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Massless representations of the Poincaré group include states with continuous spin indices. Free field operators
corresponding to these states are constructed and are shown to obey noncausal commutationor

anticommutation relations.

Massless representations of the Poincaré group
include states with continuous spin indices as
well as the more familiar integer and half-integer
helicity states. Wigner has argued that the ex-
istence of physical particles corresponding to
these states would give the vacuum an infinite
heat capacity.! Here we discuss massless par-
ticles with continuous spin indices within the con-
text of field theory. Free field operators con-
necting one-particle states to the vacuum are
constructed. These fields do not obey causal com-
mutation or anticommutation relations.

To construct massless representations of the
Poincaré group'~? we first form standard states
with the momentum

k=«z
and energy
w=kK,

which transform according to a representation of
the little group formed from elements of the
Lorentz group which leave this standard momen-
tum invariant. Letting T be the rotation gener-
ators and K the boost generators, the generators
of the little group are J,, L,, and L, with

L,=K,-d,, (1a)

L,=K,+d,, (1b)
which satisfy

[L,, L,;]=0, (2a)

[ Ly]=iL,, (2b)

[J3 L] = —iL, . (2¢)

The standard states are characterized by a fixed
parameter ! and a variable angle ¢ with

L,|«2, 1, ¢y =1cos@|kZ, I, ¢), (3a)
LylKkZ, 1, ¢) = singlz, I, §), (3b)
e 3|k, 1, ¢) = K2, 1, o +6). (3c)

Since any representation of the Poincaré group
can be made either single-valued or double-val-

13

ued'*? we take for n=1 or 2
|k2, 1, ¢ +2mn) = k2, 1, $) . (4)

In the limit /- 0 states with different values of ¢
become degenerate up to a phase,

k2,0, ¢ +6) =e~**MkZ, 0, ¢),

and according to Eq. (4), X must be an integer or
half-integer. It is of course the usual helicity
quantum number.

States with momentum k characterized by azi-
muthal angle @ and polar angle 8 and a param-
eter

-
_ |k|>
v=1In <——K

are obtained from the standard states by ap-
propriate Lorentz transformation. Using ordinary
§ -function normalization,

K

s 0= (i

1/2 . )
> e 13,182, = 10| 2 1 @Y.
(5)

Because of the continuous variation of the angle
¢, massless particles with /# 0 cannot be created
or destroyed by any field operator &,(x*) with a
finite number of components. Instead we intro-
duce a field ®(x*, 6,) depending on a set of con-
tinuous variables 6,. Under an arbitrary Lorentz
transformation U(A),

UA)®(x*, 6,) U (A)=®(A", %", T, ,(A71)6,), (6)

where a sum over repeated indices is assumed
throughout. The reason for this particular trans-
formation law will be given below. The matrices
T,.. form a representation of the Lorentz group
since

rnl (AZ—I)rmn(Al-l) =rml((A2Al)—1)
= Fmt(A1_1A2—1) .

If the 6, transform according to a representation
of the Lorentz group designated by (A, B), the
rotation and boost generators for the I, , are
given by?
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T=3W+g®, F=_iyFO_30),

where the §® and §® can be written simply in
terms of ordinary spin matrices for the spins A
and B. Recalling Eqgs. (1), the matrix generators
corresponding to the L, and L, operators are

£,=5, - 9,=—i(g® - 9P, (7a)
£,=%,+8,= (9% +9P), (Tb)
where as usual
8.=8,+id,.
We take ®(x, 6,) to be a free field operator

K
&
Then using (5), (6), and (8)

F(k, 1, ¢; 6,) =F(kZ, L, ;T (A(k)S,,)
with

T, (AK)) = (" 0935 B2e-11%s)

<0|‘1’(x9 en)lEy l" ¢> =<

creating or destroying only single particles. The
one-particle matrix elements can be written as

- 1 e-ika:
<0| o(x, en)lk’ L, d)= (—2‘1;)3/—2 W
x F(k, 1, ¢;6,). (8)

These are related to the standard state matrix
elements by a Lorentz transformation

U(A(E))= e—iocJSe-iBJZe-i*/Ks .

Thus from Eq. (5)

)”<0|U-1(A<T<» 8(x, 6, UL I, 1, 0 .

9

The function F(kZ, I, ¢; 6,) can be obtained by considering Eqs. (3a) and (3b) and writing for infinitesimal

€, and €,

(0|(1 —i€, L, —i€,L,)®(x, 6,)(1 +i€, L, +i€,L,)|kZ, I, 9)= (1 +i€ 1 cos +ie,l sinp){0| &(x, 6,)|kZ, I, §) .

