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A field-theoretic model describing nonrelativistic four-body scattering processes is developed. The model is
related to Bronzan's extended Lee model but the allowed interactions are restricted so that the resulting

dynamical equations are as simple as possible, yet still exact. Two elementary particles n and a are introduced
with the couplings n + n D and a + a C. Three-particle processes are generated by the additional

coupling D+ a a, leading to the possible three-body reactions D+ a ~D+ a and D+ a ~ n + n + a. The
four-body sector then involves the 2~2 reactions aa~ aa and aa~ CD, the 2~3 reactions aa~ Daa and
aa~ Cnn, and the 2~4 reaction aa~ nnaa. Off-shell integral equations are obtained for the 2~2 amplitudes,
and from these& expressions for the 2~3 and 2~4 amplitudes are constructed. Possible applications and

generalizations of the model are discussed.

I. INTRODUCTION

Over the past ten years there has been great
interest and considerable progress in the study of
three-body problems' in nuclear and particle phys-
ics. Much of this work has relied on the Faddeev
equations as a framework for describing three-
body bound-state and scattering systems. Some
years ago an alternative field-theoretic description
of the three-body problem was suggested by Amado2
in analogy to V-8 scattering in the Lee model. ' lt
is customary to work with on-shell dispersion
methods in the Lee model, but Amado used instead
an off-shell formulation together with nonrelativis-
tic kinematics to yield soluble integral equations
that have been used successfully in the three-nu-
cleon system as well as in other problems. 4

Recent attempts have been made to formulate in-
tegral equations that describe scattering in four-
body systems, ' but complete solutions of these
equations are difficult owing to the expected com-
plexities of the four-body problem. Perhaps some
insight into four-body systems could be obtained
again from the Lee model since there exists a
generalized version of it that has the character of
a four-body problem. This extended model has
been solved by Bronzan' using on-shell dispersion
methods. The usual Lee model involves the coup-
ling V-N+ 8 and the three-body sector includes a
study of V8- V8 and V8 -N88. Bronzan has ex-
tended the model by introducing an additional par-
ticle, the U, with the coupling U- V+8, and he has
not only studied the resulting modifications in the
V8 sector' but also analyzed the four-body sector'
involving the processes 8U 8U, 8U-V88, and
8U N888.

In this paper we will study a simplified version
of Bronzan's model in an off-shell formulation in
which the model is reduced to a minimal set of

couplings that will still produce four-body scatter-
ing. The main complication we want to avoid is
the appearance of particle-exchange contributions
to the three-body amplitude. In a nonstatic model
this involves the contribution of several partial
waves and, since we need the off-shell three-body
amplitude as input to the four-body calculation, the
resulting computational problems would be con-
siderable. This elimination of particle exchange
also rules out the appearance of dressed vertices,
and these are also particularly hard to deal with

numerically.
Our model is constructed so that in the three-

particle sector only direct- channel contributions
are allowed and in the resulting four-body sector
we are able to obtain the amplitudes for 2 2 pro-
cesses as well as those for 2-3 and 2-4. Even
though the resulting model is very simple, we
find that is has quite a rich and complicated struc-
ture as compared to the three-body problem. Our
approach also has the advantage of having a graph-
ical representation that lends some aid in under-
standing the physical mechanisms that underlie
the complicated amplitudes.

We introduce the two- and three-body amplitudes
of our model in Sec. II. The resulting four-body
equations are obtained in Sec. III for elastic and
rearrangement scattering, and in Sec. IV for the
breakup processes. Some conclusions, applica-
tions, and possible generalizations of the model
are described in Sec. V and some technical calcu-
lations are worked out in the Appendixes.

