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Ponicare group, V—A, and SU(3) as spectrum-generating group in leptonic decays
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From as few assumptions as possible about the relations among the Poincare group, the particle-classifying
SU(3), and V—A we derive properties of the K„and K„decays. From the assumed relation between SU(3)
and the Poincare group and the first-class condition it follows that the form-factor ratio t of K» decay is

( = —0.57, and that a value of g = 0 is in disagreement with very general and well-accepted theoretical
assumptions. Assuming universality of V—A, the Cabibbo suppression is derived from the relations between

SU(3) and V—A as a consequence of the brokenness of SU(3).

I. INTRODUCTION

The description of weak and electromagnetic de-
cays of hadrons is usually given in a language using
more complicated notions than those which are
used in the actual calculation. The field-theoretic
properties of the currents and axial-vector cur-
rents are not really made use of, and the fields
serve only as a vehicle for the formulation of sym-
metry and transformation properties. We will try
to extract here all those properties from the usual
formulation that are really essential for the cal-
culation of numbers and put them into a consistent
framework. The danger of such a procedure is
that the framework might be too narrow and there-
fore might provide only a description of a limited
domain; e.g. , it may describe only one-hadron
states and their properties in decays involving
leptons. On the other hand, such a simplified
formulation will display more clearly the connec-
tion between a theoretical assumption and a pre-
dicted value and will allow more easily the modi-
fication of a theoretical assumption according to
the experimental. situation. This framework can
later —after the assumptions leading to correct
experimental values have been found —be general-
ized to a theory for a larger domain of particle
physics, and may therefore be considered as a
possible approximation of a future theory.

The framework that we will use is quantum
mechanics, so the topics of this paper concern
the description of the structure of a hadron in
principally the same way as nonrelativistic quan-
tum mechanics describes the structure of an atom.
We chose the leptonic and semileptonic decay of
mesons to illustrate this description because re-
cent experimental results on K» decay" initiated
this investigation.

For a quantum-mechanical description we have
to make assumptions about the algebra of observ-
ables' for the one-hadron system. We make the
following assumptions.

(tp): The algebra of the Poincare group, gp, ex-
tended by parity, time inversion, and charge con-
jugation, is a subalgebra of the algebra of observ-
able s.

(SU(3)): The chargess E (et =+I, +2, +3, 0, 8) that
generate an SU(3) which classifies particles are
observables.

(V-A): There are eight Lorentz-vector opera-

torss

V„(p. = 0, 1, 2, 3; ot = +1,a2, +3, 0, 8) and eight
Lorentz-axial-vector operators A, in the algebra
of observables which describe the transitions be-
tween various hadron states.

These three assumptions, (tp), (SU(3)), and

(V-A), are rather obvious for a quantum mech
anics that is to describe hadrons; the question is
how these three assumptions can be combined with
each other, ' i.e., what is the relation between the
Poincare group and SU(3), between SU(3) and V-A,
between the extended Poincarh group and V-A,
etc. We will in the following sections make some
precise assumptions about these relations and cal-
culate their consequences; here we give a brief
summary.

Some relations between the particle-classifying
SU(3)z—which is treated as a spectrum-generating
group —and the V„and A» are given by (2.6) and
(2.7). V„' and A. correspond to the vector and
axial-vector currents in the usual formulation.
Therefore thefirst guess would be that (2.7) holds,
for P = 0 which means that these quantities are SU(3)z
octet operators. It is this relation between the spec-
trum-generating SU(3)z and V-A that will predict
the ratio betwee~ Kis and xi~ decay and Kra and w

decay (Cabibbo suppression). It will be seen that,
though (2.7) for P = 0 and P =- 1 will predict ap-
proximately the right magnitude of the suppression
of K» decay [(3.25), and (3.26) with P= 1, re-
spectivelyj, the best value is obtained if one takes
P=-2 for the V„, whereas the suppression of K»
decay is reproduced very well if one takes P'=-1
for the A . Relations between Vs, As and SU(3)z,
(2.7) will probably have to be revised and should
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II. COMBINATION OF (P, SU(3), AND V-A

A. Relation between (Pand SU(3)

We assume, as is always done, that the space
of physical states is a representation space of the
Poincare group and of some SU(3). As basis vec-
tors in this space one can then take

ijss„g;II,Y).

q here denotes any possible additional quantum
numbers besides the quantum numbers I,I„Fand
the space-time quantum numbers p, s, s,. If we
ignore these additional quantum numbers; i.e., if
we consider only states for which these additional
quantum numbers have a fixed value, we have for
the basis of the space of states of this physical
system

ijss, ;II,Y) = gpss, ) 8 iII,Y),

~B&= ~II,Y&

where ~jss, ) is the canonical basis for the Poin-
care group representation and III,Y ) is the usual
basis in an SU(3) multiplet.

(2.1)

here be considered as some model assumptions
that give results which lie in the right direction.

The relation (2.7) (for any P), where E belong
to the spectrum-generating SU(3)~, together with
the assumption of a definite T-transformation
property of the V~, (2.9), constitutes the core of
the assumption, that V~ be of "first class, with
respect to the spectrum-generating SU(3)z.'"

As SU(3)~ is not a symmetry group, we assume
that the relation between the Poincare group (P and

SU(3)z is given by (2.4), in addition to a suitable
relation between the mass operator and the E that
leads to the mass formula. The relation (2, 4) to-
gether with the assumption that V~ be of firstclass
will lead to the value (3, 22) for the form-factor
ratio $, which is in agreement with most of the
experimental values' except the value obtained in
one high-statistics experiment, which is consid-
ered to be the best and which gave g =0. Besides
giving the value (3, 22) our calculation shows that
it is quite impossible to predict ( =0, except in
the symmetry limit (2, 3) or if one allows for pe-
culiar cancellations between genuine second-class
contributions and those induced by the symmetry
breaking. Thus, an experimental value of $ =0
would be hard to understand.