Using (6) and (8) this gives

2 -
{'r&]mn -y ZCOS¢}F(KZ, 1, ¢;6,)=0,

°] ~
{[’ez]mn 6 m W - lSind)}F(sz L, ¢; 9n) =0,
or from the explicit forms of Eqs. (7) after adding
and subtracting

{[&&“1 nnOm -a: - %ile""i'}F(Ké, L, 9;6.) =0,
n

) L -
{[ggB)]mnem W +%1’le'o}F(sz l’ (p; gn) =0.
n
These equations cannot be solved for [#0 if
either A or B is zero. This rules out scalar or
two-component spinor transformation laws for
the 6,. However, if 6 is a four-component spinor

the equations read

6, —— —ile™"®) F(kZ, 1, ;6) =0,
26,
9 -

0, —— +3ile*®) F(kZ, 1, ¢; ) =0,
06,

with the solution

F(k2, I, ; 8) =1 (6, 65)exp [% il(ﬁ emto_ s e”’) } .
5, 5,
(10)

The function f(8,, 8,) is determined by specifying
the /- 0 limit of the particular field theory being
discussed. If for /=0 the continuous-spin states
go over into a state of helicity A, f(8,, §,) must
be proportional to appropriately coupled factors
of

6365
with
r=(q -p)/2.

This serves to reproduce the conventional =0
helicity state “wave functions” of familiar mass-
less field theory, multiplied by factors of 6. As
a simple example, we consider

f(6,,05)=0,=5,,0, .
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Then, performing a Lorentz transformation as in
Eq. (9),

F(k, 0, ¢;0) =5,,I", (A &),
=U (k)0

where u,(k) is just the usual -} helicity spinor.®
This explains the particular form taken in Eq. (6)
and indicates the connection between /=0 and 7#0
cases. The properties peculiar to continuous-spin
states are entirely contained in the exponential
factor of Eq. (10). In fact, we can eliminate the
extra factors of 6 in f(6,, 6,) by introducing the
multicomponent field & o(x, 6) and writing

e-(k *x

(217)3/2 (2K)V?
x uo(R)g(k, 1, ¢ 6), (11

where uy(k) is the conventional “wave function”
corresponding to the particular helicity state ob-
tained from the continuous-spin states in the /-0
‘limit. The function g(k, I, ¢; 6) is just the ex-
ponential term in (10) Lorentz-transformed ac-
cording to Eq. (9). Explicitly,

g(k 1, ¢; 0) =expi{3il[G k g)e i+ 4G (k g)etedN} |
(12a)

0l 4(x, 0)[k, 1, ¢) =

where

J

<0H<I> (x 9) éo'(x 6’ )]1|0>

* v N (lf(i>1/2 -
i 6, cosz3 + " 0, sinzB

G,(k, 0)=| =
’ kl\Y? K\V2,
<‘?‘> 6, cos:B _<ITI> 6, sin3f
(12b)
y2 T\ v2
("ﬁ') 0, coszp —(llil) 0, 8in3B
G,k )= [ K «
= D—{-‘Ve osB+£/951nB ’
k ) CeCOSFE TR ) TeSine
(12¢)

with o and B8 as before, the azimuthal and polar
angles of k.

The above derivations can be repeated for the
antiparticle states created by & ,(x, 8) for which

> ik-x
<k’ lv ¢| q)a(xy 9)10> = (2—771).3—/3 Zzil; ‘-17? ‘Uo(k)

x g(k, I, ¢ +1; 9), (13)

where v,(k) is the conventional antiparticle “wave
function.”

The vacuum expectation value of the free field
commutator or anticommutator is obtained by in-
serting complete sets of particle and antiparticle
states and using Egs. (11) and (13). Thus,

o & [ aplle™ u s (), 1, 03 027K, 1, 65 0)]

£[e=* Dy (R)vk (k)g(k, 1, ¢; 0)g*(k, L, &3 6")]} -

The factor u,(k)u¥* (k) is a polynomial in the four-vector ¥ and satisfies®

ug(Ru* (k)= (-~ 1)2xv0(—k)v’gr(—k) .

Then causality in the /-0 limit gives us the usual spin and statistics relationship and requires that

(Ol @4(x, 8), @5 (x", 8")].10) = (80, Ju ( () 3oy f

with

c(k, 1;0,0)= j doglk, 1, o; 0)g*(k, I, ¢;6').

[(e &0 _g-it-"0\C(, I 6,6)], (14)

Using Egs. (12) we can evaluate the continuous-spin integral to find, after eliminating an irrelevant con-

stant,

©

clk,10,60=3 [(%il)"%]z{[c,(i, 0) - Gx(k, 6))][G,(k, 0) —Gx(k, 6")]}". (15)

n=0

For example, in the special case

1
60=60"=7=

2

[ =
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we have

n=0

> hd 2 n
clkio,00= 3 [Gr ]| - (- L

C(-l;, 1;6,0') is clearly not in general a polynomial
of finite order in k2, nor is it symmetric,

>

c(k, 1;0,6")#C(=k,1;0,0").

In order for our field theory of massless par-
ticles with continuous spin indices to be causal,
the integral in Eq. (14) must vanish at equal times,
x} =x,. Changing a k to —k the integral in question
is

a’k

s e e, 16,60 -C(<k, 6,001,

which must vanish for all X’ - X+ 0. This re-

quires that the factor multiplying the exponential
in the integrand be a polynomial of finite order in
k.* From Eq. (15) we see that this would be pos-
sible only if C(k, ; 9, 8’) were symmetric in k.
Since this is not the case, the field commutator
or anticommutator does not vanish at equal times
except in the familiar case /=0. Thus we have
concluded a field-theoretic argument against the
existence of massless particles with continuous
spin indices in nature.
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