into the structure
of the fiber bundle. Using (5.15) to rewrite the
commutator [K„,K„]=0, we find

Ep -N~ v -N~ —~BN~N (5.28)

or by (5.22)

F„" =tt"„„-tt"„~+fsc Nq tt „. (5.24)

the group part hA are noncoordinate bases. But
in our derivation of (2.11}we did not appear to
make any assumption about the basis in group
space. In view of the identity of the two results,
it may be asked where this assumption was made
in Sec. II. The answer is that in addition to the
symmetry of g„„we assumed that g» and G&,. were
also symmetric. In a coordinate basis G&, and

g» need not be symmetric, as can be seen, e.g. ,
from the nonsymmetric connection coefficients
given below.

The structural relations. Next, using the Jacobi
identities, etc. we derive a number of structural
relations which follow from the properties of the
basis vectors. Consider first the Jacobi identity

0 = [E„,[Eq, E„]]+[E~, [E„E~]]+[Ev,[E„,Eq]]

=[E~ -&p'Es]
or

(5.20)

This equation determines how F„„"varies as a func-
tion of the group parameters. Note that FA is not
a partial derivative but a directional derivative or
a generalized angular momentum operator. Also
note that only for an Abelian gauge group, F» is
independent of the group parameters.

Replacing EA by E „ in the above Jacobi identity,
we obtain the familiar result

h =Ep E„+Nq EA 'Nv EB
A B=a~.+ gAB&t &v

hA hB =EA EB = gAB,

hq h~= g„sic�.

(5.19)

Local gauge transfonnations. Let e A(x) (A.
= i, . . . , n) be a set of arbitrary functions of space-
time. We want to see the consequences of the
transf ormation

E e~~ ~AE

These are identical to the metric tensor compo-
nents (2.11) we obtained by our intuitive approach.
In the present approach we know that although in
the set [h;) the bases h„are coordinate-induced

It is sufficient to consider infinitesimal transfor-
mations. Noting that

(1+it K~)K~(l —ie Ks) =K~ —fE ~Kg
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N' =NJ3 —i e —ifa N~ ec
v v

(5.26)

This is the familiar form of the infinitesimal local
gauge transformations on vector potentials in

gauge theories, which leave the field tensor F„",
invariant. So gauge transformations are inter-
preted as local rotations of the base vectors E„
of the bundle manifold, which change the relative
admixture of vectors fi„and K„ in E „but leave
the commutator [E„,E „]gauge covariant.

This interpretation also helps clarify the under-

lying reason for the actions of the superstring mod-

els, which were taken to be invariant under gen-
eral coordinate transformations of the bundle mani-

fold, to be supergauge invariant.
The connection coefficients The conn. ection co-

efficients are defined as follows:

where ( cg, eg= 5; and V;, is the directional covari-
ant derivative in the e; direction. If (a} the mani-
fold over which I'&,'. are defined admits a metric

g such that V;g =0 and (b) the manifold is torsion-
free, i.e.,

v„-v-v;II=[U, v],
then

I';, = z G '(G, &, +G, , ; —G;),
+C„~+C„.; -C;),),

where

C;&=e; e, ,

[e;,e, ]=C,,"e, .

Using this expression for F,,", we evaluate the con-
nection coefficients for the bundle manifold in the

gauge-covariant basis:
A 1 Ar,",=-,f„, r~„, =o,

and that

(1+is"h„)NqKe(1 —ie 5 )=NqKe+iN„„e" Ee

we find

(1+it"6„)E„(1—ice Ke)

=h„+(N„—ie „+iN„„e")he

= hq +N'~ Ke, (5.25)

where

vh

hp A B
R~v=Ruv 2 gAB g Fph Fvp,

where

R~'=Ricci tensor of the group manifold,

R„"„=Ricci tensor of space-time manifold

(5.28}

and we have defined the totally covariant deriva-
tive

Vh FuA FuAh rhuPFpvA rhPV FppA

(5.28)

Finally, the scalar curvature of the bundle is giv-
en by

R =G'~R])

=R„+R, -4F ."FA~v

where

(5.80)

R„=curvature scalar of the space-time,

RG= curvature scalar of group manifold.

Abstraction and generalization. We have car-
ried out the above analysis for Lie algebraic struc-
tures. However, insofar as the algebra provides
a basis for the vertical sector of the tangent space,
the formalism can be immediately generalized to
other algebras, such as graded Lie or nonassocia-
tive algebras. We therefore list below a set of
rules for obtaining locally gauge-invariant, super-
gauge-invariant, etc. theories based on various
algebraic structures:

(a) Always begin the analysis in the gauge-co-
variant basis.

