
PHYSICAL REVIEW D VOLUME 13, NUMB ER 8

Hawking radiation and thin shells*

15 APRIL 1976

David G. Boulware
Physics Department, University of Washington, Seattle, Washington 98195

(Received 20 October 1975)

The properties of quantized scalar and Dirac fields around a collapsing thin shell are discussed and the

Hawking radiation exhibited. The radiation is seen to be a result of the collapse process which involves the

emission of a pair of particles traveling on either side of the event horizon from the shell. The reaction back

on the shell is discussed and it is shown that the radiation only reacts through the metric. The contributions

to the stress-energy tensor associated with the radiation are exhibited.

I. INTRODUCTION

In a recent paper Hawking' has shown that if
the reaction back on the star and metric are ne-
glected, a star collapsing to form a black hole
produces thermal radiation characterized by a
temperature T =bc'/8vGMk =0.6x 10 ' 'K(M /M)
and appearing continuously at late times, thus
(when taken to an impossible limit) carrying an
infinite amount of energy. The radiation is totally
independent of the nature of the collapse process;
Hawking's argument depends only on the assumed
transparency of the star and the space surrounding
the event horizon to extremely energetic quanta.
During the past year, this radiation has been
worked on by many authors' "from a variety of
points of view.

In two previous publications, I studied the quan-
tum fields around primordial, Kruskal black holes
and showed that there was no radiation, ' the sys-
tem both for a scalar" and a Dirac" field pos-
sessed a stable vacuum, and there was no radia-
tion associated with the existence of the event
horizon. Here the simplest "physical" system
embodying the collapse is studied: a thin shell.

The physical picture which emerges as a result
of the considerations of this paper and the other
work' ' is that there is a flux of particles emerg-
ing from the surface of the collapsing object.
Part of the particles are reflected back through
the event horizon while the remainder escape to
infinity. Those which escape exhibit the charac-
teristic thermal distribution modified by the en-
ergy-dependent probability of escape. These par-
ticles are created in pairs; in the absence of a
reaction back on the metric, the other member
of the pair emerges from the surface of the col-
lapsing object after it has passed the event horizon
and proceeds into the singularity at r=0. The
total energy of the pair of particles as measured
by an observer at infinity is zero; if the exterior
particle has energy &, the particle inside the
event horizon has energy -~, although it does

have positive energy as measured by a freely
falling local observer.

This picture emerges both from the detailed
calculations presented below" and from the gen-
eralization of Hawking's considerations to the
radiation which appears inside the event horizon.
(Davies, Fulling, and Vnruh' reach a contrary
conclusion in a study which neglects the angular
coordinates; for this two-dimensional spacetime,
the Green's functions used here are not valid. )

This result and its interpretation depend criti-
cally upon the simplicity of the thin-shell model,
while Hawking's result depends only on the as-
sumed transparency of the stellar interior to the
locally extremely energetic quanta being radiated.
These results may be combined: For a collapsing
star, the waves of the particular traveling on
either side of the event horizon will have the same
form as for the shell. Inside the star, the tran-
sition to flat space must take place across the
entire volume of the star; but it is essentially
this transition going backwards along the geodesic
of the outgoing radiation which is responsible for
the radiation, and Hawking's calculation (extended
to include the interior radiation) assures us that
the radiation exterior to the star on either side of
the event horizon must be the same regardless of
the construction of the star. Thus, although the
region involved will be different, there must be,
even in that case, a flux of virtual particles inside
the star which is associated with the radiation.

Hawking's argument depends upon expressing the
expectation values which are a sum over a com-
plete set of final states as, instead, a sum over
the (better understood) complete set of initial
states, plus the assumption that absorption of the
wave as it passes through the star may be ne-
glected.

However, present experimental evidence and
theoretical speculation suggest that elementary-
particle cross sections (including those of photons)
remain constant or, perhaps, rise slowly with
increasing energy, thus absorption effects might
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be expected to be important. The absorption is
a reflection of the coupling of the radiated fields
to the various excitation modes of the star (in-
c1uding those associated with ordinary particle
production}; thus, when expressing the sum over
final-state modes in terms of initial-state modes,
al/ modes of the collapsing star must be included.
Although it is technically impossibly complicated,
one may conjecture that the sum over all modes
of the star will, again, produce the Hawking ra-
diation with its thermal characteristics.

The radiation may be expressed in terms of the
stress tensor associated with the field whose
quanta are being radiated. The complete stress
tensor involves the renormalization problem
which, although it can be discussed and solved in
terms of Riemann normal coordinates around any
point, presents technical complications when one
attempts to infer the finite part. Nevertheless,
because the quantum field is continuous across the
shell (the field is taken to have no interaction
with the shell except through the metric), the
stress tensor will also, even after renormaliza-
tion, be continuous and there is no direct reaction
back on the shell from the emitted radiation.
Also, the stress-energy tensor may be used to
calculate the change in the metric due to the ra-
diation. This will be a large effect because the
particles escaping will carry a large amount of
energy, reducing the mass of the star or shell.
On the inside of the event horizon, the particles
of negative Killing energy will produce a corre-
sponding effect on the metric inside the event
horizon. This means that the incipient event
horizon which the shell is approaching has, by
virtue of the emitted radiation, moved to a smaller
radius. (Most workers' ' '"have taken the
position that the radiation results from an existing
event horizon rather than the collapse of an object
toward the event horizon; I believe, for reasons
adduced here and in Sec. IV, that this is an arti-
fact of the neglect of the reaction of the metric to
the radiation. ) As the shell approaches this new
event horizon, the radiation will increase as the
effective temperature rises, thereby moving the
incipient event horizon even further in. This
process will continue with the shell chasing its
event horizon but never quite reaching it until
either all the energy is radiated or the interven-
tion of quantum-gravity effects halts the radiation
process.

At first only photons and neutrinos can be ra-
diated. The temperature becomes comparable
to an electron mass when the Schwarzschild ra-
dius of the collapsing object is comparable to an
electron Compton wavelength (that is a mass of
8.3 && 10'8 g); then electron positron pairs will be

radiated, neutralizing any charge (the electric
potential will cause preferential emission tending
to neutralize the body). ' This process will con-
tinue unti. l the mass of the collapsing object drops
to 4x10" g, at which point the Schwarzschild
radius is comparable to the proton Compton wave-
length and emission of nucleons will begin. By
this time, however, a collapsing star of one solar
mass only has 2&&10 ' of its original energy and
cannot radiate away all of its baryons. (There
does not seem to be any way to induce earlier
emission, e.g. , by a chemical potential, ' because
there is no long-range force which can change the
relative energy of baryons and antibaryons, and
the exclusion principle does not affect the emission
process because the emission locally is into ex-
tremely energetic modes which are not otherwise
occupied. }

This picture seems to lead to the conclusion
that a collapsing star will chase its event horizon
radiating away all its energy, charge, and angular
momentum, but retaining its baryons until it
reaches zero radius at which point an event hori-
zon does form, encapsulating the remaining bary-
ons and forming a disjoint closed universe. As
seen from infinity, the star has collapsed, yield-
ing all its energy, charge, and angular momentum
but taking most of its baryons with it. For a one-
solar-mass black hole, the time scale is, of
course, extremely large. A precise calculation
depends on the probability of an outgoing particle
at the shell near the incipient event horizon reach-
ing infinity, but a reasonable estimate is 10 ~

years for a one-solar-mass object. During the
present epoch, the collapsing object is much
colder than its surroundings; thus, it will gain
rather than lose energy and will thereby increase
its mass until the temperature of the surroundings
drops to that of the collapsing object. As a result,
the considerations given here are of limited ob-
servational interest: Only the very small pri-
mordial black holes of mass 10"g or less dis-
cussed by Hawking" can have radiated away
within the past lifetime of the universe.