In Sec. II of this paper we state and discuss the
assumptions of our approach. The calculation of
the physical properties is done in Sec. III for K»
and m» decay and in Sec. IV for K» and w» decay.
The Appendix gives a detailed derivation of (3, 17)
from very general assumptions.

If one assumes in addition that inside the multi-
plet under consideration the mass is a function of
I,I„Y (and of s, if s does not have a fixed value,
and the other possible additional quantum numbers

p), then one of the quantum numbers in (2.1) is re-
dundant, and instead of the 4-vector P one can take
the 3-vector p.

Instead of taking the momentum P to label the
states one could as well have taken the 4-velocity
p= p/m (pI'=- p'+ p, '=1) and use as the basis
system

gpss, II,Y) = iPss, )8 iII,Y),

[a& = iII,Y&

( ~pn) and ~pn) may or may not be normalized such
that ~pn)=~Pn); cf. Sec. 111). If SU(3) is a sym-
metry group there is no relevant distinction be-
tween (2.1) and (2.2), except that (2.2) is highly
unfamiliar as even the starting formulas in parti-
cle-physics textbooks are given in terms of mo-
mentum eigenvectors.

In general, if the SU(3) is not a symmetry group,
an SU(3) transformation U will act on both factors
of (2.1) and (2.2), i.e.,

Uex 8 Pint (2.1')

[P„,SU(3) ] = 0, [spin, SU(3) ] = 0, (2.3)

then U'"=1.
For the SU(3) that classifies the elementary

particles (2.3) is clearly a highly unrealistic as-
sumption, as the masses in an SU(3) multiplet (in
particular the pseudoscalar meson octet under
consideration) are far from being equal.

A more realistic approximation appears to be
the assumption' that the particle-classifying SU(3)z
satisfies

~, SU(3)~ = 0, [L~„,SU(3)~] = 0 (2.4)

though [P„SU(3)s]o0 and [M, SU(3)~]& 0 (M = mass
operator).

With assumption (2.4) U'" in (2.2') is equal to 1:
U'ex (2 5)

Also, the SU(3) transformation acts only upon the

SU(3) basis ~II,Y) and not upon the ~P, ss, ).
(2.3) and (2.4) are two particular cases of possi-

ble algebraic relations that may exist between the
generators of the Poincare group and an SU(3).

where U'* acts on ~pss, ) and U'" acts on
~
o'),

II IIex 8 pint (2.2')

where U'" acts on ~Pss, ) and U"~ acts on n) In.
general, U'"41, as well as U'"41. If SU(3) is a
symmetry group, in particular if
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8. Relation between SU(3) and V-A

We assume that we have an octet of Lorentz-
vector operators V~ and Lorentz-axial-vector
operators A„" (n= +1,+2, +3, 0, 8) that describe the
transition between the hadron states, as they oc-
cur, e.g. , in the weak leptonic and electromag-
netic decays.

This assumption resembles the current-algebra
assumption only in a very vague sense, as it is
not even assumed that the V and A~ are local
currents.

The simplest feasible assumption about the re-
lation of the V,A„and the SU(3)z is that V„and
A~ are SU(3)z-octet operators, i.e. ,

[E,V ]=f "V", [E,A ]=f "A" (2.6)

[where f 8" are the SU(3) structure constants].
However, it may well be that instead of V and

A some functions of V,A" are SU(3)z-octet op-
erators, e.g. , that(M, V„}and(M, A~} are
SU(3)z-octet operators, i.e., that more generally

[E (A, Vz}]=f""(M,V',},
[E (Mz' V'}]=f '"(Mz, Af}

(2.7)

where P', P =0, +1,+2. . . or even noninteger.
If the E are symmetry operators then assump-

tion (2.7) follows from (2.6); however, for [M, E]
e 0 (2.6) and (2.7) are different, and (2.6), (2.7) as
well as generalizations of (2.7) can be considered
as precise formulations of the vague assumptions
that V~ are octet operators of some "broken"
SU(3). We will perform the derivations under as-
sumption (2.6), and will state the modifications
that arise as consequences of (2.7) at the end.

C. Relation between the CPT extended
Poincare group and V-A

Contained in the V-A hypothesis is the assump-
tion that V„are Lorentz vector operators and 4„
are Lorentz axial- vector operators. In addition
to this we assume about the relation of V-A to
the extended Poincare group that V, and A are
of "first class with respect to the spectrum-gen-
erating SU(3)z." For the V~ this assumption fol-
lows from the following well-accepted theoretical
principles:

(a) invariance of the transition operator under
time inversion [as given in its general form by
Eq. (A8) of Appendix],

However, under the assumption [M, SU(3)z]40 (2.4)
is the only simple possibility, ' and there seems to
be something fundamental to this relation. We
will see in the following to what extent experimen-
tal data support (2.4).

(b) hermiticity of the transition operator (uni-
tarity of the S matrix, as we can neglect final-
state interactions);

(c) conservation of vector current. in the form
that if (8, V'„'} is the component of the SU(3)z octet
operator that describes K» decay then {O', Vo~

+ (1/V 3)V'„}describes the electromagnetic inter
actions where 8 and 8' are Hermitian operators
that commute with I, I„Y,P=P I '.

A more familiar form of the first-class condi-
tion is the following:

(a') V~ (and A~) have a, definite transformation
property under time reversal A~:

ArVBAr =e(p) V8

[and ArA~ Ar=e(p)AB]

where

(2 8)

(2.8')

—1 for p, =0
+1 for p, =1,2, 3.

(b') (see Refs. 10 and 6) V~ (and A~) are Her-
mitian SU(3)z octet operators, "i.e. ,

V". = V

(and A8' = A„~).

(2.9)

(2.9')

However, this is not sufficient; in addition one
has to assume that

(c') the usual phase convention for the SU(3)
Clebsch-Gordan coefficients holds.