II. TWO- AND THREE-BODY SCATTERING

We find it convenient to work with a system com-
posed of two pairs of spinless identical particles
that are named n and a so that the four-body state
consists of n+n+a+a. In analogy to the Amado
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model we introduce two spinless quasiparticles D
and C with the s-wave couplings D-n+n and C-a+a
as depicted in Fig. 1. Two-body nn scattering then
proceeds through the D and aa scattering through

the C. There is no n-a interaction introduced at
this point. The D-n+n process may be described
in terms of a nonrelativistic unrenormalized Ham-
iltonian (h' =2m„= 1, m, /m„= m)

II = kN kNk+ —6 + k D kDk+ y& DqD N& —qN& +q+H. c.
k k $g Q

where N and D are annihilation operators suitable for bosons, (I and Q are the relative and total momenta
of the two interacting particles, and eD ' is the bare binding energy of the D.

It is assumed that the a's interact in a similar manner according to the Hamiltonian

+c= k' m A kAk+ —Ec +k 2~C kCk+ 2yc cqC' A-,' —qA-,' +q+H. c. .
k k q~Q

The two-body scattering amplitudes are now

easily obtained and they have a simple separable
form in momentum space

&k'IT..(E)lk) =-'y.'f.(k)"(E ")f.(k')

&k'IT..(E)lk&=-'yc'fc(k)rc(E+'c)fc(k') (4)

Two-body scattering is depicted in Fig. 2 and Fig.
3, where the propagators wD and 7c represent sums
of self-energy bubbles. Each interaction is char-
acterized by a coupling constant y and a vertex
function f(k) as well as a wave-function renormal-
ization constant Z that takes on the range of values
0&Z&1. If, for example, Z~=1 the D is an ele-
mentary particle uncoupled to n+n, while if ZD=O,
a separable-potential model is obtained in which
the D is a bound state of two n's. The propagators

are worked out in Appendix A.
At this point in the model we have only two pair

interactions and therefore no interaction between
any three particles of the system. We now intro-
duce a spinless particle, analogous to the U parti-
cle of Bronzan, that we call the n, with the s-
wave coupling n-D+a as depicted in Fig. 4. In
analogy to the previous cases we can generate the
required process with the following interaction
Hamiltonian:

&'. = r.'"'gf. (a)~'(Q)&(Q 2, -i (() 2, +i)
q, g

+ H.c. (5)

The process D+a -D+a now proceeds through the
a giving only a direct-channel contribution to the
three-particle amplitude that is graphically repre-
sented in Fig. 5(a) and the t matrix has the sepa-
rable form in momentum space

&k'ITD, (E)lk) = y f (k)T (E+e )f (k'), (6)

where v is the intermediate a propagator depicted
in Fig. 5(b) and whose construction will be left for

(a) D

(a)

J'

k4 &
4~

~a

k~+k4 WXXXXXXXXz + + () () +o ~ ~

FIG. I. Basic vertices for D n+n and C a +a.

FIG. 2. (a) Graphical representation of the nn scatter-
ing amplitude. (b) First few terms in an expansion of the
D -particle propagator.
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FIG. 3. (a) Graphical representation of the aa scatter-
ing amplitude. (b) First few terms in an expansion of
the C-particle propagator.

Appendix B. As in two-body scattering, the three-
body amplitude is characterized by a coupling con-
stant y and a vertex function f (k), as well as a
wave-function renormalization constant Z . Since
three-body intermediate states have been included
in the propagator to all orders, our amplitude sat-
isfies two- and three-body unitarity so that pro-
cesses such as aD-ann are included. Vfe could
also disallow this possibility by taking ZD = 1 (ele-
mentary D) with Z =0. We would then have a mod-
el involving an effective separable potential be-
tween a and D with no breakup possible.

III. TWO-TO-TWO AMPLITUDES

FIG. 5. (a) Graphical representation of the aD scatter-
ing amplitude. (b) Self-energy bubbles contributing
to the n propagator.

depicted in Fig. 6(a) and Fig. 6(b).
If we first concentrate on an elastic scattering,

the two lowest-order contributions in a multiple-
scattering expansion of the amplitude are the D-
particle-exchange graph of Fig. 6(a) followed by
the box diagram containing an intermediate CD
state shown in Fig. 6(c). This intermediate state
is a quasiparticle-quasiparticle state, and its
structure is rather complicated since both C and
D are fully dressed. In Fig. 7 we have indicated
a few of the diagrams that contribute to Fig. 6(c).