Although the physical picture which emerges is
clear and probably correct within the context of
any model with a classical metric there are phys-
ical grounds for being cautious. The radiation
which emerges at very late times arises from
distances from the event horizon which are cor-
respondingly sma11. Further, when the emission
of heavier particles begins, the Schwarzschild
radius is comparable to the particles' Compton
wavelength; at this point modifications of general
relativity must certainly arise owing to quantum
gravity because the structure of the graviton mat-
ter vertices will become important. It may be
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that these effects, which are enforced by unitarity
and the fact that elementary pe.rticles are being
produced, do not entail any modification of our
familiar geometrical interpretation, but until we
have a better understanding of quantum gravity
we have no such assurance. '4 If measurements
are made on the scale at which the phenomena are
taking place, one expects that quantum-gravity
effects will be important. In Sec. IV, it is shown
[Eq. (4.14)] that the energy density of the radiation
measured by a freely falling observer within 5

of the event horizon and shell is

where units with h and G not equal to 1 are used
to exhibit the dependence on them and M is the
mass of the collapsing object. If a measurement
of the metric within a region of volume 5' is made,
the expected Heisenberg uncertainty in the metric
18

and, since the scale of variation is &, the uncer-
tainty in the Einstein tensor is

On the other hand, the contribution of (T) to
the Einstein tensor is

5rG - g/M5'

thus, the ratio of the bvo contributions,

GM'l '"
5 G

M/10-5

(1.4)

(1.5)

is extremely large for any astronomical object
and the quantum uncertainties of the metric will
be much larger than the change induced by the
radiation. This means that in the region where the
actual radiation is taking place, it is not possible
to determine the location of the event horizon with
the precision required to specify exactly whence
the radiation comes. A calculation of the quantum-
gravity corrections to the process would be of
great interest in elucidating these points.

The thin shell is the physical system considered
in this paper. It is assumed that the shell is
static, maintaining itself at some fixed radius,
prior to some time t» after that time the shell
is assumed to be a dust shell with no internal
stress.

Before the shell begins to collapse, the metric
is static and the modes of the quantum field and
the associated eigenfunctions are well defined.
The Green's function of the collapsing system,

G(x, x') =z (0 —
~
T(P(x)g(x'))

~
0-),

where (0 —
~

is the vacuum state of the initial

system, may be expressed in terms of the wave
functions which are, in the past when the shell is
static, true eigenfunctions of the past modes (al-
though they have not such simple interpretation
once the collapse has begun). This Green's func-
tion is appropriate for calculating expectation
values of physical quantities.

In order to discuss more detailed questions of
correlations and single-particle matrix elements,
it is convenient to use the matrix element of the
fields between the initial vacuum, ~0 —), and the
future vacuum, (0+ ~. The fields may then be
used to construct any desired state from the final
vacuum and the individual amplitudes and correla-
tions may be studied. This Green's function,

i (0+ ~T(y(x)y(x'))
~
0 —)

(0+ i0 —)
(1.7)

is constructed in Sec. II, using the vacuum state
which was found earlier"' "by considering the
complete analytic extension of the Schwarzschild
spacetime. The resultant Green's functions, for
spin 0 and spin ~, have only negative frequencies
at large negative times and only positive frequen-
cies (defined relative to the indicated vacuum) in
the future at spatial infinity and near the singu-
larity. The solution to the homogeneous wave
equation which is of positive frequency in the past
develops both positive- and negative-frequency
components in the future with the amount of the
latter being a measure of the particle production.
The Green's function, G, is then expressed in
terms of the respective coefficients, a and P, of
the positive- and negative-frequency components
which develop in the futUre.

This Green's function is used in Sec. III to cal-
culate the amplitude for the emission of various
numbers of particles. Because the only coupling
is taken to be through the metric,

d xV'-g -p 8~ g""8„+P,

the effective source is of the form —,'q@' and can
only scatter a particle (without emission or ab-
sorption) or emit (or absorb) a pair of particles.
The emission, of course, occurs all along the
world line of the collapsing shell, but only near
the event horizon does the emission become large.
There the characteristically thermal, Hawking,
radiation appears.

The emission mechanism is a kind of barrier
penetration induced by the shell. The role of the
shell (or other matter) is crucial because the
Kruskal spacetime appropriate to no matter does
not exhibit the Hawking radiation. Because of the
red-shift the wave of the particle, which is to
reach some large finite distance at late times
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within a time interval 6t and with an average ener-
gy u, must be concentrated along the shell very
near the event horizon with extremely rapid vari-
ation with respect to the proper time of the shell
and within a very narrow proper-time interval.
The interior of the shell is flat spacetime and a
positive-frequency wave function of the appropriate
form cannot be constructed. There is a wave on
the other side of the event horizon, hence the ra-
diation.

For comparison with the results found in Sec.
III, it is useful, to present a reminder of the
basic quantum mechanics for the uncorrelated
emission of pairs. In the case at hand, there are
an infinite number of modes which do not inter-
fere, therefore only one mode will be considered
here.

Consider a system which is in a state 40. In
the future, the state will contain some superposi-
tion of a pair of particles,

e,=g inp)c„, (1.9)

where inp) is the state with n pairs. If the emis-
sion of the pairs is uncorrelated: 40 will be the
result of acting on the no-particle state with an
operator, e'", or, after normal ordering,

~ea I xi 0)

(1.10)

(1.12)

and the off-diagonal matrix element is

where a and b are the creation operators for the
members of the pair and the sum terminates at
n = 1 for fermions. The normalization factor,
N, is

~=(1p
i pi 2)a~~2

where the upper (lower) sign refers to bosons
(fermions).

The expectation value for the number of pairs is

&n& = P ni ~ i'"x'

0 0=C ~a~a4

=+Ob b+0

This is, of course, not a thermal distribution
despite the thermodynamic aspect of &n), because
the system is in a definite state. However, if the
particles in the b state cannot be observed, the
density operator for the system becomes' "

p = tr~+o+0

a ~ 2nN2 (1.14)

which, for
i

A. i' = e 8'", is that of a thermal dis-
tribution of particles characterized by the temper-
ature T =kc'/8wGMk.

The problem, then, is to understand why

i
Xi'=e "" . Mathematically, it is straightfor-

ward (see Refs. 1, 5 and Sec. III) but, at least
to this author, the derivation is not intuitive, and
no physical argument has been given which pro-
vides an intuitive understanding of either the
thermodynamic character of the result or the
specific value of the temperature [on dimensional
grounds, the temperature can only be of the form
(kc'/kGM)f(GM'/Sc); but M only appears in the
form GM, hence f must be a constant: I/8w, of
course. ]

In Sec. IV, the Green's functions are used to
calculate various matrix elements of the stress-
energy tensors. Both in the past and in the future
the Green's functions may be written as a zeroth-
order term which, when used to calculate the
stress-energy tensor, contains all the divergences:
In the past, it is just the Green's function for the
shell, while in the future it is the Green's function
for the Kruskal spacetime. These terms, when
renormalized, yield the matrix elements of the
stress-energy tensor for the corresponding space-
time and are of no interest for the problem at
hand since there is no radiation present in either
case.