For V~~ (a'), (b'), (c') are equivalent to (a), (b),
(c), and we will use this general formulation for
the derivation in the Appendix. For A~ there is no

analog of the assumption (c), and therefore the re-
quirement that A~ be of first class does not have
such a solid theoretical foundation as the same re-
quirement for V~ ."
III. SEMILEPTONIC DECAY OF PSEUDOSCALAR MESONS

We wil1. apply the assumptions of Sec. II for the
decay of a hadron state into a hadron state plus
leptons. Processes of this kind are

P~P lv, P~lv,

V-ee, V Py,
B B'/v

where P =pseudoscalar meson, V= vector meson,
B =baryon. We will restrict ourselves in this pa-
per to the leptonic and semileptonic decay of pseu-
doscalar mesons; application of the same forma-
lism to the other processes is unde. ' investigation.
We shall treat these decays in the framework of
quantum mechanics, and the particular assump-
tions that we shall make will be given where needed
and are numbered (1), (2), and (3a), (3b), (3c).
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(1) We assume that these processes are weak in
the sense that the part of the Hamiltonian which is
responsible for the decay T causes a negligible
level shift. " The initial decay rate is then given
by (lowest-order perturbation theory)

with the normalization

«'P' lp~ &
= 2E(p) 6'(0 -p') 6;;,

where

(3.4')

I'=2wg P 6(E, —E,)T, T,(n ~W(0) ~n').

(3.1)

Here W(t) is the statistical operator that describes
the ensemble of decaying hadrons.

Then

(3.6)

T,.=&b IT I n& T~- =&nlT I»
where ~n), ~P), denote the eigenvectors of a com-
plete system of commuting observables (CSCO)
(note that the symbol n here has a different mean-
ing than in Sec. II). ~a), ~b), . . . denote the corre-
sponding free eigenvectors, i.e. , ~a), . . . denotes
the eigenvector of the CSCO for T = 0 that has the
same eigenvalues as

~
n) (which is always possible

when the level shift can be neglected). Z, means
summation over all the eigenvalues of the CSCO.
Z, means summation over all those eigenvalues
whose eigenvectors span the space of final states
that are observed. The sums in (3.1) are discrete
if one chooses as the CSCO a set of operators with
discrete spectra. It is often more convenient to
use observables with a continuous spectrum for
the description of the experimental situation. In
particular, the momentum or velocity is an ob-
servable which is easily accessible in an experi-
ment (though a physical system cannot be in an
eigenstate of this observable). If we choose the
vectors ~n) to be the generalized eigenvectors of
the momentum operator,

(3 2)

with the normalization

The decaying system may be prepared to have
definite internal quantum numbers P.

(2) We assume that the SU(3)s quantum numbers
are the aforementioned internal quantum numbers
(or part of them). The hadron has a definite mass,
which we assume to be a function of the internal
quantum numbers and which is therefore notneeded
for the labeling of the state. The statistical opera-
tor of the decaying system is then given by

IP, = P;/M, SU(3)s operators,

perhaps additional charges]. (3 7)

As the SU(3)s quantum numbers one may, e.g. ,
take isospin I, I„hypercharge F, and the Casimir
operators of SU(3). The ~P, n) exist because of
(2.4). Instead of the generalized eigenvectors Pn)
one usually uses the generalized eigenvectors of
the momentum operator P~, ~p, n), and writes in-
stead of (3.6)

w(ol= ff -, E())&()j'll((&')&(j') (s 8)

(if there would be some additional quantum num-
bers, e.g. , spin, then we would have ~P, P, s) and
would have to average over these if they were not

A

measured in the preparation). Here ~P, P) denote
the generalized eigenvectors of the CSCO:

2E(p)6 (p p )6„,„

E(P) = (m'+ P')'",
(3.2') (3.6')

where P is the three-momentum and q denotes the
eigenvalues of the other observables that together
with the P', 'make up the CSCO, then

(3 3)

For reasons which have been given in Sec. II
and which will again be discussed below we may
want to choose generalized eigenvectors of the
velocity operator P~/M rather than the momentum
operator, i.e., choose

(3 4)

Tr W=i, (3.8)

leads to

However, the ~p, n) only exist if the observables
whose eigenvalues are n =(I,I„I", . . .) commute
with the momentum. If this is the case (3.6) and
(3.6') are equivalent. However, to assume that the
Casimir operators of SU(3) commute with P„ap-
pears already to be a poor approximation.

If we use for the generalized eigenvectors the
normalization (3.4') and the measure as given in

(3.5) then the requirement that W be normalized,
i.e. , that
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TrW= 2Ek k Wk

Z=f „,f „';~I„,';,-«&lp™&«"l&~&&«»&«&, (3.9)

f l&&C)l'=&.

The physical meaning of the distribution function &P(P) is that
I
$(P)l' is the probability that the momentum

value of the decaying particle is P =mP. For the idealized case that the system of decaying particles is
prepared to have the exact momentum P„ the probability

I
&P(P)l' will be zero except if P =P„, which in the

normalization (3.9) is given by

le(p)l'=2E(p. )6'(p -p.) (3.10)

If we insert W of (3.6) into (3.1) and choose for
I
n) the generalized eigenvectors of the CSCO (3.7), i.e.,

the generalized eigenvectors (3.4) with &7
= n = [SU(3) quantum numbers and possibly further charges], then

we obtain using (3.4')
3A 3AI

P 6(E —E.)e(p.)e(p'. ) &bIT Ip-n&&p'-nIT I».
2E~ 2EN

So far we have only specified that the decaying state is a one-hadron state with spin S =0 and definite in-
ternal quantum numbers n. We will now specify the final state to be m' plus a lepton pair; in particular
we consider the process n-m'Ev.

Then we take for the vectors lb)

I» =Ip'~', Ip, e.) = lp, ~'& lp» lp. ~&

(3.11)

and correspondingly for Zb

d pp d p( cPp&&

b pod 2EV 2E ) 2Eff

[The generalized vectors for the leptons IP,/) have been normalized according to (3.2').] With this (3.11)
reads

hadron n-hadron 13+I + v.