(b) Specify the block-diagonal metric compo-
nents in the basis.

(c) Specify the commutation (or anticommuta-
tion) coefficients of the basis. This defines the
field tensors of the theory.

(d) Relate the covariant differentials (one forms}
of this basis to one in which the bases in the hori-
zontal sector are coordinate-induced. This de-
fines the gauge potentials and relates them to
field tensors.

(e) If the vertical algebraic structure involves
space-time, horizontal and vertical bases must
be "interlocked. "

Ricci tensor and the scalar curvature. The com-
ponents of the Ricci tensor are given by

RAB =RAB+ 4gAC gBDg g F&v Fh(G) 1 ph sp C D

1 hp — B&„A= j. A„= —.'g g

~pv I vp p.v

hp(
imp, v+gvp, p gpv p~ .

(5.27)
VI. THE SUPERSYMMETRIC STRING MODELS

The string picture of the dual resonance mod-
els" "has provided a very useful way of looking
at hadron dynamics. However, over and beyond
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(g»+ g~N& N„g ~N„

N„g„g„) (6.1)

the problems which arise in a quantized string
theory, " such as the tachyon and the 26-dimen-
sional space-time, there is a major drawback
within this framework: The conventional string
only carries energy and momentum and is incap-
able of describing a system with internal quantum
numbers, including fermion number.

To construct a more physical string model with
these properties, one may argue that since the
conventional string model arose from the Bose-
type dual models, at least the fermion-number
problem can be solved by considering models
which involve fermionic excitations. Several such
models now exist."" But attempts to construct
string models with Fermi-type excitations from a
geometric action principle have not yet been suc-
cessful. The main reason is that the actions of
the theories proposed so far" "have been based
entirely on the properties of the space-time mani-
fold. As a result, they do not possess sufficient
symmetry to provide a natural setting for the
supergauge constraints. The farthest progress in
this direction was made by Iwasaki and Kikkawa, "
who succeeded in formulating a set of equations of
motion and constraints for vectorlike fermions.
Although this system of equations was used by
Mandelstam" to construct an interacting string
picture of the dual fermion model, it is not strict-
ly derivable from an action principle.

To allow for the construction of a geometric ac-
tion principle for these models, we associate ad-
ditional degrees of freedom with each point on the
world sheet of the string. Specifically, we in-
crease the dimensionality of the tangent space
for each point, so that as the string evolves in
time it sweeps out a surface not just in space-
time but in a higher-dimensional manifold. The
correct action would then be a geometrical entity
in this superspace. However, it is crucial that
the time development take place in the space-time
manifold, so there must be a partition of the
superspace into a horizontal manifold along which
the motion takes place and a vertical space which
parametrizes the internal degrees of freedom.

From this description the close connection be-
tween the superspace in which the string motion
takes place and the fiber-bundle geometry utilized
in previous sections is quite clear. The main dif-
ference is that the analogs of the gauge potentials
of the previous sections may now anticommute.
We shall return to the full discussion of local
supersymmetries in space-time elsewhere. Here
we simply postulate a superspace characterized
by the metric tensor

Bp' Bpj
Gab= a g Giit Qr b =07 1

8' 8
(6.4)

where q are intrinsic surface coordinates, 'Q j is
given by (6.1), and (1")=(x",8"}are similar to
those in Sec. II. We can now take over most of
the arguments presented in Ref. 21. In particular,
the coordinate conditions derived there are char-
acteristics of a 2-dimensional manifold and do not
depend on the special features of space-time or
superspace. Therefore, it is always possible to
choose the surface coordinates q'= 7 and q' =0
such that

~00 G 11

~01
(6.5)

Moreover, as pointed out above, the surfaces of
physical interest are not completely arbitrary and
are those which respect the partition of superspace
into horizontal and vertical directions. Therefore
the physically relevant surfaces automatically sat-
isfy the additional condition

ay' .x"=0
a i r (6.6)

If, in line with the previous sections, we had tak-
en a full supergauge algebra for the vertical struc-
ture, we would have in G;j not only'„" which are
gauge potentials of supersymmetry generators but
also gauge potentials associated with translations
and Lorentz transformations. We consider two
cases:

(a) The fundamental fermionic dynamical vari-
able of the theory is related to N„" by

S A
( +)il&N & (6.2)

where g is as defined below. In this case S„A and
are anticommuting quantities even classically.