The remaining terms yield finite well-defined
matrix elements for T""which are associated
with the radiation. Both in the past and in the
future there are rapidly oscillating terms which
average to zero. In addition, there are terms
which, in the future, do not average to zero: There
is a mell-defined flux of energy-momentum along
the inside and outside of the event horizon extend-
ing from the shell to, respectively, infinity and the
x = 0 singularity.

II. THE GREEN'S FUNCTIONS

and in Sec. III these matrix elements are shown
to be precisely of this form with i A,

i
=e a'",

where ~ is the energy of the mode in question.

In the case of a static shell it is easy to obtain
the Green's function, and therefore, the quantum
field theory; there is no event horizon, the metric
is static, eigenfunctions can be ohtained, and the
Green's function constructed just as was done for
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the complete analytic extension of the Schwarzs-
child spacetime for spin-0 (Ref. 11) and spin- —,

'
(Ref. 12) fields. There are then no problems of
interpretation due to event horizons, time depen-
dence of the metric, or any other pathologies.

The problem of a collapsing shell is more com-
plicated; the matrix element between the initial
state with no particles and a final state with only
a few (iwo in this instance) particles is required
to study the correlations in full detail. The final
states may be constructed by creating particles in
the final vacuum state with the aid of the reduction
formulas"' "suitably modified to reflect the
changed geometry. In order to do this, the matrix
elements of the field between the final and initial
vacua are required. It is technically somewhat
complicated to construct the required Green's
function, Eq. (1.7) directly; instead, first consider
the Green's function, Eq. (1.6), which is the ex-
pectation value in the initial vacuum of the time-
ordered product of two fields.

In the case at hand, there is a spherical shell
whose Schwarzschild radius is B(r), where r is
the proper time of the shell. Outside the shell,
the metric is the Schwarzschild metric (units in
which a = c = G = 1 are used)

ds' = —[1 —24(r)]dt'+ dr '/[1 —24 (r)]

geneous Dirac equation, (2.3), is

q'"(x; q) =5'.(e, y)e"(r, &; q),
1

( 1 tq) p ~ (2 )1/2
)IP(y

early times

((o + q)
i ((o —q)"'&

(2 6)

(
1/2

+ e-~r e~-nI, &e»
f((o+ q)"'

where

r =r*+ [(&u' —-q ')/q']M ln(r/M),

r* =r+2M in(—
~
r —2M

~
/2M),

2 2= 2= p

The states are normalized so that the sum over
states is f q dq/2&v. There are, in addition,
bound-state wave functions for p. WO; in the sums
over initial states which occur below, only the
high-q behavior is important and the bound states

+ r'(dt's+ sin'&de')

C (r) =M/r,
(2 1)

while inside the shell, the time coordinate will
be denoted by T instead of t and M- 0. The shell
naturally divides spacetime into two regions which
are exhibited in a Kruskal diagram in Fig. 1.
Then the scalar Green's function must satisfy

(-s„g""V-gs,+ g'v'-g)G(x, x') = 5(x —x')

(2 2)

and the spin-& Green's function must satisfy

,1, 5(x- x')
P (~+r'-. &. &(~, *') =

i ' '
g g

(2.3)

where the covariant derivatives employed in the
second equation are defined in Ref. 12.

Before the shell begins its collapse, the metric
is static and well-defined positive-frequency
modes exist. The positive-frequency solution to
the homogeneous equation corresponding to Eq.
(2.2) is

C'"( q)x= 1"~(~,e)C'(r, t;q), (2.4)

g~( f. )
2 cos[q~ —))r(q)1; ()g

f' ~Do qr
early times

while the positive-frequency solution to the homo-

FIG. I. Spacetime diagram for the collapsing shell.
The plot is in terms of Kruskal coordinates exterior to
the shell and the coordinates in the interior are chosen
so that radial light rays move along the 45 line. The
wavy lines represent the particles associated with the
Hawking radiation. The left boundary of the Qat space-
time region is the center of the shell. The other solid
line is the shell. The dotted line denotes the event hori-
zon and the stippled band denotes the singularity at r =0.
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and for spin —,', (2 6)

G(x, x'}= g ~J„((),y)G" (r, t r', t'}9,"'(6', y'),

where, for either spin 0 or spin 2,

('(r, t;r', t')

~ ~

"q'dq
2 (

}))/'(x&, q)(('(x„q)te(x, x'). (2.7)

need not be explicitly considered. With the nor-
malizations given in Eqs. (2.4) and (2.5), the
Green's functions, 6, may be written down im-
mediately. For spin 0,

In the latter equation x& (x&) is the later (earlier)
of (r, t) and (r', t'), and e (x, x'}= 1 for bosons,
while for fermions e(x, x') = 1 (-1) if x= x& (x = x&).
If the separation (for d8=0 =dP} is spacelike, then
either assignment may be made since the value
of G~ is independent of the assignment.

The wave functions P' may be integrated for-
ward in time using the appropriate wave equation;
because of the time dependence of the shell, the
wave function develops negative-frequency compo-
nents. There are two regions of interest in the
future: spatial infinity and the singularity. At
spatial infinity in the future the wave must be a
superposition of positive- and negative-frequency
outgoing waves. The wave functions for the mode
which describes outgoing particles at infinity but
rto particle crossing the (future) event horizon are,
for spin 0,"

—(e"'+S*e "")e t~t r-~1 ((a) 1

( 2)vl /2(q r 11

g', (x', (o}-&

Sg et al(r2 t)
' (2w)"2r

(2 s)

and for spin 2

(i ((t) —q)"'f ( t ((t) +q)'/')

((2 )1/2) e t bl ( r 2' -1)

(2(()"'r ~ ' I/"'(r)$* I 2M
0

(2.9)

where S» is the S-matrix element [the dependence
on I()'2) and (d is suppressed] for a particle escaping
to infinity after starting at infinity (j=1) or the
past event horizon (j = 2) and te (r) —= [1—24 (r)] "'.
The states are normalized so that the sum over
states is f d&o//2(d.

Then, the asymptotic behavior for late times
and large r is given by, for either spin 0 or
spin p y

j.0'(x', q) „„2,[tt,'(x', ~')(22(~', q)
late times

+ 02(x', ~')*P2(~' q)].
(2.10)

There will be particles which end up inside the
event horizon; for them the identification of the
positive frequency is in terms of the increase
with time (r) of the phase of the wave function.
The complete orthonormal set of wave functions

on the spacelike surfaces w=constant, -&t&~,
are the solutions to the homogeneous wave equa-
tions which behave as, for spin 0,

,/2(xt ~) ~ e t( (U t+( u( rt')
v't I ~~tt (2x)1/2r

and, for spin —,',
('(-)(- [

I}"'}
4C( t ) ~~~ (2 )1/2r ] i~' o)

-i(u) t+( ur) r+)Xg

where the wave functions are normalized with the
sum over states, j de'/2 [(t)' (. As is apparent
from Fig. 1, only half the space on which these
functions are complete is available in the case of
the collapsing shell. If the shell is taken to col-
lapse to zero radius at t =t„ the functions are
overcomplete on the available region, t &tp but
they may describe particles localized in the region
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S ee d~1
p x ~(d Exp ctp

where

+ y'(x', (u')*P'((u'; q) ],

P,', o.,'((u', q) = 0, (o'( p.

t(to. Although it is straightforward to construct
a complete orthonormal set on the half space t & t„
the use of that set entails, especially for spin 2, a
number of technical complications which may be
avoided by using the overcomplete set of Eqs.
(2.11).