I

k

Proceeding to the four-body sector we encounter
an and CD as two-body channels, Daa and Cnn as
three-body channels, and the single four-body
channel nnaa. Our first aim is to obtain a set of
integral equations that represents the contribution
of all possible graphs to the elastic scattering pro-
cess an an, as well as to the rearrangement re-
action an CD. The basic driving mechanisms for
these processes are D-particle exchange between
two an states and a-particle exchange leading to
an- CD in lowest order. These Born terms are

k

0
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-k

k, /'

ra

k(+ k~

FIG. 4. Basic vertex for a D +a.

a D 0
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(c)
FIG. 6. (a) Graphical representation of the D-particle-

exchange Born term connecting two a n states. (b)
Graphical representat ion of the a -particle-exchange
Born term connecting an to CD. (c) Graphical repre-
sentation of the box diagram having a fully dressed CD
intermediate state.
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FIG. 7. A few of the contributing graphs to the box diagram.

Not only are there bubbles of the D before and af-
ter the lower vertices but also overlapping them.
Special attention should be given to the last two
graphs in Fig. 7, where we first show a bubble of
the D that opens before the lower left vertex and
then closes after the lower right vertex. The last
graph shows a sequence of fully enchained bubbles,
that is, each D bubble opens before the C particle
is formed and closes after the C bubble has opened.
The notable feature of these last two graphs is that
no intermediate CD state is ever formed, and thus
it is not possible to separate the box diagram into
single-particle-exchange Born terms and inter-
mediate propagators as is done in the three-body

problem. We must therefore treat the box dia-
gram as a fundamental element of the model and
not attempt to obtain it by iteration of lower-order
diagrams. To put this in different terms, we want
to avoid dealing with quasiparticle-quasiparticle
states as off-shell external lines. A single inte-
gral equation for the an-an amplitude may still
be obtained and is illustrated in Fig. 8. The D-
particle-exchange Born term and the box ampli-
tude are both inhomogeneous terms in the equation
and a Neumann iteration would generate all higher-
order contributions of these processes. Letting
T, represent the full an -an amplitude, the spe-
cific form of the integral equation is

3

(k'I) (k)lk) =(k'Ik(k)li)+ J „",(k'Ik(k)~E)~ (k+k. —~ /k, )(K~ T (k)Ik)

&k'IB(E)li & =«'IB &E&li &+&i 'I (E)lk&

B,(E& corresponds to the D-particle-exchange Born term and (E) to the box diagram. The solution of Eq.

D a
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I

FIG. S. Graphical representation of the integral equation for the au —a n amplitude (circle).
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(7) would also provide a means of obtaining the rearrangement amplitude for an-CD. Graphically this
amplitude is represented in Fig. 9, where we see that it may be written in terms of an integral over the
half-off-shell elastic amplitude T,(E). Letting T, be the amplitude for an-CD, the precise form of this
relation is

3

&q Iq' '&H&.l» &q=IH '&H&.l» f ".&q'IIH. (H&ll &a.«".— *&a..)& lq', (H)lq&

The Born term B, has the CD side on-shell, and
thus no C-D bubbles are allowed.

Having written a set of equations for the re-
quired 2-2 amplitudes, we must now calculate
the Born terms B,(E) and B,(E) as well as the box
amplitude (E). B,(E) is the simplest and we only
quote the result

)~- . g( '+ 2/( + ))f (
E+ep —jk" —(f+R')'/m —k'/m '

where k and k' are the initial and final center-of-
mass momenta, respectively. The calculation of
the D-particle-exchange Born term is also straight-
forward, and the result is

&k'~B,(E)~k& =y 'f (k'+ km/( 2+m))&~( U)

x f (k~k'm/(2+m)), (10)

U= E+en —k'/m'—H(k+4')' k' /m,

where k and k' are the center-of-mass momenta
of the initial and final states. 7~ is the full D-par-
ticle propagator, and thus B, contains both the D-
particle-exchange pole as well as the ~-n contin-
uum contribution.