(3a) We assume that T conserves total momenta. " Then its matrix element can be written as a product
of the momentum 5 function and a reduced matrix element,

CPPV d Pg d P~o
2

(E„+E,+E,. E.)&(p.)&(p.)g&~fp„p p,.l7'Ip. n&&p. nlTIp„p, p„f.&. (3

The calculations leading to (3.12) contain only well-accepted principles of quantum mechanics. They
have been given here in order to show' that there is absolutely nothing mysterious about the velocity eigen-
vectors Ipn) and that these can be used instead of the momentum eigenvectors lp&7 ), and in fact have to be
used if one wants to use as the additional quantum numbers eigenvalues of observables that do not commute
with the momenta but commute with the velocity operator. It is easy to see that if these additional quantum
numbers q, commute with the momenta then the use of the usual lpq ) or the lp7l ) is equivalent.

Before we proceed further we have to specify the operator T that describes the transition for the process

&p~ p.p. I
T

Ip.&
= 6'(p~+ p. +p. -p.) &«-I T In)).

If we insert this into (3.12)we obtain [using 6'(p) =m '6'(p/m)]

d' d' d'" 2
I' —2 " ' '+6(E —E —E —E) &t&2E„2E) 2@ q

" m~

x )p p p p T ~ l v 8'

(3.13)
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where

I&«-IT I
~&&l'= &«" IT

I
~&&&& ~ IT II»&&

This can be brought into a quite familiar form if one makes the idealized assumption that the ensemble of
decaying hadrons has a definite momentum P„. Then

~
Q

~
is given by (3.10) and we obtain

.', „' l«».P, P.P. IT I.p.»l', (3.14)

where P =(E,P„) is the 4-momentum of the de-
caying hadron.

The distinction between this and the conventional
expression (except for irrelevant normalization
factors of 2g to some power and a different nor-
malization for the lepton measure) is that there
the invariant matrix element is a function of the
momenta of the hadrons whereas here it is a func-
tion of the velocities, and therefore we have a fac-
tor of 1/m, m

Before we can proceed we have to specify the
operator 7 further.

(Sb) We assume that the matrix element of T is
the product of a leptonic part and a hadronic part.
The leptonic part is given by the usual V-A ma-
trix element for leptons, i.e., the lepton pair is
treated as noninteracting particles (lowest-order
per turbation):

H, =g g(V„+A;). (3.16)

If we take the V,A~ dimensionless, which will
be the natural choice if (2.6) or (2.7) with P =0
holds, then the constant g, which expresses the
strength of the interaction, has the dimension of
mass as the reduced matrix element ((~T ~)) has
the dimension of mass square. "

The assumptions (3b), (Sc) are analogous to the
usual V-A theory for leptonic weak interactions.
The distinction is that we assume a higher univer-
sality using only one and the same constant g for
the strangeness-changing V'„' and for the strange-
ness-nonchanging V'„' instead of a (g tan8) for V'„'
and g for V". However, in distinction to the Cab-
ibbo model, our V„are octet operators of a spec-
trum-generating group SU(3)z that changes the
mass. The idea behind this is that the relation be-
tween this spectrum-generating SU(3)z and the
transition operator II~ will result in the Cabibbo

suppress ion.

=&(P„)r'(1 —r, )~(p, )&bp, ~H,
~
p~o. )). (3.15)

(Sc) We assume that the transition operator in
the hadron space H„ is the sum of a vector and an
axial vector and each of these is the sum of the V„
and A~ (n = +1, +2) of Sec. II with equal weight:

As mentioned already in Sec. II, the assumption
(2.6) together with (3.16) would be the first guess
for the relation between V-A and the spectrum-
generating SU(3)z, from the analogy with the as-
sumption for the hadronic vector and axial-vector
current. However, if the SU(3) noninvariance is
taken into account, (2.7) with any value for P or
other assumptions which in the limit of SU(3) sym-
metry lead back to (2.6) are equally good candi-
dates and only the experimental data can decide
this question.

Instead of assuming (2.7) together with (2.6) we
can take the SU(3) noninvariance into account in a
different way:

One requires always (2.6) for the V~ and A~ but
assumes instead of (3.16) a relation between the
transition operator H„and the SU(3)z octet oper-
ators V~ and A, which involves those operators
which are not SU(3)z invariants, i.e. , P~ and M.
I.e. , one assumes (2.6), and for the transition
operator one assumes, e.g. ,

H. =g P((V;, M J+(A;, M')),

=& IV'I &~f.(p +P.) +f-(P -P.) (3.18)

one can write the matrix elements of the octet
operator V~ between velocity vectors as

where q, q' = 0, +1, +2. . . or even noninteger.
Either the assumption (2.7) with (3.16) or the

assumption (2.6) with (3.17) will lead to correction
factors for the decay amplitude that are functions
of the hadron masses depending upon the values of
P and q. However, the prediction for the form-fac-
tor ratio g =f /f, is independent of the value of q or
P and only a consequence of the assumption (2.4).

We will in the derivation discuss the case that
VB is the octet operator, (2.6), and that H is
given by (3.16); modifications due to values of P, P'
or q, q' different from zero will be mentioned at
the end.

We shall now discuss the matrix element of the
SU(3)z octet operator V8 which enters in (3.15).
By the same arguments which are used in the con-
ventional formulation to write the matrix element
of a V~ between momentum vectors as
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((vp, I
v', lp. ~)) F„=0. (3.19)

=(Kl V
I
~)[E.(P. +P.).+E-(P P)-.] (3 18')

where (8
I

U~
I
6) are the F-type SU(3) matrix ele-

ments. The essential difference between (3.18)
and (3.18') and the reason for using velocity eigen-
vectors rather than momentum eigenvectors is
that the f, in (3.18) are functions of the momenta
and therewith masses and are only SU(3) scalars
if SU(3) is a symmetry group, i.e., if (2.3) holds,
whereas the F, are SU(3)s invariants as a conse-
quence of the assumption (2.4). This can easily
be seen from (2.5).