Then, for r-0+, the wave functions g'~(x', q}
may be written as a superposition of the positive-
frequency solutions, |t~»(x', q), and their complex
conjugates, the negative-frequency solutions,

d(v'g'(x', q) „„Jl 2, [(',(x', ~')a ', (&u'; q)

+fax' ~')*&P~"q)]

(2.12)

Then, Eqs. (2.11}and (2.12) may be combined to
read

(g', o",P')(~') = (0' ~' P')(- ~')

The wave functions and the functions a and P
form vectors,

0 = (0' 0' 0')

and

the first components, a' and P', are, essentially,
those of Hawking' and DeWitt' which were used
by them to calculate the expectation value of the
number of particles emitted and of operators such
as the stress-energy tensor.

As an illustration, to calculate the expected
number of particles, note that a particle may be
created in a state acting to the right with, for
spin 0,

lim cb„x —. V", x -=8~.
«» future

Then, the expectation value is

&N, ) = g n, I & (n)+ I
0 —) I

'
{n)

= Q I &bkl~. l0-&l'
{n)

= (o —
I +.'ft. I

o -
&

lim ~„dg„' ~ x —, V" -0 x x' 0- —. V',* x',
x,x'» future

(2.13)

but in the future,

and

f gl-
dop4a 'q ~a'=5m' i" 'z

(~ ' »'1I, &'i

where a denotes both the energy, +„and the other
quantum numbers.

We also note that the requirement that the
Green's function satisfy the correct inhomogeneous
equation at late times [the fields must still satisfy
the correct (anti-) commutation relations] implies
that

~~f p P+PF —1
hence, the expectation value of the number of
particles in state a at late times is

&~.&=&~I pp'I s&

and

nP v Pn =0,
(2.15)

0
(2.14)

with the —(+) sign holding for bosons (fermions).
The remaining task is to construct the Green's
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function,

, & o+
I T(k(x)k(x')) I

o -&
&0+ Io-)

(2.18)

G(x, x'). Thus, G may be written as

G = G+ solution to homogeneous
wave equation .

Q cgkGkrglh l

where &0+
I

is the future vacuum in which there
are no particles. This Green's function is also
a solution of the same inhomogeneous wave as

Both G and G are (anti-) symmetric in x—x', and

G already satisfies the appropriate boundary con-
ditions as x'- past (it has only negative frequen-
cies in t ), thus no positive-frequency solutions
may be added. Then,

oo 2 /2

G"(x, x') =t g(x), q)4'(x(, q)'e+, 0'(x, q)*C(q, q')P(x' q)',
2(u(q)

'' ",2~(q') (2.17)

C=-(+P o, r)A 'I

where A. is the 6&&6 matrix (2.18)

AQ *Cy
A=I

a n*n

and the + refers to bosons or fermions.
The required (anti-) symmetry of C follows from

(0 1),( o 1I
+1 3 41

which, in turn, is a consequence of the symmetry
properties of nP exhibited in Eq. (2.15).

The original construction of G is not important:
if G satisfies the boundary conditions, it must
be the correct solution. To show that 6 is the
correct solution, observe that it manifestly sat-
isfies the wave equation: the first term satisfies
the inhomogeneous equation and the second term
is a solution to the homogeneous equation in both
x and x'. Further, at large negative times, it is
purely negative frequency in the earlier coordi-
nate. It remains to be shown that G is purely
positive frequency in the later coordinate for
t- ~ or t -0 inside the event horizon. In that
limit, the negative-frequency components of g
and P'* are

qk ygp qk+

where e = 1 for bosons and +1 (-1) for fermions if
x& (x&) =x. The function C(q, q') may be viewed as
a matrix

c(q, q') = &ql cl q'&,

which may be constructed by using G to calculate
the projection operator for no particles in the
final state; this leads to the explicit form

hence

G -positive frequency

P (y~4P ~4~2')A-1I (At

and the coefficient of g vanishes.
This construction fails for fermions if n =0

lfrom Eq. (2.14), n cannot vanish for bosons];
then A, ' does not exist. In that case, the Green's
function satisfying the inhomogeneous equation
cannot be constructed because the solution which
is negative frequency in the past is also the posi-
tive-frequency solution in the future. The physical
situation being described is one in which the state
which starts with no particles evolves into the
state with at least one mode having a unit proba-
bility of being occupied. In that case, the matrix
element of the commutator vanishes. It should be
emphasized that this is different from the situation
obtained for the collapsing shell in which, although
no mode has a unit probability of being occupied,
the amplitude for no mode being occupied,
&0+ I0-), vanishes because there are an infinite
number of modes which have less than unit prob-
ability of being not occupied; the product of these
probabilities vanishes. In this latter case, the
Green's function may still be constructed because,
although

&0+
I
1T(g(x)$(x')) I

0-& and & 0+
I
0-&

separately vanish, their quotient, G, exists.
A difficulty similar to the vanishing of n may

arise in the boson case, if the past vacuum evolves
into a future state with zero probability of having
no particles in a given mode. However, because
the model considered here has no correlations
beyond the two-body correlations imposed by the
requirement that the particles be created in pairs,
this would require that the expected number of
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particles in that mode be infinite. Such "infrared"
divergencies do not occur with the Hawking ra-
diation.

III. THE EMISSION AMPLITUDES

In this section an approximation to the coeffi-
cients n and P defined in Sec. II will be given and
the emission amplitudes and correlations dis-
cussed. Hawking' and DeWitt' have given approx-
imations to the coefficients corresponding to n'

and P' for the spin-0 field and DeWitt' has given
the coefficients corresponding to (gg(&o, q) and
P'((i), q). The same arguments will be used here
to find the coefficients for spin y and the remain-
ing coefficients for spin 0.

The resulting expressions are only valid for
particles emerging from the hole at late times;
for such particles, the only paths by which the
waves can reach infinity are shown in Fig. 2.
Along the path marked "I"only the incoming waves
of g» contribute and the shell itself plays no role;
thus, the contributing terms are

q'(r, t; q)
( ) -(far+ ~(q)tg

(2)()'"qr
incoming

ei qg(a)
et{ar -&(a)tg

(2v)&/gqr

~]n, ( )
$ g '~ a)("~+') r-2M

(2 i(~q )
i /g r

while the spin-2 wave function is

(/ (~ )i./g } e-iiqr + m(q)t3
q(r t q) ~

~
~, „/, e'"» '

past
incoming (t ((L) + q)

(3.1)

/( + )1/2 e(Lqr -&u(q)t)

(2 )"'q

0 X -f' ~(a)Lr++ t'j
2M

Z 2(0

(3.1')

From these expressions, the contributions to
()( and P may be read off immediately,

()(~ —~(q'))
o, ',(~, q') =2(d(q) . . .», S»e'"» '

(q (0)

Pi(~, q') =o,
(3.2)

and the solutions near r =2M may be continued
across the event horizon to yield the correspond-
ing solutions there, with the result

2(d5((d —(d(q'}) i „(,)

~eq ~

P', ((ci, q') =0.
(3.2'}

These expressions hold for both spin & and spin 0
but are restricted in that the q' integration may
only be taken over wave functions which do not
cross the shell. The factor of ((dq)'/g is a result
of the different normalizations of the initial and
final states.