We shall refer to S„"as vectorlike fermions.
(b) N„" is taken to be a composite field related

to a fundamental fermionic field according to

N A
(

)-i/a

gled

(6.3)

where g is a 4-component Dirac spinor, y„ the
Dirac matrices, and I'" the internal symmetry
matrices. In this case we take the p's to anti-
commute, even classically, and refer to them as
quarklike fermions.

Most of our geometrical arguments are insensi-
tive to the choices (a) or (b) for N„". We shall
therefore continue the exposition in terms of N„"
until the distinction between the two cases becomes
essential.

Consider the motion of a one-dimensional object,
a "superstring, " in the superspace characterized
by (6.1). The evolution of the superstring traces
a 2-dimensional surface in superspace, which is
characterized by the metric tensor
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where BY'/&q' are tangent vectors to the world
sheet, and ¹Aare the analogs of normal vectors
introduced in Secs. II and V. With our choice of
Y' this condition reduces to

gYtf
N A=O.

Q P (6.7)

It will be seen from the following that these are
the supergauge constraints of our theory. They
control the orientation of the world sheet of the
string in superspace, so that the horizontal and
vertical properties remain distinct. Physically,
this means that the internal properties of a free
superstring remain constant in time.

From (6.1) and (6.4), we have

8Y" A
&Y'

Q, =g, +,N„,N, g8'g 7l

where
8Y~ BY'

Jab gP1I g a g b

(6.8)

(6.9)

with"

det(ga ) =g . (6.10)

Thus instead of the constraints (6.5) and (6.7) we

can take the combination

8 00+8 ll

g0l-o i (6.11)

I, =I„+I, ,

I, =I„+I~.
For I„we take

(6.12a)

(6.12b)

I„=
l

d'q 2„= d'q v' G-=d'q[- det(G. ,-}]' ',

Any linear combination of these will also do. This
system of constraints is not yet complete because,
as can be seen by analogy with conventional gauge
potentials, the quantities N„which appear in the
metric tensor (6.1) are gauge dependent. So even-
tually we have to add a further constraint to fix
the gauge for N„".

With the geometry completely specified, we now

turn to the details of the dynamics. We take as
dynamical variables the coordinates Y" and either
S„"or g. It goes without saying that since we are
presently interested in a superstring theory, we
need only specify 8„"or g on the world sheet of
the superstring. So we write the action for the
two cases, respectively, in the form

where for case (a) N„" in I„is replaced with S„"
according to (6.2) and for case (h) it is replaced
with g according to (6.3). The variation of I„with
respect to Y leads in either case to the equation of
motion

(6.14)

Despite its apparent complexity, in the (v, a) co-
ordinate system in which the constraints (6.11)
are satisfied (6.14) reduces to

(
a' a'

Yu(o g) =0
87 80' (6.15)

s&'i
s„=

S(2 )

we write for ls in (6.12a)

(6.16)

With our choices for N„, I~ does not depend on
the derivatives of 8„"or g, so that in order for us
to have equations of motion for them I~ and I

&

must have these dependences, respectively. By
construction J~ is a scalar density under arbitrary
general coordinate and supergauge transformations
of the superstring parameters {r), 8}. So for con-
sistency we require that I~ and I& be also invariant,
at least under general coordinate transformations
of q' and of supergauge transformations. More-
over, we require that the contributions of I~ and

I& to the equation of motion for Y" in (v, o) coordi-
nates be at most proportional to constraints and
thus leave Eq. (6.15) unaltered. Beyond these the
choice of I~ and I& depends on the particular mod-
el one wishes to consider. Here we limit our-
selves to two examples which lead to the known
dual models. So we take the space-time to be the
Minkowski space.

(a) Vectorlike fermions From .the definition of
S„"and the manner in which S„A appears in vari-
ous expressions, it is easy to see that it trans-
forms not as a density but as a relative density.
So although the system of equations and constraints
that we obtain for $„"and Y" are formally identi-
cal with those of Iwasaki and Kikkawa, "the trans-
formation properties of our S„"are different from
theirs. This may be cited as one reason for the
lack of success of the previous attempts to con-
struct a geometrical theory involving vectorlike
fermions.

To proceed further we replace the index A by
the set (a, A'), where a takes on values 1 and 2

and A' is an internal symmetry index which we

suppress from now on. Defining the two-compo-
nent object

(6.13) Is d gZ's (6.17)
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with

Z =&-G& '~'(4- G„Pv', +4 G„Pv'
Bn' " Bn'

1 BP p 1

pp n ll

(6.18)

choice of gauge is compatible with the ones given
in (6.11). The particular gauge that we choose is
dictated by this requirement and by the equations
of motion for S„. Consider the gauge condition

g""S,"'S„' ' = const, n = 1 or 2 (no sum) .