In analogy to the proof that f = 0 for the case of
SU(3) symmetry as a consequence of the first-
class condition, one proves that as a consequence
of the condition that V„'be first class with respect
to the spectrum-generating SU(3)K it follows that

The derivation of this from the very general as-
sumptions stated in Sec. D is given in the Appen-
dix.

The reduced matrix element of T can now be
written using (3.19), (3.18'), and (3.16):

&«»iP, P.K I
T IP.~&&=~(P.»"(I r—.)~(p))«' I

v'I ~&

xF, (3.20)

where (Pr IV~lt)') is the SU(3) matrix element of the
only component V~ of the octet operator that con-
tributes to the particular decay (P = —2 for n=K',
P= —1 for c.=v', etc.). E, is a function of the in-
variant formed with p~ and p' or t =m~2+m, 2

—2m m, P P, whose functional dependence we
cannot predict without any further assumption.
Inserting (3.20) into (3.14) we obtain

()) IV B)g ' t'd'p, d'p„d'p,

&g 6'(P. -P.-P.-P)) 2~ l~~'(I-& )"[P )
— (I- 5" ')(P ~-p..)]f""I'

(3.21a)
where we have introduced the quantities

g Gro) a+ (3.2 lb)

«Are) I ™a
m. +en (3.21c)

in order that the amplitude in the integral (3.21) has the familiar form expressed in terms of the form fac-
tor f. and the form factor ratio g = f /f, in which the K» experiments are analyzed.

Thus for the K» decay we predict"

g(K)3) r K 0 57
Wg +kg

Integration of (3.19) (for „odec ya) leads to

Slgl m I Sl ci)

where C(x) is the familiar

C(x) = 1 —8x'+ 8x' —x' - 24 x ln x

(3.22)

(3.23)

S» corresponds in the usual treatment to f,(0) tan 8„. From (3.23) we find that our prediction for S» is
2

E + ff 0 183
mK' (m, +)+m, )

(3.25)

and where we have assumed that F,(t) =E,(0) =constant. If we assume f, (t) =f, (0) (I +X,t/m') for the K„de
cay then the right-hand side of (3.23) has to be multiplied by the correction factor 1+0.27 A.,(mK/m, )'.

In order to facilitate comparison with familiar quantities we introduce the suppression factor S», which
we define as the ratio of the amplitudes for K» and n» decay divided by the ratio of the SU(3) Clebsch-Gor-
dan coefficients, i.e., '7

(K'IV 'ln') I"(K„)xphase space ())„) '~'

(K'IV 'IK') I'(v„) &&phase space (K»)
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The latest experimental value for S» is' 0.224.
Before proceeding let us analyze the derivation

of the results (3.22) and (3.25). We had assumed
that the SU(3) that classifies the hadrons (in this
particular case the pseudoscalar mesons), the
SU(3)~, has the property (2.4) but is not a sym-
metry group, and that the operators V~ that de-
scribe the transition between the hadrons in the
initial and final states are octet operators with
respect to this SU(3)z, i.e. , fulfill (2.6) and are
connected with H„by (3.16). Though we have not
completely fixed the algebra of observables that
governs the physics of one-hadron states, this is
a fairly precise assumption and leads to a fairly
precise result, e.g. , (3.22), (3.25).

If one had assumed (2.3) instead of (2.4) then
one would have arrived by the same arguments as
above at the results

that $ is again given by (3.22) but instead of (3.25)
we obtain

P P
S =So m'™

$3 g3m P+m P
K

(3.26)

where So» is given by (3.25).
(2.V) for P=- 1 is a very attractive assumption

from a theoretical point of view. First, (2.V) for
P = —1 is the relation required for the A.„, as will
be shown in the following section; however, there
is of course no reason that the A„should deviate
from an SU(3)~ octet operator in exactly the same
way as the V„. Further, with the assumption that
(M ', V~~] and (M ', A~/ are dimensionless octet
operators the strength constant g in (3.16) will be
dimensionless and the SU(3) invariants F, as well
as the F in Eq. (4.V) will also be dimensionless.

For P= -1 the suppression factor is

S»=1,
=0.

(3.25')

(3.19'}
S,3

—m = 0.283,
mg

(3.26')

(3.25') is usually remedied by making (3.16) un-
symmetrical and introducing a suppression factor
(Cabibbo angle) there, which will not affect the re-
sult (3.19').

In spite of the fact that the assumption (2.3) is
rejected by the huge mass differences, (3.19') is
still considered possible. From the derivation
given here (including the Appendix) it is clear that
(3.19') can only be derived from these very general
assumptions if SU(3)~ is a symmetry group. Thus
an experimental result off =0 will require that we
change many well-accepted theor etical concepts,
the nearest at hand of which would probably be the
assumption that the transition matrix element is
given by the product of a leptonic part and a had-
ronic part as given in (3.15) (which follows, e.g. ,
from a local phenomenological current interac-
tion). It is, therefore, comforting that most ex-
periments on K» decay' agree with (3.19) rather
than (3.19').

In Sec. II it was mentioned that if the particle-
classifying SU(3) fulfills (2.4) and one has an octet
of Lorentz-vector operators V and axial-vector
operators A~ then the assumption that V~ is an
octet operator with regard to this SU(3)s, i.e.,
that (2.6) holds, and that the transition operator
H is given by (3.16), is one of many possibilities
of specifying what octet operator with regard to a
"broken SU(3)" might mean. Whereas (3.19) [and
therewith (3.22}] is independent of this particular
assumption and also fulfilled if (2.7) or (3.1V) or
even more general relations hold, (3.25) is a di-
rect consequence of (2.6) and (3.16) and any other
assumption would have led to a different result.
E.g. , if we assume (2.V) instead of (2.6) we obtain

( ) S(0) E +mr" m, ~+m, (3.27)

IV. LEPTONIC DECAYS OF PSEUDOSCALAR MESONS

The K» and n „decays are described by the Lo-
rentz axial-vector operators A~. We assume that
the At fulfill (2.V} withP'= —1, i.e., that

[E., fM ', A„)]=f"8«(m ', A. «'t, (4 I)

and we calculate the consequences of (4.1).
By the same arguments as given in the first

part of Sec. III for the n» decay one obtains for
the e» decay

which certainly does not compare more favorably
with the experimental value than the value of (3.25).
A result in agreement with the experimental value
is obtained if one admits also noninteger values for
P; P= —& gives

S„=0.238. (3.26")

No theoretical reason exists for choosing P = —&.