The remaining contributions come from waves
which pass through the shell. In order to emerge
at late times, they must leave the shell immediate-

ly before it passes the event horizon. Thus, the
waves of interest are those which follow path II
in Fig. 2. These pass into the shell after having
been Doppler- and blue-shifted by an amount
appropriate to how far in the shell is when the
waves cross it. (For a shell falling freely from
a distance large compared to its Schwarzschild
radius, the wave enters when the shell is at about
R = 6M. ) It turns out that only high-frequency,
e(q), waves contribute so the probability of the
wave being reflected is small and, along the shell,

e -&{ a &(~)+~ (a) &(&)3e& n )(a)
~'(R(r) t(T)'q) =

(2r)'/'qR(r)

If the wave is well localized compared to the rate
at which R changes, the argument of the exponen-
tial may be approximated by

iq([RJ(1-—2M/Rn)]+ to t(r —ro) —gq(Rnq'+to),

where Tp is the proper time of the shell when the
wave passes and R„and tp are the values of R and
t at T = Tp. This wave must be matched continuous-
ly and with continuous normal derivatives to a
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reflected wave and a transmitted wave. At these
large frequencies virtually all of the wave is
transmitted and the wave on the inside becomes

&
- t a&(r+ T ) &t IZ t( a)

( t t q
(2 )1/2

where

z)t(q) =z)t(q)+qX(R, '+T,) -q(Rqq+t, )

and

)I. = (IR2/(l —2M/Ro) j+ tq)/(Rq+ Tq) .
The wave then passes through the center,

acquiring a phase (-1)"', and the wave along the
shell near the event horizon is

eta) (/t-r) iTL ttt(a)+2t/aj( i)t+Z
4 (R(r), T (~);q} =

2z/j~'Rq

where T is chosen so that T(0) =0 =R(0) —2M.
Again, the wave, because of the high frequency,

must be almost entirely transmitted and the wave
on the other side must be a superposition of the
normal modes

e"~' "* '
(I Rl I zl /

(2 z)z' /r2u, „2 th, (2zz)'/2R
shell

where the path of the shell near the event horizon,

R(v') ~ 2M +R2,

t(T) = 2M ln( I
RT

I /2M),

has been used. Then, the relation
i4N ~

tIIT d I I e a2IIttqIy( p) (3 3)
2M

where

FIG. 2. The same diagram as Fig. 1 expressed in
r,T coordinates in the interior of the shell with the ex-
terior coordinates chosen so that radial light rays move
along the 45' line. The wavy lines represent the virtual
excitations which are studied to exhibit the Hawking ra-
diation.

propagates to infinity, it becomes

I)/I (r, (u ')Sz2 ((u')

and

~ = T/I ~l and a'zz and p'zz may be read off:
e~e(~)

n'zz((u', q}=2(u'S„e"" f(tu', q)I. (y —R))
F( I&u)4M-z/2M

2z/
I Rl

allows (t' to be rewritten as

&i cu'(f + -t)
g'(x; q)=Ji dzu',

t),27T )
ef4(g)xe""" f(&u', qX(T —R)) (3.4)

g

for (r, t) near the event horizon just outside the
shell. Here

t(I(a) tLtI (2)+2/taj( l)i+i

and the + refers to outside (+) or inside (-) the
event horizon.

As the wave which starts as

et qI'(rq t)/(2&)t/2r-

(3.5}
~if(e)

P'zz((u', q) =2(u'S~qe "" f(-(u', q)z, (y-R))

The waves which are reflected acquire an S-
matrix factor, S», then propagate through the
event horizon as

a i GI (ra+ t)/(2 )1/2r

hence
e'

azz((u', q} =2(u'S22e"" f((u', q)I. (y -R))
q

(3.6)

~~&(e)
Pzz(zu', q) =2(u'S qe""2"qf( tu', q)I(y-R))-
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eig (q)
Piz((u q) =2(o'e "" f(&u', qX(y -R))

(3.7)

An exactly similar argument may be carried
through for the spin- —,

' case. There are no dif-
ferences for the path-I contributions while the
wave at the shell is

The remaining coefficients are associated with the
waves which pass directly from the shell to the
interior of the event horizon along the path de-
noted II' in Fig. 2. For these no reflection coef-
ficients are required and

eig (e)
n'„(&u', q) =2au'e"" f(-(u', qX(y —R))

while the outward normal to the shell is

n"=
1 2C,

n'0 0 (3.9)

From the inside, the same formulas hold except
that 4 =0, or

dTu" = —,R, 0, 0 =((1+R~)'",R, 0, 0),

„& =(R (1+R~)~i~ P P)
(3.10}

(R, n', 0, 0)/(1 —24 )"', R )2Mn'=e'„n" =

(-n', -R, 0, 0, )/(24' —1)'l~, R(2M

The four-velocity and the normal may be ex-
pressed relative to the orthonormal basis vectors,

ei qx.(R -y) 7'

(~(R(7) T(y) q) — &&t "a(ai+ &+ a)
(2w)'"Rq on the outside while

(3.11)

( (2qz}'")x (-].)"+"'!
0

which must be expressed in terms of the outgoing
solutions:

tt(2I~'I)" ) ! R !
'4" '-&&4

(2w)'"no'"(r) ! 2M

g =e ~& =(R (1+R )~~~ 0 P)

on the inside, the difference in the components
reflecting the misalignment of the basis vectors;
the Lorentz transformation which brings them into
alignment is

cosh' sinhe 0 0

sinhe cosh@ 0 0

0 1 0

0 0 1

a an;„=A ~,„„
However, the local frames with respect to which
the spinors are defined on eith. er side of the shell
are not the same. The problem is to express the
spinor boundary conditions across the shell in
terms of the behavior of the shell. The radius of
the shell, A, varies with the proper time of the
shell, and the value of the radial coordinate, r,
either just outside or just inside the shell is R(7).
Then, the time coordinate t(v) just outside the
shell is determined by the requirement that the
four-velocity of the shell as seen by an outside
observer is a unit timelike vector,

~pp

hence

dt [1 —24 (R) +R']'i'
dr 1 —24'(R)

where

and the continuity condition is

-i(& /2)tMee 9' Out 'P ill

1++' „i~ i&1 —(y'
+e (

The required relationship is then

'4"~-~~'&-'3"""
e = cf40i

where

(3.12)

(3.13}

n'
1 —24 ' (3.8)

4M 1'(& —i4Mur) ! R!
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Then, the expressions for o. and P all hold for
spin 2 with this expression for f replacing the
spin-0 expression and the factor e'~ becomes

-esE22(qi+2ss43( 1)2+1/2 (3.14)

The only significant difference between the ex-
pressions is the appearance of 1 (—,

' —24M&v) rather
than 1'( i4-M&o); this results directly from the spin

carried by the particle and the way in which the
spinning particle must transform under Lorentz
boosts. Although there is no direct connection
with the statistics of the particles, the respective
l functions are appropriate to produce the particle
distributions required by the spin and statistics
theorem.