The remaining task is to construct the box am-
plitude (E), and this is more involved; its cal-
culation is therefore presented in greater detail.
The box represents an amplitude that is second
order in the process a-D+a but must contain all

orders of D-n+n and C a+a. The amplitude oi
interest can be written as the matrix element

&kl (E)~k&

=(a(k')o( —k')iH'(E H~-—Hc) 'H'ia(k)n(- k)),

where H~ and H are the Hamiltonians given in Eqs.
(1) and (2) and k and k' are the center-of-mass
momenta of the initial and final states. Unless
there is danger of confusion, we will omit the ini-
tial and final momentum labels to simplify the no-
tation.

A new aspect of the four-body problem that does
not arise in fewer-particle systems is the simul-
taneous propagation of two noninteracting quasi-
particles represented by (E Hc —H~) '—. Since Hc
and H~ commute, we can simplify (11) by using the
integral representation'

Z-a, -a~ 2mi Z a~ S Z-a~ 'dZ, (12)

where it is assumed that E has a small imaginary
part. The contour over which the integral is car-
ried out is illustrated in Fig. 10 and may enclose
either the spectrum of H~ in a counterclockwise
manner or the spectrum of H~ in a clockwise man-
ner. We choose the former, and by introducing
(12) into (11) together with complete sets of ~Daa&

states we obtain

&q'l()(H)lq& = Z . P HH &aa IHIID(q, )a(q, )a(q. )&
-; -f 2"'

D(q, ) D( 1)()( (aq, ) (aq, ) a(q', )a(q', ))(D(q')a(q', )a(q', )IHIlaa).
1

D C

(13)

The matrix elements of (Z H~)
' and (E —Z -Hc) ' can be easily related to the propagators for the D parti-

cle and the C particle. After excluding self-energy terms and the D-particle-exchange contribution from
the result, we obtain

(q'I &H)l(a&= P q
. Pd &l'HI a( a)H( D) q(qa, )&t(a'( a' H'aqa, ')a(q, —q()

&HH

k ~'-ay~ q'.

&a (q, )a(q, )~Hc~C(-k")& („& (, )

E —Z —q, ' m —q, ' m

, &C(-k")IH'Ia(q'~ (q'» &D(;.),(;.).(q. )~H. ~, &—Q2 SZ —q3
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We can renormalize the propagators YL,
"' and T~"' at this point according to the procedures of Appendix A.

The remaining matrix elements are also easily evaluated leading to the result

d'k"
(E)~k)= 2, y y f (k" +k2/(2+m))f (k+ '—k ")

2gi [E —Z —(P' k)'/m —E'/ ][E—Z —(R"+P)'/ —k"/m]

x y yc f (k +k'2/(2+m)) fc(k'+ & k"). (15)

The contour integration around the singularities of 7~ is now easily performed if we keep in mind the ana-
lytic structure of the D-particle propagator. According to Appendix A, r~(a&) has a pole at ar =0 and a
branch cut along the real axis for co&&~. Using Cauchy's theorem and the Schwarz reflection principle
we arrive at

d'~" y-y f.(k +»«2+ »f (k+' k')
(2~)' E+ e~ ——,

' k"'- (k"+k)'/m —P/m

y yof (k"+k'2/(2+ m))fc(k'+ z k")
E+~ -'R"'- (k"~ k')'/m —K"/m '

where

m 0 (Y- U- e~ —x)(Y —U' —f~ —x) '

Y=E+E~+Eo —g k" —k" /2m,

Y —U = E+ e~ —p
k"' —(k"+k)'/m —k'/m,

Y —U' =E+ e~ ——,
' k"' —(k" +k')'/m —k"/m.

(17)

The G propagator contains two-, three-, and four-
body effects that lead to the following complicated
analytic structure: a pole at Y=O and five branch
cuts for Y&&~, Y&g, Y&&a+&(.- Y- U&&a, and
Y- U' &a~. The last two are due to four-body ef-
fects that have their origin in bubbles of the D par-
ticle before and after the C particle is formed.