(6.21)

where

tO I},/0 -I)
(I of' ql o)

(6.19)

This is similar to the bilinear gauge considered
by Dirac' and by Nambu" in classical and quantum
electrodynamics, respectively. Projecting this on
the world sheet of the string we get

and

3=S~o P (6.20)

BS~o)—S(~) =0, n=T or g.gv g Bn v (6.22)

(Sr is the transpose of S).
With I~ given by (6.17) we may now vary I, given

by (6.12a) to obtain the equations of motion for Y"
and S„. Before we do this, we shall complete the
list of constraints that S„and Y" must satisfy.
Since S„ is related to N„by (6.2) the constraints
(6.11) remain in force, and since S„plays a role
similar to vector potentials we must fix it by a
gauge condition just as is done in conventional
gauge theories. However, since there are already
three gauge conditions, we must ensure that our or

a BZ B BZ BZ Bg

Bn Bj Bn' BS' BS BS

It will be seen below that for each o. only one com-
bination of T and 0 will be independent of the cor-
responding equation of motion for S„' '. We shall
take that combination as the gauge condition on
S(~)

Now we return to the action (6.12a). Variation
with respect to S gives

(6.23)

In the gauge specified by (6.11) this reduces to

o' —+a' —S„=0. (6.24}

B 8 S("=0.au' I' Bu
(6.25)

This means that the independent combinations of
the constraint equations (6.22) are

S(&)a S(&) —0P

S(2) B S(2) —0+ II

(6.26)

We must also check that in our special gauge the
equation of motion (6.15 for Y" is not affected by
the addition of Is. It is straightforward to com-
pute that this is indeed the case. For example,
in the special gauge

s Y , a , a=—8o' —S —So —S
BY gpp BT BT

Using the lightlike surface coordinates u ' = —,'(Tao),
we get the equations of motion

and this vanishes by the constraints (6.26).
Along with the notion of a superspace, the equa-

tions of motion (6.15}and (6.25) together with the
constraints (6.11) and (6.26) are the main results
of the vectorlike superstring model. Since our con-
straints are of the Dirac type, "any linear com-
bination of them may also be considered as con-
straints; the choice of a particular combination is
a matter of convenience. Here we write down the
combination which can be easily identified with
those of the dual vectorlike fermion model:

iS' 's S "+2(B Y) =0

iS"&a S&'&+-&(s Y)'=O (6.27)

S"'B Y=S~ 'a, Y=O.
Except for suppressed internal symmetry indices,
these relations have the same form as those giv-
en by Iwasaki and Kikkawa. Since a canonical
quantization based on (6.15}, (6.25), and (6.27) does
not depend on how these relations were obtained,
the usual results, such as the tachyon and the
critical space-time dimension of 10, would also
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have to be attributed to the superstring model if it
is quantized along the lines indicated by Iwasaki
and Kikkawa. The critical dimension can be low-
ered to four if one interprets this model as a color
string model" by replacing the usual commutation
relations with paracommutation relations, but the
tachyon persists. It remains an open question
whether a consistent quantization scheme without
these defects exists for the superstring model.

Although we have obtained a set of equations
and constraints based on introducing a superspace
and making geometrical arguments, we have not
shown explicitly that the action we have written
down is invariant under supergauge transforma-
tions. So our final task is the explicit demonstration
of this property. The simplest way of doing this is
to appeal to the parametrization invariance of the
theory, i.e. , invariance under the general coor-
dinate transformations of the world-sheed para-
meters g' and q'. Since the supergauge invariance
of an action should not depend on the choice of
(rp, )l'), it is only necessary to demonstrate it for
a specific choice of coordinates. For obvious
reasons we make the choice ()),q') = (r, o) in which
supergauge transformations are simple and the
constraints (6.2I) are in force. We emphasize that
the action is first varied &without any reference to
the above coordinates or constraints. After vary-
ing the general action (6.12a), the first variation
is evaluated in the above choice of coordinates.

%hat we find is that the variation is at most pro-
portional to the constraints (6.2'I) or to the e(lua-
tions of motion for Y" and S', '. Thus, for the
class of functions (Yo, S' )) which satisfy (6.15),
(6.25), and (6.2l) the action is supergauge invari-
ant.