The complete coefficients may then be written
ouI;:

Sjl Sji

(td'0)0' *') '
0

e & tI/(e)

0 2~le 2IIM0If( ~1 qg(y ft)) eIIIS/2

and (3.15)

i4(e) , i'(e)
p= S,*, 2ur'e '"" f( V', q/I(y —8)) e '" '+ 0 2~'e'"" f(&uIIqX(y —R)) e "

where S is the spin of the particle.
With the aid of

ff'(~ ~')-=2 f(~,&q)f*(~', &q)
0

=[1/(e"" "+e "" )j5(~- ~')/2l ~l,
it is straightforward to calculate the various products

Sj~S,2 S,2S22 0

«'(~, ~') = 21 ~1 5(~ —~') 1 + s(~) s22si. s-s.*. o

0 0 11

(3.16)

where

and

1
22() =

2 Zi

PP (~, ~') =21~15(~-~'k(~)

Sj2Sj2 Sj2S~~ 0

x
l S2g&jg S22Sgp 0

0 0 I)

&Pt(& &1)

&ALIIS/2&5(&

1)&41IN0I (

0 0 S„)
x 0 0 $~~

II0„S„O/

(3.17)

The expectation value of the number of particles
emitted is PP; the number escaping to infinity
is just a thermal Bose-Einstein distribution char-
acterized by a temperature kT =1/8vM&u or Fermi-
Dirac distribution modified by the probability,

l
S»l', that a particle near the event horizon

moving outward will escape. (The probability is
zero for &g'(m'. ) There are also the particles
reflected through the event horizon with probability
l S»l'. The off-diagonal terms arise because the
particles which first appear outside the event
horizon end up in a coherent state,
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with amplitudes both at infinity and at the singu-
larity; hence a.n operator acting in either place
can annihilate the state. In addition, there are the
negative-frequency particles in the interior; they
too are produced with the appropriate thermal
distribution and, since their state is character-
ized in terms of their behavior near the event
horizon, there is no S matrix, S„, as in the
other terms.

The product uP is the matrix element of the
annihilation operators

hence it is the overlap of the final state with the
state with two particles removed. As is ap-
parent from Eq. (3.17), this is only nonvanishing
when one particle travels along the inside of the
event horizon and the other either escapes to in-
finity or is reflected back through the event hori-
zon; thus, the state

~
0 —), when expressed in

terms of the basis states of the future, is a
superposition of pairs of particles. Furthermore,
because there is no reaction back on the metric
from the emission, the amplitude for n pairs being
emitted is just, modulo a common normalization
factor, the amplitude for one pair raised to the
nth power. In that case &aa) must be (1+n) times
the amplitude for a single pair, e '"" .

Although these properties may be obtained from
6, the amplitudes and correlations are most di-
rectly found from Q. First, observe that the
matrix element of 2n fields

f"
& 0+

i T((I&(x,) ~ ~ (I))(xk„})i
0 —)/&0+ (0 —)

, „,G(Xkk-ls Xkk)s
perm k= y

hence the amplitude for the 2n-particle state is

&a, ~ ~ ~ a,„+
~

0 —)/& 0+ [0-&
n

[&s, )0 —)/& 0+ Io-&)
perm k=1

exhibiting the uncorrelated emission of pairs.
To calculate G, the inverse of the matrix A de-

fined in Eq. (2.18) with matrix elements given by
Eqs. (3.16}, (3.17), is required. The result is

been suppressed.
If the Green's function is then used to evaluate

the single-particle matrix element of the field,
the result is

& a + ( p (x) [ 0 —) /& 0 +
~

0 —) = &a I apt +&a I & ppr

& u, b+ 10-&/& 0+
l
O-

&
= &s I g I

b&.

(3.19}

(d 8 co

Because II)z is a solution to the wave equation
outside the shell, this may be rewritten as an in-
tegral along the world line of the shell using

The amplitude vanishes unless the final state con-
sists of a pair of particles, one of which travels
just inside the event horizon while the other
travels outside the event horizon with a probability
~S»~' of escaping. The angular momentum has
been suppressed; the amplitude vanishes unless
the pair of particles has zero total angular mo-
mentum.

With the emission amplitudes in hand, the range
of validity of the expressions may be studied. Two
points are to be established: First, the Hawking
radiation appears as the collapse is observed,
there is no delay; and second, actual as opposed
to potential existence of the event horizon does
not play a direct role in the production of the
radiation which appears at infinity.

To study these questions, consider a wave
packet rather than an energy eigenstate; then the
wave function for the escaping particle is given by

o~(*) f„s—o='(»; ~)f(~),

where gz describes a particle which has average
frequency e0 with an uncertainty 5e. If the wave
packet is chosen so that the particle escapes at
late times, then, as in Sec. D,

(~~& fso„s~!o&(=*)-,. vo(o —Io(~)o(*')lo-&

1x —.Vv gk(x}f

A '=
1

where (3.18)

0 =
J . do V~ gy(x) VIi, p(x}—.

dip f . +p, X

0 0 S„
i ((8 -4((N(o 0 0

&s„s„o*/
and the frequency 5 function, 2&u5(~ —&u'}, has

as
0 1

&kiq& = dr'IP(r}ygx(r}) —. V„q'(x(r};q)

q'dq
2(u(q)
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But, along the shell, gz(x(r)) becomes

l d(o R(o '4"" S,*,
„2 f" 2M (2.)""

i4N~ e-[6~O4N ln(rlro)]
S*I»(» /~ )l'"2M

for a Gaussian wave packet whose center, near
the shell is at 7,. The wave packet is localized
in the interval (~, &0) v, e" 0'&r&r,e " '' snd

vanishes more rapidly than any other power as 7.

approaches the event horizon, P=0. The width,
57, of the wave packet along the shell is de-
termined by how far the center of the wave packet
is from the event horizon. A typical wave packet
is shown in Fig. 3.

This expression is valid provided that g, is, in
fact, well approximated by e' " ' at the region
where the wave is incident. If we require that the
corrections be less than 10%%uo, this will be true,
as may be seen from either an eikonal approxi-
mation or a power-series expansion around
x=2M, if

2MI ~ (0.1)2MI1+ 4&&MI

l(l+1) +1+(2M')'

which corresponds to, for R-- —,',

0.1)4MI1+4~™1
l (l+1) +1+(2M")'

The e values of primary interest are 2M&1/4w,
hence

I
7'I & (0.1)4M/[l(E+1)+1].

For larger values of l the radiation will not ap-
pear until later times, but the k=0 contribution
will begin appearing at the time when the shell is
seen from afar to have passed R —2M-0. 4M.

Note that only the behavior of the wave packet
along the shell is important in producing the effect;
it is irrelevant whether there is, in fact, an event
horizon at T =0. Thus, if the mass of the shell is
taken to decrease because of the emitted radiation,
the radiation will still occur chasing an apparently
ever-receding event horizon. Although the radia-
tion will change the metric and that change will,
in turn, affect the radiation, that effect will be
small as long as there is no significant change
over the wave packet.

I'IG. 3. Graph of a wave packet localized along the
collapsing shell which will have a frequency of up=5~
when it escapes.

IV. THE STRESS TENSOR

In order to calculate the effect of the radiation
and the existence of the quantum field on the shell
and on the metric, it is necessary to calculate the
stress-energy tensor of the field. Knowledge of the
stress-energy tensor enables one, from its dis-
continuity across the shell, to calculate the rate at
which energy and momentum are extracted from
the shell and provides the source for the pertur-
bation of the metric by the radiation. Further,
knowledge of the matrix elements of the stress-
energy tensor at infinity provides an independent
calculation of the energy carried by the particles
as they escape; the latter calculations have been
given by DeWitt' for the expectation value of the
stress-energy tensor in the initial vacuum in
agreement with the results of Hawking and those
given here.