At this point we have completed the construction
of the dynamical equations for 2-2 amplitudes in
the model. Our integral equation contains one vec-
tor variable in intermediate states and will reduce
to a single variable following partial-wave analy-
sis. The resulting amplitudes are exact and uni-
tary since all contributing graphs of the model are
included. The propagators and Born terms are
more complicated than in the three-body problem,
but the structure of the equations is quite similar.

In all of the above discussion we have always
considered an as the incoming channel and we
studied the amplitudes for all possible reactions

initiated by the an state. We could also study pro-
cesses initiated by the CD state, which are
CD CD, CD aa, CD-Daa, CD Cnn, and

CD nnaa. Because the CD state is a quasiparti-
cle-quasiparticle state we cannot establish an in-
tegral equation for the elastic scattering amplitude
CD-CD as we did for an-an since this would re-
quire dealing with the quasiparticle-quasiparticle
state as an off-shell external line. An integral
equation for CD-aa has to be solved first, and

only then can the elastic amplitude be calculated
by performing an extra integration over the off-

Im Z

C

////////////////////a //// X/ / / / / / / / /r / / / // / /// / / ' / / /

Pi8 Z/rrr «//rr rr/rrrrrrrrrrr

D a
~Q

D a

C

D 0
r ~E-

( /aa
I

Fj:Q. 9. Graphical representation of the integral re-
lation expressing the ao. CD amplitude (hexagon) in
terms of the half-on-shell au a u amplitude (circle).

FIG. 10. Contour used in the calculation of the box
diagram.
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FIG. 11. Graphical representation of the integral
relation expressing the an —Daa amplitude (rectangle)
in terms of the half-on-shell an an amplitude (circle).
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shell momenta of the an state. %'e will not deal
with these processes in this paper.

It should also be noted that our model simplifies
under some limiting circumstances. First, if we
omit the coupling C a+a, and this can be accom-
plished by choosing Z~= 1, the rearrangement pro-
cess is no longer possible and the only remaining
2 2 reaction is an an mediated by D exchange.
In this limit we still have a genuine four-body
problem involving the reactions an- an, an-Daa,
and an-nnaa. If instead we take the limit Z~=1,
the D becomes an elementary particle with a "bind-
ing energy" of C~. The four-body problem then
degenerates into a three-body problem involving
an-an and an-Daa as mediated by the exchange
of a structureless elementary D. Finally if we
take Z =1, connected three- and four-body pro-
cesses are no longer possible and we are left with
a pair of independent two-body systems.

IV. BREAKUP AMPLITUDES

We find that 2-3 and 2-4 amplitudes in the
present model follow a pattern similar to the
breakup amplitudes in the three-nucleon problem, '
although there are some significant differences.
On the basis of the three-nucleon case one would
expect that the calculation of the breakup would in-

FIG. 12. Graphical representation of the integral re-
lation expressing the an —Cnn amplitude (rectangle)
in terms of the half-on-shell an an amplitude (circle).

volve the half-off-shell 2- 2 amplitudes T, and T„
followed by the off-shell propagation of the final
quasiparticles leading to their ultimate decay in-
to three- or four-body states. This procedure
must be modified in order that it be consistent
with our previous warning that the CD state should
not appear as an off-shell external line. This
modification is easily carried out since we can
always eliminate T, in favor of T, by using Eq. (8),
as is illustrated in Fig. 9. We will use this pro-
cedure to construct the breakup amplitudes for
an-Daa, an-Cnn, and an-nnaa in this section.

A. Two-to-three amplitudes

The simplest 2- 3 reaction is an-Daa and the
process is shown graphically in Fig. 11. The 2-2
amplitude T, appears twice because we have, in
effect, used Eq. (8) to eliminate T, If we let .9,
represent this breakup amplitude and choose the
momenta as

a(k) + n( k) —a(p) +a(q) +D(r),

satisf ies the equation

&p, q, rl&, (E)lk) ={[(y /&2)f (r+p2/(2+m))~ (E+e -p'/p, „)&plT,(E)lk&]+[p-q]] 8(p+q+r)