More explicitly, consider the supergauge trans-
formations"

S(,»- S',"+f(u )() Y, ,

S ")-S")+g(u")(),Y, ,

Y„-Y +fS(')+gS( )

(6.28)

where f and g are small and anticommute with S'
and with each other. To apply these to the action
(6.12a), we note that if in the expression (6.8) g»
=e~ e~ is antisymmetric and the N, "'s anticom-
mute, then

BY" BY"
00 gpp B 0 BqO p +y gag )

BY" BY"
~11 811 1 1 p, +y

Bg B'g

BY" BY"
10 Ol g01 B 0 B 1

7l rI

To find the variation 5v'-G, we must find the vari-
ation of these quantities under the transformations
(6.28). By straightforward computation the follow-
ing statements can be verified:

g'oog» goog»+ 2goo(fs +gs

Y $(2 &Y/ $(2) Y.s(2) Y/, $(2) Y,S(2) YIS Y+ (fs())+gs(2)) $(o&
Ba'

+ gYB Y+—( fS"&+gS")).S(') ~ Y' ~ S('&
BT

and similarly for Y~ S"'Y' ~ S"', etc. Since the
variations in all of these expressions are propor-
tional to constraints or equations of motion in our
special gauge, (detG, o) is invariant under the in-
finitesimal supergauge transformations (6.28), as,
of course, we expect it to be.

Similarly, by computing the variations of v'Gpp,

vG] 1 S S, and S S', one can verify that the
action I~ is also invariant under the transforma-
tion (6.28), thus verifying the supergauge invari-
ance of the action (6.12a). It is interesting to note
that the above invariance also holds if g» is taken
to be symmetric,

(b) Quarklike fermions. In this case we replace
the N„~ appearing in the metric tensor (6.1) by the

expression given in (6.3). Again we replace the
index A by the set (o,A'), where we take @=1 or 2

(or just a= 1, in which case we omit it) and sup-
press A'. Then we write for Io in (6.12b)

(6.29)

where

(6.30)
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The analog of the constraint equations (6.11) for
this case are

8QQ gll

CQ1

aI ~

, gy„/=0, a=0, 1
8'g

(6.31)

while the analog of the bilinear constraint (6.22) is

(0 —+o' —/=0.
BT 80'

This in turn gives

tt)(&) —g q(2) —0

(6.33)

(6.34)

Ef n in |t)' ' takes on only one value then one of
these equations shouldbe omitted. From (6.32) and
(6.34) we see that the independent bilinear con-
straints are

'&» —p

y(2)8 y(2) —0
(6.35)

These constraints as well as those given by (6.31)
have the same structure as those found by Bard-
akci. ' We note again that our |t)'s transform not
as densities but as relative densities.

We shall not go into further details of the quark-
like superstrings in this paper. We only mention
an interesting possibility that this model suggests
for fiber bundle manifolds. Since (6.1) defines a
fiber bundle, the elimination of N„" in favor of

Py„g may be regarded as interpreting the gauge
fields themselves not as fundamental fields but as
composites of more elementary Fermi fields.

|t)—/=0, g=g or 7'. (6.32)
9'g

The equation of motion for g in the gauge (6.31) be-
comes

matically obtain and analyze the classical solutions
of gauge theories of a given symmetry.

In developing the geometrical picture we were
also led to a number of concrete results which are
interesting in their own right. These are (a) the
appearance of an extra dimensional parameter in
non-Abelian gauge theories, (b) the derivation of
equations of motion in superspace from an action
principle without averaging over group parameters,
(c) a natural extension of Born-Infeld theory to
curved space-time and the corresponding gravita-
tional field equations, and (d) the construction of
supersymmetric strings based on superspaces in
which the vertical parameters and the connection
forms are anticornmuting objects.

Once the parallelism between gravitation and
local gauge theories is established, one can turn
the argument around and attempt to construct a
gauge theory of gravitation. The hope in construct-
ing such a theory is to use the renormalizable non-
Abelian gauge theories as models for arriving at a
renormalizable quantum theory of gravity. How-

ever, we note an essential difference between this
approach to gravity and the more conventional non-
Abelian gauge theories: For gravity the motions
in horizontal and vertical directions are no longer
independent. To ensure this, the bases in the
horizontal and vertical tangent spaces must be
"interlocked. "

The formalism can also be easily extended to
local supersymmetries. Since the supersymmetry
algebra contains a Poincard subalgebra, "a local
supergauge theory necessarily involves local
space-time symmetry and thus some sort of gravi-
tation. Because of this the horizontal and vertical
bases must again be interlocked. The details of
this are in preparation and will be given else-
where.
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