It is quite likely that neither (2.6) nor (2.7) is the
experimentally correct relation between V-A and
SU(3); therefore all results (3.25) and (3.26) should
only serve as illustrations of how relations be-
tween V-A and a spectrum-generating SU(3) can
lead to the Cabibbo suppression.

If the symmetry breaking for the transition oper-
ator is taken into account in the form (3.1V) with

V~ satisfying (2.6), then the suppression factor is
given by
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r=2~+
pol

d "5'V -fr -P )
V

(4.2) and the results into (4.8) we obtain

8„= ' = 0.283,
SZ g

(4.9)

I~&= II =o, f, =o, r=o(~=o, q =o)&. (4.4)

The hadronic transition operator is given by
(3.16); consequently only the A„contribute to
(4.3). (Their strength g is assumed to be the same
as for the V„; this, however, does not lead to an
observable effect for the meson decays as it only
fixes the relative value of the reduced matrix ele-
ments for V" and(M ', A").)

As by (4.1}not A„but fM ',A„}is an SU(3)z
octet operator, one has instead of (3.18)

(4.5)

where (oIA~IP ) is the reduced matrix element of
SU(3)~ which depends upon P„and P is a constant
of the dimension of mass '. The matrix element
A. „ is therefore

(4.6)

For the reduced matrix element, in (4.3) one ob-
tains therewith

(4.7)

The suppression factor for the K» decay is de-
fined by the ratio of the amplitudes for K» decay
and n'» decay, i.e., by'

(OI A 'Ir'& r(K„) phase space (v„)
&OIA-2Iz & r(w„) phase space (K'„)

(4.8)

S» corresponds in the usual treatment to (fx/f, )
tan 0. If we insert (4.7) for a =K' and o. =m' into

(4.2)

In accordance with assumption (3b) of Sec. III
the reduced matrix element ((IvITIo. » is given,
in analogy to (3.15), by the product of a leptonic
part and a hadronic part:

(&»u~Pv IT lo'Pn&) =~(t.)~'(1-~,)&V i) &&o'IH ~IS o'&&,

(4.3)

where Io& is the "hadronic vacuum state, " for
which, as usual, we take as the internal quantum
numbers the quantum numbers of an SU(3) sin-
glet:

which is in very good agreement with the experi-
mental value" of (fx/f„)tan6 =0.276.

Instead of (3.16) and (2.7) with P =-1 one can
again use (2.6) and describe the deviation of the
transition operator from an octet operator by
(3.17) with q =1; the result is again (4.9).

V. SUMMARY

If we assume that the particle classifying SU(3)E
is a spectrum-generating group that fulfills (2.4},
we obtain the value (3.22) for the form-factor
ratio. This value is largely independent of the
relation between the particle-classifying SU(3)E
and the operators V„and A„. It depends upon
(2.4), which gives the particular value (3.22). And

it depends upon the assumption that V„be of
"first class with respect to a spectrum-generating
SU(3)~." This assumption for the V„ is based
upon principles so well accepted (neglecting the
small effect of time-inversion noninvariance) that
it is hard not to believe in it. Under this assump-
tion the value $ =0 can only be obtained if SU(3)E
is a symmetry group, which makes the result of
the experiment of Ref. 1 very remarkable. If one
assumes (2.7) with P=O for V~~, i.e., that V„8 is an
SU(3)~ -octet operator, then the vector Cabibbo
suppression is given by (3.25). The assumption
(2.7) with P =-='. gives a value in perfect agreement
with experimental data. For the octet of axial-
vector operators one has to assume (2.7) with
I"= —1 in order to obtain perfect agreement with
the experimental value. Though there is no rea-
son that V„and A. „should deviate from the octet
property in exactly the same way when SU(3)
breaking is taken into account, (2.7) should prob-
ably not be taken as more than an illustration of
relations between V~~, A„" and the SU(3)~ gener-
ators, when SU(3) is considered a, spectrum-
generating group.

Note added in Proof In (3.23) an. d (3.24) the t
dependence, or more precisely the dependence of
F+ upon r = (P„/m„-P„/m, }' has not properly
been taken into account. Doing this leads to multi-
plication of the above predicted values for S,, by
the factor

E+ — ' ' =0 82

IA. Bflhm, J. Werle, and M. Igarashi, in proceed-
ings of the International Symposium on Mathemati-
cal Physics, Mexico City, 1976 (unpublished)].
Consequently (3.25) leads to a value 0.183x0.82,
which is too small. However, the value now pre-
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dieted for S,, from the assumption (2.V) with P= —1
becomes [cf. (3.26')] 0.283x0.83=0.23, which is in
very good agreement with the value determined
from the experimental data. This is very nice, as
the experimental data for the n, decays also re-
quire I'= -1 for the A"„.
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APPENDIX

In this appendix we give the derivation of (3.19) from the assumptions (a), (b), and (c) of Sec. II.
The reduced matrix element of T is written as

«~e'p P&v'p, IT I~p.&&=~(p.)y'(1 -y, )~(p, )&&v'p.olIf. I~p.&&

=~(p.)y'(I -ys)~(pr)&all ' l~&(~,p, +z q, )

where we have used (3.18') and where we have introduced the abbreviations

P =P0 +P~~ ~ =Pe -Pg~

(A1)

(A2)

and where V is the component of the octet operator between the states Iv'& and I&& that does not vanish.
For the matrix element of the time inversion of T, A~ 'TA~, one obtains

(p.~.pioe,"IA. 'TA. I~p.&=(-1)(-1)'""« *~ *&-p. -~. -p~ -&~ -p" IT l~ p-&*-
where o„,o, denotes the component of the spin of the leptons, where the asterisk indicates the complex
conjugate, and where we have used

Arlp n&=gin —p ) (n apseudoscalar meson)

Arlpo& = ( 1)'~"'c., I p o) for lepton with q, n, phase factors.