+&p q rl+i(E)lk&+
2 ~ &p q rl (E)ln&r (E+~ —n'/p, . ) &nlT~(E)l "&. (18)

, represents the a-particle-exchange Born term B, followed by C-particle rescattering and final breakup.
It should be noted that the D particle appears as an on-shell external line so that no D bubbles are neces-
sary. The amplitude S, is easily constructed and we quote only the result:

&p, q, rl, (E)lk&=(wc/~2)fc(~op-~2q)&c(E+&~+&c- r'/wc~) ' ',+, ', ' +," 8(p+q+r),

(19)

2 &2&i
2+ 2&l

The other 2-3 process present in the model is a(k)+ n( k)-n(p)+n—(q)+C(—r) and its graphical repre-
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sentation is given in Fig. 12. The black box in this figure represents the final n D+a vertex followed by
a-particle exchange and n-n rescattering. There are two possible contributions to the black box depending
on whether the final breakup of the D particle occurs before or after the lower vertex. If we used T, in-
stead of substituting it in favor of T, by using Eq. (8), the second contribution to the black box would have
been omitted. Denoting the Ml breakup amplitude by V', and the black box by„K, satisfies the equation

3

&p, q, —r I&(E)lk& =&p, q —r IS (E)lk&+ j" 2
".&p, q, —r IS (E)ln&~.(E+~.—n'/g. „)&nlT (E)lk). (20)

Only the construction of the functionS, (E) is needed to evaluate 9;. The method we use to constructS, is
similar to the one developed in Sec. III for the box diagram and also to the one we will present in the fol-
lowing subsection. Therefore, we only indicate the result:

&P, q, —r IS.(E)lk& =(yo/~2)fo(-'p--'q)

xy ycf (r+k2/(2+m)}fc(k+2 r)5(p+q- r).

This completes the discussion of the 2-3 amplitudes.

(21)

B. Two-to-four amplitudes

The final process to be discussed is aa -nnaa
including all possible n -n and a -a final-state
interactions. In Fig. 13(a) we show a graphical
representation of the process in question, from
which it is clear that two kinds of terms are
present. The first involves the off-shell 2-2
amplitude g, followed by off-shell propagation
and disassociation of the e and D quasiparticles;
the last two terms involve again an amplitude de-
noted by a black box that represents the final o.

breakup followed by a-particle exchange and then

all possible n -n and a -a rescatterings. As
illustrated in Fig. 13(b), the black box contains
three contributions according to whether the D-
particle breakup occurs before or after the lower
vertex and, if after, whether preceding or suc-
ceeding the C-particle final decay. If we let $3
denote the black box and f'3 the full 2-4 ampli-
tude, then 9'3 represents the amplitude for the
process

a (R) + o(-%) -n(p)+n(q)+ a(r)+ a( s),

and is given by

&p, q, r, s
I &.(E) I&& =& [(y,/~2)f (-,'p --,'q)~,(E+ ~, --', (p+ q)'- r'/m- s'/m}

x (y „/ 2)f„(p+ q+ r2/(2+ m))r (E+ e - r /p, gI& r
I T,(E) I k) ]+ [r-s]}5(p+ q+ r+ s)

3n
+&p, q, r, slSS(E)1%&+

( )s &p, qt r, sl Ss( El)n &v (E+ e -n /p, )(&nlT, (E) lk& .

(22)

The remaining task is to construct the black-box amplitude 83. The initial and final interactions in this
amplitude are H' and (HD'+Hie), respectively, while we must include D —n+n and C a+ a interactions
to all orders. %e can therefore represent 3 by the matrix element

&P, q, r, s I S3(E) lk& = &n(P)n(q)a(r)a( s) I
(H'o+Hc')(E Hn -Hc) '-H'„I a(k)().(-k)& . (23

As in Sec. III we can perform a convolution on (E HD Hc) '; w-e al-so drop some momentum labels to
simplify the notation leading to

(tt tt r s)lta (tt))l)()=
S

. pe�(ssaa (0 +tta) tt ). r aa

Introducing a complete set of IDaa) states to the left of H' we are led to

(pS, r, s)lst(z)l(() =g S
. f Z( aS(tt sr+at('a)& & @ D(S)a(tt )a(S ))