The stress-energy tensor is the product of two
fields at the same spacetime point, thus it must
be renormalized. In flat spacetime, the parts
which must be renormalized are just the vacuum
expectation values, the singular structure of which
is determined by the short-distance behavior of
the field Green's functions. These are solely de-
termined by the local high-energy behavior which
is, in turn, determinable from an expansion of
the Green's function in Riemann normal coordi-
nates or the short-distance expansion of DeWitt. '
There is no interesting physics in the renormali-
zations; it is the deviation of the stress-energy
tensor from that in an appropriately chosen ref-
erence state that is important. As the reference
state, I have chosen the vacuum state of the
Kruskal spacetime for which, due to time reversal
invariance, there is no energy flux. It is then
straightforward to express the matrix element of
T ""between arbitrary states as the (renormalized,
but uninteresting) matrix element in the Kruskal
vacuum plus an interesting deviation. To start,
consider the matrix element between the past and
future vacua which is formally given by

(0+ IT"'(x)I0-)/(0+ IO —) -=, ( 'T(x))

=&o+ I(8 "0»"0 -g"'-'I(&&4)(s "0)+v'0'1'r Io —)/&o+ Io-) (4.1)
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for the scalar field and may be written in terms of
the Green's function,

(T" (x)& = —i[V "V'"—g""—'(VxV' + p )]

x G(x, x')I„. „. . (4.2)

(4 4)

where g is defined in Eq. (2.18). The first term
is precisely the Green's function" for the Kruskal
spacetime; the stress-energy tensor constructed
from it has all the renormalization problems
characteristic of flat space plus some additional
ones associated with the renormalization of the
gravitational coupling constant and the renormali-
zation of R' and R»R"" terms in the action. '"
These renormalizations are not difficult in princi-
ple; however, in practice it is not known whether
there is a nonvanishing residue to the vacuum ex-
pectation value of the stress tensor after the re-
normalizations have been performed because the
renormalization either involves locally flat co-
ordinates or, equivalently, a short-distance ex-
pansion which is not easily related to the mode
sum used here. The correction term to the
Kruskal value for (T""&vanishes unless both
points are inside the event horizon; there it is the
product of two positive-frequency waves traveling
in opposite directions, the contribution of which
is rapidly oscillating near the event horizon, the
only region where it does not vanish.

Furthermore, the full expectation value, con-
tracted with the four-velocity u of the shell or the
normal n, must be continuous across the shell
because both Q and its normal derivative are con-
tinuous and the renormalization procedure ef-
fectively only subtracts terms of the form Gag""
which must be the same on both sides (in both
cases the constant may be determined using
Riemann normal coordinates). Thus, there is no
pressure on the shell nor is any work done on the
shell by the matter stress-energy tensor.

The matrix element of the stress-energy tensor
between the initial vacuum and the state containing
a pair of particles may be calculated from

&O+ I T(y(y)y(y')y(«)y(x'))
I
0 —&/&O+ I

0 —
&

= —G(y, y')G(x, x') —G(y, x)G(y', x')

—G(y, x')C(y', «) . (4.5)

In the region where the wave functions, g', may
be written in their asymptotic form

(4.2)

then the Green's function, Eq. (2.17) becomes for
a given angular momentum mode, l,

where

—g~" [V„y(x'; a}V'y(x'; b)

+ p, 'P(x'; a)P(x'; b)],

(4.6}

p(x;a)=-(a+ I p(x) I
o -&/&o+ lo -&.

The wave function P(«; a) may be written in terms
of the past basis functions, Q', using the reduction
formula and the Green's function, Eqs. (2.17) and
(2.18},

y(x; a) =a, y't —gpss't,

and, in the regions where the future asymptotic
forms apply,

y(x; a)= gag, (x) + Qg, (x) . (4.7)

The gt term comes from the field operator, P,
annihilating the particle in the state (a+ I, while
the other term describes the creation of a parti-
cle by P acting to the left. The matrix $,~ is just
the amplitude with which the initial state I0-&
develops into the final state, (a, b, + I, containing
particles in mode. " a and b.

In the region exterior to the shell, but near the
event horizon or inside the event horizon, the
asymptotic forms may be used to a good approxi-
mation. Then, the terms involving g g and gg
oscillate "rapidly" and any average over space or
time will eliminate these terms. The cross terms
all involve the matrix g „which vanishes unless
the modes a, c refer to a pair of created particles.

Consider the case where e represents a parti-
cle which escapes to infinity, b represents a
particle traveling along the inside of the event
horizon, and x is outside the event horizon along
the path of the escaping particle. Then the stress-
energy tensor becomes

If Q(y) and p(y') are used to create the particles
in the final state and Q(x) and Q(x') to form the
stress-energy tensor, the first term reproduces
the expression for the (0+ I

T"'IO-&/(0 +I 0 —
&

matrix element times the emission amplitude.
The remaining terms yield the stress energy
associated with the produced particles. Again
the expression for the discontinuity of
(au&+Pn„)n„T"" vanishes across the shell and
there is no direct reaction on the shell. The en-
tire reaction back on the shell must come through
the effect which the radiation has on the metric.

The additional terms for the stress-energy
tensor do exhibit the radiation; they become

T""(x';a, b) =V&P(x'; a)V"P(x'; b)

+V "P(x'; a)V"P(x'; b)
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T""(x;a,b) =e '"e 'S»(&u, ) I) V "g~t (x, ~, )V&(x a&,)+V"pit(x, a&, )V")1),(x, ~,)
-z"'[ ~|j t(x, ~.) 'A(x, ~8)+I"0 i(x, ~.)A(x, ~8)]] (4.8)

The factor in curly brackets is (a
~
T2'[b), the

matrix element of the stress tensor where (b) has
energy &o, and the angular, FP, dependence is
included in P. If a wave packet is used to specify
the time at which the particle (a

~
arrives at a

given (large) radius, then, as discussed in Sec.
III, the wave function, |j)t, will be localized along
the world line of the particle and T"' will also.
Thus, there is a well-defined localizable energy-
momentum flux associated with the particles which
escape (and, by a similar argument, with the re-
flected particles). The factor e """'S» is just
the amplitude for the emission of the pair.

There is an exactly analogous expression for the
flux on the inside of the event horizon which des-
cribes the flow along the inside of the event horizon
and the flow of the particles which are reflected
to cross the event horizon.