Thus the reduced matrix element of Az TAr written in the form (Al) is given by

((p„o„p,op, v'IAr 'TArI op ))
= (-1)(—1)'""«.*oi*«-p. —o, -pi —oi -p" I

T
I
o' -p-» *

=(-1)(-1)'""'[~.~P(-p.,-c.)y'(I -y.)~(-pi -&~)&&v -p. IIf. I& -p-&&]*

= (-1)(-l)~(~)~„*~,*~(p., c.)y" (1 -y.)v(p&, o&)&&v -p. IH. I p. "&&* -(A3)
= n„*n,*u(p„~„)y'(I-y,)v(p„o,)(vlv'l~&*p', *(p'"+p"),+ & (p'-p")„], (A4)

where we have used the property of the Dirac spinor:

"(-p.— .)y'( -y.) (-p — )(-1)'""'= —(&)[ (p. .)y'(1 -y, ) (p„)]*,

+1 for p, =0
~(P) = -1 for p. = 1, 2, 3.

(A6)

The observable quantity is

where ((n
I
T

I »v)) is the adjoint reducd matrix:

«~
I
T I»~&& = p(p»'(I-y. )~(p.)&&~ IH. I

v'&&.

According to (A3) one has for the adloint matrix of Ar 'TAr:

(A6)

((n IAr' TAr
I
»v» = e(x)n„o.,v(p, )y'(I-y, )u(p„)((c. —p, IH, I

w —p))*. (AV)
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If time-reversal invariance holds, i.e. , if the assumption (a) of Sec. IIC is fulfilled, then

Inserting (A1), (A6), (A3), and (AV) into (A8) one obtains

(A8)

(AQ)

or

ri(F.P".+F3 .)(F.P". FA ~-) = &'(F.*P".+F *e.)(F.*P. F*e-,), (A10)

where

g=(vIv'I~&(~Iv 'Iv&.

If II, is Hermitian, i.e. if we use the assumption (b) of Sec. IIC, then

H~ =H~

and we can write the left-hand side of (A9) also as

(A11)

(A12)

«e. III.I».»«~P. I&.
I
~P.&&* = &~

I

V'
I
~&&~l v'I ~&*&F.P.+ F-~.HF»*P. +F-*~.&. (A13)

Comparing this with the left-hand side of (A10),
i.e. using the assumption (A6), one obtains

F2=FF +(f) F F — FF wP FF —FF

then from (A15) it follows that

+ + F (F g)2 + (A19)

F'=-F*F P, (A14)

2 (F g)2y

0= n*A.
(A15)

(v
I
V'I ~&*~(~

I
v '

I
~

From (A10), i.e. from the assumption (a), one ob-
tains

F =(F *)2y F;F' =F,*F *q, F F', =F 'F,*g,

and (A16) and (A19) lead to

E,= 0. (A20)

Thus, from the assumptions (a) and (b) of Sec. II
C it follows that ei the~ F,= 0 ox E = 0.

In order to see that E = 0 and E,40 we have to
use the assumption (c) of Sec. IIC. According to
assumption (c),

From (A14) it follows that

E E,*= -F *E,.
If we assume that

F,IO

then from (A15) it follows that

F (F g)2

and (A16) and (A17) lead to

E =0.

If we now assume

E 40,

(A16)

(A17)

(A18)

((v'p'
I
v,'IP~')) = (~'

I
v'I ~'&[a.(p+P')+ F (P —P')]

(where Vo~ is the charge component of the octet
operator V ) must be proportional to the charge
of the w' for a11. values of p and p', i.e., W 0 for
p= p . Consequently E,= 0 is impossible and there-
with it follows from the results of assumptions (a)
and (b) that F =0.

In the usual convention in which V~ is propor-
tional to the Hermitian charge operator and
(o.'

I
V Iv& to the SU(3) Clebsch-Gordon coefficient

with the usual convention (n
I
V ~

I
v& = (w IV I

o.&* it
follows from (A14) that

*Work supported in part by the Energy Research and
Development Administration under Contract No.
AT(40-1) -3992.

~G. Donaldson et al. , Phys. Rev. Lett. 31, 337 (1973).

J. Sandweiss et al. , Phys. Hev. Lett. 30, 1002 (1973).
3We will use the term "observable" in a slightly broader

sense than usual (a physical quantity represented by an
essentially self-adjoint operator). E.g. , the 3 com-
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N„&= + (1)~ if ~(n) +x(P) =-x(y) is also
a nonvanishing root vector

= 0 otherwise ~

in particular,

N13=-N3 1=N 3 1=—N 1 3 =N3

= -N-2, 3 N-2, 1 N1, -2 N2, -3

N-3, 2 N-1, 2 N2, -1

In the normalization we have used here, the hyper-
charge is

Y=2H2

and the isospin is

I3 =~BH1, (I1+iI2) = {~~6)E«.

We also call H, =ED H2=Es =E-s ~

Our notation differs from the one conventionally used
in physics literature. The connection is as follows:

V'1 corresponds to

A
&

corresponds to

V& corresponds to

A' corresponds to

etc.

4p 5p~

f 4~
—i P)p~

5 ~ 5

5That the algebra of observables cannot be an envoloping
algebra of a group if one wants a nontrivial mass
spectrum follows from the O'Raifeartaigh theorem
[L. O'Haifeartaigh, Phys. Rev. 171, 1698 (1968)].