(24)

x&D(q, )a(q, )a(j ) IHI& I act& . (25)

At this point we concentrate on the first matrix element in Eq. (25). It can be separated into two terms,
the first one of which is given by
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&n(p)n(q)a{ r)a( s) (H~{Z -H~) '(E -Z -Hc) '[D(q, )a{q,)a(q, )&

=&n(p)n(q) IHD(Z -H&) (D(q, )&(a(r)a(s) f(E Z--Hc) 'fa(q, )a(q, )& . (26)

As in Sec. III the matrix elements for (Z -HD) ' and (E Z--Hc) ' can be easily related to the D-particle
and C-particle propagators. Equation (26) can therefore be rewritten as

&n(p)n(q)a(r)a(s) ~HD(Z -H~) '(E-Z -Hc) '~D(q, )a(q, )a(q, )&

= ("(p)n( q) I
HDI

I D( q )) &a (Z + eu —aq ') &a(r)a( s) lH~~ l C(r+ s))

( ( ),/2 )
&C(r+ s) IHc I a(q, )a(q, )&

c c Z Z q2m q2~
after the propagators have been renormalized according tc the procedure of Appendix A. Following iden-
tical steps for the second term in the first matrix element of Eq. (25) we obtain

&n(p)n(q)a(r)a(s) ~Hc(Z -HD) '(E -Z -Hc) '~D(q, )a(q, )a(q, )&

( (p) {q) D (ql)) (Z &
2)& ( ) ( )~HE ~C( +s))

p2 q2

x7c(E -Z+ cc —(r+ s)'/2m) -, -', ' . (28)
(C( r+ s) IHcl l a(q, )a(q, )&

E-Z -q, ' m -q, ' m

After substituting Eqs. (27) and (28) in Eq. (25), the Z integration can be performed using Cauchy's theo-
rem as before. We finally obtain

&p q rl&3(E) I&&= g &n(p)n(q) IHn ID(q„)&&a(r)a(s) ~Hc ~C(r+ s)&

where

x 9 (E)&C( r+ s) IH~c
~ a(q, )a(q, )& &D(q, )a(q, )a(q3) IHul a(Bo'(-@& ~

w~ (U') v~ (Y —U')
Y —U —U'(, „) —I 7, (Y) 1 " Im[~~(a+e )]v (Y-e -x)

U' (Y- U")(Y—U) w, (x+ e~ —U')(Y —U - e~ -x)(Y —U" —e~-x) )

(29)

(80)

After evaluating all matrix elements left in Eq. (29) we obtain the following relations for Y, Y- U,
V-V, and r-V~:

Y=E+ eD+ ec ——,'( p+ q)' —( r+ s)'/2m,

Y- U=E+ CD —g(p+q)' —(R+ p+q)'/m -R'/m,

Y —U'=E+ ec -(r+ s)'/2m —p'-q',
Y- U" =E+ eD ——,'(p+q)' r'/m --s'/m .

Because the final four-body state is on the energy shell, that is, E -p'-q'- r'/m - s'/m = 0= Y- U' —U",
the second term in 9(E) is zero. Therefore, the final result for 8, to be used in Eq. (22) is given by

&p, q, r
I +.(e) i&& = (yD/~2)fi)(-'p —H)(yc/~2)f, (-'r --'s)

y~yc f (p+q+k2/(2+m)) f~(R+ —,'(p+q)) 5(p+q+ r+s).

This completes the description of the 2-4 ampli-
tude.

V. CONCLUSIONS

We have seen that some simplifying assumptions
concerning two- and three-particle interactions

lead to soluble integral equations for four-body
processes. The resulting amplitudes are exact
and possibly represent some kind of minimal set
of four-body equations that are consistent with
unitarity. This would be analogous to the three-
body system, where it has been shown" that the
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FIG. 13. Graphical representation of the integral

relation expressing the aa —nnaa amplitude (rectangle)
in terms of the half-on-sheH an —ae amplitude ]circle).

constraints of unitarity lead to a set of three-body
equations very similar to the usual separable ap-
proximation to the Faddeev equations.