It is now easy to calculate the expectation value

of the stress-energy-tensor in the initial state
(0 —IT"'(x) ~0 —) =(T""(x)). The Green's function,
G, for given angular momentum, may be written

G=2 q y'(x„q)y" (x„q)
2ur q

=f q, (x), g, (x,)'

Again, the first term is the Green's function for
the Kruskal spacetime and the measureable stress
energy will be the deviation from that of the
Kruskal spacetime. As before, the g)1) and g*)I)

terms are rapidly oscillating and yield a vanishing
average contribution. The remaining term is the
stress-energy associated with the radiation,

( T"'( x))„8=+( 21 +1)trp*p rJ) V"gtV"/+V'g V")I) —g"'[V„p V g+ p'$ tj)]}(x) (4.10)

which is the sum over all modes of the radiation
probability, P*P, times the curly-bracketed term
which is the stress-energy of the emitted mode.
When the asymptotic form of g is used along with
the expression for P*P, Eq. (3.17), and the ap-
propriate, q2dq/2+, normalization for particles
escaping to infinity used, the energy density at
infinity, measured by an observer at fixed r be-
comes

server follows a path t(7), r(7 ) and has four-
velocity

then the unit spacelike vector orthogonal to u in
the r-t plane is

0

and the energy flux is

"dqq ~S~2l'(&)
T (r}—

4 2 ~(21+1)
2 (

8 @ 1)

(4.11) with

n' =[I-2$(r)+2']'~' .
The derivatives of the fields are then given by

where
~ S» ~'(co }is the probability of a particle

near the shell escaping to infinity.
Near the shell, the treatment is somewhat deli-

cate; Q(x) is a superposition of waves traveling
both in and out; the cross term averages to zero,
because it varies rapidly with time. If the ob-

uae '&""*)= — ' (n'v2)+ense '
1-2

which exhibits both the gravitational blue-shift
and the observer's Doppler shift. Thus, the
energy density as measured by the observer with
four-velocity u is

~ (2l+ 1)/4v " dv &u n'-r ', n'+l
2 )j( ) ~ 2~(2~)2 82NQJI 1 2y I 22( ) I (4.12)
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The first term corresponds to the outgoing parti-
cles which are strongly blue-shifted if the ob-
server is falling in (r&'0) and the second term
corresponds to particles which are crossing the
event horizon and are red-shifted for an observer
falling in so that their energy is of the order of
neglected terms. ln any case, each term is in-
finite because all angular momenta may contri-
bute for the particles which reenter the event
horizon; however, the infinite sum does not, in
fact, appear because at any given spacetime point,
x, only waves which emerge from the shell within
the past light cone of x contribute; hence there is
some T(x) which is the last proper time contri-
buting. For large l, the wave is well approxi-
mated by e"~" only for

2MI4M» -1I
(2 Mp)' +l (L+1) +1

hence if the shell is taken to cross the event hori-
zon at 7. = 0, the radiation will be present at x only
for those modes with

2M[(4M&v)'+ 1]'i'
~R ~[2M', +l(l+1)+1] (4.13)

and, for any given x, the sum must be cut off at
l (x) where

2M 2M'-(x['-""]=~R.(x)~
=

6

where 5 is the distance measured from the event
horizon along the shell. Thus, the energy density
and the corresponding energy flux

(2E + 1)/4w " d(u (g
" n'-j 5 +f—u„T&"(x)n, =

(x) 2' 2M o

-1/M53, R —2M-5 (4.14)

g'(» )0"(x,),
is just the vacuum matrix element of T"' for a static shell. The remaining terms reflect the radiation
and may be calculated with the aid of the explicit forms for o. , P, and G, and the relation

f"v'dv
q

e"
x v

g2~ &4NQ, ' 2% N K

~ 2v ' '* "' ' ""'
v 2~.(aw)'" ( ~A~(&+i=)) e

"" -I (4.15)

where

$—= i+t —Q

is equal to zero along the null geodesic which, after passing through the interior of the shell, becomes
the event horizon. The result is, in the past,

[&0+
i
T&'(x)(0-& /&0+i 0-&]-&0- iT"'(x)io-& =- k&k 4M l "d(g (g(2t+1. )

4wr' (+isj» (e'"" -1)2w

are finite.
In the past, the expectation value of the stress-energy tensor must be renormalized as before. There,

the Green's function, 6, is exactly what it would be if the shell never collapsed; thus, after renormali-
zation, &

T"') is exactly the same as if the shell were to remain static; there is no indication of the
radiation which will appear (although &

T&") will differ from that of the Kruskal spacetime by a finite
amount).

On the other hand, the matrix element of T"" between the initial and final vacua may be calculated
from G, Eqs. (3.16) and (3.1V); the contribution of the first term,

where

For t'e0, the result is negative definite, reflecting
the absence of the stress energy which ultimately
makes up the radiation. However, the expression
comes from gtg~ terms in G which must average
to zero and, indeed, because of the negative-fre-
quency conditions, $ appears as $+ie and the

integration over all space vanishes; there is,
effectively, a 6 function with an infinite coefficient
along the $ =0 line. As with the expression for
&T&"

& near the shell and near the event horizon, the
divergent sum over I is illusory and for given x
near the )=0 line the matrix element is finite.
Both the 5 function at g= 0 and the divergent sum
arise from the lack of reaction by the metric.

The contribution of a single emitted pair may be
found from Eg. (4.6) evaluated at early times where
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~ ~

Si2
e " 1 ))2M
~r(2w)'/n 2 ~ft (((+i~)

0

~
~

~

~

0
] ] g2~ — 4Af4P

~r(»)'" 2 ~ft[(~+ie)

If a wave function, f (&u), such that

d~ e-&m n -(n-4)/462

o 2e (2v)i~2
=

(2w) /2((u)=e ' "

is used, then

V~y(x; f.) =

S12 2 2
A.2M &4N 0 e-(g - ) /4&

(8 ] s '"(g+ie) (2v)'/25
0

0
( g2M ) /4JMhlo e-(n-4) /4g2.

l l (ft ((~+is)) (2v)'" ~
0

1

where

)) =0.4M in[&2M/~R
~
(/+if)],

The stress-energy tensor, T""(x;f„f~), calcula-
ted from this wave function is well localized away
from the $=01ine; however, because the product
of factors, one of which contains q while the other
contains q, yields a non-positive-definite T '
whose integral vanishes. In the past, there is no
net energy-momentum associated with the produced
particles.

A similar treatment just inside the shell and
near the event horizon also yields the result of no
net energy-momentum flux associated with the
produced particles.

In conclusion there is, both inside and outside the
shell, a well-defined energy-momentum flux as-
sociated with each pair of emitted particles. This
flux is covariantly conserved and (except for the
flux associated with the particles which are re-
flected back through the event horizon) vanishes
at the event horizon. In the past, before the shell
has collapsed, the stress energy associated with
the emitted pair is not zero, but it has vanishing
total energy and momentum. Inside the event
horizon there is a well-defined, locally positive,
energy density associated with the particles, but
their Killing "energy" is negative and opposite to
that of the particles escaping to infinity. Near and
inside the shell, stress-energy density is non-
vanishing but the total ener gy-momentum vanishes.
The quantity calculated is a matrix element be-

tween an initial state and a final state, thus the
matrix element reflects in the past the emission
of the pair which is to occur: It gives the stress
energy if one pair is emitted.

The expectation value in the initial state (T"')
behaves somewhat differently. Before the shell
begins its collapse, (T"')-(T"')„,„,„„has a static
nonvanishing value, the value in the presence of
a static shell; this arises because the modes are
changed by the presence of the shell. In the
future, the expectation value differs from the
Kruskal value by the radiation and, along the in-
side of the event horizon, by the oscillating
terms which must average to zero (the latter
terms force the full stress-energy tensor to
violate the dominant energy condition: There must
exist states in which the full energy density has
negative values"; in a free field as here the nega-
tive contributions arise when T""u„u„connects
states of different particle number). Because of
the nonvanishing of ( T"') —(T"")K„.qg in the past
and the violation of the dominant energy condi-
tion, the conservation of the stress-energy
tensor, in addition to being locally satisfied in the
renormalization process, is consistent with the
particle creation.
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