6Even if instead of (2.7) one has a more general relation
between E„and V&8, e.g. , one which one obtains from
(2.7) by replacing M~ with any {Herxnitian) operator 6
that commutes with P;, I, I 3, Y, one still has the
condition of being first class.
First suggested by J. Werle [ICTP Report, Trieste,
1965 (unpublished)], this approximation has been used
previously to simplify calculations [see, e.g. ,
A. Bohm, Phys. Rev. D 7, 2101 (1973) and references
therein]. Its consequences for the form factors in a
relativistic quantum mechanics have been explored here
for the first time.

S. Merlan et al . [BNL Report No. BNL-18076, 1973
(unpublished)] find ((0) = —0.57+ 0.24 and A, = 0.027

ponents 4; of angular momentum are observables in the
usual sense. We will also call the J, =+ (J1+iJ2) ob-
servables.

4We use the Cartan-Weyl basis for the SU(3) Lie algebra
in which the commutation relations are given by

[H,-, a,.] =0,

[E,E 8] = N BEy,

[H. , E ] = x.(n)E

[E,E ] =x'(n)H;.

The root vectors are (in the normalization we use)

x; (1) = (1/i~3) (1,0), r; (2) = {1/2v 3) (1,&3),

x; (-n) =-x; (o.), x; (3) = (1/2i'3)(-1, ~~3),

+ 0.019 from Dalitz-plot analysis and ((0) = —0.64
+ 0.27 from p polarization analysis; this is an experi-
ment with reasonable statistics whose advantage is
that Dalitz-plot analysis and polarization analysis give
results consistent with each other. Reference 2 gives
from p polarization analysis Re( (0) =-0.655+ 0.127.
The primary purpose of this experiment was the test
of T invariance, and it has high statistics, comparable
with the statistics of the experiment in Ref. 1, which
gives from Dalitz-plot analysis values of ( quoted as
( =0.00+ 0.04 {unparametrized fit) and $ =—0.11+0.02
(parametrized fit); even if one wants to ignore all
previous {low-statistics) results, the discrepancies
between these experiments have to be explained.
P. Haidt et al. (X2) [Phys. Rev. D 3, 10 {1972)J find
by all three methods values in agreexnent with (3.22);
however, their results favor a linear t dependence of

The K&3/K, 3 branching ratio result of G. W. Brand-
enburg et al. [Phys. Rev. D 8, 1978 (1973)] is in dis-
agreement with (2.22) and also in disagreement with
the AI = —,

' rule. Reference 1 disagrees with (3.22).
I. H. Chiang et al. [Phys. Rev. D 6, 1254 (1972)] and
C. Ankenbrandt et al . [Phys. Rev. Lett. 28, 1472 (1972)]
are in agreement with (3.22). Preliminary results of
the Aachen-Bari-Brussels-CERN Collaboration [Parti-
cle Physics Meeting, Hamburg, 1974 (unpublished)] are
also in agreement with (3.22). The K)3 Dalitz-plot
analysis experiments [M. G. Albrow et al. , Nucl. Phys.
B44, 1 {1972);E. Dally et al. , Phys. Lett. 41B, 647
(1972)] are in agreement with (3.22). The average
values of the older data [L. M. Chounet and J. M.
Gaillard, Phys. Rep, 4C, 199 (1972)] are also con-
sistent with (3.22).

SIt says that the observables that have the dimension of
MeV do not commute, but the observables that have the
same dimension as the charges commute with SU(3)E
so that the strength of the noncommutativity of P and
SU(3)z, {i.e., of the symmetry breaking) is described
by a parameter (or several parameters) of dimension
MeV (inverse of an elementary length).
If (2.7) with P & 0 holds one has to replace everywhere
V &s by (M, V&s) (or @; see footnote 6.) This will not
affect the result for $ but will alter the prediction for
S,3 as discussed at the end of Sec. III.
We will call an octet operator Hermitian if its compon-
ents have the same Hermiticity property as the cor-
responding generators in a unitary representation,

2Therefore, besides the "normal" operators fulfilling
(2.8') one raay also have to consider the "abnormal"
operators fulfilling Az&&A z =-&(p)A

&
and besides the

"regular" operators fulfilling (2.9') one may have to
consider the "irregular" operators fulfilling A &8+

= -A
&

8 See C. W. Kim and H. Primakoff, Phys. Rev,
180, 1502 (1969).

13M. L. Goldberger and K. M. Watson, Collision Theory
{Wiley, New York, 1964).

4Note that the operator of total momentum is not P&.
P& is the momentum operator in the hadron subspace.
The u and v have dimension (mass)~, as they are
normalized such that+ ~

us =y&P" + m in accordance
with the normalization of the measure in (3.14)).
The same nuinber has been predicted in the framework
of Kemmer currents by E. Fischbach, F. Iachello,
A. Lande, M. M. Nieto, M. Primakoff, and C ~ K. Scott,
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Phys. Rev. Lett. 26, 1200 (1971);E. Fischbach, M. M.
Nieto, M. Primakoff, C. K. Scott, and J. Smith, ibid.
27, 1403 (1971); Phys. Rev. D 6, 726 (1972);B.Nagel
and H. Snellman, Phys. Rev. Lett. 27, 761 (1971);
Phys. Rev. D 6, 731 (1972); A. O. Barut and Z. Z.
Aydin, ild 6, 3340 (1972). Fischbach et al. also ob-
tain a Cabibbo angle which is different from the con-
ventional value and numericaQy very close to the value
given by (3.25). However, their tang& is an entirely
different entity from the suppression factor S». In the
present paper a higher universality is assumed and
the Cabibbo suppression is obtained as a consequence

of the nonsymmetry of SU(3). In contrast to this,
Fischbach et al. consider 8& in the conventional spirit
as an independent parameter which, however, takes
different values for the Kemmer equation than for the
Klein-Gordon equation.
Phase space (&, ) denotes the integral of that part of
the amplitude square from which the dynamical quanti-
ties have been factored off. Thus, phase space (&&&)

-m„C(~~0/~„)C&(&), where C&(~') is the correction
factor for the t dependence of f+ and C&(& ) is the
correction factor from me&0, which is =1.04.

~ M. Roos, Phys. Lett. 368, 130 (1971).