In spite of the simplicity of the model some
interesting features emerge such as the correct
exchange of composite particles and also the
proper inclusion of the quasiparticle-quasiparticle
state. We also see that breakup in the model,
leading to three- and four-body final states, has
complicated rescattering structure since two
pairs of particles are allowed to participate in
final-state interactions. This would add a note of
pessimism to attempts to extract two-body infor-
mation from a study of four-body final states.

Using simple analytic forms for the vertex
functions we have already obtained numerical
solutions to the proposed equations for elastic
and rearrangement scattering. The results
satisfy the requirements of unitarity above the
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APPENDIX A: rD(X), rc(X

The two-particle propagator is discussed in
detail elsewhere' so that here we just list the re-
sults:

( )
s~(x)

(Al)

two-, three-, and four-particle thresholds, which
indicates the correctness of the model and its
practical solvability. We can also construct more
complicated models than are discussed in this
paper by considering nonidentical particles. For
example, we could take the four-body state to
consist of n+ p+ a+ 5 with the pair of couplings
n+ p —D and a+ b —C. Four distinct quasiparti-
cles could then be introduced into the three-body
sector as illustrated in Table I. Each particle of
one pair is coupled to the quasiparticle of the
other pair in such a way that particle-exchange
contributions in the three-body sector are still
absent. The resulting four-body scattering equa-
tions are indicated in Table I and the necessary
integral equations to describe these processes
would be straightforward although complicated
generalizations of the equations presented above.

A common process contributing to many reac-
tions both in nuclear and particle physics is the
exchange of a pair of correlated particles. It is
customary to approximate or to neglect completely
the two-particle continuum contribution to such
processes. We plan to investigate the range of
validity of such approximations and its dependence
on the strength of the two-particle interaction.
We are also at present applying these methods
to the four-nucleon system as well as to two-
nucleon-exchange processes in heavy-ion reac-
tions.

TABLE I. Possible four-body reactions resulting from specified two- and three-body
interactions.

Two-body sector Three-body sector Four-body reactions

n+p —D

a+b C
C+p-n

bu bu
aP
CD

~ .SQ
~pQ

abD
-npc
-gpab
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[SnR)l '=~n -WaD (2s)'

f, '(n)x d4 2 ' X 2-» A2

fn'(n)
(2.) d " (2n'„, )

The corresponding expressions for z~ have iden-
tical form.

APPENDIX 8: r~(X)

We construct the n propagator by summing the
series of self-energy bubbles. ' Graphically the
propagator is shown in Fig. 5(b) and the corres-
ponding unrenormalized amplitude is given by

7 „(x)= s.(x)/x,
where S„(X)has the form

(a4)

2 d3n
[S„(x)j '=Z„- 2, [7n(x+ Y) —7o(Y)]f '(n),

We have taken the g) -particle propagator to be
already renormalized. Requiring that v „" have
a pole at the physical + energy E= -c gives the
relation

() ({)), d'n f ( )So(fo ' -n/P )
R 0L R (2s)$ cK ~ s n/)

(as)
Assigning to the renormalized propagator z
= 7'„"'/Z a unit residue at the pole gives

(„) 1 1 1
r„ — (,) + (,) I (E) (,) + ~ ~ ~

E+ fo( E+ 6~ E+ Eo
(al) X=E+ e~,

(as)

We take the bare energy of the a at rest to be
-e'). I(E) represents a bubble involving an a and
a fully dressed D, and is given by

d'I f '(n)So(E+ eo -n'/p )
(2w)' E+ eD —n'/)

(a2)

where

p,„=2m/(2+ m ),
~ —m ~n'

~2Y=sn-e -n/p, „.
The wave-function renormalization constant Z
is given by

Z~=1+y '
3 FSD' F -SD P F ~ n,

where S'(Y) indicates the derivative of SD(Y). y„
is the renormalized coupling constant given by

2 z (y(s))2
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